SOME THEOREMS ON MATRICES WITH
REAL QUATERNION ELEMENTS

N. A. WIEGMANN

1. Introduction. Matrices with real quaternion elements have been dealt
with in earlier papers by Wolf (10) and Lee (4). In the former, an elementary
divisor theory was developed for such matrices by using an isomorphism
between nX#n real quaternion matrices and 2#X2xz matrices with complex
elements. In the latter, further results were obtained (including, mainly, the
transforming of a quaternion matrix into a triangular form under a unitary
similarity transformation) by using a different isomorphism. Certain other
related results have also been obtained (1). Others, including Moore and
Ingraham, have considered quaternion matrices earlier.

The intent here is to consider how other theorems which hold for matrices
in the complex field may hold for quaternion matrices. To do this, the iso-
morphism in (4) is employed. First, an analog of the Jordan normal form is
obtained; this result is closely related, of course, to the final result in (10)
concerned with necessary and sufficient conditions for similarity of quaternion
matrices, but here a proof is employed which depends entirely on known
complex matrix theory, which throws light on the structure of the similarity
transformation, and which leads in a natural way to a definition of elementary
divisors for quaternion matrices. Next, this Jordan form is used to obtain some
results concerning commutative matrices. In part 4, the familiar polar form
of a complex matrix is shown to hold in the quaternion case. Next, some fur-
ther properties of normal quaternion matrices are verified and, in the final
section, some properties of quaternion matrices relative to unitary (quaternion)
equivalence transformations are obtained.

2. An analog of the Jordan normal form. Let the #X#n quaternion
matrix A be written in the form 4 = A4,+4jA4, where 4; and 4, are (uniquely
determined) matrices with complex elements (where every quaternion element
is considered as written in the form ¢ = (a;4as)+7j(as+asi) where each
a; is real). Form the 2% X2n complex matrix

A* = Bl - Azc]
s A
(where A€ denotes the matrix obtained by taking the complex conjugate of
each element of 4 and, later, 4°7 denotes the transpose of 4°). According to

(4), the correspondence between 4 and 4* is an isomorphism and has proper-
ties as developed there.
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If it is possible to show that for a given A* there is determined an nXn
matrix J; in the (complex) Jordan normal form such that a non-singular
matrix P and a matrix J exist so that A*P = PJ where P and J have the forms,

respectively,
_pC
[ 1 P2 } and [Jl O },
P, P° 0 J°

then an analog of the Jordan normal form can be obtained for the quaternion
matrix A. For it can be easily seen that the inverse of P must also be of the

form
o o
Q: 0F
so that P7'A*P = J. But according to the nature of the correspondence
between 4* and A4 this implies that (Q14+7Q,) (A14+j42) (P1+jP2) = J1+5:0
or that (Qi 4+ jQ:)A4 (P, + jPs) = J, where (Q; + jQ2) (P14 jPs) = I, so
that 4 is similar to a complex # X # Jordan form J;.

Since 4* is a matrix with complex elements, there exists a non-singular
matrix P such that P~'A*P = J is the Jordan form of 4* so that A*P = PJ.
In the following steps it will be shown that a P and a J can be obtained which
satisfy this relation and are of the desired form.

(a) Let a1,...,a, be the distinct (complex) characteristic roots of A*.
Then each column of P is a column vector » with 2z elements satisfying one
and only one of the following relations:

(1) A*v = vay,

(i) A* = w + vay,
where w is the column vector adjacent to v on the left. All 2%z column vectors
are linearly independent and for each «; there exists at least one column of
the type (i).

(b) For simplicity in notation let « be a root for which v4,9s, ..., v, are
the set of column vectors of P of type (i) relative to @. Let the column vector
v1* be defined relative to v; as follows: If #; is a column vector whose transpose

is the row vector
[11, Vo1, « « « y V1, Wi1, Woy,y « .« . wnl],

then 7,* is the column vector whose transpose is the row vector
(=11, —We1, . . . —Wn1, D11, Doty « » « Du1].

If v, is not the zero vector, then v; and v,* are linearly independent, for if
ci1 + c0* = 0, it follows that

(c1€1 + c28)wi1 = 0, (€181 + coC2)vir = 0 k=1,2,...,n),

so that ¢; = ¢» = 0. Also, if 4*y; = 110, it follows that A*y,* = v,*a&. Let us
consider, first, vectors of type (i).
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Let a be real. Then »; and »,* are linearly independent vectors of type (i)
for «, and either exhaust the number of such linearly independent column
vectors or there exists another, say v., which is linearly independent of v, and
v:¥. Form v.*; then u;,v:% v;, and 9,* are linearly independent, for if
€101 + 6201* + C3Vs + 641)2* = O, then 51‘1)1* — Col1 + 6-3'1)2* — C4lg = 0. But by
properly combining these relations, it would follow that

(€sc1 F caCo)vi + (Csca — calr)v* + (¢33 + cs€o)ve = 0,

so that ¢3 = ¢4 = 0 and so, from above, ¢; = ¢; = 0. Either vy, v,¥, v,, v2*
exhaust the number of linearly independent vectors of type (i) for a, or they
do not. By means of this process there is obtained a set of linearly inde-
pendent vectors of the form vy, 9%, ..., v, 2* which provide a basis for the
vectors of type (i) corresponding to each real a.

Let @ be non-real complex. Then if the matrix P contains a set of vectors
U1, 92 ...,0, such that A*, =90 (j=1,2,...,f, it follows that
A** =v*a (7 =1,2,...,t) (where the »;* are linearly independent since
the v, are), that there are no other vectors linearly independent of these for
which this is true, and that @ is also a root of 4*.

Since ay, ay, . . ., a, are distinct, the sets of linearly independent vectors of
type (i) obtained in this way are linearly independent and are equal in number
to those column vectors of type (i) in the matrix P.

(c) Consider vectors v of type (ii); these may be written as (4* — «;[)v = w;
and it follows that (4* — a,l)v* = w*.

Let « be real. Let there be 2k vectors vy, vs, . . ., ¥y, . - . , V2, Of P of type (i)
corresponding to « and let them be written in such an order that if there exist
for some v, vectors v, of P so that

(iii) A* — al)v ™M = vy,

these vectors, vy, v, . .., 9, are written together and first in this ordering.
Then p must be even and a set of linearly independent vectors of the above
v, v¥ type can be obtained which span the same space as vy, vs, . . ., . For if
(4* — al)vy® = 9;, then (4* — al)v;V* = 9,*, and since v; and v,* are
linearly independent, v,V and v,("* are also. Either p = 2, or the process can
be continued as before, so that p = 2¢. In this way we see that there exists a
set of linearly independent wvectors, o1, v1%, ..., 9, 2%, ..., 0, 0¥ (which
form a basis for all vectors of type (i) corresponding to «) such that vV,
viM*, L, v, v, ¥ provide a basis for the space spanned by v,V ..., 95,V
as taken above where v; and v,V are related as above. If for some of the »;¥
there exist v, in P such that

A4* — al)v,® = p,;0,

the above process can be repeated, and a set of vectors, taken notationally as

91D, 0% 9, 9, ®* (which span the same space as the linearly indepen-
dent v,®), is obtained which stand in the same relation to vV, 9,®*, . .., 9,D,
v,V* as the latter do to vy, v1¥%, ..., v, v*.
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If « is non-real complex, let v1,vs,...,7,,...,7, (the vectors of type (i)
corresponding to ) be ordered in such a way that for v, ...,9, there
exist 910, 9,9, . .., 9,V satisfying (iii). Then (4* — al)v,V* = v*, 1 = 1,2,

.y P, and v, W* g, W* 0 g, O gre such that there exists no vector, w,
linearly independent of them such that (4* — al)w is in the space generated
by v1*, vo*, . . ., 9,*. For some v,V there may exist v, such that

(4* — al)p,® = 0,0;

in this way a set of v,2* are determined and the process is seen to be a general

one. .
(d) By the above, a set of 2% linearly independent vectors, taken notation-
ally as wy, ws, ..., W, wi*, w* ..., w,* are obtained such that either

A*w; = wa (and so A*w* = w*a, for any «), or, for some w; satisfying
A*w; = w,a, there exist among the above 2n vectors certain vectors taken
notationally as w;, w;®, ..., w,® such that

(A* bt aI)wi(l) = wi,
4* — al)w, P = w, G-, i=2,3,...,5;

in this case it follows that

(4% — al)w,V" = w ¥,
(4* — al)w,D* = w0-D* 7=23,...,5s.

It is now evident that by properly arranging the w; and w*, a 2n X 2n
matrix P can be obtained such that A4*P = PJ as indicated above. If in J,
(as used there), the roots @« = a 4+ bi are such that b = 0, then a canonical
form has been obtained for A* and hence for the quaternion matrix 4.

THEOREM 1. Every n X n matrix with real quaternion elements is similar
under a matrix transformation with real quaternion elements to a matrix in
(complex) Jordan normal form with diagonal elements of the form a + bi, b = 0.

3. Properties of commutative matrices. According to a theorem due to
Taber (5), if a matrix 4 with complex elements is non-derogatory, the only
matrices commutative with 4 are polynomial functions of 4. An equivalent
theorem had been previously given by Frobenius (3, Theorem XIII).

In order to obtain an analog for this theorem where 4 contains real quater-
nion elements, let such a matrix 4 be defined to be non-derogatory when its
Jordan normal form matrix (as obtained in the preceding) is non-derogatory.

Let A and B be quaternion matrices such that AB = BA where 4 is non-
derogatory. Let PAP 1 =J = J; 4+ Jo+4 ...+ J,. be the Jordan form of 4
where:

ag 1 0 PR 0
0 a; 1 ... O
Ji= o , 'i=1,2,...,m,
0 . oy 1
0 .. 0 o
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where a; % a; when 7 # j and o = a; + b, by = 0. Let PBP~! = B; so
that JB; = ByJ.

LEMMA. By = By 4 By + ... 4 By, where By, has the same order as J,,

where
b b b . b ]
0 b b
0 0 ba
Bli = “ e
b’ll b'i2 bi3
« .. O bil bi2
L0 . 0 0 b
and where

(i) of ay s real, the non-diagonal elements of Bi; are quaternions while the

diagonal elements are complex;
(i1) 1f oy 25 non-real complex, the elements of the corresponding B1; are complex.

The following may be noted: if @ is a non-real complex element, b a quaternion
element, and ab = ba, then b is a complex number; if « is non-real complex,
if B is complex, and ¢ a quaternion element such that ac = ca + 8, then ¢ is
complex and 8 = 0. Also no «;, above, is the conjugate of an «;.

Let By = (by;), let J; be of order » X 7, and consider the upper left » X 7
sub-matrix of the product JB; = B.J. The following relations result:

albrl = bflall

@b,y = b1+ brial, 1= 2’ 3’ R

adin + b1 = baas, , 1=1,2,...,r — 1,
t = 2, 3; ey ly

by 4 by, = by 1+ bion, {,L =1,2,... ,: -1,

If @; is real then, although the b;; are quaternion elements, all commutative
properties hold for these relations (as in the complex case as treated by Taber)
and the upper left # X » matrix has the form By with all quaternion elements,
in general. If a; is non-real complex, it follows from the first relation that 4,1
is complex; from this and the third relation it follows that all elements in the
first column above b,; are complex (and in fact, except for b1, all are 0);
from the second relation it can be seen that all elements of the rth row of this
submatrix are 0 except b,, which is complex. Using the fourth set of relations,
we see that the remaining elements are complex, all necessary commutative
properties hold, and that the submatrix has the By form. By; now has the
required form unless, for a real @i, the diagonal elements are quaternions; if
s0, there exists a quaternion element b such that 66,6 = 8 is a complex num-
ber where b6 = 1. Form the # X n matrix Q = bI; - I, where I; and I, are
identity matrices and I is of order # X . Then Q-! = bI, +4 I, and 0B,0!
has the form required and QJQ—! = J.
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Let J; be of order s X s, and consider the s X 7 submatrix directly below
By, in the matrix B;. Upon comparing corresponding elements of this s X 7
submatrix in the product JB; = B.J, we see that the set of following relations

appear:
a2br+s.l = br+s,1aly
agbrys,s = br+s,1—1 + br-(-s,ialy 1=2,...,7,
(Xzbi1+bi+1,1=b,~1a1, i=1’+1,...,7’+8—1,

=23,...,7,
=r+1,r+2,...7+s — 1.

Since, for ¢ # j, a; # a; and a; # @,, it follows from these relations that all
elements of this s X 7 submatrix of B; are zero. In this way it can be shown
that B; = By; + By where By, has the form given in the lemma. When B,
is treated in like fashion, the lemma follows.

Consider next the possibility of representing this B; as a polynomial in J;
where J; contains only complex elements. It is evident (from the work of
Taber or by merely considering the set of equations obtained) that it is possible
to determine two sets, x; and x;/, 7 =0,1,2,...,n — 1, of quaternion ele-
ments such that

t
azb“ + bi+1,l = bi.t—l + buah {z

n—1 n—1
B, = on,-Ji = Z‘B T
If all the diagonal elements of J are real, x,J* = Jix;; if all the diagonal ele-
ments of J are non-real complex, all elements of B; are complex and so are the
x4 so that again x;J¢ = Ji,; and the same would be true if all the elements of
B, were complex regardless of the nature of the «; in J. In these instances if
x; = pju; (where p; is the real absolute value of the quaternion element
x; and u, the related quaternion of absolute value one), then

n—1 n—1
B =P 'BP =Y pP N u)P- P (THYP = D pUA"’
=0 =0
where U; = P~Y(u, )P and U;A = AU, for each 1. It follows that:

TuEOREM 2. If A and B are quaternion maitrices, if AB = BA, and if A is
non-derogatory with either all real or all non-real complex roots, then

n—1

B= Y pUA'
=0

where the p;arereal, U A = AU, for each i, and each U, has a single characteristic
root of absolute value one.

4. A polar form. Every complex number has the familiar polar form
pet® and, as has been seen, the same is true for a quaternion. For a matrix 4
with complex elements a polar representation has been obtained when 4 is
non-singular by Wintner and Murnaghan (9) and when 4 is singular by
Williamson (7). It also exists for quaternion matrices according to the
following:
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THEOREM 3. Every n X n matrix A with real quaternion elements can be
expressed as A = H\W, = W1K: where H, and K, are hermitian (quaternion)
matrices and Wi is a unitary (quaternion) matrix; 1f A s non-singular the
representation is unique, and if A is singular, H, and K, are unique but Wi is
arbitrary to some extent.

Let A = A, + jA, where A, and A4, are (as in §2) uniquely determined
matrices with complex elements. Then 4 is isomorphic to A* where

. A, —A4,°
L J—
@) A* = [Az Alc:l .
Since A* has complex elements 4* = HU = UK by (9) and (7), where H
and K are hermitian and U unitary. Then A4 °7 corresponds to H? and there

exists a unitary quaternion matrix (see (4), for example) V; = Vi 4+ jV, so
that V34AA°TV,°T = D is a diagonal matrix with real elements and, conse-

quently, if
Ve =TV
V= [Vz Vlc] ’

then VA*A*CTYCT = D 4 D. Since H is hermitian with non-negative real
roots, there exists a unitary matrix W such that WHW¢T = D, is diagonal
with these non-negative real roots along the diagonal; and this W can be
chosen in such a way that

WH2WECT = WA*A*CTWCT = D + D

so that D2 = D 4 D and so D; = D, + D, where the diagonal elements of
D, are the positive square roots of the corresponding real roots of D. Then H
must be of the same form as A* in (i) for if X = VW¢7, then

XWA*A*CTOTXCT = X (D + D)XCT = VA*A*TVT = D 4 D

so that X(D 4+ D) = (D 4+ D)X and so X(D;+ D,) = (D;+ D2)X. From
this, XWHW°TX°T = XD, X" = D, = VHV®T so that H = V°TD,V and
from the form of the matrices on the right side of this equality, their product
is of type (i).

From A* = HU, it follows that VA*VC°T = VHVCTVUVCT where the
matrices have the form

[Bl —BZC] B [Dz 0 :l [Ul U2]
B; B,°] |0 D, Us Ud]

If A* is non-singular, D, is non-singular and by equating corresponding
block matrices, Uy = U, and U, = — Us°.

If A* is singular (in which case there is some arbitrariness involved in the
choice of U in HU), then D, is singular; let the first » diagonal elements be
non-zero, the remaining being 0. From this it can be seen that D,(U; — U°)
= 0 and D;(U; + U,°) = 0; this means that the first » rows of U, are the
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conjugates of the first » rows of U; and the first » rows of U, are the negative
conjugates of the first » rows of Us. Since VU VT is unitary, these 27 rows are
linearly independent and by means of the v, ¥*-basis procedure employed in §2
above, it is seen that it is possible to complete the remaining rows of this
matrix so that it is unitary and of the form (i). From the form of each matrix
in the 2% X 2» matrix relation A* = HU, it follows that A can be expressed
as required by the theorem. Since UCTA* = U°’HU = K is hermitian,
A* = UK holds (uniquely if 4* is non-singular) and the theorem is true.

5. Properties of normal quaternion matrices. If 4 is a normal quaternion
matrix, it can be brought into diagonal form under a unitary similarity trans-
formation (see (4), for example). Some further properties of normal quaternion
matrices are verified here.

It is known that a complex matrix 4 is normal if and only if A¢7 is a poly-
nomial in 4. If 4 is a normal quaternion matrix, there exists a unitary quater-
nion matrix U such that UAUCT = D where the characteristic roots of 4
appear in the diagonal matrix D. If aj, @, . . . , @, are the distinct roots of 4,
the set of equations

m—1
fa— j .
a,=Zx]ai, 1=1,2,...,m,
=0

in x; always have solutions in the complex field. This implies that

m—1

DT = 3 x,D’

=0
and, if x; = p; - %%,
m—1 i0 . m—1 )
A°T = Z(]ij(e IYU°TA’ = ;]ijjAf
= =

where V; = U(e'®I)U°T is unitary and V;4 = AV, for all j. If more latitude
is allowed for the degree of the polynomial, let the distinct roots be written in

the form ey, as, ..., ..., a, where aj, ..., a, are the non-real complex
roots. Let the roots ai, a2, ..., ...0ny &1, ...,& be used to form the
m -+ r equations

_ m+r—1 )

B: = Z iji]

j=0

where 8; runs through the latter set of @; and @;; in this case the x; will all be
real and it follows that:

THEOREM 4. A gquaternion matrix A is normal if and only if AT is a poly-
nomsal in A with real coefficients.

The following theorem will now be shown to hold as in the complex case:

THEOREM 5. Two normal quaternion matrices A and B are commutative
if and only if they can be diagonalized by the same unitary transformation.
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If AB = BA, let UAUCT = D where D is diagonal such that like roots are
in consecutive order, with real roots oi,...,a, first, and complex roots
By ...y Bs By = vi + 96 6 > 0) next. Let

D 0 nd C, —C°

o pej ® G GO
be the 2# X 2n complex matrices which are isomorphic to D and UBU°T,
respectively. From the commutative property DC; = CiD and D¢C, = C,D,
and so

C1=Cll"i'---""Cls"i‘clll‘i'---"i‘clltv
C:=Cu+...+Cs+0 +...4+0,

where D = ayly + ... 4 a0, 4 I’y + ... + B,I’, and where Cy; and C,,
have the same order as the identity matrix I, and C’y; and the corresponding
0 matrix in C; have the same order as the identity matrix I’;. Therefore,

UBUCT = (Cuut. . -’i‘(/:ls"i"c’ll'i‘- o+ C) + 5 (Cat. . A CoFOF. . . 40)
(CuutjCa) + ... +(Cis+Co) + C'ix 4+ ... + C'y,

where the C’y; have only complex elements. Since UB U7 is normal, so is each
matrix in the above direct sum; there exist, then, unitary quaternion matrices
W which diagonalize Ci; + jCo and unitary complex matrices V, which
diagonalize C’y;, for all the above k. If V is the unitary matrix formed by
taking the appropriate direct sum of these W; and V,, it follows that
VUBUCTVCT is diagonal and that VU4 UCTVCT = VDVCT = D is also dia-
gonal. The converse is immediate.
The above generalizes as in the complex case:

TueoreM 6. If {4} is a set of normal quaternion matrices which commute
in pairs, they can be diagonalized by the same unitary transformation.

If each of the 4; have a single characteristic root, «;, the theorem is true.
If these roots are all real, the theorem is trivially true. If at least one root, say
oy, is non-real complex, let VA, VT = oI and VA4,V°T = A’; for all other 7;
then each 4’; commutes with « and so all 4’; are normal, complex, and
commutative in pairs, and can all be diagonalized by a complex unitary
matrix U. Therefore, the unitary matrix UV diagonalizes all 4 ;.

In general, the proof follows by induction on the order of the 4 ;. The theorem
is trivially true for 1 X 1 matrices. Assume the theorem to be true for
(mn — 1) X (» — 1) matrices. It may also be assumed that there is at least one
matrix, 4 ;, which has at least two distinct roots; let UA ;U°T = D be diagonal
(in the same form as D in the preceding theorem). Then each U4 ;U7 com-
mutes with D, the problem is reduced to that involving matrices of order less
than # and the theorem is true.

The following theorems are true in the complex case (6); they are also true
(obviously so from the isomorphism above) in the quaternion case:
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THEOREM 7. A quaternion matrix A 1s normal if and only if its polar
matrices commute.

TaeoreM 8. If A, B and AB are normal quaternion matrices, then BA 1is
normal.

THEOREM 9. If A and B are normal quaternion matrices, then AB is normal if
and only if each of A and B commutes with the hermitian polar matrix of the other.

6. A diagonal form under unitary equivalence transformations. It is
also possible to bring a quaternion matrix into a real diagonal matrix under a
unitary equivalence transformation according to the following:

THEOREM 10. For every r X s quaternion matrix A there exist two unitary
quaternion matrices U and V (of dimensions r X v and s X s, respectively)
such that UAV = D is diagonal with non-negative real roots along the diagonal.

Let A = A1 + jA, where A; and A, are complex, as before, but » X s in
dimension. Let C be the 27 X 2s matrix (composed of 4; and 4,) with complex
elements which corresponds to 4. According to a corollary due to Eckert and
Young (2), if U is a 2r X 27 unitary matrix which diagonalizes CC¢7, there
exists a 25 X 2s unitary matrix V such that UCV = D;is a 2r X 2s diagonal
matrix with non-negative real elements. From preceding work, this U may be

taken as being in the form
Ul - U2C]
U, U.°}’

so that UCCTUCT = D, + D, is 2r X 2r and so UCV = D + D where D
is7 X s, where the elements are non-negative real, and where (D--D) (D+D)€T
= D; + D,. It remains to verify that V has the proper structure (i.e., like
that of U). By considering the relation UC = (D + D)V°7, it follows (as
in the proof of the polar representation above) that 17 has this form where some
arbitrariness may be involved, as before, in choosing V. If the components of
V are Vi and V,, then (U;+ jU3)A (V14 jVe) = D as required in the
theorem.
As in the complex case (8), it is also true that

THEOREM 11. If A and B are two r X s quaternion matrices, then there exist
two unitary quaternion matrices U and V such that UAV = Dy and UBV =D,
are complex diagonal matrices if and only if ABCT and BCTA are normal
matrices.

If such a U and V exist, the theorem is obviously true.
If ABCT and B¢TA are normal, but the preceding theorem U4V, = D; is
a non-negative real diagonal matrix and U:BV; = C. Let

_[D o _|B1 B
Dl—[o 0] and Cl—‘:Bs 34],
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where D is non-singular and B; has the same order as D. From the given
conditions D,C¢? and C¢TD; are normal; using the former, it follows that
(B3D)(B3D)°T = (0 (where Bj has quaternion elements and D is real) so that
B3;D = 0 and so B3 = 0. Similarly By = 0. Therefore DB,°T and B,°TD are
normal. Now the characteristic roots of DB;°%T and B;°7D are the same. (In
the complex case, the characteristic roots of M N are the same as those of NM;
from the isomorphism used above between 7 X # quaternion matrices and
2n X 2n complex matrices, this result is seen to carry over). Therefore, from
§5, there exists a polynomial f(x) with real coefficients such that B.D
= f(DB:°T) and DB, = f(B1°"D) and so DB; = f(B1°TD) = D~Yf(DB.°")D
= D~B,DD or D?B; = B;D% Since D has positive diagonal elements,
DB1 = B;lD Since DBICTBID = B]D . .DB1CT, then B]CTBl = B]BICT and
B, is a normal quaternion matrix which commutes with the (normal) real
diagonal matrix D. There exists a quaternion unitary matrix W; which
diagonalizes each simultaneously; there also exist unitary matrices W, and W3
so that W,B4W is a real diagonal matrix. By multiplying D; and C, each on
the left and right, respectively, by the matrices

Wlo] Wl”O]
0 W,/ 0 W, |

the theorem follows.
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