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ABSTRACT

We prove vanishing of the p-invariant of the p-adic Katz L-function in N. M. Katz
[p-adic L-functions for CM fields, Invent. Math. 49 (1978), 199-297].
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1. Introduction

Let F' be a totally real number field with discriminant D and M be a totally imaginary quadratic
extension (a CM field) over F. For a p-adic CM type (M, ¥), Katz [Kat78a] constructed a
p-adic Hecke L-function as a p-adic bounded measure ¢ supported on the ray class group Z of
M modulo €p™ (see also [HT93]). Splitting Z =T x A for the maximal finite subgroup A and
fixing a branch character ¥ of A, we project the measure ¢ to its 1p-branch ¢, defined on I
A main result of this paper is the following.

THEOREM 1. Let p > 2 be a prime unramified in F'/Q. Suppose the following condition.

(S) The prime-to-p part of the conductor of the reduction modulo my, of the branch character
g Iis a product of primes of M split over the maximal totally real subfield F of M.

Then the Iwasawa p-invariant of ., vanishes.

Actually, in this paper, we prove a stronger result than the above theorem. In order to
state precisely this result, we recall some details about Katz p-adic measure. We fix a rational
prime p > 2 and take, as the base ring, a finite extension W of the Witt ring W (F) of a fixed
algebraic closure F of [F,. Write my, for the maximal ideal of W. Fix an algebraic closure @p
(respectively Q) of Q, (respectively Q) and write C, for the p-adic completion of @p. We regard W
as contained in C,. We fix two embeddings: i :Q—C and ip Q— C, and denote by c the
complex conjugation induced by i~,. We suppose the following condition.

(ord) Ewery prime factor of p in F splits in M.
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Then, we can choose a set of embeddings ¥ of M into Q such that the following two conditions
hold.

(cm1) The disjoint union ¥ U ¢ is the set of all embeddings of M into Q.

(cm2) The p-adic place induced by any element of ¥ composed with i, is distinct from any of
those induced by elements in Xc.

The set X satisfying (cm1)—(cm2) is called a p-adic CM-type. Under (ord), we can find a p-adic
CM-type, and we fix one such ¥. We write X, for the set of p-adic places (hence of prime ideals
of M over p) induced by the embedding i, o o for o € X. Let A\: M /M* — C* be a type Ag
Hecke character (of conductor €p> for € prime to p). Then A has values in Q on the finite part
M, of M. For the ray-class group Z modulo €p> of M, write N:Z— @; for the p-adic
avatar of \. Write O (respectively ©) for the integer ring of F' (respectively M). Finally, we
choose an element § € M such that the following conditions hold.

(d1) The identity 6 = —¢ and is(Im(67)) > 0 for all o € X.
(d2) The alternating form (x, y) = Try/p(2y©/26) induces an isomorphism O A O = ¢ 1o~ for
a fractional F-ideal ¢ prime to p€&°, where 0 is the different of F/Q.

The alternating form in (d2) induces a polarization on the abelian scheme A(D) defined over
W =i 1(W) with complex multiplication by O (and ¢ is the polarization ideal in (M2)). A choice
of Néron differential on A(D)y produces its complex period and p-adic period (2, €2) €
(C)E x (WX)E. Put Qf =T, Q" for ?=p, 00 and 7" =720 for 3 _ rke0 € Z[S]. Katz
constructed in [Kat78a] (see also [HT93] where the case € # 1 is treated) a measure ¢ on the
ray-class group Z modulo €p*>° characterized by the following formula:

Ad c(N)TE(N)L(0, A
{ZZISEHf - \/%Im(@;n((ﬂgg?ﬂ x H(l —AL)) (L.1)

gle

for all Hecke characters A modulo €p primitive at every prime factor of € split over F'. Here the
infinity type of X is kX + k(1 — c) for an integer k and k =) .+ Ky0 with integers ko satisfying
either K >0 and k, > 0or k<1 and k, > 1 —k, ¢(\) # 0 is a simple algebraic constant involving
the root number of A and the value of its I'-factor, and E()) is the standard modifying Euler
p-factor. We refer to the introduction of [Hid10] for the factors c¢(A\) and E()).

Let A be the maximal torsion subgroup of Z. A character ¥y : A — W* is called a branch
character. We fix a splitting Z = A x I for a Z,-free subgroup I' so that vy and any function ¢
on I" can be considered to be functions on Z via pull-back by the projections: Z - A and Z — T..
The 1g-branch ¢, of the measure ¢ is defined on I' and is given by fr ¢ dpy, = |, 7 Yoo dp. Let
150 be the Teichmiiller lift of 1)y mod myy. By (S), the support of the conductor of {/;0 does not
contain any inert or ramified prime over F'. Taking the branch of 1;0, by the result of [Hid10], the
anticyclotomic p-invariant with branch character 1y vanishes (and hence the full p also vanishes)
unless the following three conditions are met.

(M1) The quadratic extension M /F' is unramified at every finite place.
(M2) The identity (%) = —1 for the quadratic residue symbol <M—/F)
(M3) The map a+ (¢)o(a)Np/g(a) mod my) is the character (M—/F) of M/F.

We therefore assume (M1) and (M3) to study the vanishing of the p-invariant for Y of the full
p-adic Hecke L-function. By (M1) and (M3), 1o has p-power conductor. By the interpolation
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formula (1.1), the p-invariant of the branch 1y and that of {/;0 differ by the p-invariant of the
Euler factor at primes appearing in the prime-to-p conductor € of . Since the Frobenius map
for any prime outside p has infinite order over the cyclotomic Z,-extension, the p-invariant of
the Euler factor vanishes, and we get the vanishing of p for the original 1 (assuming (S)). So we
assume that g = {/;0 and that the prime-to-p conductor of ¢g is 1 (i.e., € = 1) and that M/F is in
the Hilbert class field of F. In particular, the p-adic L-function is the one originally constructed
in [Kat78a].

Since I' is isomorphic to Z/A, Gal(M/F') acts on I" naturally. We write 7~ for the projection

of I' onto '™ —I‘/I‘Gal M/F), on which the generator ¢ € Gal( MZF ) acts by —1:x+—2¢=x"1,
Pick a character ¢ of Z Wlth ¢|A Yo, and we write ¢, =, + (Vo)

L $dey = /F(qﬁ o)1 (y) depysy (7)-

We have u(ap;) = 1Py )i 80, 0 < ulepy,) < lim infy.y) =y, #(¢, ). Then Theorem I follows from
the following result.

THEOREM 1I. Suppose that the branch character 1o modulo p has prime-to-p conductor 1. Then
lim infy p(p,) =0, where ¢ runs over all arithmetic characters of Z with 1|a = to.

The full p-invariant p(py,) is expected to vanish without any condition (cf. [Gil91,
Conjecture]), and we proved this under the condition (S). The anticyclotomic p-invariant u(e,, )
for g : A — W* of conductor € is positive in some exceptional cases for the following two
different reasons.

(i) We have a functional equation p(py )=¢- ,u(go;a) for the involution sending (z) to
Y*(27¢)N(2)~! for the p-adic norm map N (see [Hid10] above (V)). We never have 1 = 1§ but
we could have 1§ =19 mod myy. If this happens, e = —1 mod my, forces u(%o) > 0.

(i) Let 1o := (1o mod my), and write €(3p,) for the conductor of 1,. Suppose that there
exist some primes £|€/€(1),) such that £1€(¢py) with N(£) =1 mod p and that 1y has order
divisible by p. For the Teichmiiller lift {EO of 1, ©yy is then congruent modulo my, to the multiple
of ¢ by the product of Euler £-factors 1 — Yo(L)[€]r over such primes £|€. Here [€]r is the
projection of £ to I'. For the full py-invariant, this does not matter as the Euler factor is prime
to p, however it matters for “(‘Pw ) if I'"-projection [£]~ is trivial (i.e., £ is ramified or inert
in /F) and o(£) = 1. Thus in this exceptional case, we have positive 1(py,)-

These exceptional cases should be the only cases where we have “(901;0) >0 (i.e., we need to
modify slightly Conjecture in [Gil91] to include the above first exceptional case which is not
mentioned in [Gil91]). We note that the first case is equivalent to (M1)—(M3) (assuming that €
is a product of primes split over F’; see [Hid10, Lemma 5.2]).

We specify in Corollary 5.3 an explicit construction of a subset ¥ of arithmetic characters
of Z with J!A =t such that liminfycy u(p,,) =0. Though our idea is the same as the one
exploited in [Hid10], the proof in this paper is somehow simpler as we assume that € =1 and
that M /F is unramified; so, we recall some details of the argument (as we believe that this paper
is actually a good introduction to the technical and lengthy article [Hid10]).
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2. Serre—Tate deformation space

We recall, without proofs, deformation theory of ordinary abelian schemes.

2.1 Deformation space of an abelian variety

Let R be a pro-Artinian local ring with residue field F (so R is canonically a W (F)-algebra).
Write CL/g for the category of complete local R-algebras with residue field F. We write Og
for an object of CL g with S = Spf(Og). We fix an ordinary abelian variety Agr. Consider the

following deformation functor P:CL /r — SETS:
73,40((93) =[(A/s,t4) | A/g is an abelian scheme and ¢4 : A ®o4 F = A].

Here ‘[ |’ indicates the set ‘{ }/2 of isomorphism classes of the objects inside the straight
brackets, and f: (A, ta),s = (A’,1a1)/g if f: A— A’ is an isomorphism of abelian schemes with
var o fo=1a. We write TA[p>]** for the Tate module of the maximal étale quotient of A[p™]
and A';  for Pic% /r- The functor Py, is representable by the formal torus (see [Kat78b] and
[Hid10, §2.3])

Homyz, (T Ao[p™]* x T A [p™], Gn(S)), (2.1)

and each deformation (A/g,ta) € P, (Og) gives rise to the Serre-Tate coordinate

tass: TAo[p™]% x TAL[p™]% — G (S).

2.2 Abelian variety with real multiplication

We consider the following fiber category Ap of abelian schemes A,g over the category of
Zp)y-schemes. Here Z,) =QNZ, inside Q,. An object of Ap is the triple (A/S, 0:0—
End(A/g), A), where the following four conditions hold.

(rm1) The map 6§ =64 is an embedding of algebras taking identity to identity.

(rm2) The symbol X is an O-linear symmetric polarization X : A — A! with ptdeg()\).

(rm3) The image of 4 is stable under the Rosati involution induced by .

(rm4) As O ®z Og-modules, we have Lie(A) = O ®z Og locally under the Zariski topology of S.
We call such a triple (4, 0, \) satisfying the above four conditions (rm1)—(rm4) an abelian variety
with real multiplication (abbreviated as AVRM).

A morphism ¢: (4,60, ), — (A", ¢, \') /5 in the category Ap is an O-linear morphism
¢: A5 — A’/S of abelian schemes over S with A = ¢’ o X o ¢. See [Hid04, §4.1.1] for technical
details of Ap.

Take an ordinary abelian scheme (Ao, 0, Ao) defined over F. We fix a polarization Ag : Ag —
Al of degree prime to p. We consider the following subfunctor of P4, defined from CL /W (F) into
SETS:

Piosoro(R) = [(A/g, 14,0, A) € Ar | (A, 14) € Pag(R), A and 6 induce Ao and 6.

Here we call f: (A, A, t4) — (B, g, tg) an isomorphism if f: (A, 14) = (B, tg) and flolgo
[ =2Xa. We identify TAo[p™]** and TA,[p>]°* by Ag. Then by (2.1) (cf. [Hid10, §2.4]), for
Op =0 ®y Zp,

73,40790,)\0(]%) = Homg, (T'Ao [p>]°t ®o0, T'Ao [p™]°t, @m(R))
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Since we have T'Ag[p™]** = 0, as O-modules [Hid04, Proposition 4.1], we get the following
proposition.

PROPOSITION 2.1. Suppose that O is unramified at p. Let S = G, ®7 0~ = Spec(Z[0]) for the
group algebra Z|O). Then identifying T Ao[p™]®* with O,, the functor 73,40,9, Ao Is represented by
the formal scheme S /1w, where S is the formal completion of S along the identity section of
Gy ®z 071 (F).

3. Hilbert modular Shimura varieties

Let G :ReSF/Q(GL(Z)). We recall reciprocity laws for the Hilbert modular Shimura variety
described in [Hid10, §3] to the extent we need without much proof. We write hg:S=
Resc/rGm — G g for the homomorphism of real algebraic groups sending a + bv/—1 to (“ _a).
We write X for the conjugacy class of hg under G(R). The group G(R) acts on X from the left
by conjugation. The identity connected component X containing 0 = hg is isomorphic to the
product 3 = H' of copies of the upper half complex plane $ indexed by embeddings I of F' into R
by g(0)+— g(i) for i=(v/=1,...,+/—=1). Thus X is a finite union of the Hermitian symmetric
domain isomorphic to 3; 1ndeed, X2 (C - R)! (which we identify). The pair (G, X) satisfies
Deligne’s axiom for Shimura varieties in [Del79, 2.1.1]. The C-points of the Shimura variety with
right G(A(®))-action is given by

Sh(G, %)(C) = lim G(Q)\(X x G(A®))/K = G(Q)\(X x G(A™))/Z(Q), (3.1)
K

where (v, u) € G(Q) x K acts on (z,g) € X x G(A)) by ~(z, g)u= (v(2), vgu), Z(Q) is the
closure of the center Z(Q) in G(A(®)). We write [z, g] for the point of Sh(C) given by
(z,9) € X x G(A>)). This pro-algebraic variety has a canonical model Sh(G, X) defined over Q,
as we recall in this section.

3.1 Abelian varieties up to isogenies
Let F? be a column vector space, with its (finite) adelization Fgm The group G(A(>)) acts on

A<oo) by matrix multiplication. We consider the fibered category AQ over Q-SCH defined by

(Object) abelian schemes with (rm1)—(rm4); (Morphism) HomF(A, A") =Homgp (A4, A") @z Q.
For an object A /g, we take a geometric point s € S, consider the Tate module T'(A) =Ts(A) =
lim . A[N](k(s)), and define V/(A) = V;(4) = T(4) @3 Alo), The module V(A) is an Fjx-free
module of rank two and has an O-stable lattice T'(A), where O =0 ®z Z = [ 1ime Or-

Picking a geometric point s in each connected component of S, a full level structure on A

is an isomorphism 7 : Fg(m) = Vs(A) of F(«)-modules. For a closed subgroup K C G(A)), a

level K-structure is the (sheaf-theoretic) K-orbit 7=nK of n for the right action n+—nou
(u € K). Since A[N]/g is an étale finite group scheme, the algebraic fundamental group 1 (S, s)
with base point s acts on A[N](k(s)) for any integer N and hence on the full Tate module
Vs(4) =lim  A[N](k(s)) ® Q. The level K-structure is defined over S if o on =17 for each

o€ 7r1(S, s). Polarlzatlons A N A — Al are equivalent (written as A ~ X) if A=a) =X oa for
a totally positive a € F. The equivalence class of a polarization A defined over S is written as .

For an open compact subgroup K, we consider the following functor from SCH g into SETS,
PR(S) = [(A, X, 7) s with (rm1)-(rmd)],
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where 77 is a level K-structure as defined above, and [ | ={ }/= indicates the set of isomorphism
classes in A% of the objects defined over S in the brackets. For a compact subgroup K, PS(S ) is
defined by the natural projective limit @U PS(S ) for U running over open compact subgroups

containing K. An F-linear morphism ¢ € Hom}Q;i(A, A") is an isomorphism between triples
(A, \,7),s and (A, N, 7'),s if it is compatible with all data; that is, ¢ o 77 =17 and ¢’ o X = X o ¢.

Equip F? with an alternating form A:F?Ap F2=F given by (z,y) ='zJiy for J; =
((1) *é). We define a Q-alternating pairing (-,-): F%2 x F2 - Q by Trp/g o A. Suppose that
the point s€S is a complex point se€ S(C); so, we have the Betti homology group
Hi(A,Q) := H(A(k(s)),Q). Then the polarization A:A— A’ induces a nondegenerate
alternating pairing Ej : A°’Hi(4,Q) — Q (the Riemann form; see [Mum94, §§1 and 20])
with E)(az,y) = Ex(z,ay) for all a€ F. We write ey: Hi(A, Q) Ar Hi(A,Q)=F for a
unique alternating form satisfying Trp g o ey = E). The Hodge decomposition: H LA, C)=
HO(A(k(s)), Q%c) EBHO(A(k(s)),QZn/C) induces, by Poincaré duality, an embedding h = hy :
C* =S(R) — Autp(H1(A, R)) 2 G(R) such that the following two conditions hold.

(i) The identity h(z)w = zw for all w € Homc(H°(A(k(s)), Qa/c), C) (and h(z)w =zw).

(ii) The pairing E)(z, h(v/=1)y) is a positive definite Hermitian form on Hy(A,R) (XF2 :=
F? ®g R) under the complex structure given by h.

In this way, an abelian variety A ¢ gives rise to ha € X. Starting from an h, € X = (C — R)!, via
the multiplication by h.(z) on F2 = F2 ®g R, F32 can be considered as a complex vector space.
By the theory of abelian variety over C, for a lattlce LC FR7 the complex torus F]R /L gives rise
to an abelian variety A, c with real multiplication by O such that hy = h, and A.(C) = F2/L.
Since T(A) = L = L ®7 Z canonically, we have 1o : FA(OO =V(A,), and choosing a basis {vi, va}
of Fg(w) (over F 1&00)) is equivalent to a choice of g € G(A(>)) bringing the standard basis to
{v1, va}. This gives rise to a full level structure n =1y o g of A,. In this way, (A, A\, n) with the
polarization A induced by A gives rise to a point [z, g] € Sh(G, X)(C), and we get an identification
Sh(G, %)(C) = ?9(@) for the trivial subgroup 1 = {1} € G(A(*)). This identification is actually
valid not just for S = Spec(C) but actually for all Q-schemes S. In other words, from [Shi66] and
[Del71, 4.16-21] (see also [Hid04, §4.2] and [Hid10, §3]), we get the following theorem.

THEOREM 3.1. The canonical model Sh(G, X) /q represents the functor PP over Q for the trivial
subgroup 1 made of the identity element of G(A(>).

Through the action of G(A(>)) on Fz(w), g € G(A®) acts on the level structure by n —nog
and hence on the variety Sh(G, X) from the right. If K is open and sufficiently small, the functor
Pg is represented by the quotient Shy (G, X) := (Sh(G, X)/K) /g In the complex uniformization,
each point [z, g corresponds to the test triple (A, Az, 7. © g), where A;(C) = Cl/(0=' + 0z) and
n:(§) = bz — a identifying T'(A;) = 3140z

A key point of the proof of the representability (assuming that K is open-compact) is reducing
it to the representability of a functor classifying abelian schemes up to isomorphisms not up to
isogenies. Let L C F? be an O-lattice. We define the polarization ideal ¢ by ¢* = A(L A L) C
F, where ¢* is the dual ideal {¢ € F|Tr(&c) CZ) =c¢ 1ot Let CIT(K) = Foy/det(K)F
which is a finite group. We fix a complete representative set {c € A(Oo)} for CIT(K) so that
¢cO N F = ¢. We may choose L to be one of O-lattices L, = ¢* & O C F? (indexed by ¢ € CIT(K))
with A(L. A L) =¢*, and put L = Lp. Note that L =L, - (0 1) in F2. For each isogeny class
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of (A, A\, 7)/s € Pg(S ), we can functorially find a unique triple (A’, X', 77’) /¢ and a polarization
ideal ¢ such that /(L) = T(A). See [Hid04, pp. 135-136] for the details of this process of finding
a unique triple (4’, X', 77) /g in the isogeny class of (A, X, 7),g. If two such choices are isogenous,
the isogeny between them has to be an isomorphism keeping the polarization. Thus we get an
isomorphism of functors:

PR(S)=Pi(S) = || Pk.S), (3.2)
ccCItT(K)

where ¢ runs over the ideal classes in C17(K) = F éoo) X/ F} det(K), and
Pr(S) = {(A, N, 7) s with (rm1)-(rm4) | 7f (Lc) = T(A) and ¢(X') = ¢} /.

Here 2 means an isomorphism (not an isogeny) for a chosen polarization integral over the fixed
lattice L. in the class of A (in other words, A induces a fixed alternating form on the space F?
integral over L up to units in F' Ndet(K)). If K = G(Z,) x K® for an open compact subgroup
K® of G(AP>)) the above functor is well defined over W-schemes S. This functor P} is
proven (for example, by geometric invariant theory of Mumford) to be represented by a quasi-
projective scheme, whose geometrically connected components 2t(c, K) representing P}gc are
shown by Shimura’s reciprocity law (Theorem 3.3) to be defined over a specific abelian extension
ki of Q dependent on K. If K =G(Z,) x K® (with K?) ={z € K |z, =1}), M(c, K) is a
geometrically connected scheme over kg N W. Hence mo(Shy ) =2 C1T(K) canonically. See [Hid04,
§4.2] for details.

Now we recall the canonical p-integral model of the Shimura variety. We use the following
variant (due to Kottwitz [Kot92]) of the functor Pg. We fix a rational prime p unramified in
F/Q. This concerns an open-compact subgroup K mazimal at p (i.e., K = G(Z,) x K®)). We

consider the following fibered category Ag) over Z)-schemes:

(Object) abelian schemes with (rm1)—(rm4); (Morphism) Hom , ) (A, A")=Homu, (A, A") ®z Z)

AL

for Z,) = QN Zp,. This means that to classify test objects, we now allow only isogenies with
degree prime to p (i.e., ‘prime-to-p isogenies’), and the degree of the polarization A is supposed
to be also prime to p. Polarizations are equivalent if A =a\ = )\ o a for a totally positive a € F'
prime to p.

Fix an O-lattice L C F? with A(L A L) =c*, and assume self Op-duality of L, =L ®z Zy
under the alternating pairing A : F2 A F2 2 F. Consider test objects (4, X, 7(P)) /s with A degree
prime to p. Here 7®) : F/i@oo) = VP (A) =T(A) @z AP>®) and \ € X are supposed to satisfy the

following requirement: V®) (A) A V(@) (A) 2, Fjipoo) is proportional to A: F2AF2=F up to
scalars in (F @ AP®))* We write the K ®-orbit of n®) as 7). Consider the following functor
from Z,)-schemes into SETS.
PP (S) = [(A, X, 1?) /5 with (rm1)-(rm4)]. (3.3)
We quote a result of Kottwitz [Kot92] from [Hid04, §4.2.1] and [Hid10, §3.1].

THEOREM 3.2. The p-integral smooth canonical model Sh(® (G, %)/Z(p) over Z,) represents

the functor ng)’ and we have a canonical isomorphism: Sh(p)(G, %)/Z(p) Xz, Q=
Sh(G, X)/G(Zy) 1q-
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The continuous right action of g € G(A) on Sh(G, X) g given by
(A, 0.1) = (A, X, 0,m0 g) (3.4)

is identical to the right multiplication by g on Sh(G, X)(C) over C. Since multiplication by £ € F'*
gives a self isogeny on A, the center Z(Q) C G(Q) acts trivially. By definition, the action factors
through G(A(>)) = G(A)/G(R); so, the action factors through G(A)/Z(Q)G(R). Define

G=0G(G,X)={geG(A)|det(g) e A*F*FZ JF*FX. }

and

Here FZ, is the subgroup of totally positive elements in Foo = F ®g R. By (3.1) and (3.2),
we have mo(Sh(G, X)(C)) = F)(,/F = F; /F*F, =lim,  CI"(K). The action of g € G(A)
permutes transitively connected components of Sh(G, X)(C). See [Hid04, Theorem 4.14] for the
following fact.

THEOREM 3.3 (Shimura). The stabilizer in G(A)/Z(Q)G(R)4+ of each geometrically irreducible
component of Sh(G, X) is given by £(G, X).

When we regard g € £(G, X) as an automorphism of Ogy, or Sh(G, X) g, we write it as 7(g).

3.2 CM points

A point x = [z, g] € Sh(G, X)(C) is called a CM point if 2= (2,)pe; €X=(C-R)Y! C F®gC
generates a totally imaginary quadratic extension M, = F[z] C F ®gC of F (a CM field
over F). Set L=0"14+02C M CF®qpC. We write O =9, for the integer ring of M, and
Oy ={a €O, | aL C L} (the order of L). Assume p is unramified in M/Q, L ®z Z, = O, Rz Zy,
and Oy ®z, Zp = Oy @7 Zy. Let T, =T, be the torus ResD(p)/Z(p) Gy,. The regular representation
pz:Tx(Q)= M) — G(Q) given by (ng) =p.(@) (f) gives rise to a representation T,z =~ —
Gz, =Reso, /7., GL(2) because (1,z) gives rise to a basis of L ®z Z). Since Al®) g g
Zp)-algebra by the diagonal embedding, we may regard p, as a representation p, : T, — G defined
over A(®), Now conjugating by g, we get py : Ty atee) — G/A(oo) defined over A(®) given by
pz(a) = g7 'p.(a)g. The abelian variety A, has complex multiplication by 9,; that is, under the
action of T,(Q) via py, L. gN F? is identified with a fractional ideal of M, prime to p.
On the other hand, the level structure 7, =7, o0g identifies T(A,) with L. g= L. for a
polarization ideal ¢ prime to p. Plainly p,(7,(Q)) falls in G and hence fixes each geometrically
connected component of Sh. Since o € M* =T,(Q) is a self isogeny o : A, — A, with aon, =
Ne © pu(a), T(pz(a)) fixes x.

We let G(Q) act on the column vector space F? through the matrix multiplication. The
action of T}, via p, on F? makes F? a vector space over M, of dimension one. Then the subspace
V, of F? ®g C on which h, acts by its restriction p, = h;|g,,x1 is preserved by multiplication
by M., yielding an isomorphism class >, of representations of M,. Since the isomorphism class
>, is determined by its diagonal entries o; : M, — C, we may identify >, with a formal sum
>, 0i. Since g X fi, = h, we find that {0y, co;}i=1,. 4 (d = [F : Q]) is the total set I, of complex
embeddings of M, into C. The fiber A= A, at x € Sh(C) of the universal abelian scheme over
Sh has complex multiplication by M, with CM type (M, ;).
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3.3 Reciprocity law for deformation spaces

We start with a fixed CM point = = [z, g] and the associated CM abelian variety (4., A, 6, 7). We
suppose that 6 : O — End(A4,) extends to 6 : O — End(A;) for the integer ring O of M. Write
(M, ¥) for (M,,>,) and follow the convention in the introduction. Diagonalizing the action
of M on Lie(Az),w, we may assume that o € ¥ embeds O into W. Consider the reduction Ag of
A, w modulo myy. Suppose that Ag is ordinary (i.e., we suppose the conditions (cm1)—(cm2)
in the introduction). We pick a base of M, () over Fj(~) and identify M.y with in(oo) SO

that the fixed lattice in the definition of Pg) is a fractional ideal of M. If z = [z, g], the choice
of g is tantamount to the choice of the base of M, () over Fj(w). Then the polarization A
induces an alternating pairing (o, 8) = Trp/p(dac(8)) : L x L — F for the unique nontrivial
automorphism ¢ of M/F. Here § € M is as in (d1)—(d2) of the introduction. We have the
polarization ideal ¢, given by ¢} = (L, L). We then have A,(C) = L\(M ®g R) for a fractional
ideal L C M with L, =9, (identifying M ®g R with C* through a ® t — (0(a)t)sex). This
induces n® = ngp) ogW . M ®Q AP®) =y (®)(A,). By reduction modulo my,, 7 induces a

prime-to-p level structure n(()p ) on Ag. Let (A, 14, )/r be any deformation of (Ay, 1o, o)/ over
a local Artinian W-algebra R. Since A[N] for N prime to p is étale over Spec(R), the level

structure n(p ) at the special fiber extends uniquely to a level structure nff) on A/ g. Therefore,
for the deformation functor
P(R) = [(A, 14,0, A1)/ | (A, 14,0, A, 1P mod mp = (Ao, to, 8o, Aos 1)),

the forgetful morphism (A4, 4,0, A, 771(4))/3 — (A, 4,0, )\)/R of P into the orlgmal deformation
functor PAO io,\o induces an isomorphism of functors; so, P is represented by S in Proposition 2.1,

We take the Kottwitz model Sh?) (G, X) jw representing (3.3) over W and consider x = [z, g
as a point of Sh®®) (@, X)(W). We have the universal abelian scheme A — Sh®). Let

1
Shord _ Shord(G, %) = Sh(p) (G’ %) |:E:| ,

that is, we invert over Sh®) a lift E of a power of the Hasse invariant H. The formal
completion Sh%d of Sh*d along Sh¢™ = Sho™d @y F is uniquely determined independently of
the choice of F and gives the ordinary locus of A. By (cml)—(cm2) for (M,,%,), = is a
point of Sh&4(WW). We have the connected component Viw C Sh;vz, containing = € Sh&4(W); so,
V= liLnK IM(cz, K)w. Then Vg =V @w F is the connected component containing the point
T carrying (Ao, to, Oo, Ao, n(()p)). Let p= Hvezp p, for the prime p, associated to the valuation
vEX, (and P=][,ex, p7). Then we have iU P/ /0 = A,[p™], which induces 1™ : 0, =

Op = Homg, (Qp/Zy, Ax[P™]) = T A, [p™]*". We can therefore extend n®) t
7% 0, x (M, ©g AP®)) 2T A, [p®]t x v<p>(Az).
Let K be the field of fractions of W. Over the field K [tp=], we can further extend ngrd to

Np:0p x Op =90, =TA,[p™] by identifying i : U(p_j/D) ®z ppi = Az[p™].
J
The map ¢* =7 ' and i are adjoint under the Weil pairing. This choice is tantamount to the

choice of g, which brings the base of L, to the base given by the two idempotent 1 := (1, 0) of Op,
and 1pe := (0, 1) of Ope in Op x Ope = O, x 0. We write n =1, x n®) and n°" = ngrd x nP),
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Consider the formal completion V4 of V[1/E] yw along V/‘])Pfd = V[1/E]/r, and recall the
Igusa tower Igyora given (in [Hid10, §3.3]) by

Ig/vooord =~ ISOH].O (Mpoo ®Z D/_\}vo%““ AOI‘d [poo](/)vooord ) ]

ord

We can think of the deformation of (A, 8, g, Ao, ng™) /F, for ng* = 7°"4 mod p. The p-part of

the level p-structure ngrd provides the canonical identification of the deformation space S with

G ®7 0~ L. For any complete local W-algebra C' and any deformation A o of Ag, A[p™]° is
étale over Spec(C); so, again the deformation is insensitive to the ordinary level structure. Thus
we get

a canonical immersion ¢ : Gy, ®z 0~ ! < Ig such that ;*A%d = 49, (3.5)

Here A% and A" denote the universal test object over Ig and over S , respectively.

o —

Write Z,[O] for the formal completion of Z,[O] at the origin 1€ S(F) for S=G,, ® 0}

o —

(here Z,[0] 2 Z,[[(t& — 1), ..., (& — 1)]] for a base &1, . ..,& of O over Z). Identify Z,[O]
with the ring made up of series: 3 . a(é)tt for a(§) € Zy. Let T = Resp/zGum. Since we have
G @z 07! = Spf(Z/p[O\]), s € O =T(Zp) acts on S by the variable change ¢ — t*, which induces
an automorphism of the formal group @m ®z 0L

The inclusion O — © induces an identification of p-adic rings Op with O, which we fix in this
paper and use always in the following. Note that O, = Oy x Ope. This same inclusion: O — O

induces an inclusion of Z,)-tori T'— T;. Let 7 :=1T, /T. By the identification above, the map

1—

D) (Xp) — D; given by a+— "~ ¢ induces an injective homomorphism

Thereby, the action of T(Z,) on S and that of T (Z(y)) are compatible. The torus 7 (Z,) is
isomorphic to the image (under p;) of T3 (Z,) in (G, X), and its action on S factors through
the action of the image of T;(Z,)) in £(G, X) on Ig via (3.5).

We regard Sh® as a (pro-)scheme over Y. By the definition of p, given above, we have
aonp =m0 pz(a). If a€Ti(Z), it acts on Ig as an automorphism via py (). We quote the
following fact from [Hid10, Proposition 3.4, Corollary 3.5].

PROPOSITION 3.4. Let Org 7/ be the stalk at the point T € Ig(F) (carrying (Az, Az, 0z, nép)) X W

[F) of the structure sheaf of Igp. If a € D(Xp) (=T:(Zy))), then T(py(a)) fixes T and preserves
™ 1—c

Ot z/r- The effect of p(a) on the canonical coordinate t € S is given by t +— % .

Thus among the automorphisms ¢ +— t* of Sforse O}f, those s = o'~ ¢ with a € D(Xp) preserve

the p-integral W-structure coming from the Shimura variety Sh(®) (and the Igusa tower Ig).

3.4 Linear independence

To include modular forms in our scope, we need the datum of a nowhere vanishing differential.
We look into the following functor Q:

U (AN, 0,77, 0) 1y | A€ Pie(U) = PE(U), 1040 = (Op @z 0)w, (3.7)

where K is maximal at p and A = (A, X, 0,7")) is chosen in Py (U). Then Qk is represented
over W by a T-torsor My (G, X) over Sh®)(G, X)/K. The torus T = Resp/zGm acts on Qg
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by wi—tw for t € T(Oy) = (Oy ®z O)*. Choose a nowhere vanishing differential wy on Ag=
Az @w F, and consider the formal completion M K of M along the closed point corresponding
to (Ao, Ao, 0o, 778rd wp), which is a formal T-torsor over S = V Here T is the formal completion

of T along the origin. Over W, once we choose a level p*-structure nord, it naturally induces

an isomorphism of formal groups 7 : A, 2Gp g0 = Spf(Wq¢] 560)7 which in turn gives a

canonical differential wp on A,y with wp\ i, =1 *dq/q. This n Ord — wp splits the formal T-torsor

o~

M into a product T X W S over 52 G,, ®0~L. Thus the deformatlon functor
@(R) - [(A) >‘7 07 nor ) w)/R | (A) >‘7 07 nor 3 w) XR F= (A07 >\0) 007 ,,781‘ 7w0)]

for Artinian local W-algebras R with residue field F is pro-represented by S x T. In the above
discussion, we may actually allow K of p-power level in (3.7) as long as K contains the
monodromy group U, of the infinity cusp in G(Z,) N G(G, X), replacing V C Sh(p)(G, X) by
the Igusa tower over Vo' and the level structure 7(P) = n®) K®) by nord K(#)_In this slightly more
general case, the functor is again represented by a formal scheme S x T\, where S is identified
with infinitesimal neighborhood of = in the Igusa tower. Therefore in the following, we allow
modular forms of finite p-power level of type I'1(p").

We identify the character group X*(7) of T' with the module of formal linear combinations
K=Y, koo (ks €Z) for field embeddings o : F — Q so that 2" =[], o(z)" (z € T(Q)). For
each character x of T'and a p-adic W-algebra R, we write G (R) for the x~!-eigenspace of O, /R
Thus G (R) is the union of R-integral modular forms of weight x and of finite level (of I'1 (N)-
type for all positive integers N). Since p is unramified in O, T is smooth over Z, and is
diagonalizable over Z,. Therefore we have O /w = ,, Gx(W). By the above splitting, we may
regard G, (R) C (’)S/R In particular, a € Ty(Z,) acts on f & Gy(F) through the identification

T(Zp) = AutO(S/F), and we have a(f) € Ogp-

of S. Each ¢ € G,(R) has t-expansion given by
o(t) = ¢(A™) € RI[t — 1]].

We quote the following result proven in [Hid10, Corollary 3.21].

We write t — 1 = (t; — 1); for the parameter at 1

THEOREM 3.5. Fix a weight k> 0. Let ao, ..., an € Ty(Zp) and suppose that a;a; 12 T.(Q)
for all i #j. Let I C{0,1,2,...,n} be a subset of indices, and choose 0 # h; € G (F) with
hi(x) #0 for each i€ I. Let J be another finite index set. Then if {h;, f;j € G.(F)}jcs are
linearly independent over F for each i € I, then {a;(fi;)}icr jes in Og/]F are linearly independent
over IF.

When k is parallel, a canonical choice of h; is H,; for a Hasse invariant H,. The Hasse invariant
H satisfies H(t) =1. Since H is invertible on Sh'9, for any given parallel weight =" o ko
(k € Z), we have H,, € G,(F) such that H.(t) =1

4. Eisenstein and Katz measure
We recall the Fourier expansion of Eisenstein series and Eisenstein measure from [Kat78a].

4.1 Geometric modular forms

Recall a* = a~ 107! for each ideal a C F. For a fixed fractional ideal ¢ prime to p of F', we consider
the following triples (4, A, 7),5 formed by:
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— an abelian scheme 7:A4 — S with an algebra homomorphism: O — End(A4,g) making
m(Q24/5) a locally free O ®z Og-module of rank one;

— an O-linear polarization X : A* & A ® ¢ (as explained in [Hid10, §§ 2.4 and 4.1], this condition
is equivalent to A having polarization ideal c);

— we have an O-linear closed immersion i = iy : pim ®z7 01 < A[p"] of group schemes.

The Hilbert modular variety (¢, p") := M(c, K) yy is the coarse moduli scheme of the functor
P(S) = [(A, A, i),s] from the category of W-schemes S into the category SETS, where

K= {g = <CCL Z) e G(A®)) | gL =L, cepO, a, =1 mod p”Op},
and we call (A, ), i) = (A", X,7') if we have an O-linear isomorphism ¢: A/g — A’/S such that
N =(p®1)oXo¢!and ¢ oi=1". The quasi projective scheme IM(c, p") is a fine moduli if n >> 0.

We could insist that m.(€24/5) is free over Og®z O, and taking a generator w with
m(Qa/5) = (Os ®z O)w, we consider the following functor (4, A, i, w):

Q(S) = [(A) A, ivw)/S]' (4.1)

We let a € T(S) = HY(S, (05 ®z 0)*) act on Q(S) by (A, \,i,w)— (A, \,i,aw); so, Q is a
T-torsor over P; so, Q is representable by a scheme M = M(c, p") )y affine over 9 = M(c, p").
By definition, M is a T-torsor over 9. For each character x € X*(T') = Homgpsch (T, Gyn)
and a given W-algebra R, if F' # Q, the x~!-eigenspace of HO(M/R, Oumyr) is the space of
modular forms of weight « integral over R, where Mg = M Xz Spec(R). We write G (¢, p"; R)
for this space of R-integral modular forms, which is an R-module of finite type. An element
f € Gi(c,p"; R) may be regarded as a morphism of functors: Q@ — Gg; so, it is a rule assigning
an element in an R-algebra C' to each quadruple (4, ), i, w) ¢ satisfying the following three
conditions:

(Gl) f(A N i,w)=fA N, W) eCif (AN i,w) = (AN, W) over C;

(G2) f((A N 4,w)®c,C") = p(f(A, N i,w)) for each p € Homp_a15(C, C');

(G3) f(A, N\ i, aw) = k(a)" f(A, N\, i,w) for a € T(C).

When F =Q, we need to take the subsheaf of sections with logarithmic growth towards cusps.

We fix a fractional ideal ¢ prime to p and take two ideals a and b prime to p such that ab™! =c.
To this pair (a, b), as in [Kat78a, §1.1], we can attach the Tate AVRM Tateq p(¢q) defined over
the completed group ring Z((ab)) made of formal series f(q) = ¢ a(€)q® (a(§) € Z). Here
¢ runs over all elements in ab, and there exists a positive constant Cy (dependent on f) such
that a(§) =0 if o(§) + Co <0 for some o € I. We write R[[(ab)s¢]] for the subring of R((ab))
made of formal series f (having coefficients in R) with a(§) = 0 for all £ with o(§) < 0 for at least
one embedding o : F' < R. The scheme Tate(q) can be extended to a semi-abelian scheme over
Z[[(ab)=o]] with special fiber G,, ® a* at the augmentation ideal . As described in [Kat78a, § 1.1]
(see also [Hid10, §4.1]), Tateq p(¢) has a canonical c-polarization Acan, a canonical level structure
Gcan © ftpee — Tateq p(q)[p™°] and a canonical differential wean. Thus we can evaluate f € G(c; R)
at (Tateq p(q), Acans fcan, Wean). The value f(q) = fap(q), if F'# Q, actually falls in R[[(ab)>¢]] by
Koecher’s principle and is called the g-expansion at the cusp (a, b). When F' = Q, we impose f
to have values in R[[(ab)>¢]] (the logarithmic growth condition).

We can think of a functor

O(R) =[(A, A, ip) /R]
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similar to Q in (3.7) defined over the category of p-adic W-algebras R = lim | R/p™R. The only
difference here is that we consider an isomorphism of Barsotti-Tate groups iy : pipe~ ®z vl

A[p™>]° (in place of a differential w), which induces an isomorphism G,, ® 9= A formal
schemes. It is a theorem (due to Deligne-Ribet and Katz) that this functor is representable

by the formal completion ﬁ(c, p>)w of M(c, p>°) = @n M(c, p™) along its mod p fiber. Thus
we can think of p-adic modular forms f,r which are functions of (A, A, ip),c (for any p-adic
R-algebra C) satisfying the following conditions:

(Gpl) f(A> A7 lp) = f(A/7 >‘,7 Z;)) eCif (A7 )" ip)/c = (A,7 >‘,) /L;))/Ca

(Gp2) f((A, N ip) ®c,pC")=p(f(A, N, ip)) for each R-algebra homomorphism p: C' — C’;
(Gp3) fap(q) € R[[(ab)>0]] for all (a, b) prime to p.

We write V' (¢; R) for the space of p-adic modular forms satisfying (G,1)-(G,3). This V(c; R) is
a p-adically complete R-algebra. We have the g-expansion principle valid both for classical and
p-adic modular forms f (see [DR80], [Hid04, Theorem 4.21] and [Hid09]):

(g-exp) the g-expansion: f — fqap(q) € R[[(ab)>o]] determines f uniquely.

Since G, ® 0! = Spec(Z[t¥]¢co) has a canonical invariant differential dt/t, we have wy, = i, .dt/t
on A. This allows us to regard each f € G.(¢; R) as a p-adic modular form by putting

f(A’ )" 7;;0) = f(Av )" wp)'

We thus have a canonical embedding: G (¢; R) < V(¢; R) preserving g-expansions.

Over C, the category of quadruples (A, A, i,w) with c-polarization A is equivalent to the
category of triples (£, A, 7) made of the following data (see [Hid10, §4.1]): £ is an O-lattice in
O ®7z C=C!, an alternating form \: L Ao L= ¢* and i:p 0! /o~1 < FL/L. The form ) is
supposed to be positive in the sense that A(u,v)/Im(uv®) is totally positive in O ®z R =R,
The differential w can be recovered by «: A(C) = C!/L so that w = t*du where u = (uy),er is
the variable on C!. Conversely, if we start with a triple (4, \, w) /e,

EA:{/vwEO®Z(C|veHl(A((C),Z)}

is a lattice in C!, and the polarization A:A'~ A ® ¢ induces L4 A L4 =c¢*. Using this
equivalence, we can relate our geometric definition of Hilbert modular forms with the classical
analytic definition. Recall 3 which is the product 3 = $7 of I copies of the upper half complex
plane §. For a cusp (a, b) and each z € 3, we define £, = 2m/—1(bz + a*) C C/,

A:(2mv—1(az +b), 271V —1(cz + d)) = —(ad — be) € ¢*
and i, :p "0 /o7t = (p"a)* Ja* — FL,/L, by i,(a mod 971) = 27/—1a mod L..
Consider the following congruence subgroup I'11(p™; a, b) given by

d

Write T'y1(¢; p") = T11(p™; O, ¢71). We let g = (go) € SL2(F ®g R) = SLa(R) act on 3 by linear
fractional transformation of g, on each component z,. Then

{(Z b) € SLy(F)|a,d€ O,be (ab)*,c € p"abd and d — 1 Epn}.

(Lo Azyiz) =2 (Ly, Ay i) <= w="(z) foryel1(p";a,b).
This implies
M(c,p")(C) =ZT11(c; p")\3 canonically.
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The set of pairs (a, b) with ab™! = ¢ is in bijection with the set of cusps of I'1;(c; 1). Two cusps
are equivalent if they transform each other by an element in I'11(c; p™). A standard choice is
(O, ¢71), which we call the infinity cusp of M(c, p"). For each ideal t, (t, t"'c¢™!) gives another
cusp. The two cusps (t,t7'¢™!) and (s,s '¢™!) are equivalent under I'y1(¢; p") if t = as for an
element a € F* with « =1 mod p"O,, in F.

Recall the identification X*(T') with Z[I] so that x(z)=]][, o(z)"". Regarding f €
Gy (¢, p™; C) as a holomorphic function of z € 3 by f(z) = f(L,, A;, i.), it satisfies

1) = 1) [[(e20 + do)e for allvz(? Z)GFH(C;pn)- (12)

g

The holomorphy of f follows from (G2), and f € Gj(c, p™; C) has the Fourier expansion

f)= Y alfer(t)

£€(ab)>o
at the cusp corresponding to (a, b). Here ep(£{z) = exp(2mv/—1 ) {7 25). This Fourier expansion
equals the g-expansion f, 5(q) replacing ep(£2) by ¢°.

Shimura studied in his theory of arithmetic of Hecke L-values the effect on modular forms of
the following differential operators on 3 indexed by x € Z[I]:

o 1 0 Ro k o a
O = 21/ —1 <aZU T Z > and 0, = H(5na+2kg—2 07, (4.3)

ZO’ o o

where k € Z[I] with k, > 0. To describe rationality property of 6% in [Shi00, I1I] and [Shi75],
we recall the two embeddings i : Q < C and ip Q— C, fixed in the introduction. Recall
W=i, L(W), which is a discrete valuation ring. Let A := (A, \, w, 7) /w be an ordinary quadruple
of CM type (M, ¥) (having complex multiplication by the integer ring O C M). The complex
uniformization: ¢ : A(C) = C*/%(2) induces a canonical base woo = t*du of Q4,c over O ®z R,
where u = (u,)sex is the standard variable on C* and () = {(c(a))yex € C* | a € A}. We
define the periods Qs € C¥ = O ®z C by w = Qsoweo. Here is the rationality result of Shimura:

(OR)(A N, woo, 1)
Qfgo—i—Qk:

= (68 (A N\ w, ) €Q for f € Grlc, p"; W). (S)

Katz gave a purely algebro-geometric definition of the operator (see [Kat78a, ch. II]).
Using this algebraization of 6%, he extended the operator to geometric modular forms and
p-adic modular forms. We write his operator Corresponding to Shimura’s operator 6% as d* :
Ve, p™; R) — V(c,p"; R). The level p-structure i, : fipeo ® 0! < A[p>°] induces an isomorphism

Lp Spf(W[qg]geo) G ®7 02 A for the p-adic formal group A/W at the origin. Then w =
Quwp (Qp, €0 @z W =W?=) for w, = 1,.dg/q. An important formula given in [Kat78a, (2.6.7)]
is
(d* (A, N, wp, 9)
QZ+2I€

=(d*f)(A, N\ w,i)= AN w, i) eW=QNW for feGulc,p™; W).

(K)
Let ¢t be the canonical variable of the deformation space S of AO =AxwhF. Ident1fy1ng S with
Gm @701 via ip, t is the character 1€ O =X*(G,, ®z071) = Hom(G ®z 071, Gy,). Write

S =Gy, ®z0° L. We have S = Spf(W[/TS')]) for the completion W[X(S)] at the augmentation
ideal of the monoid algebra W[X(S)] = W[O] (X (S) = Homglg—ep(S, Gy)), where W[O] is the
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ring of formal finite sums .., a(€)tc (a(€) € W). We have the following interpretation of d*:

A" " a(@tf =" a(§)Ert. (4.4)

3 3
See [Hid10, (4.5)] for a proof of (4.4). Similarly, by [Kat78a, (2.6.25)], the effect of d* on

g-expansion is
A" al€)d* = al§)&" ¢ (4.5)
3 3
For each f € V (¢, p"; R) (for a p-adic algebra R), we call the expansion

F) = FAND =D alg, Nt

£eo

as an element of ]?[5] a t-expansion of f. Hereafter, we write this ring symbolically as R[[t*]]cco-
Choosing a Z-base {a;} of O, T; —taﬂ — 1 gives a complete set of local parameters at the

point z € Sﬁ(c p")/r given by A and R[O] R[[T\, ..., Ty4)]. We have the following t-expansion
principle.
(t-exp) The t-ezpansion: f — f(t) € R[[t*]lcco determines f uniquely.

The Taylor expansion of f with respect to the variables T'= (T}) can be computed by applying
differential operators 0; =0/0T; and evaluating the result at = A. Since 0; is a linear
combination of the d” With coeﬂicients in the field of fractions of R as long as R is of characteristic
0, we have, for f, g€ V(c,p™; W),

d"f(A)=d"g(A) for all k >0<= f(t) = g(t). (4.6)

4.2 The g-expansion of Eisenstein series

Let ¢: O, x O, — C be a locally constant function such that ¢(c¢ ™'z, cy) = N(e)*¢(z, y) for all
€ € O*, where k is a positive integer. We suppose that all a, b and ¢ are prime to p. We regard ¢
as a function on X xY with X =Y =0,. We put X, =0/p*O and define the partial Fourier
transform

Po: (F,/v," {Up“a Lo~ }XY—>(C
of ¢, taking « so that ¢ factors through X, x Y, by

p AN o dla,y)ep(ax) ifzep0t/o7l,

4.7
0 ifrgp0~1/o71, (4.7)

Po(z,y) = {
where e is the standard additive character of F restricted to the local component Fj, at p.
We construct an Eisenstein series Fj(z; ¢) for a positive integer k and ¢ as above as a
function of triples (£, A, i) we have studied in the previous subsection. Actually k indicates the
parallel weight k=) _ ko; so, we sometimes write E, for Ej. Here i:Fp/Dg1 —p XL/L is
the level p>-structure. We define an Op-submodule PV (L) C £ ®o F), specified by the following
conditions:

(pv) PV(L) D £ ®0 0, and PV(L) /(L ®o O,) = Im(i).

Consider i~ : PV(L) - PV(L)/(L ®o Op) = F, /0, 1. By Pontryagin duality under Tro A, the
dual map i’ of ¢ gives rise to ¢ :PV(L)— O,. Then we may regard P¢ as a function
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on p~*LNPV(L)=(U,p *L)NPV(L) by

Po(i Y (w), i (w)) if (wmod £) € Im(3),

Py < {071 w) i (wmod £) € () .
0 otherwise.

For each w = (w,) € F ®g C=C!, the norm map N(w)=1]],c; wo is well defined. Writing

L= (L, \, i) for simplicity, we define the value Ex(L; ¢, ¢) by

e P(w)
VDA eyt NNy

Here 3" indicates that we are excluding w = 0 from the summation. This type of series for ¢
with ¢(a, 0) =0 for all a is convergent when the real part of s is sufficiently large and is continued
to a meromorphic function well-defined at s =0. If ¢(a,0) =0 for all a, the function Ej(c, ¢)
gives an element in Gy (c,p>; C) (k=k > .. g o) without constant term in its g-expansion,
and as computed in [Kat78a, Chapter III| the expansion is given by
k
N@ B O = X X dlab)y

0<E€ab (a,b)e(axb)/OX
ab=¢

Ey(L; ¢, ¢) = (4.9)

(4.10)

4.3 Eisenstein measure
We recall the Eisenstein measure in [Kat78a] with values in V(¢; W). Recall p =[]gpcy B-
We split O, =9Op x Ope = 0, x Op, and write the variable on O, as (x;y) for z,y € O,. Here
Op = H‘Bezp Og. We take the closure O* in O,. We let € € O* act on O, by multiplication:
e(z;y) = (ex; ey). Then we define T'=9,/O* and T* = O, JO*.
For each continuous function ¢(z;y) on T, we consider

¢°(z;y) == p(z~ ' y). (4.11)
The map ¢ +— ¢° is a bounded linear operator acting on the space C(T*; W) of all continuous
functions on T with values in W into the space of continuous functions on O x O, with values

in W invariant under the following modified action of O*. Indeed the function ¢° satisfies the
following property:

¢°(ex; e Ly) = ¢°(z;y) for all e € OX.
This is the property required to define Eisenstein series (for even weight k) in the previous

subsection. Then there exists a unique measure E. : C(T; W) — V(¢; W) with the following two
properties.

(E1) If ¢ has values in Q equipped with the discrete topology, then for each positive integer
k>0,

E(N7"¢) = Ex(¢%; ¢),
where N : T'— Z) is given by N(x;y) = Np/g(x) for the norm map N /g : Op — Zp.
(E2) The g-expansion of E.(¢) at the cusp (a, b) is given by
N(@ > o > ¢°(a; b)|N(a)| ™",
0<€€ab  (a,b)e(axb)/O% ab=¢

where |N(a)| is the (complex) absolute value of the norm N(a) of a € a, and € € O* acts on
(a,b) € (a x b)/O* C T by (a, b) — (ca, e~ 1b).

The existence and the uniqueness of the measure E, is a consequence of the g-expansion principle.
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4.4 Katz measure

We evaluate p-adic modular forms f at any test object (A, A, i)y defined over W. This gives
rise to a linear form Ev:V(c; W) — W given by Euv(f)= f(A, A, ip). The evaluation Ev o E,
is a bounded measure on C(T; W) with values in W. Now we choose a specific test object.
Let x = [z, g] be an ordinary CM point of the Shimura variety. We take the abelian scheme
(A, A, ip) sitting over z € M(c, p>°). Thus A is of CM type (M = M, X). For a lattice A C M,
let £(A) = {(a”)pex € C* | a € A} which is a lattice in C*. The complex manifold A(C) is given
by C¥/%(24) and we can find a model A defined over W. The model with p> level structure i,
is unique (up to isomorphisms; see [Hid10, §4.3]). We write this model A(A) .

We recall briefly the construction of the Katz measure interpolating the L-values of arithmetic
Hecke characters of conductor dividing p>°. We suppose the following four conditions.

(i) The ideal 2 is a fractional ideal of M prime to p.

(ii) Choose ¢ € M as in (d1)—(d2). Then the alternating form (u, v) = (u“v — uv°) /26 induces
c(AA¢) ~L-polarization A = A\(2) on A(2).

(iii) Identify Mp = F, via F'C M, and compose i, : fipee ® 01 22 A(D)[p>] with the isogeny
A(D) — A() inducing the identity: Mp/Ap = Mp/Op (as A is prime to p). In this way, we get
i) ppee @071 2 A(A)[p™]. We put i(2)(x) = i), (26x).

(iv) Fix a differential w = w(9) on A(D) y so that HY(A(D), Qo)) = (W @z O)w. Since
A, =9,, A(ONA) is an étale covering of both A(A) and A(D); so, w(O) induces a differential
w(A) first by pull-back to A(O NA) and then by pull-back inverse from A(O NA) to A().

As long as the projection 7:A(ONA)— A(R) is étale, the pull-back inverse (7*)7!:
Qaorayw — Qag)/w is a surjective isomorphism. We thus have

HY(ARL), Qa0)w) = W @z O)w ().

Let Z = Cly(p™) =lim Cly(p") for the ray-class group Cly(p™) of M modulo p", and write
Cly (1) as Clyy. Identifying Op (respectively Ope) with the first (respectively last) component
O, of O, we bring T into Z. Then we have the exact sequence:

L

T* = Z —Clpy — 1 with finite kernel Ker(¢).

We write [2] for the image of the class of an ideal 2 prime to p in Z. For oo € O, we have
[(a)] = a~ !, where the right-hand side is the image of the inclusion 9, — Z. Choosing a complete
representative set {2} for Cly, we have a decomposition Z = | |y Im(¢)[2] 7. For each function
¢ €C(Z; W), we define ¢g € C(T; W) in the following way: ¢g(t) = ¢(t[A]~!) for t € T* and
extend it by 0 outside T*. Then define

d - d C A 7)‘ ) ' ) .
| o ) | om g (a0, 0. i(20) (4.12)
where cy = ¢(AA°) 1. We write Ey(¢) for Eg,(¢) for functions ¢ € C(T*; W).

5. Proof of Theorem II

Recall the quadratic CM extension M/F and the CM types (X, 3,) introduced in §1. As
explained in the introduction, we may (and will) assume that M/F is everywhere unramified
at finite places and that the branch character 1y has prime-to-p conductor 1 and order prime
to p; so, ¥ has values in W (F). Take, as a base ring, a sufficiently large discrete valuation
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ring W C C, over W(F). We write ¢ for an arithmetic Hecke character with zz;\ A =g having
prime-to-p conductor 1. We now prove Theorem II, and the proof concludes in §5.5.

5.1 Splitting the Katz measure

We recall the splitting of the Katz measure introduced in [Hid10, §5.1] to compute
the g¢-expansion of corresponding Eisenstein series. We assume that p > 2. Let the triple
(A(A), A(A),i(A)) be the abelian variety of CM type (M, 3) with the polarization ideal
cq = c(AA°) ! as in §4.4. We consider the measure Ey: ¢ — [ ¢ dEc (A(A), A(2),i(2A)) (on
the image of T in Clp;(p>)). For a € M prime to p, as seen in [Hid10, (5.1)], we have
(25 at dEQ[ / (;5 dEaQ[ (51)
T
where a(z;y) = (ax, aa; oy, a¢b) for t = (x; y).
For each function ¢ on Im(:)[2A] ™!, we define

pu(r) = ¢(x[A] 7). (5-2)
Now we decompose, for an open subgroup H of T containing Ker(L)
(T =] |o(H)[B] ! =T = |_|H

B
Thus, we have

Pa(t) dEy(t) Z/ Xrs—1o P (t) dEw()

TX
_Z/T X (H[BA ) pop (H[BAY)) d By () Z/XH ) (t) dEs (1),

where y g is the characteristic function of H. Note here that we have B = o2l for o € M*.

Recall the decomposition Z =T x A in [Hid10, §5.1] such that the following two conditions
hold.

(i) The group Z =T x A with torsion-free I and a finite group A.
(ii) The groups I' and A are stable under c.
For each z € Z, we define 7_(z) = [2]~ := 2! 7. Recall the torus T, = Resy;/gGm C G fixing the
closed point x € Sh over (A(9), A\(D),i(9)) €V and its quotient 7 as in (3.6) (with
the injection: 7T (Z,)) — T(Zy) = O} sending a € Tp(Z(,)) to a'~¢€ OF). We have an exact
sequence:
1—9)/9% =7 —Cly — 1,

where Cly; is the class group of M. Since O* is a subgroup of O of finite index and p is
unramified in M/Q, 7_(9D*) is a finite group of order prime to p. By this fact, we see that

I~ N7 (D) /9%) — OX[-1] =0,

where OX[-1] ={a €O} | c(a) =a™'}. In particular, identifying Op with O, for a principal
ideal («) prime to p, [(« )] = a5t eT(Zy) =05 = O, where p = [I;es, p- Therefore we have,
regarding 7 (Zy,)) C T(Zy) = OX by (3.6),

[ € T(Zy)) = M e{l(@)] |a€Dy}- (T xAT) C Z, (5.3)

where AT = H(Gal(M/F), A), and O,y C M is the localization (not the completion) of O at p.
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The translation ¢(z)+— ¢(2() by ¢ € Z gives an action of Z on the space of continuous
functions C(Z; W) on Z with values in W. For each character ¢ of Z, we write C(Z; O)[¢]
for the -eigenspace. Then the restriction of continuous functions on Z to I' gives rise to an
isomorphism Res : C(Z; W)[y)] 2 C(I'; W). We write Inf,, for Res™'. For a given measure ¢ on Z,
the v-projection ¢, € W{[I']] is defined by

/F ¢ dpy = /Z Inf 6 de.

By definition, we have [.. ¢ dpye = [ ¢€ dyy if € factors through I'.

More generally, for any finite order character € of H = Zj with values in W* and a measure ¢
on H, we define g, =ex* ¢ by [ ¢ dp. = [ ¢e dp. It is plain that u(p) = p(ee). However, if we
have a nontrivial projection 7 : H — H' for H' =7 (0 < s < r) and if € does not factor through 7,
we often have u(m.p) # u(m.(€ * ¢)) as the convolution product ¢ — € * ¢ does not commute with
the push-forward along 7. Since 0 < pu(p) < p(m(e * )) for any €, we get the following lemma.

LEMMA 5.1. We have u(y) = 0 if and only if lim inf, (7. (€ % ¢)) = 0, where € runs over all finite
order characters of H.

5.2 Good representatives

We want to choose good representatives D so that D = Z/T" for the intersection I of T' and
the image of D;. Let Z(p) be the group of fractional ideals of M prime to p, and define
I(p)t ={AcZ(p)|A ¢ =a'"°O for a € M*}. Since A is prime to p, &' ~¢ is prime to p. Thus
if a prime factor B of p divides the principal ideal («), its conjugate B¢ divides («) with the
equal multiplicity. Thus a = B~ for v € F* with ( prime to p, as M/F' is everywhere unramified.
In other words, (8'7¢) = (! ~¢) = A1 7¢, and hence we can write

I(p)T ={A € Z(p) | A = ay O for ag € M prime to p}. (5.4)

The quotient of Z(p)* by principal ideals prime to p is a subgroup of the class group Cly,
of M. If A e z(p)Jr, we have (Qlail)c = Aoy 1. Since M/F is everywhere unramified, this group
is the image Clg of Clg in Clp;. We see easily that

I(p)*
principal ideals

Clp = C HY(Gal(M/F), Cly).

We take a complete representative set D~ (respectively D) for Cly/Clg (respectively Clp in
F-ideals). Hereafter, as convention, we use lower case Gothic letters for fractional F-ideals and
upper case for a fractional M-ideal (which may come from an F-ideal). Thus we write a € DT
since we have chosen a representative in DT from F-ideals. We write I for the intersection of T
with the image of D; in the group Z = Clp;(p>). Write D for a complete representative set in
the localization (not the completion) D(Xp) for 7(9,')/T" with the projection 7: O, — Z. Then

we have
[oto= 3 X 5 | uun(e) dBuan.

aeDt a€D BeD—

5.3 Operation by ideals on p-adic modular forms

The Katz measure is a finite sum of evaluation of the Eisenstein measure at different CM points.
We introduce two algebraic operations by ideals on modular forms in order to make the evaluating
CM point unique.
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Central action. Since we have, for an O-ideal a prime to the level p™ of (A(B), A(B), i(B))
A(Ba)(C) =C*/%(aB) = CZ/%(B) @0 a= A(B)(C) @0 a,
we conclude A(aB) = A(B) ®p a. There is another construction of A(2A) ® a: tensoring A(B)
with the exact sequence, a < O — O/a, we get another one,
0 — Tor1(0/a, A(B)) 5 A(B) @0 a — A(B) — 0.

Since O is a Dedekind domain, we have Tor;(O/a, A(B)) = A(B)[a] canonically. Thus i brings
A(B)[a] onto (A(B) ®o a)[a]. Since A(B) is a cy-polarization for cg = ¢(BB°)~!, we have

A(B)! A08), A(B) @ c¢gg. This induces
A(B)@a:(A(B) @ a)’ = A(B)"/A(B)"[a] = (A(B) @0 t3) @0 a™" = (A(B) ®o ) © tay.

We check A(B) ® a = A\(a®B). Since a is prime to p, the quotient process does not alter the level
structure; so, i(*B) induces i(aB) =i(B) @ a.

The above process of making (A(a®B8), A(a'B),i(a8)) can be performed for general triples
(A, X\, i) (even without complex multiplication) and yields a functorial map from test object
(A, A, i) with polarization ideal ¢ to test objects (A ®p a, A ® a,i ® a) with polarization ideal
ca~2. For a p-adic modular form f € V(ca™2,N; R), we define f|(a) € V(c, M; R) by

Y (A, N i) =f(ARo a, A\ ®a,i® a) (5.5)

for a fractional ideal a of F' prime to O (see [Hid04, 4.1.9]). This shows

[ s B = (B dum) (6 (A(B). X(B), i(B) for E=Eqg. ifaCF. (56)

Level raising action. We can construct another operator [q] : V(cq, 9; R) — V (¢, Ng; R) in the
following way. Here we assume that g is an integral ideal prime to c¢p. For each test object
(A, A\, w,i),c (over a p-adic R-algebra C) of level Mqp> with polarization ideal ¢, we define
a new test object (A’, N, w',i’). First define A’ = A/i(q*/o~!). The quotient exists over C,
since i(q*/071) is an étale subgroup of A (because C is a p-adic ring). The level structure
i (Fp/0,1) x (Mq)*/o~!) — A composed with the quotient map 7: A — A" induces, modulo
q*/0~t, the level structure i': F}, /0,1 x 9" /o~ — A" defined over C. The cg-polarization X' :

A"~ A’ @ ¢qis defined as follows: tensoring the sequence 0 — g — O — 0O/q—0with A'=A®c,
we have another exact sequence

0—-AR®clg - ARcqg— A®c— 0.
Taking dual of the quotient map 7 : A — A’, we have one more exact sequence
0 — Hom(i(q*/0~1), Gp) — A" ™ At 0,
which gives rise to the following exact sequence:
0 — Hom(i(q"/2™"), G) — A" [a] 27 i(q"/2™") @ ¢ = 0.

Since q is prime to ¢, the kernel of the composite: (7 ®id)o Aot : A" — A’ @ ¢ is the entire
g-torsion subgroup A’*[q]. Since A"*/A"[q] = A" ® q~!, we have constructed an isomorphism:

(r@id)odort: A @ q ' 2 A ®¢.

Tensoring q with this isomorphism, we get the desired X : A" = A’ ® ¢q. Since q is prime to p,
on a p-adic algebra C, Lie(A) = Lie(A’), which implies that w’ = 7*w is a well-defined generator
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of Q4/c. The association (A, A, w, i) /o +— (A', N, ', 1) )¢ is functorial (i.e., a morphism between
the functors Q in (4.1) with respect to (¢, Mqp>) and (cq, 9p>°)). We have

[q] : V(eq, M R) — V(c,Ng; R) and [q] : Gk(cq, I R) — G(c, Ny; R)

by f|[q] (A7 A w, Z) = f(A/’ N, W i/)'

We compute [q](A(R), A(A), i(A)) y» for a fractional ideal A C M, supposing that all prime
factors of q are split in M/F. Choose an integral ideal 9 in M such that the inclusion
O — 9O induces O/q=9O/Q. Then Q+ Q°=9O. Consider (A(A), A(A),i(A)) with the level
qp>-structure (2) sending = € q*/o7! to 26x € Q7'A/A. Then AA)[Q] =i(A)(q*/o~!) and
hence A()/i(2A)(q* /o~ 1) = AAQ ™) and i(A) =i(AQ L), which are the level p®-structure.
Since ¢ is prime to pc, using the fact that Q0Q°¢ = q, we can verify that

[a) (A(20), A(), w(), i(A)) py = (ARQ™H, AAQ™), w(AQ ™), i(AQ ™)) jw, (5.7)

where i(2) is the level gp™-structure as above and i(AQ 1) is the induced level p™®-structure.
We can always choose Q € DT so that Q°4+Q =9 and 9/Q = 0/q for q=Q N F. This shows

. Pa-193 AEq-15 = (E(XT Pq-195)|[a]) (A(B), A(B), i(B)) for Q and q as above,  (5.8)

where E = E,,,. As for the effect of a € M*, we may assume either a € O or « € O — O. When

a €D — O, we assume that (a) + (a®) =9O. Then we have, for the characteristic function xr
of T,

- Goss AEos = (E(XF,¢OL%)‘<Q>)(A(%)7 )‘(%)7 Z(%)) ifaeOn FX? (59)

- ¢oﬁ1‘3 dEa*1% - (E(XF’¢0F1‘B)’[aaCD(A(%)a )‘(%)7 Z(%» if ¢ O, (510)

where E = E. for ¢ = ¢, for (5.9) and ¢ =¢,-19 for (5.10).

5.4 Operation by ideles on p-adic modular forms

We interpret the ideal action as pull-back of the action of G(A(>)) on the Shimura variety. Pick
an element g € G(A(>)) with totally positive det(g) € F. Then ¢ induces an automorphism of
the Shimura variety (see (3.4)), and hence the functorial action of g on test objects. We write

g(A7 )\7 Z) = (A7 )‘ga ZQ)

for the image of a test object (A, A, i) under the action of g. Here, writing T'(4) = lim  A[N] for
the Tate module, the level structure is an isomorphism 7 : Fg(oo) =T(A) ®qg A where Fg(m)
is made up of row vectors on which G(A(*)) acts from the right. Then we have i, =i o g and
Ag = det(g)X\. When g = v € G(Q) 4, we have an isogeny 7 : (A’, N, 7 04") — (A4, Ay, iy =i 07) for
a suitable A’ (see below (L2)). Thus we can interpret the action as an action of an isogeny in
this case. This follows from the following three facts for v € G(Q)+ and test objects over C.

ritin L a*)t(z =bz+a* and 7 mo @ a*) =bz+amo 7 we
(L1) Writing £2* = (b, a*)(z,1)=b d i,((b) mod b®a*)=b d e,

have Egb(’;)*)w_l =~ £9% by w— w(cz 4+ d)~!, where v = (55

(L2) The identity i, = (cz +d)i, o7; so, A" = (CI/EEYB(":;)T1 and Y(w + Eng;)fl) = (cz +
d) w4 £
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(L3) We have the identity of the Tate module via i,:

T(CT/£5)~b®d and T(Tateqp(q)) = bod T=19272).

If we have an isogeny o : A — A, we have (A, \, i) = (A, N, ') given by ' = aa*\ and ¢/ (z) =
ai(z). Here a* = Ao a’ o A7, which is aa*c-polarization. In other words, defining p(a) € G(Q)
by ai =i o p(a), we find that p(a)~!(a(A4, ), 7)) = (A, A, 7). Since the Shimura variety classifies
the triples up to isogeny, a(A, A, i) and (A, A, i) are equal as a point of Sh(G, X), and Im(p)
gives rise to the stabilizer of the point of Sh(G, X) represented by (A, A, ) (see Proposition 3.4
and [Hid10, Corollary 3.5]). When we consider the level structure ¢ modulo a subgroup
K C G(A®), we write (A, \,ix). Then g(A, N, ix)= (A, N, (i0g),1x,) is well defined for
g € G(A®) with det(g) € F.

We now consider the Tate AVRM: Tateq (q). For each positive integer IV, we have a canonical
exact sequence [Kat78a, (1.1.15)], 1 — pn ® a* — Tateq p(q)[IN] — b/Nb — 0. We therefore have
a canonical level structure ic,n modulo an (integral) upper unipotent subgroup U =U (2) -
G(A(®)), which is represented by the following exact sequence tensored by A(®) (over 2)

0 — a*(1) — T(Tateqp(q)) — b — 0,

~

where b =Z ®7 b and a*(1) = 2(1) ®7 a*. For the row vector space b & a*, let
K=K, ={g€GA®)|(b®a)g=baa}.
Thus I'11(O; a, b) = SLa(F) N Kgp. Define

K(M) = Kqp(M) = {(Z Z) € Kqp | ceNabd, a=d=1mod mé}.

Then we have I'11(M; a, b) = SLy(F) N K (N). For each given g € G(A(®)) with totally positive
det(g) € F (s0, g€ &(G, X)), we can find finite ideles a(g),b(g) € A such that g=u(g)
(bgf) a(*g)) with u(g) € K NSLy(Fy) and (1%) € K. Let (A, \,4) be as in (L1)-(L3), and put
ir(o) = (1 mod K(M)). Having (A, A, ix(s)) is equivalent to having T'(A) = z(/b\ @©a") and i (o) :
(Ma)*/a* — A[N]. The ideles a(g) and b(g) are determined uniquely modulo multiple of units in
O. We assume here that a(g)n = b(g)m = 1.

Write simply a’ = a(g)"'a and b’ = b(g)b and K9 = g~ 'K g. We have a canonical identification
b’ @ CT’*(l) =T (Tatey p(q)) and
2a£ Ko - b @ (Na)*/a's — G, @ (a)" — Tatey y(q).
Since b’ @ /" and b @ a* are commensurable, the two Tate AVRMSs Tateq(q) and Tatey y(q)
are isogenous. Since (a(g)a*) = a(g)~'a" and b(g)b = b( )b, up to isogenies, we have from (L3)

b
g(Tateuﬁ( ) )‘catil’ zan K(‘n))

— (Tateq(g)-1ap(g)0 () det(g)ALE, = NG~ ab()e jolo) [abla)b  g)) (5.11)

can can ? “can, K (M)9

If g € F*, then a(g) = b(g) = g, and we have an isogeny

-1 1
g: (Tateayb( ) )‘ga[;v gahn) - (Tateg_la,gb(Q)a Nan ™7 g 0 Zganagb)

can
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induced by g+ ¢? (or equivalently, by G,, ® a* — G,, ® (¢~ 'a*) given by r®ar z ® ga).
Therefore the central rational element acts on the Tate AVRM trivially.

For the p-adic Eisenstein series E(¢) = Ey(¢; ) (weight 0) of a function ¢(x;y) ((x;y) €
a, x by), we find from the above computation (assuming a(g), = b(g), =1):

E($)(9(Tateq,s(4), Noms i) = E(@lu(9))(Tatea(q)-1a,p(g)(a) Aetd) 1190, ele) o090,

where ¢|u(g)(x;y) = P Y(Po((z;y)u(g))) (letting the 2 x 2-matrix u(g) act from the right on
the row vector (z;y)) for the partial Fourier transform ¢ +— P¢ as in §4.2.

We compute the g-expansion of E(¢)|(u) for an integral ideal u of F. This is the special

case of (5.11) when g is a scalar matrix (&%) with an=1 (and a0 =1). By construction,

we have a homomorphism ¢: b — G,, ®z a*. Since the u-torsion points of Tateqp(q) is given

by q(bu™"/b) & (un ® a*)[u]. Thus Tateqp(q) ® u™' = Tateq(q)/Tateq(q)[u] = Tateqy py-1(q)-
From this, it is easy to see (cf. [Hid04, (4.53)])

. —1 =1
(Tateqs(q) @ u, )‘gégl @u, Zgé& ®u)= (Tateau—l,bu(Q)u DV e ,le)' (5.12)

can ’ “can

We compute [q](Tateq (), Acan, Wean, lcan) for an ideal q C O. Recall Tateqp(q) =Gy @
a*/q(b). Tensoring G, ® a* with 0 - O — q~* — q~1/O — 0, we have another exact sequence:

0= (Gpn®@a’)[q] =G ®@a" — Gy ® (ag)” — 0.
Taking the quotient by g(b), we get the following exact sequence:

0— (G, ®a")[q] fean, Tateq,p(q) — Tateqq6(q) — 0.

Then going back to the construction of the Tate quadruples in [Kat78a, 1.1] (and [HT93, 1.7]),
we verify

[q](Tatea,b(q)7 Agébnv wgé[;u Z.cam,Kayb(‘ﬂq)) = (Tateaq,b(q)7 Agg’r?? wgghba Z.caun,Km,,b(‘ﬁ))' (513)

The above action [q] corresponds to the action of g = ((1] q91) for a finite idele ¢ with qa =q
and gy = 1. This follows from (5.11) combined with the fact that Kgp(9Mq)? = Kqq6(MN).

Now we further suppose that K, pg = Kqp7 for v € G4(Q) and g = 1. Then u = gy~ € Kqp,
and hence uyn = 7&1. This shows

a,b ab - _ a,b ab -1
g(Tatea,b, Acans Weams ann7Ka7h(m)) = (Tatea,b, Acans Weams Lean, Kq p() © Yo ). (5.14)

5.5 Linear independence of Eisenstein series

We look at E.(N %) for a positive k. Take an arithmetic Hecke character (of conductor p) =y,
with n((e)) = a7 if a =1 mod p. Recall T = (O)) x (O5)/O*. Then the variable on T is written

as (x5 y) with x, y € 0. Write m, : T'— O)f /O for the projection given by m,(z, ) = 2 mod OX.
Let e : O) JO* — p,r(Cp) be a character and €: Z — T' — = (Cp) be a character extending
€g o mz. Enlarge W if necessary so that € has values in W*. Define a character z/p\;“ =W

by Jk7€(C7) =nk(7)e(7)%0(¢). Then Jk,e is the p-adic avatar of an arithmetic Hecke character
Yy e of conductor p. We would like to show that the t-expansion of this Eisenstein series at
x = (A(A), AM(A), i(A)) gives the Iwasawa power series of ¢, for 1) =1y ¢ restricted to [A]I'.

If confusion is not likely, we just write ¢ for ¥y .. Recall that D = Z/I” for the intersection
[ (in Z) of T' with the image of O.. Let xrv be the characteristic function of T C Z. We put

¢ = Infy, {p\XF/ for a character ¢y : A — W>*. We can apply Theorem 3.5 to E.(¢) to compute
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the p-invariant. Recall that we have written E(¢°) for Eg(¢°; ¢) = E(¢) for a suitable choice
of ¢ in the context. Let x{ (z; y) = x1 (7% y) = x(x; y), where ¥ is the characteristic function of
{(;y) | w(2;9) €T} form:O) — Z.

Recall D which is a complete representative set in the localization (not the completion) D(Xp)
for 7(O,)/T" with the projection 7: 9, — Z. We split further D =| | aDT where DT is
the subset of D represented by elements of F'*:

={aeD|al'=pI" with € F*NO}.
We choose o € D~ so that (a) = Q is a prime ideal split in M over F'. Then Kqpp(o) = Kqpgq for
ga = ((1] 2) for a finite idele g € O with q55 =989  and ¢p = 1. Define S (respectively R) by a subset
{8y | B DT} (respectively {a,|ac€D}) in the completion O,. Note that o(s) =p((B)
because s = [3,. Similarly ir) = Y()™t (r=a,€90,).

By (5.6), (5.9) and (5.14), we see that

Y BB BN Np)((8)]8 = E(9%),

aceD~

BeD+
where ‘|3 is the action of the scalar element (§ € Z(@) and by (5.14)
@9 (x5 y) Zl/} (sx) b osy), (5.15)
seS
since s = 3, € S C O, (for f € D*). We further sum up over D:
> wle)B@)][0a]|pa) ! = B(@°) (5.16)
a€ED~

where we have chosen («) to be an integral ideal with ©/(a) 2 O/((«) N F) and (o) N F = (a®),
and ®° is given by
=" ()% (r (w3 y)). (5.17)
reR
Since we have E(®S (r(x;y))) = E(®%)|p(r) for p(r) € Kqp, we have by (5.14) that

5 ¢<a><2 B8 E(N ke‘lx%/)|<ﬁ>|ﬁ>|[aa p(a) ™ = 3 B0 E@2) ()

aceD~ BeD+t reR
(5.18)

We have computed E(®°) as a linear combination of transforms of the weight k& Eisenstein
series F(N _ke_lxl‘l,). By definition of ¢y, ® as above is the restriction of Infy ¢ xr to
Zy = D; / 0*cCcZ.

Recall that a € DT is a fractional F-ideal; so, the operator (a) makes sense. Similarly, we
have chosen B € D~ among prime ideals of M split over F'; so, the operator [B%5¢| regarding
BB as a prime ideal of F' also makes sense.

THEOREM 5.2. Suppose p>2, €=1 and that M/F is everyWhere unramified. Let t be the
canonical variable of the Serre-Tate deformation space S = Gy, ®7 07! of (A(D), A(D), i i(9))/w
so that the parameters (t —1,...,t5% — 1) (for a base {&i}i of O over Z) give the coordinate
around the origin 1 € S. Write ® for the restriction of Inf,, wxp/ to Zyg C Z. Put for each % € D~

= Y U(a) ' E(@°)(a)(t) € Og,

aeD+
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where we have chosen a C F' prime to p. Then the t-expansion of
E= ) v(B)Ey|[BB*)
BeD—

at (A(D), AN(D),i(D)) gives (up to an automorphism of W{[Z]]) the t-expansion of the
anticyclotomic measure ¢,,. Moreover, the p-invariant p(yp,,) is given by

1— N e(q)+1
#l¥) = Infy <1|_[ fl/i(c:b)(q;]c{; ()q) ) (5.19)
qn

where n runs over all integral ideals of the form ¢(A2°) for ideals 20 of M prime to p.

For any anticyclotomic character ¢ and every fractional F-ideal gq, we have €(q) =1 and
ve(q) =(q); thus, u(y) = pu(ve) as long as e is anticyclotomic. This explains well ,u,(gozz) =
M(%; x €) for e factoring through I'"; so, we need to twist ¢ by a nontrivial cyclotomic character
to lower ,u,(goz;).

The Eisenstein series FEg defined in the theorem really depends on 8 € D~ since the
polarization ideal of E(®°) in the sum depends on B.

Proof. We first show that the t-expansion of £ gives (up to an automorphism of W[[Z]]) the
t-expansion of the Katz measure. We said ‘up to an automorphism of W/[[Z]]’, because of
the following reason: in the definition of the level structure i(2), z € F,/07! is sent to 26x €
My /2. This has the following harmless effect: the t-expansion of E(®S ((x;y)diag[2d, (26)71]))
actually coincides with the t¢-expansion of the measure. The variable change (z;y)+—
(x; y)diag[2d, 26~ 1] corresponds to the automorphism: z — 26z of the topological space Z (since
20 is chosen to be prime to p&), which gives rise to an automorphism of W[[Z]]. Hence we forget
about the effect of this unit 24.

We are going to compute the x-derivatives d*€ of the Eisenstein series at A(a~!) for applying
the t-expansion principle. Let ¢(®) = 1/11(:6) be a unique Hecke character of Z such that 1/1,8{6) (B) =

By () for all B=1mod p, 7 |a =1 and i (a) = al' V" ¥y.c(a) = Ypc(a), as a is an
F-ideal and aq =1 as in (5.4) for all a € D*. We write (z) for the projection of z € W(F)* to
the p-profinite part of W (IF)*. Then we have

(2, 9)"VG)° = (&™) 9)° = ((xy)") 6.
Recall the following definition:

Also recall (5.9):
|, o Ao = (E(xrdam )| () (A(B), A\(B), i(B)) ifacONF,
|, @am1m dBamim = (E(xr ¢o-13)[[aa])(A(B), A(B), i(B)) if agO.
Because of these formulas, we may replace each term

V(@) (B BN x2)[(8)]8[aa]|p(a) !
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of (5.18) by

\_/

( ) (B~ Hd*(E(N"Fexp)[(B)]8llaac]|pa) ") (A(a™))
()8 @BV E((ey) N he (¢ [0f ) A0 B)a )
V(e ) (@) TVE(((@ ) 2t e(xr o (aB71))°)(A((a ' B)aT))

= @) B((@ ) e exr ) 0BT (AT B)a ™))

O (ap ) E(((z7 y) ") exr)*) (A(a™)), (5.20)

where ¢|[a](x; )) p(a™lz, a7 ta; ay, ab) and ¢oa(t) = ¢(at) for t € T. The above equality

ta

indicated by ( (respectively (xx)) follows from (5.1) and the formulas: d*(¢™Y) = (zy)"¢™Y
n (4.5) and d®(t*) = a®t® in (4.4) (respectively the fact that x o (a371) is the characteristic
function of (a~!'B)I").

Let F = (Infy, ((27y)"x1)| 2,)° = ((zy)")®°. By the computation given in [HT93, (4.9)] and
by (5.6), the partial L-value for the character (%) and for the ideal class of a=! is given by

V(@) E(F)(A®) = ¢ (a) TN (B(2°)|{a))(A(D))  for E(F) = E__, (F)
and
= > ()T EF)(A@) (5.21)
aeD+
for all k > 0. Hence we have E(¢)|(a)(A(D)) = E(¢)(A(a™1)).
Now we apply the operator [B95¢] and make variable change: ¢ — t/®" in (5.21). We may

assume that [B]~ € I". By the computation given in [HT93, (4.9)], the partial L-value for the
character 1), and for the ideal class of B! is given by, for E(F) = Ee, (F),

PN (B)E(F)(AB)) = ) (B)d" (B(2°)|[BB](t)))(A(D))
and

= > W (B)EF)(AB) (5.22)
BeD~
for all k > 0. Hence we have

E(9)|[BB(A(D)) = E(¢)(A(B™)).
We obtain, by the effect of the differential operator d",

d* (Ex|[BB) (1™ =y oy (F)A((@B)™). (5.23)
aeD+
This combined with the evaluation formula (1.1) (and [HT93, (4.9)]) shows that the function in
the theorem, after applying d” and evaluating at A(9), has the property satisfied by the measure
5 S0, the first assertion follows from (4.6).

As explained below Theorem 3.5, we have a unique element H, € Gy (F) whose t-expansion
is the constant 1 (identical to the t-expansion of the Hasse invariant). To apply Theorem 3.5, we
take h; = H,. Abusing terminology, we call H, the Hasse invariant. We will show p*(¥)| Eg |[BB¢]
in the g-expansion rlng Then we want to apply Theorem 3.5 taking {a;}; = {[B] }mep- and
{fi;} = {Ex|[B5]/p"™¥) mod my} for each i =% € D™. In other Words, for each index ¢ with
a; = [B]7, {fi;} is given by the single element Ey := (Fag|[BB°]/p"*) mod myy).

To verify the assumption (of Theorem 3.5) of linear independence (over F) of {H,, fi;}; for
each i, we need to show that for each B € D™, E/ p“w) is linearly independent from the Hasse
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invariant H,(t) = 1, using the t-expansion principle and the g-expansion principle. Once this is
done, by Theorem 3.5, {Ep(t®7)/p"¥)}gep- is linearly independent over F, and hence we
conclude the nonvanishing of &/p**) (i.e., 1(py) = p(¥)) by Theorem 3.5 (which requires the
unramifiedness of p in F'/Q), since elements in {[B]~ }pcp- are distinct modulo T, (Q). We show
the linear independence of Eg /p*(*¥) from H, by showing that v(a(¢, Ep)) > u(v) for any € € F
with equality for some &.

Write 7 : T* — A for the projection Z — A composed with ¢ : T* — Z. Let ¥ be the function
on T* given by ¥(z;y) =1 on(z~!;y). By our assumption, ®°(z;y)= V. The g-expansion
coefficient of £ € ab of E(V¥) at the cusp (a, b) is given by

S W@y N

(a,b)€(axb)/O* ab=¢

We fix 8B € D~ and use the symbol a to indicate the F-ideals running over D'. The ideal
% determines cp-1 which is the polarization ideal of A(B 1) on A(B~1). If we write ¢ for the
polarization ideal of A(9), we know cy-1 = ¢(BB°). We choose c;_l to be a prime [ prime to p
(this is possible by changing it in its strict ideal class and choosing & 6 M suitably).

We now take a totally positive 0 < € € O so that (§) =1In (I= Cop !+ a prime by our choice)
for an integral ideal n prime to p. We pick a pair (a, b) € F? with ab= ¢ for a €a~! and b € la.
Then (a) = a~'x for an integral ideal ¢ and (b) = aly. Since (ab) = In, we find that ry = n. Thus
for each factor ¢ of n, we could have a pair (ay, b;) with a,b, = & such that

((ag) = ag ', (be) = (€ag ') = oIy ™)

for a, € DT representing the ideal class of the ideal y. We then write down the g-expansion
coefficient of ¢¢ at the cusp (O, [) of E as in the theorem:

wp o 2) 1
Ve (€)ale, Fw) = 2"y a6 Bl e) =0 N o)™
! W N\l i @N@)y
~ UN(Y) _H(jzo(w(q)) )= v H—==Ne—

where n = Hq|n q°(@ is the prime factorization of n.

Recall, for the valuation v of W (normalized so that v(p) =1)

1— N e(q)+1
1(¥) = Infyv <1|—[ 1@—(2 (q;;;()q) ) (5.24)
qn

where n runs over all integral ideals of the form ¢(2A2(°) for ideals 2 of M. Here ¢ is the polarization
ideal of A(D). Then, by moving around B in D™, the p-invariant u(p,,) of the ¢-branch of the
anticyclotomic Katz measure ¢~ is equal to u(¢). This finished the proof of Theorem 5.2. O

COROLLARY 5.3. For a fixed integer k, we have lim inf, ;1(¢,¢) =0, and hence p(py,) = 0.

Proof. Choose a prime g. We take € so that €(q) is a primitive p"th root of unity. Since O /F

covers O /O* which has p-profinite infinite cyclic quotient Z, via norm map in which N(q) has
infinite order, we can make the order p" of the root of unity ¢(q) whatever large. For any given
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number a € Cp, lim infee, . (c,) v(a — () =0, and hence

limeinf v (1 + m> = limginf U(E(q) + W(q)lN(q)> =0.

This implies p(¢y,) =0 by Lemma 5.1. O
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