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REPRESENTATIONS OF THE (p? — 1)-DIMENSIONAL
LIE ALGEBRAS OF R. E. BLOCK

HELMUT STRADE

)
ABSTRACT.  For all algebras G, such that G/ rad G = H(Z; 1, d(r )) is an algebra

mentioned in the title, the modules of dimension < p2 are determined. The module ho-
momorphisms from the tensor product of these modules into a third module of the same

(1)
type are described. We also give the central extensions of the algebras H<2; 1; <D(‘r)) .

Introduction. In 1958 R. E. Block [BI-58] defined a class of simple Lie algebras
over any field of positive characteristic p, named L(G,§,f). Here G is a GF(p)-vector
space, 0 some appropriate element of G and f a biadditive form on G x G. R. D. Schafer
[Sch-60] gave a realization of these algebras in terms of a Lie multiplication on a trun-
cated polynomial ring. The class of these algebras form a subclass of the hamiltonian
Lie algebras, which in turn are of Cartan type [W-76]. The restricted, or more generally,
the graded members of this class are pretty well known, while only little information
in the general case has yet been published. Unfortunately some of these algebras occur
naturally (and then play an obstructive role) in the present approach to the classification
of the simple modular Lie algebras. In fact, a finite dimensional simple Lie algebra over
an algebraically closed field of characteristic p > 7 is of classical or Cartan type, pro-
vided it has no subalgebra, whose semisimple quotient is an algebra of type L(G,é,f) of
dimension p? — 1. It is the interest in the classification problem of the simple Lie algebras
which mainly motivated this note.

There is up to isomorphism only one algebra of dimension p> — 1 of type L(G,6,f)
[Oeh-65]. It is denoted here by H(Z; 1; (D(T))(l).

We investigate Lie algebras G, for which G/ radG & H(2; 1; QD(T))(]). The list of
all modules of dimension < p2 for such algebras is given (Theorems 4.9, 5.1, 6.5). The
determination of the modules has been applied in another paper on the classification to
solve the classical case [St-2]. As a further consequence, we determine the central exten-
sions of H(2; 1; (I)(T))“) (Theorems 6.2, 6.3). In addition, the module homomorphisms
from the tensor product of two of these modules into a third one of the same type are
determined to some extent (Theorems 7.4, 7.5). These results apply to a situation when
a simple Lie algebra has such a subalgebra G and subspaces which are G-modules of
dimension p?. The multiplication of such subspaces is governed by the above mentioned
results on the module homomorphisms. This information will be used in some forth-
coming paper to construct subalgebras in some simple Lie algebras in order to apply the

Received by the editors January 4, 1990 .
AMS subject classification: 17B50, 17B20.
(© Canadian Mathematical Society 1991.

580

https://doi.org/10.4153/CJM-1991-035-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1991-035-x

BLOCK ALGEBRAS 581

Recognition Theorem, thus proving a further class of simple algebras to be of Cartan
type.

In addition to results which are essential for a solution of the classification problem
this note gives an example for the application of some of the methods in representation
theory: every module M for a Lie algebra G is also a module for any p-envelope G,; if M
is irreducible it admits a character x; if G is filtered, the dimension of the module can be
estimated in terms of x and the length of the filtration; M is a homomorphic image of an
induced module u(Gy, x) ® kx| k) N> where u(G,, x) is the universal enveloping algebra
of G, reduced by the character x, K is a restricted subalgebra and N is a K-module. This
note establishes a first step of investigating the representations of nongraded Cartan type
Lie algebras.

1. The algebra Der H (2; 1; d)(T))(1 . Inthis section we assume that the underlying
field F has characteristic p > 3. The following are well-known facts, published in vari-
ous papers. We gather this material without proofs, but give some references. The main
reference is [Sch-60].

Let A(2; 1) := Flx,y], ¥ = ¥ = 0, denote the pz-dimensional truncated polynomial
ring in two generators and define a distinguished element A := 1 — x¥~'y~! A(2:1)
carries a Lie algebra structure by putting

{f.&} = [(01f)(928) — (92 )(918)]A with 9 := 9/ dx, d5 := 0/ 9y.
The algebra (A(2; 1),{ }) is isomorphic to H<2; 1; CD(T)), as it is defined in [BW-88]
(cf. [St-1] Theorems VIL1 and VIL2). We have that (A2;1),{})"’ N F1 = 0 and
(A(2; 1),{} )(1) is a simple Lie algebra of dimension p? — 1. For every f € (A(2; 1),{} )
the mapping {f,?} is a derivation of the truncated polynomial ring and so there is a
homomorphism D: (A(2;1),{} ) — W(2: 1) D(f) := {f,?} from (A(2;1).{} ) into the
restricted generalized Witt algebra W(2; 1). D(f) is given by
D(f) = Adi(f)d2 — Adx(f)01.

Obviously, ker D = Fy. Therefore D is injective on (A(Z; 1,{} )(1).
For the rest of this note we introduce the following

ABBREVIATION.  H := (A(2; 1),{})“)-

D(H) and hence H is not a restricted algebra, since we have
D) = {xy} = ADEY () = DY~ (A) = —(p — DI,
showing that D(xy’ = x*~'9, € D(H). Similarly, we have
DY) = =DOY~'(A) = —(=1Y(p— Dy,
hence D(yy’ = —y*~10;.
Every finite dimensional Lie algebra G can be embedded into a finite dimensional
restricted Lie algebra (G, [p]), with some embedding ¢: G — G, such that G, itself is

the restricted subalgebra generated by ¢(G) [SF-88]. We call (G, [p],¢) (or simpler G,,)
a p-envelope of G.
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PROPOSITION 1.1. 1) Der H > D(H) ® Fx"~'9, @ Fy*~'9,.
2) Der H is a p-envelope of D(H).

PROOF. The right-hand-side vector space is embedded into the derivation algebra
via the ad-representation. Its dimension is p? + 1, which is also the dimension of Der H
[B1-58]. Since every p-envelope of D(H) in W(2; 1) has to contain D(x)” and D(y)”, and
Der H as a full derivation algebra is closed under pth powers, the result follows. =

In order to simplify the notation I prefer to argue in H C (A(Z; 1,{} ), rather than in
W(2;1). Thus we introduce the notion of two elements I', © (corresponding to ¥ 10,
—y?719,) and of the Lie algebra ‘

L:=H®FT ®FO
with multiplication and p-mapping [p]
{r’xayb} - = bxp—l+ayb—l
{(_),xayb} . _af—lyp—H»b
{I,0} := A= —1+x""y!
0 if(a,b) € {(0,1),(1,0),(1, D}

byipl — ) XY ifa=b=1
=0T ita=1,b=0
© ifa=0b=1
I‘LD]:O,
el = .

It is a straightforward calculation that (L, [p]) is a restricted algebra isomorphic to Der H,
the isomorphism being given by

Y L— W(2;1)
Y(f+al+30) = D(f)+ax’"'9, — By '9,.
W(2; 1) is canonically filtered (even graded) by
W2y = Y, FX'y'01+ Fx'y’0,.

rs>i
With this notation W(2; 1) = W(2; 1)), W(2; D)2p—3) # 0, W(2;1)2p—2) = 0.
We remind the reader, that { ¥*y*,x’y?} = (ad — bc)x*+~'y?*4~1 whenever a + b +
¢+d > 2. This simplified version of the product in a special situation will frequently be
used. We also remark (which is easily proved by induction), that

(adx)'(ad yY(A) = (=Dt jlar 1y 1 0<i, j<p—1,1<i+j<2p-3
=—A i=j=p—1
PROPOSITION 1.2. 1) H and L carry filtrations (H(i))
spectively defined by
Hy = HN ¢~ (W2 1)) = span{xy’ | i+2 <a+b <2p—3} +FA
Ly:=LN ¢y (W2 1)y) = Hy+FT+FO  ifi<p-2,
= Hg ifi>p—2.

C1<i<p-& (L(’.))*lgiSZp—éf re-
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2)a) dimL/ Lo, = 2
b) L(o)/L(l) =~ sl(2)
) LV =H=H", (Ho)" = span{xy? | 2 <a+b <2p—3}
d) (Lo)" = Hoy (Lo)” = (L) " foralln >3
e) Lo = (L(O))(z) O FT ®FODFA) and (FT ® FOB FA) is a Heisenberg algebra
f {H, Ly} = {H Hy} = span{x®y* | i+1 < a+b <2p—3} for0 <i < 2p—4.
Thus Hi—1y = {H,H3} + FA.

3) Hy and L) are restricted subalgebras of L.

PROOF. 1) follows from the fact, that ¢ is a homomorphism.

2)a),b): L = Ly @ Fx ® Fy, Loy = Ly ® FxX> @ Fxy & Fy*. Fx> @ Fxy ® Fy is
isomorphic to sl(2).

¢): The simplicity of H gives HV c L'V ¢ H c H". To prove that (H(o))“) D
span{x‘y* | 2 < a+b < 2p — 3} we consider any element xy* € H with 0 <
a+b < 2p—2.1fa< p—1,and b # 0 then ¥y* = [2(a+ )] {x*1y?=1 )2},
while for b = 0,a # 0, x* = a '{x xy}. Similarly, we treat the case b # p — 1.
To prove the reverse inclusion we observe that fora + b > 2, ¢ +d > 2 a product
{xy?, Xy} = (ad—bc)x*+~1yP+4=1 vanishes, whenever (a+c—1) = (b+d—1) = p—1.

d): According to ¢) we have Hy) = (H(o))(” + FA. An easy computation yields
{H@,A} = 0, hence (H(O))(z) = (H(O))(l). As {T,©} = —A, this proves Lﬁ(l); = H

and (L))" = (Ho)™™ = (Ho)® = (L) forn > 2.

e): is obvious.

f): Fori < p—2we have{H, H(,‘)} - {H, L(,‘)} = {H(()), H(i)}+za+b2i+2 F{x,x“yb}+
F{x, A} +Za+b2i+2 F{y,x"yb} +F{y,A} +{H(0),r} +{H(0),®} +F{x, F} +F{x,®} +
F{y,T}+F{y,0©} Cspan{x"y’ | i+1 < r+s < 2p—3}.To prove the reverse inclusion
we consider an element x*y® witha < p — 1 (b < p — 1 is treated similarly), a + b > 0.
Then x*y? = —(a + 1)"'{y,x**'y*} € {H,Hp-1)}. Fori > p — 2 one proceeds

similarly.
3) The mapping [p] maps a basis of Ly, and H ) into L and H g, respectively, and
therefore leaves each of these algebras invariant. [

We need some information about subalgebras of suitable size. An analogue is well-
known for the restricted hamiltonian algebra of dimension p* — 2.

PROPOSITION 1.3. 1) Ifg € H, g & H(g) then
{8, Hu)} +Hyy = Ho).
2) If K denotes a subalgebra of H which satisfies Hy C K + H), then
Hqy C K +FA.

3) H, is generated as an algebra by { x*,y*, x>, A}.
4) L) is generated as an algebra by either of { x*,y*,*, T, 0} or {x%,y*,y*,T",©}.
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PROOF. 1) Write ¢ = ax+ 3y + h, h € Hy. The result follows from the ensuing
computations mod Hj,

{g.5} =382, {g.xXy} =ax’—28xy,
{g.v'} =30y, {g.0'} =2axy— ).

2) Assume inductively, that H;y C K + H(,, for some r > 1 and let x“y”, a+b=r+3,
be an element of H ... The induction hypothesis yields that there are elements (we treat
the cases a = 0 or b = 0 simultaneously)

ax* W byl Py, xyt e HyyN K+ H(r).
Thus K + H,,, contains

{ax* 'y, Xy} = a((a —D- 2b)x“y”,
{bxy"' xy*} = b(2a— (b - l))x“y”.

Ifa=0thenb = r+3 # 1 and clearly 0 < b < p. The second equation yields the result.
If a # 0, b # 0, one of the factors is nonzero, provided p # 3 and (a,b) # (p—1,p—1).
Hence we obtain by induction H(y C K + Hyp—4) = K+ FA.

3), 4) The algebra G generated by {x?,y*,x*} contains

{xz,yz} = 4xy, {x3,y2} = 6x%y, {xzy,yz} = 4xy2,{xy2,y2} =2y’

Thus H;y C Hopy C G + H»y and part (2) yields H;y C G + FA. This proves 3). As
{T,0} = —A, the first case of 4) follows as well. The other case is treated similarly. m

PROPOSITION 1.4.
1) IfK is a subalgebra of H with dim H/ K <2, then K = H or K = H,.
2) IfK is a restricted subalgebra of L and dimL/ K < 2, then K = L or K = L.
3) If K is an ideal of L, then H C K or K = 0. In particular, L has no nontrivial
p-ideal.

PROOF. 1) If K C Hg), the assumption dimH/ K < 2 = dimH/ H, yields K =
H ). Thus assume that K ¢ Hg,.

If Hoy C K+H,,), we observe that H,/ H) = Ho K/ H1yN K. Since H(1)/ H>) and
H/ Ho, are irreducible H )/ H,-modules, having nonzero submodules H(,N K/ H>)N
K and K/ H(p,N K, respectively, we obtain H(jy C K+Hg), H C K +H,. The first result
yields in accordance with Proposition 1.3(2) that H(;y, C K + FA. The second result and
the above assumption then gives H C K + FA. As { Hq), A} = 0, we obtain Hf('): C K,
xv € K, and x,y € K. Consequently, A = {x,y} € Kand K = H.

If Hyy C K+H3), then (as we assume K ¢ H,)) Proposition 1.3(1) applies and yields
H, C K + H(}). This is the former case.
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Thus assume thatH(,) ¢ K+H(2), H(()) ¢ K+H(|), i.e. dimH(l)/ (H([)m K+H(2)) # 0,
dim Ho)/ (H) N K + H(1)) # 0. Observe that

Z dimH([)/ (H(,') NK+ H(,'+|))

—1<i<]

= Z dim(hD(i) + K)/ (H(,‘H) + K) = dim H/ (H(z) + K)

—1<i<1

= dimH/ K — dim(Hp) + K)/ K = 2 — dimHp,)/ Ho) N K.
The present assumption yields dim H/ (K + H) = 0, H) C K. Then
Hgy C {H, H(z)} +FA C {K,K} +{H(()), H(z)} +FA C K+ Hp),

a contradiction.

2)Let 7: L — L/ K denote the canonical linear mapping. Then dim7(H) < dimL/ K
< 2 and therefore HN K = ker 7| H is a subalgebra of H of codimension < 2. By the
preceding result the only possibilitiesare HN K = H or HN K = H ). In the first case,
H C K and as K is a restricted algebra, it contains the p-envelope L of H. In the second
case, HN K = H ) has codimension4 in L. Let ax+ Sy + Y[ +6 0O + g, g € H( be an
element in K. Then, as H is an ideal of L,

{xy,ax+By+7T+6O+g} = —ax+By+{xy,g} €e{HNK,K} CHN K = Hq),

proving @« = 3 = 0. Hence K C L), and as dimL/ K = dimL/ L), this yields the
result.

3)IfFHN K = 0,then { H,K} C HN K = 0 and K centralizes H. This is possible in
Lonly if K = 0.If HN K # 0, then the simplicity of H yields H C K.

Under the assumption of K being a restricted nonzero ideal, it contains the p-envelope
L of H. Therefore L has no nontrivial restricted ideals. n

2. Methods in representation theory. [In this section we assume the ground field to
be algebraically closed. The generalization to arbitrary fields can be done by an almost
obvious procedure.

Let G be an arbitrary Lie algebra and G, a p-envelope of G. Given any G-module M
this representation can be extended to a representation of G, ([SF-88], Theorem V.1.1).
This extension, however, is in general not unique.

PROPOSITION 2.1.  Let G be a Lie algebra, p: G — gW(M) a representation, G, a
p-envelope of G and p': G, — gl(M) an extension of p.
1) Foranylinearform X € (G,)* such that \(G) = 0, p'+X idy is also an extension
of p.
2) Let x: G, — gl(M) be another extension of p. If M is G-irreducible, then there
is A €(Gp)*, A(G) = 0, withp' — x = X idy.

PROOF. Note that (G,)'" C G.
1) As \ (G},I)) = A(G) = 0, p’ + X idy is a representation and an extension of p.
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2) Asforallg € Gp, h € G,

[p'(8) — x(8), (W] = [p'(8), p(M] = [x(8), L] = [p (), p' (W] = [x(8): X (M)]
= p'(lg, k) — x([g, kD) = p((g,h]) — p(lg, hD) = O,
the irreducibility of M shows that p’ — x is a linear mapping from G, into Fidy. (]

Let (G, [p]) be a restricted Lie algebra and p: G — gl(M) be an irreducible represen-
tation. According to ([SF-88], Theorem V.2.5) there is a linear form . € G* with

p(gy — p(g") = u(g)y idu.
It is useful in this context to introduce the notion of a y-reduced universal enveloping
algebrau(G, it). According to ([SF-88], Chapter V.3) p extends uniquely to an associative
representation u(G, p) — End M. If, in addition, G(oy denotes a restricted subalgebra of
G and M, is a G(p)-submodule of M, then M is a homomorphic image of the induced
module u(G, ) (G, ulco) Mo (ISF-88], Theorem V.6.3).

In many cases it is much more convenient to determine the modules for restricted al-
gebras rather than for arbitrary ones. We will here proceed in this way. Then there are two
steps to make: first we determine some of the modules for a p-envelope (Proposition 2.1
explains that there is some degree of freedom) and then interpret this information on the
G,-module M as giving information on the G-module structure of M.

PROPOSITION 2.2. Let H = H(Z; I;CD(’T))(]) and L = Der H denote the algebras
described in § 1. p: H— gl(M) denotes an irreducible representation.
1) There is an extension of p to a representation p': L — gl(M) with character yu,
such that p(x) = p(y) = 0.
2) The unique eigenvalue of p'(x"y") is

p(xy”) if2<a+b<2p—3,(ab)# (1),
p()'/? ifa=1,b=0,
1(©)'/r ifa=0,b=1.

The unique eigenvalue of p'(A) is given by p(A).

PROOF. 1) Let p’ be any extension of p and p’ the associated character. Define the
linear form A on Lby A(H) = 0, A(I') = p/(x)?, A\(©) = p/(y)’. According to Proposi-
tion 2.1 x := p’ + X idy, is also an extension of p. The character u of x is given by

p(®) idy = x(8) — x(&") = {18V + X8V — A (g™} idw.
Observing that xP! = T, y?! = @, A(x) = A (y) = 0, this gives the result.

2)For2p —3 >a+b >2,(ab) # (1,1) we have (x¥*y*)I"! = 0. Thus p’'(x*y"y’ =
p(x*y?y idy and therefore { p/(x*y?) — p(x*y?)idy}? = 0. For (a,b) = (1,0) (and
similarly for (a, b) = (0, 1)) we obtain

{p'(0) — p(Pidy}?” = {p'(0)f — u(D)idy}? = p'(TY — (T idy = 0.
Observing that A/l = 0 we get the final assertion. .

Using information on the eigenvalues of a representation one gets a lower bound for
the dimension of the representation by the following result.
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THEOREM 2.3 [ST-77]. Let h, k be subalgebras of a Lie algebra G over an alge-
braically closed field K of characteristicp > 0, G = h + Y1<i<, Ke;. Let M and M,
be finite dimensional G-, respectively h-modules, My, h-irreducible, and M, C Mg. Let
T denote the corresponding representation. Assume
(1) kisanideal of h
(2) there exist fi,....fm € k (m < n) so that T([e;.f;]) is nilpotent if i # j and
invertible if i = j,

(3) lenf;), [leifi).ei] € hforalli,jl,

(4) k+ 3ijKleif;] generates a Lie subalgebra R such that T(g) is nilpotent for all
g € [h k] + [R,R].

Then dim Mg > p™ dim M), [ ]
This theorem is in particular useful if 4 defines a suitable filtration on G.

THEOREM 2.4. Assume that G = G—1) D -+ D G = 0(s > 1) is a filtered Lie
algebra, p: G — gl(M) is a representation, and A € G*, such that p(g) — \(g)idy is
nilpotent for all g € G(y.

1) Let M denote an irreducible Gy)-submodule. If
(i) there is | > 2, such that [G), Gyl + [G-1), Gu—1)] C ker A,
(ii) there are f1,....fn € Gyyand ey, ... ey € G with A([e;,fj]) = O for all
1<i<j<mand X(e,f;)) # 0, (1 <i<m),then

dimM Z pm dimM(()).

2) Let M1y denote an irreducible Gy-submodule. If G = Go) and
(i) there is | > 1, such that [Gq), Ggy] C ker A,
(ii) there are fi,....fn € Gy andey,... e, € G with X([e;,f;]) = 0 for all
1 <i<j<m,and X\([e,f;]) # 0, (1 < i< m)then

dimM Z pm dimM(l).

PROOF. 1) In Theorem 2.3 put & := G), k := Gg. We check the assumptions.
(1) Clearly, k is an ideal of h. (2) [e;,f;] € G is nilpotent or invertible, depending on
whether the eigenvalue A ([e;,f;]) vanishes or not. Since the matrix A([e;,f;])1<ij<m is
a triangular matrix, a suitable substitution of the f; turns it into a diagonal matrix. (3)
follows from the property of a filtration and the fact, that [ > 2. (4) [h,k] + [R,R] C
[G(o), G([)] + [G(l—l), G(I_])] C ker .

2) In Theorem 2.3 put h := Gy, k := G and argue as in 1). [

https://doi.org/10.4153/CJM-1991-035-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1991-035-x

588 HELMUT STRADE

3. Commutation rules. For future reference we derive some rules for how ele-
ments in an associative algebra commute. Let A be an associative algebra and suppose
that z, x1, ..., x, are elements of A. We use the multi-index notation x’ := x’l' ceexin s <t
if and only if s; < ¢; for all i, (’;) =11 (;) We set fort = (t1,...,1,)

{zxt} = [..lzx]....xalxl... .%o %], X
————— ——— N e
1) times 1y times 1, times

ift > 0and {z,x;0} = z. We quote

LEMMA 3.1 ([SF-88],(V.7.1)). Letz,xi,...,x, be elements of an associative algebra
A. Then

Let H and L be the algebras defined in §1 and p:L — gl M a representation.
Lemma 3.1 will be employed for A = End M.

LEMMA 3.2.  Assume that0 < a,b,i,j <p—1,0< a+b, and put

g == (—D%(adyY(adx)'(*y?) = { ¥V, (x,y); (i, )} -

We obtain for g
a) b>i>0:
_ [0 - a<j
7V (=Dlal/ (@a=PUIbY/ (b— DTy~ a >
b) b=1i:
(—D)PH=ag pI(j — a)l Tl g <
g =1 (=1)’alb'A a=j
(—D’la!/ (a —j)bx* a>j
c) 0<b<i

_ [ (=PRI — b)Yl Iy g =0

£~ 0 a> 0.

PROOF. a)i = 0: Since b > 0 we have {x*y",y} = ax*~'y’ and in general g =
al{...{,y}.....y} = 0fora< j,g =a...(a+1—j)x¥*7y’ fora > j. We now
proceed by induction on i. For i > 0 one obtains in case a) b > 1 and then

g:—{...{x,,\/‘yb},x} cenXP, YY) = —b{...{xayb",x} N S S

The induction hypotheses yields the result.
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b) If a > 0, induction on b yields directly

g= (=D {xy},....y},
N
Jj times

while for a = 0 (observe that in this case b = i # 0)

g= =D {Ay}.....y}.
N
Jj times
For a > j only the first case occurs, which yields the result immediately. Assume that
a < j. We obtain in both the cases @ > 0 anda = 0 (as A = {x,y})

g=1'pal{.. {x y}.....y }).
Nt
(j—a+1) times

This is the result fora = j. Incase a < j

g=(=Da'b{...{Ay}....y}
———
(j—a) times

=(=1’alblp—1)...(p—1—(—a)+1)|(=x "0y
— (_1)b+l+(j—a)a!b!(j__a)!xp—l+11‘jypvl.

¢) Consider the case a # 0. Then (ad x)'(x*y?) = b!(adx)"*(x*) = 0. So assume that
a=0.Thenb#0Oandp—1—(i—b)#0.

g=EDB L {y xFox byl oy}
Nt Nt
(i—b+1) times Jj times

= (=11 {.. {Ax}, ... .x} ).y}

—_—

(i—b) times Jj times
=B p—1...(p— 1= (= b)+1)]
[(P—1D...p—1—j+ D)=y 1), .

PROPOSITION 3.3. Let p: L — gl(M) be a representation and assume that there is
u € Mwith p(x'yyu = 0foralli,jwith3 <i+j<2p-—3.

Putfor0<r<b<p—-1,0<s<a<p—1,3<a+b<2p-3

g:= p(*)p () p()'u.

We obtain for g
a)a > s + 3: g=0
b)a+b>r+s+3: g=0
c)a=s,b=r+2 g = (=1)Pal,b!(1/2)p(y*)u
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da=s+2,b=r g = (—=Dba!bi(1/ 2)p(Pu.

PROOF. 1) According to Lemma 3.1 we have

g= Z (:) <j,>p(x)r_ip(y)s"jp({...{x"yb,x},...,x},y} ce Y.

The assumption on u yields that all summands withi =j =0or(a—j)+ (b —i) >3
vanish. Thus only the following pairs (i, ) yield a contribution to the sum:

i,j) € {(b,a),(b,a—1),(b,a—2),(b—1,a),(b—1,a—1),(b—2,a)} =: S.

The condition i < r, j < s yields in the respective cases

a) j+3<a:S5=0,

b) i+j+3<a+b:S5S=0,

) i<b-2:5={b-2,0} ={r90},

d)j<a—-2:5={ba-2)} ={r9}.

The computation of the respective summands is done by Lemma 3.2 (with the par-

ticular side condition, that b = i +2,a = jincasec)and b = i,a = j+ 2 in case
d)). ]

PROPOSITION 3.4. Let p: L — gl(M) be a representation and assume that there is
u € M with p(x'y)u = 0 foralli,j with2 <i+j <2p—3, p(Au = 0.

1)
PP p(V U = —p(Xu
PNV 2pY u = p(yu
p(M)pxP~ oY~ u = 0.

2)

p(y)p () p(y)'u = r(=2s+r— D)px) ' p(y)u
PENP XY p()°u = s(=2r+ 5= DpxY p(»)'u.
3) Assume in addition, that (p(x)’p(y)ju)o<i <ot is a basis of M. Hf g € M satisfies

p(xy’)g = 0= p(Xy)g, then g € Fu+ Fp(xyu+ Fpyu+Fpxy~ oV u.
PROOF. 1) a) Applying Lemma 3.1 we obtain

p(Np Y~ p(yY Pu =
> (p 7 1) (p ; 2>p(X)p“1"p(y)""2‘jp({ A=Y Ly

The only nonvanishing summand occurs for the tuple (i,j) = (p — 1, p — 2), which then
gives the result. Similar reasoning works for the second case of 1). In the third case we
obtain

g = p(Npx) ' p()V u
1 1 . A
:E(p ; )(Pj >p(x)”_1_‘p(y)1’*l/p({...{l—x"_ly”_’,x} ' A ) B 178
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The only nonvanishing summands occur for the tuples (i,j) € {(p—1,p—2), (p—2,p—
1)} . We obtain

g=—pWI—=@—DIp—Dp@u+ (@ — Dp@[—(—1¥*(p — DIp— D!p()u
= —p(A)u = 0.

2) g = poyDp) p(y)Yu

= Z (:) (;)p(x)f—ip(Y)‘—jp({...{xy2,x} .‘.,x},y,...y})u.

0<i<r
0<j<s

The only nonvanishing summands occur for the tuples (i, /) € {(1,1), (2, 0)}.Puta:=
1, b := 2 in Lemma 3.2 to obtain

g=[=2rs+r(r— Dlpx) ' p(»'u.

We proceed similarly with p(x*y)p(x)" p(y)*u.
3) Write g = 3 asp(x) p(y)’u. The assumptions yield that

ar(—2s+r—1)=0, aus(—2r+s—1)= 0forallr,s.

Assume that «,; # 0 for some (r,5) # (0,0). If s = 0, the first equation yields r = 1.
Similarly, the assumption s # 0, r = O yields s = 1. Assume that r # 0, s # 0. Then
—r+2s = —1,2r—s = —1. This system of linear equation has a unique solution, which
thenisr=p—1,s=p—1. u

PROPOSITION 3.5. Let p: L — gW(M) be a representation and assume that there is
u € M with p(x'y)u = 0 forall i,j with3 < i+j <2p —3, p(*)u = 0, p(xy)u C Fu,
p(Mu=0.Thenfor1 <r<p-—1
1) p(» pxu= p(x)p(y)'u
2) p)pOu=pypx)u
3) PP oY u— p(P~ p(GY'u C Fo(yu.

PROOF.

1) PPN u—pWpu= 3 (:)p(y)"ip({ Axy)yPu

1<i<r

= 2 C)p(y)’ip({--~{1\,y}-.«»y})u
i—1 times

2) is similar to 1).
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3) PP oY u— p(xY oy u
= 3 Doy ol Ayx} o x e u
1<i<r
C > Fp ey e Y
1<ij<p—1
C Fp(yu.

PROPOSITION 3.6. Let p: L — gl(M) denote a representation, | <r < p— 1.

1 [p(©),p(0)'] = Ti<icr —(;)i = D! p) " p (7™
2) [p(M).p»'] = Ti<ic =D ()i = DI p Y p(@ )
3) [p(A). p)] = =2rp() ' p(y) + r(r — Dp(x)?p(A)
— 2 a<i<r ()i = 2! p(x) T p(xr 1y 1)
4) [p(2), p()'1 = 2rp() ' p(X) + Hr = Dp(Y) *p(A)
— 2 3<i<r () (=D = ! p(y) p(x* iy
5) [p(™), p) 1= =3rp()" p(?) +3r(r — Dp(x)2p(y)
— r(r—1)(r—2)p()" > p(A) + 6 Tu<i<r () (i = 3)! p(x) " p (2~ y7*2 )
6) [p(), p('1 = 3rp() " p(2)+3r(r—1)p(») 2 p(X)+r(r—1)(r—=2)p(»)" > p(A)
+6 Yaci<r ([)(i = 3! p (Y p( 2 iy )

PROOF. 1) We apply Lemma 3.2 puttinga=0,b=p—1,i=1—-1,j=0

[(p(©), p() 1= (r)p(x)’*’p({ A0} x)h)

1< \! —_—
I times

I

1<I<r / S——
I—1 times

> <r>p(x)r"p({ A= xh

1<I<r )

> —(’)(—U"[(p D!/ (p—DNp@ " p(¥

I

Y - (,) (=D p@) ' p(P .

1<I<r

2) is done by similar computations puttinga = p—1,b = 0,i = 0,j = [ — 1 in

Lemma 3.2.
3)
O, p) 1= 3 (;) p(x)r"p({ R VIS SN x} ))
1<I<r —_—
[ times
= =2rp(x) " p(y) +r(r — Dp(x) > p(A)
+2 3 (;),o(x)r*[p({...{l—x"ly”l,x} ..... x}))
3<I<r ————
[—2 times
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Apply Lemma 3.2 witha=b=p—1,i =1—2,j = 0to obtain
= =2rp(0)" ' p(y) + r(r— Dp(x)*p(A)

+2 3 @(—1)’-2[@ =D/ (p+1=DNp@) p(=x~ 1y,

3<I<r

This is the result.
4)

), p() 1= 3 (;)p(y)r_’p({ AR D)

1<i<r ——
[ times

= 2rp(y)" ' p(x) + r(r — Dp(y)" 2p(A)

r2 2 (()or (1= )
3<I<r ~———
[—2 times

Apply Lemma 3.2 witha=b=p—1,i=0,j = [/ — 2 to obtain
= 2rp(y)" ' p(x) + r(r — Dp(y) 2p(A)

+2 3 (;) [(p— D!/ (p+1=Dpy) 'p(—x* "1y ).

3<i<r

5), 6) are done analogously. [

4. Irreducible H-modules of dimension < p?. In this section we assume that the
ground field F is algebraically closed and has characteristicp > 5. Let p: H — gl(M) be
an irreducible representation of dimension < p? (in particular p(H)M # 0). We extend
p to a representation of L = Der H with a character p according to Proposition 2.2 such
that u(x) = p(y) = 0 and denote this representation again by p. The first step in the
determination of p is the successive construction of a one-dimensional submodule for

Lio)-
LEMMA 4.1.  pu(xy)=0for3<a+b<2p—3.

PROOF. Assume that the lemma is false. Then { i+j | 3 < i+j < 2p—3, u(x'y’) # 0}
is nonempty and hence has a maximum k. Put b := max{j | j < k,u(*7y) # 0},
a := k — b. This definition implies that, whenever 3 < i+ <2p — 3,

p('y)=0if(i+j> a+b)or(i+j=a+bandj> b),

and
p(xy”) # 0.

Proposition 2.2. (2) yields that p(x*y?) is invertible, but p(x'y/) is nilpotent for (i +j >
a+b)or(i+j=a+bandj > b). Putin Theorem 2.4(1) G = H with the filtration (H(,,,)
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defined in§ 1, put/ = k—1 > 2, and observe that Ho) = span{x'y/ | 2 < i+j < 2p—3}
(Proposition 1.2.(2)).

a) Consider the case, thata,b < p—1.Pute; :=y, e; := x,f; := x**YP, fo := x4yP*1.
If My denotes an irreducible Hg)-submodule, then Theorem 2.4.(1) yields the estimate

dimM > p* dim M.

As dimM < p?, we obtain dimM, = 1. In particular, (H(y)" annihilates M,, which

implies that p(Hy N (H(g))“)) = 0. This, however, contradicts our assumption, since
x“yb €HyN H:(I);

b) Consider the case a = p—1 (thecase b = p— 1 is similar). Thenb < 2p—3—a =
p — 2. Let M, denote an irreducible H(g)-submodule and put in Theorem 2.4.(1) e := x,

f := x»~'y**! to obtain the upper bound
dimM, < p.

We now apply Theorem 2.4.(2) with G := Hy), e; 1= x°, ez 1= xy, fi 1= X’ 2yP*1,
f> := ¥*~ 'y’ and obtain the contradiction dim My > p?. n

LEMMA 4.2. Let My be an irreducible H)-submodule of M. Then
1) p(*")Ym = 0forallm € My, 3 <a+b<2p—3
2) p(A)m = p(A)m forallm € My
3) My is an irreducible module for Fx* + Fxy + Fy* = sl(2).

PROOF. J := span{x*y’ | 3 < a+b < 2p — 3} is an ideal of H with H;, N
(Ho))" = J. Since J C ker p by (4.1), J consists of nilpotent transformations and hence
acts nilpotently on My. The irreducibility of M, yields that p(J)My = 0. As A centralizes
H), p(A)| My is contained in Fidy,, the scalar given by the unique eigenvalue p(A).
Then My is an irreducible module for Fx? + Fxy + Fy>. .

LEMMA4.3. 1) Every irreducible (H)+ FT')-submodule My of M is Hy)-irreducible
and satisfies p(I)m = p()m for allm € M,,.
2) If u(A) = O, then every irreducible Ly-submodule of M is Hy,-irreducible and
satisfies p(D)m = p(D)m, p(O)m = pw(O)m for all m € M,.

PROOF. 1)PutG := H+FT, I := H()+FT. G is asubalgebra of L and / is an ideal
of G.Notethat { G, I} C span{x*y’ | 3 < a+b <2p—3} C INker u.Thus { G, I} isan
ideal of G consisting of nilpotent transformations. Let M, be an irreducible G-submodule
of M. Then the ideal { G, 1} annihilates Mo, which in turn means, that p(I)| My C Fidyy,.
In particular, the choice of the extension of p to L yields p(I')|My = p(I')idy, and
therefore M, is already irreducible as an Hy-module.
2)Put G := L), I := L. In the present case { L), L1y} C Hq) C ker 1. Now proceed
asin 1). =
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LEMMA 4.4. 1) Every irreducible H o)-submodule has dimension < 2.
2) p(?) =0, u(?) =0.
3) Ifevery irreducible (H) + FT')-submodule has dimension 2, then each such mod-
ule is of the form My = Fu ® Fp(x*)u, with

p(Pu =0, p(H) P u=0, plxy)u = u, 2p(Xu = p(y)p(A)u.

PROOF. 1), 2) Let M, denote an irreducible H)-module. According to (4.2) it is an
irreducible module for Fx? + Fxy + Fy*. Take any vector u € M, which is an eigenvector
with respect to p(xy). The family

(PG pWVu)ye ey 3 U (P pOY P (P )

0<ij<p—3

has more than p? elements and is therefore linearly dependent. There is a relation with
not all coefficients vanishing

> ap@pYu+ Y Bip@)'p(yWp(u=0.

0<ij<p—3 0<ij<p—3

Put
k:=max{i+j|0<ij<p—3,a;#0orf; # 0}
s:=max{j| au—jj #0orBejj # 0}, r:=k—s.

If k = O then u, p(x?)u are linearly dependent. Since they correspond to different eigen-
values with respect to p(xy), this is only possible if p(x*)u = 0.
If k > 0 then Proposition 3.3 yields

0=p(x*‘*2y’)( > app@pWu+ Y Bup(x)"p(y)’p(xz)u)

0<ij<p—3 0<ij<p-3

= (=1Y(s+ 2! (1] 20, p(Phu+ (—1) (s + 2)! r1(1/ 2)B,5p () u.

As p(x*)u and p(x?)>u correspond to different eigenvalues with respect to p(xy), we
obtain a,p(X)u = Bp(?)?*u = 0. By definition, one of the coefficients is nonzero,
which is possible only if p(x?)*u = 0.

Thus M, is one-dimensional, or it is the two-dimensional irreducible sl(2)-module. In
the latter case there is a basis (u, p(xz)u) such that

pOPu=0, p(*)u=0, p(xy)u = u.

This proves 1). Since p(x?), p(y?) act nilpotently on My, the unique eigenvalue is p (x?) =
0 and p(y*) = 0, respectively. This proves 2).

3) Now assume that M denotes an irreducible (H () + FT')-module. According to Lemma
4.3 it is irreducible as a H(g)-module and p(I")m = p(I")m for all m € M,. Thus we can
apply the results of 1) and obtain that either M is one-dimensional (which is impossible
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under the present assumption) or is two-dimensional with a basis of the above form. It
remains to prove that v := p(y)p(x?)u — 2p(x)u vanishes.
Taking into account Lemma 4.2 we obtain
p(Fw = p({ X, y})p(c)u = 3p()u = 0,
PP = p({ X,y (P + p(Np()u — 2p(F)p(x)u = 0,
PP = pMp( Y 2 Hu = 2p({ ¥, x}u = —4p»)p(yu +4p(yu = 0.
Similarly, one computes p(I')v = u(I')v and p(A)v = p(A)v. Proposition 1.3.(3)
implies that Fv is an (H() + FT')-submodule. Our present assumption yieldsy = 0. =
LEMMA 4.5. u(A) = 0.

PROOF. Let My be a (Hp)+FT)-submodule and choose u € My, such that p(y*)u = 0.
Consider the family

(p(© pOYu)oeiicy U (PO DY), o) s

This family contains more than p* elements and therefore is linearly dependent. Thus
there is a relation with not all coefficients vanishing
> ap@p(Yu+ 3 Bip(®)p(Ypxu = 0.

0<ij<p—3 0<ij<p—3

If not all of the 3; vanish, the application of p(y?) (in combination with p(y*)u = 0)
yields a nontrivial relation
-2 3 Bip®©)pY*'u=0.
0<ij<p—3

Considering eigenvectors with respect to p(xy) we see in either case, that there is r < p—2
and a relation
3 p@) p(»)u=0, k<p-—3,v%#0.

0<i<k

Multiplying by p(y)’~" (if r # 0) we end up with a relation
S 6ipOYu=0, k<p—2,8+#0.

0<i<k

Choose k minimal and assume that £ (A) # 0. Then

0= (o)~ nDid)( ¥ aip©)u)
0<i<k
= 3 &ilp(D),p@) lu= 3 ib;p(©) ' p(—Au
0<i<k 0<i<k
= —u(A) Y #ip(©) 'u.
0<i<k
The minimality of k yields k = 0, and u = 0, a contradiction. L]

We are now ready to prove the first main result, namely that Lo has a one-dimensional
submodule.
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THEOREM 4.6. M contains a one-dimensional L)-submodule.

The proof is done in several steps, deriving relations. Assume that the theorem is not
true.

STEP 1. There exists an irreducible two-dimensional L)-module Fu® Fp(x*)u with
PO =0, p(xy)u = u, p(*)u = 0, 2p()u = p(y)p(:P)u.

PROOF. Every irreducible Ly)-module is Hg)-irreducible and (H g+ FT)-irreducible
(Lemma 4.3) and hence has dimension at most two. Apply Lemma 4.4. ]

STEP2.  p(x)"~'p(x®)u = 0, u() = 0, p(xYP’u = 0, p(x)’ ' p(y¥ > p(x)u = 0.

PROOF.

PP o= p(xf T p()p (P = 0,
PP p (P = p(xPp(xP)p (P = 0,
p(Mp Y= pxy " p(Hp(Mu = p(MpxP ' p(P)u.

Application of (3.6) yields

PP (P = pxF " p(P)p (P )u+ [p(y7), p(xY T p (P )u
+ oY [p(y*), p ()]
= 2p(xF 2pMp(u+ 2p(xF > p(A)p(x)u
=2 3 (D= p@P Ty e (P

3<i<p—1
—4pxy ' p(ay)u
= 2p(x¥ 2 p(Mp (P — 4p(xY'u =0,
p(®)p (Y p( P = pxP " p(P)p(Ou+ [p(©), p(x ' 1p (P )u
+p(x) ' [p(©®), p(x)]u
= p(O@)p Y p()u
— 2 =DE= Dy (P e

1<i<p—1
—2p(xy ("
= u(@pxy ' p(u— (p — 2)!p(Np (X )u
+(p— ) p@p(Hp()u

= n@paY " p(Pu+(p = 3)! (200w
+p()(—4p(x0) )u
= w(@®p(xy ' p(F)u.
According to (1.3) Fp(x)"~!p(x*)u is a L()-module and hence has to vanish. Then

p(MpPu = p(MpPu = p(xFp(xu =0
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and p(I') = 0. Consequently, p(x)’u = p(INu = p(I)u = 0. Finally we apply (3.5) to
obtain
P oY Pp@u = pxF (Y u = p(MpY u = [p(D).pGY lu=0. =
STEP3. p(yVP 'u=0,u(©)=0.

PROOF. Similar to Step 2 we compute

PP u= 0,00y u=0,p@)p(Y u= pn@pyy 'u
p(D)p Y u=pY (U —2pGF p(u+ 20 (Y p(A)u
=2 3 (=Y e Y

3<i<p—1
= pOY 2 [p(Mp (P — 2p(x)u] = 0,
pMpGY u=pGY pMu— 3 (= DY o u

1<i<p—1
=—(p—3)!pMp(u—(p—2)! p(x)u = 0.
Hence Fp(y)’~'u is a Lg)-submodule. So we obtain p(y)’~'u = 0 and
p(@u = p(O)u= p(yYu=0. .
STEP4. p(x) 'p(yy2u = 0.
PROOF.
PO pY Pu = [p(P), (P 1p (Y u

=20 2p (3 u+ 20(xF P p(M)p (Y u
=2 3 D=2y T Y

3<i<p—1

=0,

PO Y P = [p(y), p(x¥ 1o (v u
=3p(xP 2p ()oY u
+6p(xY Y u+6p(xY p(A)p(YY u
+6 3 (D=3 p@ p YR ey U

4<i<p—1
= (),
p(©@)p (Y oV 2u = [p(©), p(x¥ ' Ip(yV *u
=—(p—2)!pGY u
= 0,
P oY Pu= p(xy¥ o o u+ p(xF T p(P), p(0Y Pl
= pxy " pY 2o u— 4p(xy oy P p(x)u
= =2p(xY ' p(yW P p(u = 0,
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P p)2u = p(xyP ' [p(D), p Y Hu+ p(Dp P~ p (Y 2u
) -2 . )
=p@ Y )P T T = Dy
1<i<p—2 l

+pMpY oY 2u= -3 pxV 'p(Pu=0 =

PROOF OF THEOREM 4.6.  Under the assumption that M has no one-dimensional L)-
submodule, we derive under Step 4

0=p&xYpY *u=pDpGy " u
) ) . .
= > (=) (” ; )(i — DY o = (p—3)! p( .

1<i<p—2
Thus p(x*)u = 0, contradicting Step 1. .

PROPOSITION 4.7.  Let M be an irreducible H-module of dimension < p? and Fu a
one-dimensional Ly-submodule.

1) dimM € {1,p* — 1,p?}

2) IfdimM = p?, then { p(x)'p(yYu | 0 < i,j < p— 1} is a basis of M.

3) IfdimM = p2 — 1, then
a){p)'p(yYu|0<ij<p—1,i+j<2p—3} isabasisof M
b) p(Y oY u = —u
c)p@) = p@©) =0.

PROOF. 1) Assume that the family (p(x)'p(yYu)o<ij<p—1,isj<2p—3 is linearly depen-

dent. By multiplication (if necessary) we obtain a relation
S ap)'p(Yu=0, oy 1p-2#00ra, 2,1 #0.
Then Proposition 3.4 yields
0=p(A) Y ayp() p(YYu = —ap 1 2p(Xt + @2, 1p(Y).

Application of p(x?) and p(y?) yields p(x)u = p(y)u = 0. Then Fu is a trivial H-module.
Thus if dim M ¢ { 1,p?}, then this family is a basis of M. This proves 1).

2) follows from the fact that o< j<p—1 Fp(x)'p(yYu is an H-submodule.

3) The proof of 1) shows that in the present situation the family (p(x)i p (y)iu) 0<ij<p—1

i+j<2p—3
is a basis of M. Thus

p¥ o lu= Y ayp)p(u.
0<i+j<2p—3
Considering eigenvectors with respect to p(xy), we may assume that o; = 0 for i # j.
Thus
PP oY lu= Y cup()p()u.

0<i<p—2
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> ip pu = pxP (Y u=p(Mpy u

0<i<p—2
= [p(M), pGY " u+ p(yY ' p(Du
=— 3 A=Dpoy T u+ ppe)~u

1<i<p—1
=—(p—2)! p@u+pDpGY 'u
This shows that a;; = 0 fori # 0, agg = —(p — 2)! = —1, () = 0. (3.5(3)) yields

pO@p Y u= pxy~pYu € pMp oY u+ Fpu = Fp(yu.
This is only possible if u(®) = 0. m

COROLLARY 4.8. Let Fu be the trivial Lgy-module. The L-module induced by Fu
with character u = 0 has exactly two proper submodules, namely the trivial H-module
My = Fpy~'pGV~' @ u+ 1@ u) and My := Tocij Fp)'p(yY ® u, which is
isomorphic to H as an L-module. Moreover, it decomposes

u(L, 0) ®“(L10>~0) Fu= M| @ M2.

PROOF. Put M := u(L,0) ®yy,,0) Fu, and let U # 0 be a submodule. If there is a
proper submodule with diimU & { 1,p* — 1} then M/ U and U have only trivial factors
in an H-composition series. As H"” = H for all n, H would annihilate M, which is
impossible. The same reasoning shows that every one-dimensional submodule would
be maximal. Assume that U is a one-dimensional submodule, and ¢y: M — M / U the
module homomorphism onto the irreducible module M/ U of dimension p*> — 1. The
former proposition shows that 1) (p(x)”"p(y)”" ®u) = ¥ (—1®u). Thus M, = kery =
U.

H, considered as an L-module, has the trivial L-submodule FA and it is a restricted
module. Thus there is a module homomorphism i : M — H, with ¢ (1 ® u) = A. There-
fore M has a one-dimensional submodule.

Since the character of M is ¢ = 0, M, is a submodule of M of dimension p2 — 1,
necessarily irreducible. Let U be any submodule of dimension p> — 1. Then dimM/ U =
1, hence p(H)M C U. In particular, M, C U.

Thus M,, M, are the unique submodules. Clearly M, + M, = M, and a dimension
argument yields that M| N M, = 0. [
The truncated polynomial ring A(2; 1) is a realization of this split induced module.

We are now able to determine the irreducible modules completely.

THEOREM 4.9.  Let M be an irreducible H-module of dimension < p* and Fu a one-
dimensional Ly)-submodule. Then M is one of the following
1) M = H, the isomorphism is given by 1) (u) = A,

Y (p() p(YYu) = (=D itjlar ™y (1 <i+j <2p—3)
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2) M= u(L, 1) QuryulLoy) Fit with some linear form p # 0.

PROOF. M has a character p. Then M is the homomorphic image of the induced
module u(L, it) @1, 4|1 Fut- If dimM = p* — 1, Proposition 4.7 shows that y = 0.
Then (4.8) yields that M = H. The isomorphism maps u onto A, which implies the
asserted equation.

Assume that dim M = p?. Then M is isomorphic to u(L, 1) ®u(Lioyps| Ly Fu- The irre-
ducibility of M in combination with (4.8) proves that u # 0. n

REMARK. Let M be an H-module of dimension < p?. If M is not irreducible, then
any factor of a composition series has dimension < p? — 1. Proposition 4.7 proves that
every such factor has dimension 1. As H" = H, M then is a trivial module. Thus every
H-module of dimension < p? is either trivial or isomorphic to H.

In particular, the dual space H* is isomorphic to H as an H-module. This result is also
a natural consequence of Theorem 6.1 below.

5. Reducible modules of dimension p>. Having determined the irreducible mod-
ules of dimension < p?, we now derive a complete list of the nonirreducible ones. We
presuppose the same assumptions as in § 4.

THEOREM 5.1.  Let M be a reducible H-module of dimension < p*. Then M is one of
the following
1) M is trivial, p(HM = 0
2) M = H® Fuy is the direct sum of an irreducible (p2 — 1)-dimensional module
and a one-dimensional trivial one
3) M= H® F(aTl + 0O) is indecomposible, nonirreducible
4) The dual M* of M is of type 3).

PROOF. LetM = M, D --- D M,y = 0be a composition series. According to our
assumption ¢ > 1 holds.

a) If every factor of this composition series is trivial, then (as H™ = H for all n >
1) Mis trivial. If not all factors are trivial, then ¢t = 2 and either M|/M2 is (p2 — 1)-
dimensional irreducible, M, one-dimensional or M, / M, is one-dimensional and M, is
(p* — 1)-dimensional irreducible. If the module splits, we are in case 2).

b) Consider the nonsplit case with M, (p*>—1)-dimensional. According to Theorem 4.9
M, is module-isomorphic to H. Choose uy ¢ M, an eigenvector with respect to p(xy),
necessarily of eigenvalue 0. Since M/ M, is trivial, p(y)up € M, and

PO = Y axy* +ax.

0<a<p-2

Put u; := up + Yo<a<p—3 Aal@+ 17Xy + o, oA, Then p(y)u; = ax”~'. Write
pu = To<a<p—2 Bax*'y* + By~ p(I) — p(x)” and p(O) — p(yy’ commute with
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p(x), p(¥). They vanish on p(x)u;, p(y)u;. Thus p(x), p(y) vanish on (p(F) — p(x)”)u;,
(p(F) — p(x)”)u. € H. This is only true if p(D)u; = p(x’uy, p(O)u; = p(yY’u;. Then

POy = p(yYur = p(yY "(ax’") = a(@dyy ' (@) = —aA
p(Duy = p(xY'u; = (adx)""( 3 Bax*ty +ﬁy"") = —BA.

0<a<p—2
Therefore

—pNuy = p(M)pO)u; — p(O)p(Mu; = —a(adx)’(A) — G(ad yy'(A) = 0,
0=pMNur = pxX)pu1 — p(Y)p(x)u;
=0—{y, > BX*Y 4By} = 3 Bala+ Dy,

0<a<p-2 0<a<p-2

hence (3, = 0 for all a and then p(x)u; = 3y*~'. The actions of x and y on M determine
the module structure completely, as x and y generate H as an algebra. Thus given «,
the module is uniquely determined. Then it has to be the module H @ F(—al + 30).
¢) Consider the case that M, is one-dimensional. The dual module has a submodule
of codimension one and is therefore of the type we considered under b). u
As a consequence of Theorems 4.9 and 5.1 the character of a module carries the fol-
lowing important information:

COROLLARY 5.2. Let M be a nontrivial H-module of dimension < p*.

1) M can be turned into an L-module with a character p € L*, u(H) = 0.
2) The following are equivalent:

ajp#0

b) x or y act nonnilpotently on M

¢) dimM = p?, M irreducible.
3) If p # 0, then M = w(L, 1) @u(r | Loy FU-

PROOF. 1) The assertion is clear if M is irreducible. If M is reducible (and nontrivial)
it is one of the modules described in Theorem 5.1(2)—(4). These are restricted L-modules
and hence carry the character y = 0.

2) a)=b): As u(H) = 0, p # 0, we have u(I') # 0 or u(®) # 0. Observe that
p(Y" = u(TYid, pOY’ = p(OYid.

b)=>c): M is none of the modules described in Theorem 4.9.(1) or Theorem 5.1. Thus
it is irreducible of type (4.9.(2)).

c)=>a): As above, M has to be of type (4.9.(2)). Hence u # 0.

3) M has to be of type (4.9(2)). .

COROLLARY 5.3. 1) The irreducible H-modules of dimension < p* are parametrized
by (L/ H)* via the character on L.
2) Two modules H® F(al + 30), H® F(YT + 6 ©) are isomorphic if and only if
ad = B7.
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3) The indecomposable, reducible, nontrivial H-modules of dimension p* are
parametrized by the union of two projective lines.

PROOF. 1) obvious.

2) Since the dimension of M is p?, we have (a, ) # (0,0). If a6 = 37, and say ¥ # 0,
then H @ F(aT' +30) = H® Fy(al +(af/7)0).

Assume that ¢y: H® F(aT +30) — H® F(YT + 6 0) is an isomorphism. As there is
exactly one submodule of dimension p* — 1, namely p(H)M = H, 1 induces a module
automorphism of H. FA is uniquely determined as the one-dimensional L)-submodule
of H. Hence v | H is just the multiplication with a nonzero scalar 7, given by ¥ (A) = TA.
Therefore ¥ ({x,aT + 30}) = 7{x,al + 30O} = By, v{y,al +30O}) =
7{y,al +30} = —arx’~!, proving that ¢ (aT + 30) = 7(aT + 30). On the other
hand, there is ¢ # O such that Y (al'+ 30) —oc(YT'+60) € H. ThusTa = 07,
T8 = 06.

3) As is proved under 2), the modules of type 3) of (5.1) are parametrized by a projective
line. So two projective lines are needed to parametrize the modules of types 3) and 4). m

The following corollary is needed for the solution of the classical case of the general-
ized Kostrikin-Shafarevic Conjecture ([St-2], Theorem 4.5). The quoted theorem gives
a characterization of the simple classical Lie algebras over algebraically closed fields of
characteristic p > 7 in terms of the one-sections with respect to an optimal torus in some
p-envelope of those algebras.

COROLLARY 5.4. Let M be a nontrivial H-module of dimension < p*. Put M, :=
{m e M|p(Aym = 0}.
1) M, is a Ly-submodule, dimM /M, = 2.
2) The eigenvalues of xy on M| M\ are £1, both with multiplicity 1.

PROOF. We use the classification of the modules in question.

a) The result is clear for: M = H, as in that case M; = H(p), and for completely
reducible modules H ¢ F. Thus only the irreducible and the indecomposible reducible
modules of dimension p? remain to be considered.

b)If M = H® F(al + 30), then M; = Hy) @ F(al + 30). This proves the result
in this case.

c) Let M be the dual of U := H & F(al + 3©). Note that { A, U} = Fx*~!y?=2 +
Fx?~2y?~1 is two-dimensional. As f € M, if and only if A.f = 0, i.e. if and only if
f{A,U}) = 0, M, has codimension 2 in M, and M/ M, is represented by { A, U}*.
Since xy has eigenvalues +1 on { A, U}, it has eigenvalues —(=%1) on the dual space.

d) Let M be irreducible. Then there is a one-dimensional L)-submodule Fu, and
{px)'p(yYu| 0 <i,j<p—1} is abasis (Theorem 4.9). It is direct consequence of the
commutation rules of § 3, that { p(x)’p(yYu | 0 < i+j < 2p—4} C M,. (3.4) proves
that p(A)p(xy~'p(yY~'u = 0.

Clearly, M # M, as kerp = 0. Then 1 < dimM/M; < 2 and the only possible
eigenvalues of xy on M/ M, are 1. Since M/ M, is a module for Fx* +Fxy+Fy* (¥ s1(2))
both eigenvalues have to occur, with multiplicity one. n
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6. Extensions. We presuppose the same assumptions as in §4. The fact, that the
H-modules H and H* are isomorphic (which is established in Theorem 4.9), can be con-
sidered also a consequence of the following theorem. The result of this theorem has far
reaching consequences in cohomology theory.

THEOREM 6.1 [BL-58, THEOREM 7]. H carries a nondegenerate invariant bilinear
form.

One can define a nondegenerate invariant bilinear form on H in the following way.
The multiplication {, } on the truncated polynomial ring A(2;1) turns this into a Lie
algebra. The derived algebra is H which is an ideal of codimension 1. Define a linear
form

MNAQ; 1) —AQ;)/HXF
and a bilinear form, also denoted by A

MNAZ D)X A1) — A D)/HEF
AP, XYY 1= XY L HL

As (ub —va xa+u+r—lyb+v+s—lA + (us — vr)x“*“*’flyb”“_lA _ {x"yv,x‘”’ +s} € H, we
obtain the invariance of A

MY XY + A, { XY, Xy }) = 0.

Consequently, as an H-module, H* is canonically isomorphic to H. Let us look at this
isomorphism in detail. It is given by ¢: g +— A (g,?) and H acts via (h . w(g))(f) =
@ hf}) =M {hf}) = rx{hg}.f) =Y hg})f). H has abasis {xy" |
0<a+b<2p—3}U{A}. Thusx¥'y»~! = 1 — A = 1 mod (H), and therefore the
dual basis with respect to A is given by

WYYy =Yl 0<a+b<2p—3, A= —A.

THEOREM 6.2.  Exty,,(H, F) & Exty(F,H) = L/ H. These Ext-groups are two-
dimensional.

PROOF. The above remark proves the existence of isomorphisms of the Ext-groups
Extyp(H, F) = Extyy,(H*, F*) = Exty,,(F, H). Since the first one of these describes
the extensions of F by H, Theorem 5.1.(3) shows, that this is given by L/ H. L/ H is
two-dimensional. [

We give bases of these three spaces and by this exhibit the isomorphisms. A basis of
L/ H is represented by the residue classes of I" and ©. The elements of Ext},(H)(F ,H) =
H'(H,H) are represented by the extensions Hqrige := H @ F(aI + 30) (as they were
described in Theorem 5.1). T and © determine outer derivations, i.e. cocycles in C!(H, H)

fr.fo: H— H.fr(g) == {gT}.fo(g) = {g.0}.
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The associated elements span Ext},(H)(F , H). The corresponding basis of Ext},(H)(H, =
Ext},(H)(F, H*) = H'(H,H*) is obtained by dualizing this. The isomorphism H — H*
maps fr(g) — A(fr(g), ) — A({ &, T}, 2.

We obtain outer derivations

fLfOH— H (fT(@)(h) = A{ &, T}, ), @)k == A\({,0}, h).

The extensions of H by a one-dimensional module are given by the dual spaces
(Hqr+pe)*. These can then be described by

(Hal"ﬂi@)* =H® Fal‘+ﬁ®’
g-(h+61):={g,h} +f*")h) = {g.h} + \({g.aT + 36O} ,h)1.

The determination of these extensions of the module H by a one-dimensional module
also gives insight into the central extensions of the algebra H. We have to observe, that
under this aspect one is no longer interested in the equivalence classes of extensions but
in the algebra (!) isomorphism classes.

THEOREM 6.3.  Up to algebra isomorphisms there are exactly two central extensions
of H by a one-dimensional center, namely
1) the split extension H ® F
2) the nonsplit extension (Hr)* = H ® Fw, given by

{x +6w, X'y +6'w}" = (as — b Y TIA + £ (P, XY )W,
FOY V) 1= $84.081084p-

PROOF. Let G be a nonsplit central extension, the multiplication denoted by [ , ].
Then G is an indecomposable H-module of dimension p? with a one-dimensional sub-
module. Thus G = (Hqr.ge)* with suitable o, 3 € F (not both vanishing). In terms of
the multiplication this and the above determination of these modules means that G =
HO® Fw,

[g+éw,h+86'wl={gh} +({g al+B0O}, hw.

Consider the linear automorphisms ¢ and 15 (for alld € F) of the vector space A(2;1)
given by

ey) 1= (1P, P (y) = (x +80)Y.
We have ¢(A) = A, ¥5(A) = A, and the chain rule easily proves that ¢, 15 are au-
tomorphisms of H. In addition, these mappings are automorphisms of the commutative
truncated polynomial ring A(2; 1) and therefore are orthogonal transformations with re-

spect to the invariant bilinear form A, defined in Theorem 6.1. These mappings can be
extended canonically to L (as L is a p-envelope of H) by

(D)= e = O, p(©) := (' = T,
Y (D) := (x+6y)7,  ¢5(0):=)" = 0.
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We are not interested in the exact determination of 15 (I'), but just mention that 5 (I")
= xP + §PyP) 4 ys = T + 67O + us, with some us € H. Thus by choosing a suitable
automorphism p of L we obtain p(aI'+30) = ¥(I" +u) for some u € H,Y # 0. Define
p':G— Gbyp'(g+6w):= p(g)+7 '6§w. Then

p'(g+6w,h+6'wD) = p({g.h})+ X({g aT+30}, Ay 'w
=p({g.h)+X({p(®).p(al+BO)}, p())Y'w
= {p@.pM} +X({p@. YT +w},p()Y 'w
= {p@, oM} + X({p(@). T +u},p(h))w.

Since we are only interested in isomorphisms classes, we may assume that the product
[, 1 makes G an H-module determined by a cocycle fT*“. Since this differs from f' by
a coboundary (determined by p: H — F, p(g) := A(gu)), we may choose a different
vector space decomposition G = V @ Fw, and a vector space isomorphism o: G — G,
such that c(w) = w, (V) = H and

a(lvi +6w,v2 +6'w]) = {o (), 0} + A({o(1). T}, a(v2))w.
Thus up to isomorphisms, the multiplication of G is given by
[g+éw,h+8'wl={gh} +({g T}, h)w.

To complete the proof, we have to compute A ({ g, F} ,h).Putg = x“yb ,h =x"y*. Then
{x*y*,T} = —bx*~"*%y>~! and interpreting A ({ g, '}, k) as an element of A(2; 1)/ H &
F we obtain

MY, T, x7y) = —bx =4y b 1% L | = (56,004,00b45 )1 + H. .

We now turn to a problem which had been left open in [St-89/3] and in this context
allows a natural partial solution.

PROPOSITION 6.4. 1) Let G be a central extension of H, i.e. G/ C(G) 2 H,and M
any G-module. If GV N C(G) acts nonnilpotently on M, then

dimM > p?~ /2,

2) Let G be a Lie algebra with G/ rad G = H, and M an irreducible G-module. Assume
that [G,rad G] does not act nilpotently on M and dimM < p/2@~2_ Then G has an
ideal J with the properties

a) JV acts nilpotently on M

b) [G,J] does not act nilpotently on M.

PROOF. 1) Decompose M = @M, into weight spaces with respect to C(G). Every
M; is a G-submodule. Let U; C M; be an irreducible G-submodule with representation
pi: G — gl(U;). Since U; is irreducible, every x € C(G) acts on U; as a scalar multiple
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of idy,. Our assumption implies, that there is k € N and w € GV N C(G), such that
pk(w) = idy,. Inparticular, G/ ker py is not abelian. Thus substituting (if necessary) M by
Uy and G by G/ ker p; we may assume that M is faithful and irreducible. Consequently,
C(G) = Fw is one-dimensional and p(w) = id.

The structure of G is determined in Theorem 6.3. As G is not split, we have (up to iso-
morphism) [y, y*] = $6psspw. Put K := T1<i<p—1 Fy' + Fw (the p-dimensional Heisen-
berg algebra) and K1) := ¥ p41)/ 2<i<p-1) Fy + Fw. K1) is an ideal of K of codimension
(p — 1)/ 2. p([y", D) is invertible if and only if i + j = p. Thus Theorem 2.4.(2) applies
and yields that dimM > p®~"/2,

2) We proceed by induction on dim G. If p(G) is solvable the result is well-known. Thus
we may assume that M is a faithful module. Due to our assumptions radG # C(G).
Choose an ideal J minimal under the conditions

a) C(G) CJ,

b) C(G) # J,

¢) JV C CG).
If C(G) = O then we are done. Otherwise C(G) is one-dimensional and is spanned by
some element ¢ with p(c) = idy. In this case there is a skew-symmetric bilinear form
p:J x J— F given by [x,y] =: u(x, y)c. It has the properties

u(x,y) = —u(y,x), p(g,xl,y) +ux[gy)) =0forallx,y € J,g € G.

I:={g € Jlu(gy = 0Vy € J} is an abelian ideal of G. If I # C(G), thenJ = Iis
abelian and, as J is not central, [G,J] # 0 and therefore does not act nilpotently on M.
In this case we are done.

Thus we assume / = C(G) and prove that this assumption leads to a contradiction.
J is a Heisenberg algebra. Choose a maximal totally isotropic subspace V C J. V is
an abelian ideal of J of codimension (1/2)dimJ/ C(G) in J. Note that for x,y € J,
o([x,y]) = p(x,y)id. Asin 1), Theorem 2.4 yields the estimate

p(l/2)dim1/ C(G) < dimM.

As dimM < p(/P@*=D this shows that dimJ/ C(G) < p* —2 < p®~V/2 J/ C(G) isa
G-module, and the minimality of J implies that it is irreducible. Let x: G — gI(J/ C(G))
denote the representation. If k(G) is solvable then ([SF-88], Lemma V.8.1) proves that
J is abelian, J = I = C(G), a contradiction. If [G, rad G] acts nilpotently on J / c(G),
then the irreducibility implies k([G,rad G]) = 0, i.e. k(radG) = C(fc(G)). The first
part of this proposition yields that £(G)"’ N C(k(G)) acts nilpotently, hence is 0. Then
K(G) = K(G)V @ C(k(G)) splits and K(G)V = H acts faithfully on J/ C(G). This
contradicts the result on the dimension in combination with Theorem 4.9. By induction
hypothesis applied to the algebra G/ J and the irreducible module J/ C(G) there is an
ideal K of G such that [K'D, J] C C(G) and [G, K] acts nonnilpotently on J/ C(G). Since
k(K) is abelian and J/ C(G) is irreducible, there is an eigenvalue function A € K*, such

https://doi.org/10.4153/CJM-1991-035-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1991-035-x

608 HELMUT STRADE

that £ (g) — A (g) id acts nilpotently on J / C(G)forall g € K. On the other hand, the above
constructed bilinear form p yields that

XY u(xy) = p(@dgy (0),y) = (1Y u(x.(ad ¥ () = —A(g) n(x,y)
forallx,y € J,g € K, and suitable r.

Thus A(K) = 0. Then A([G,K]) = 0 and [G, K] acts nilpotently on J/ C(G), a contra-
diction. n

THEOREM 6.5. Let G be a Lie algebra with G/ radG = H. Assume that G has
a faithful irreducible module M of dimension dimM < p*. G, denotes a p-envelope
of G, such that M is a faithful G,-module. Then the following two mutually exclusive

possibilities occur.
1) radG = C(G) : G = H & C(G) is a split central extension. M is one of the
modules of Theorem 4.9.

2) [G,rad G] acts not nilpotently on M : r1adG # C(G), (rad G,)'V = 0. There
is a restricted subalgebra K of G, of codimension 2 and containing rad G, a
character p, and a one-dimensional K-submodule Fu, s.t. M = u(Gp, )@k k)
Fu.

PROOF. a) Consider the case that [G, rad G] acts nilpotently on M: as M is faithful
irreducible and [G, rad G] is an ideal, this vanishes and hence rad G = C(G). Proposi-
tion 6.4 shows that G''Y " C(G) = 0, i.e. G is a split central extension, G = H & C(G).
The irreducibility of M yields dim C(G) = 1.

b) Consider the case that [G,rad G] does not act nilpotently on M: Proposition 6.4
applies to G + rad G, and yields the existence of an abelian ideal J ¢ C(G,). Clearly
J is an ideal of G,. Let A denote the eigenvalue function on J, i.e. p(g) — A(g)id is
nilpotent for all g € J. Put K := {g € G, | A([g,J]) = 0}. K is a restricted subalgebra
containing J. Let M, be an irreducible K-submodule of M. Theorem 2.4 implies that
dim M > p¥mC/K dim M,. Consequently, dimG,/ K < 2 and dim M, < p?~dimG /K

b)) If K +rad G, # G, then (KN G +rad G,)/ rad G, is a subalgebra of H of codi-
mension at most 2 (and different from H). According to Proposition 1.4 this subalgebra is
H (o) and has codimension 2. As dim G,,/ K < 2, this in turn means that K +rad G, = K.
Then dimM; = 1 and (rad G,)'" annihilates M,. As {m € M | p(g)m = 0 for all
g € (rad G,)"} is a submodule, it is all of M. The faithfulness of M yields that rad G,

is abelian.
by) If K + radG, = G, we put K’ := NK™. Observe that K'/ K’ N rad G, =
Nu>0(Gp/ rad G,)™ = H is simple. In combination with the fact that K"V = K’, this

implies that K’ N rad G, is the unique maximal ideal of K, in particular K’ N rad G, =
rad K’. K’ acts on G,/ K, which is at most two-dimensional. Inductively, K’ acts on every
composition factor trivially. As K1) = K’, we obtain that [K’,G,] C K, hence even
[K',G,] C K’ and K’ is an ideal of G,. Again by induction we obtain, that K’ annihi-
lates any composition factor of M, hence K’ annihilates M,. As K’ is an ideal of G, this
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implies as above, that K’ annihilates M, hence K’ = 0 and K is solvable. But then G is
solvable as well, a contradiction. L]

We finally give an example that the situation becomes much more complicated if the
module M under consideration is not irreducible.

Let A be the invariant form defined in the beginning of this section. U := ker A\ C
A(2; 1) is an H-module isomorphic to H. Put G := H @ U the semidirect sum of H with
the abelian ideal U, M = A(2;1). For u € U and h € M let uh be the associative product
in A(2; 1). Define a map p: G — gl(M) by

p(g+uwh:={g,h} + A(uh)l.
As A({A(2;1),A(2;1)}) = 0 we obtain

p(g1 +ui)p(g2 +u)h — p(g2+ux)p(g1 +u1)h
= {&1.{g2.h}} + X {g2.h}) + X (X (w2h)uy)
—{g.{g.h}} — Awf{gih}) — A(Auih)uz)
={{gn&}.h} +x{ g2.uh}) = X({ g2, u1} B) — A({ g1, u2h})
+A({gn.uz}h)
= {{gn&}.h} + x{ g1, u2a} ) — A({ g2, u1 } h)
= p({g1+ui, g +uz})h.

Therefore p is a representation of G of dimension p?. This strange module M has the
one-dimensional submodule F1, but M does not split , since every submodule contains
F1. This representation has structural features completely different from those mentioned
in the theorem.

7. Tensor products. We presuppose the assumptions of § 4. For future applications
in the classification theory of simple Lie algebras we are interested in the situation that
a Lie algebra has a subalgebra G such that G/ rad G = H, and G-invariant subspaces
U, V, W of dimension < p?, such that [U,V] C W. More specifically we consider in
the beginning of this section the following setting: U, V, W are induced L-modules of
dimension p? with representations p;: L — gl(U), po: L — gl(V), p3: L — gl(W), char-
acters p; (i = 1,2,3), and the respective one-dimensional L)-submodules Fu, Fv, Fw.
¢:U® V — W denotes an L-module homomorphism.

LEMMA7.1. Ifg € Wisannihilated by p3(x*), p3(xy*), p3(y*) then there are ., 3,7,
6 € Fwithg = aw+Bp(x)w+Yp3s(0)w+8p(xP ' p(y)WP~'w. If u3 # 0, thens = 0. In
either case p3(x*y)g = 0.

PROOF. A basis of W is given by { p3(x)?p3(»)’w | 0 < a,b < p —1}.Put g =
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Yo<ij<p—1 @ip3(x)' p3(yYw. Then by (3.6) and (3.5)

0 = p3(x)g
=3 ayps () [p3 (), p3 (Y 1w
=3 a3jG — Dp3x) p3(yY 2 p3(x)w
=3 a3jG — Dps)™ p3pY 2w
S 3j( — Dayps()™* pa(yy 2w

i#p—1
22

+3°3jG — Dapo1;03(xF p3(0Y 2w

j22

= 3 3j( — Dogips(0)™ p3(yy *w
i#p—1
Jj=2

+p3(D) 323G — Dagy—1,03(0Y *w.

j22

Consequently,
aj=0fori#p—1,j>2,

p3(Myop—1j = 0 forj > 2.
Symmetrically, we obtain
a;=0fori>2,j#p—1,
w3 (@i, = 0ifi > 2.
Thus the only nonvanishing summands correspond to indices (i,j) € {(0,0), (0, 1),

(1,0), (1, 1), (p—1,p— 1)} _
Applying p3(xy?) we obtain by (3.4)

0= p3(0P)g = 3 ai(—2j +i — Dpsx) ' p3(yYw.

Hence «a,; = 0. This proves the first part.
Under these conditions on the coefficients a similar computation yields p3(x?y)g = 0.
If pu3(I) # 0 or p3(0) # 0, then ap—y p—1 = 0. .

LEMMA72. 1) ¢(pi(0)°u® pp(3)’v) =0forl <a,s<p—1l,a+s<2p—4
2) (M) u® pp(x)v) =0for1 <a,s<p—1l,a+s<2p—4
3) cp(pl(x)"u@)pz(x)‘v) =0for1 <as<p—1l,a+s<2p—4
4) o(p()'u® poyv) =0for1 <a s<p—la+s<2p—4
PROOF. We proceed by induction on a + s.
a=s=1:as
p3 (") (1 (D @ pa(x)v)
= ()P @ pa(x)v) + ¢ (1 (DU @ pa(xy*)pa(x)v)
= ([P, @U@ pa(xI) + ¢ (p1 (XU ® [p2(xy*), p2(W)IV)
=0,
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(3.4) implies that ¢ (pl(x)u® pz(x)v) = aw+B p3(w+Y p3 (Vw6 p3 (P p3 (P 'w
for suitable «, 3,7, 6 . The eigenvalue with respect to p3(xy) associated with ¢ (p1 @u
pz(x)v) is —2, which is only possibleifa = 3 =7 =6 = 0.

We treat the case ¢ ( p1MuU® pa (y)v) similarly. It is then a direct computation that the
assumptions of Lemma 7.1 are satisfied by g := gp(pl(x)u ® pg(y)zv). Thus

0= p3(y)p (P1(X)u ® p2(3)*v)
= ¢(n(EY)p1 DU ® p()v) + ¢ (P1 DU @ P(FY)p2(7)V)
= 2¢(p@u ® p20)V).

The fourth equation of the assertion is derived analogously.
a+s > 2: By symmetry we may assume thata > s > 1, a > 2. Note that our
assumptions imply s < p — 1. Then the induction hypothesis yields

3 (01X U @ p2(y)’v) = ala — Dp (01X u ® pa(y)'v) = 0

Similarly, if s # 1, we obtain inductively

p3(2Y)p (010U ® p23)°v) = s(s — Dp(p1(0)*u @ p2(»)°'v) = 0

This equation however is also true for s = 1, since then the scalar factor vanishes. Due
to Proposition 3.4 we obtain

(1)U ® p2()'v) = aw + B p3 (W +Y p3(Iw +8 p3(xF ' p3 VY .
Next (3.5) and the induction hypothesis yield

2307 (01 (U ® p2(y)'v)
= 2(mGPPI U ® p()'V) + (L1 (X u ® p1()p2(7)'V)
= —2ap(n@* ' ) ® p2)'V)
= —2ap (P )M®* U ® p2)'V)
= —2aps()¢ (P ()" u ® (1)) + 2a¢ (p1 (X' u ® p2(»)*'v)
= 2ap(p1(0)°* U ® p2(»)™*'v),
p3()p307)¢ (p1 (0 u ® p2(3)°v)
= 2ap3( ) (p1 (D) ' u ® p(3)*'v)
= 4a(s + D (P4 ® p2(y)’ p2(x)V)
= —da(s + D (p1(0)u ® p2(y)°v).
On the other hand, the above result yields
p3()p307) (p1 (1)U ® p2(y)'v)
= p3()p3(0P)(aw + B p3w + Y p3()w +8 p3(xF ' p3 (Y ' w)
= p3()(=2B ps (Y)W + 26 p3(x¥ 2 pa(yPw) = —4B pa(x)w.
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Hence ¢ = 0,7 = 0,6 = 0, —da(s + 1) = —43. Considering eigenvectors with
respect to p3(xy) we obtain

—B 3w = p3(y)p (P U ® p2()'V) = (s — @) (1 (V) U @ p2(y)'V),

hence (s—a)3 = —B. Thusif 3 # 0,thena = s+1 =a!,anda = lora=p—1.The

first case contradicts our choice of a, while in the second case s = p — 2, contradicting

our assumption a + s < 2p — 4. Thus 8 = 0, proving the induction step in one case.
Next we conclude

0 = ;3P (P U® p()'v) = 2°s1 0PI U ® pa(x)'V).
2) and 4) are just the symmetric statements. ]

LEMMA7.3. 1)AssumethatQ < a+r, b+s < p—1,1 < a+b, r+s, a+b+r+s < 2p—4.
Then ¢ (p1(x)p1()’u ® p2(x)" p2(y)*v) = 0.
2) Assume that cp(pl(x)u ® v) =0or <p(p](y)u & v) = 0. Then w(pl(x)“pl(y)bu ®
v) = Owhenever 0 <a,b<p—1,1<a+b<2p—4

PROOF. 1)Ifaand b both are nonzero we may, proceeding by induction on a+b+r+s,
shift x to the right side of the expression. Thus we may assume thata = Oor b = 0.
Similarly, we obtain inductively s = Oifa = 0 and r = 0 if b = 0. Lemma 7.2 yields
the result.

2) As p(pOu®v) = —(1/ D (p10P)M@u @ v) = —(1/ Dp3(7 ) (P ®v),
P(p1u@v) = (1/ Dp(p3(P)p1(u®v) = (1/2)p3()¢ (p1(»)u®v) the assumption
implies that both of these elements vanish. This proves the assertion fora + b = 1. The
general result follows easily by induction on a + b, by shifting one of the factors on the
left to the right and then using 1). =

THEOREM 7.4. Let U, V, W be induced L-modules of dimension p* or irreducible of
dimension p*— 1, with representations p;: L — gl(U), p: L — gl(V), p3: L — gl(W), and
characters p; (i = 1,2,3) with u;,(H) = 0. Fu, Fv denote the respective one-dimensional
Lo)-submodules of U and V. Assume that ¢: URQV — W is an L-module homomorphism.

1) cp(pl(x)"pl(y)bu ® pz(y)v) = QO whenever 0 < a <p—-1,0<b<p-2
1<a+b<2p-5.

2) If up # 0, then Lp(p](x)“pl(y)bu ® v) = O whenever 0 < a, b <p—11<
a+b<2p—4.

3) Ifu1 # 0, up # 0, then cp(pl(x)“pl(y)bu ® v) = 0 whenever 0 <a, b <p—1,
0<a+b<2p—4

PROOF. a) Assume first that U, V, W are induced. 1) is a direct consequence of
Lemma 7.3.(1). In order to prove 2) we assume that u>(I") # O (the case ux(®) # 0Ois
similar). Lemma 7.2 yields

n2(D) (P U @ v) = ¢ (P ® p(xy'v) =
P (P10 @ pp(¥~'v) — @ (P Wu @ pa(xf ') = 0.
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Hence cp(pl(x)u ® v) = 0, and Lemma 7.3.(2) gives the result.
3) Using the preceding result and Lemma 7.2 we obtain

prMe@®v) = @(p[(x)”u ® v) =
P3P (P10 u®v) = o(pxF ' u® pax)v) = 0,

and similarly 141(©)p(u ® v) = 0. As u; # 0 this gives the result.

b) If some of the U, V, W are not induced but irreducible, we observe that in either
case U, V, W are direct summands of induced modules U, V, W of dimension p? ((4.9)
and (4.8)). Thus U, V are homomorphic images of I/ and V, and W is a submodule of W.
There is a pull back ¢: U ® V — W of . a) applies to @ and gives the result. .

Motivated by the classification of simple Lie algebras we finally consider the case
that G is a Lie algebra with radical radG # C(G), and U, V are faithful irreducible
G-modules of dimension < p?, while W is any module of dimension < p?. We recall
(Theorem 6.5) that U and V are induced by a subalgebra K of some p-envelope G, of
G, which has codimension 2 in G,,. rad G,, is abelian. Let Fu, Fv be the one-dimensional
K-submodules of U and V, respectively, and p;, p, the corresponding characters.

THEOREM 7.5. Let G = H @ rad G be the semidirect sum of H and the radical of G.
Assume rad G # C(G). Let U, V be faithful irreducible G-modules of dimension < p?
and W an arbitrary G-module of dimension < p?. p; (i = 1,2,3) denote the respective
representations. Then

1) G := L ®rad G carries naturally the structure of a restricted Lie algebra, such
that G is a subalgebra and G is a p-envelope of G.

2) pii = 1,2,3) can be extended to representations of G. These are faithful irre-
ducible with characters (11, j12 in case of p1, p2. Put K := Ly +1ad G. U and V
are induced _

U = u(G, p1) @y k) Fu

V= u(G, u) uk o) k) FV-

3) Let ¢: U ® V — W denote a G-module homomorphism. Then

«p( > Foi)'m)u® Fv) = 0.
0<a+b<2p—4

PROOF. 1) Choose a p-envelope (G, [p]’) of G of minimal dimension, such that
p1 extends to a faithful representation. Let H be the restricted subalgebra generated by
H and [p]'. C(H) + rad G is invariant under G, and hence is an ideal of G,. Therefore
C(H) + rad G C rad G,, which is abelian (6.5). In particular,

[C(H),radG] =0, [radG,radG] = 0.

As (L, [p]) is a minimal p-envelope of H (and is centerless) there is an algebra isomor-
phism A = L & C(H), such that gV — glP! € C(H) for all g € H ([SF-88], IL5.8).
Therefore

[g?.f1 = [g"".f] = (ad g¥’(f) forall g € A, f € rad G.
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According to ([SF-88],11.2.5) L&drad G C G, now is restrictable as well. The minimality
of G, shows that G, = L@ radG = G.

2) In the course of 1) we additionally proved that p; can be extended to a faithful rep-
resentation of G. By symmetry the same holds for p,. Clearly, these representations are
still irreducible. Since G is a p-envelope of G, also p3 can be extended to p3: G — gl(W).
We apply Theorem 6.5. The subalgebra K mentioned there contains rad G and has codi-
mension 2 in G. Therefore K = rad G+ KN L and K N L has codimension 2 in L. Thus
KN L= Ly and K = Ly +rad G (for both, p; and p, we obtain the same subalgebra).
(6.5) shows that U and V have the asserted form. In particular, U and V are, considered
just as L-modules, induced.

3) a) Assume first, that W, considered an L-module, is induced by a one-dimensional Lg)-
submodule. Since U and V are also induced as L-modules, Lemma 7.3 applies proving
that

p(mu® p()v) = 0.

Recall the construction of K: there are eigenvalue functions A\, A, € (rad G)*, such
that K = {h € G | M\(lh,radG]) = 0} (i = 1,2). Choose f, g € rad G such that
MfxD = 1L adf,yD = 0, Aa([g, x]) = 0, A2([g,y]) = 1.

0= (pa(®) = (M@ +22()) idw ) (i (010 © p20)v) )
= (P11 XDu ® p23)V) + ¢ (P1(X)u ® pa(lg, y1)v)
= M8 xD¢ (4 @ p)v) + ¢ (P10 @ v).

Considering eigenvalues with respect to xy we obtain <p(p,(x)u ® v) = 0. The ap-
plication of p3(f) — (/\1()‘) + /\z(f)) idw now yields ¢ (u ® v) = 0. Lemma 7.3 gives the
result.

b) If W is not induced but irreducible, it is a direct summand of an induced module
W’ (4.8). Then ¢ gives rise to an G-module homomorphism ¢’: U ® V — W'. a) applies
and proves the assertion in this case.

c) Let W have a one-dimensional trivial H-module Fc. If W/ Fc is irreducible we
obtain (using b)) that

o = Fwraotuer)cre

0<a+b<2p—4

If W is a trivial H-module we use induction on dim W to obtain the same conclusion.
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Observe then, that

@( > Fpl(x)“m(y)”u®FV) C 90( > Fpn(xy)pn(x)“pn(y)"u®FV)

1<a+b<2p—4 0<a+b<2p—4
+ ( > Fotd)p@ e 'ue Fv)
0<a+b<2p—4
- P3(XY)<P( S Fp0)'m(0)u® Fv)
0<a+b<2p—4
+p3(P)p ( >, Fp x)*p1(»)’u ® Fv)
0<a+b<2p—4

C p3(xy)Fc + p3(xX*)Fc = 0.

This gives the result for (a, b) # (0, 0). To prove p(u ® v) = 0 we consider eigenvalues.
Using the element f determined above and observing that ¢ (pl(x)u ® v) = 0 we obtain

0= (300 — (M) +2o() idw ) ¢ (1 @ )
= p(nlf. X Du®v) = U V).

d) There is only one case left: W has a submodule of codimension 1. Then W & H +
F(aT + 3 0O) for suitable o, (3. As in ¢) we conclude that

<P( > Fp*m(»)u® FV) C p3(xn)W + p3(>)W C H.

1<a+b<2p—3

Observe that for all & € rad G the transformation p3(h) acts as a scalar multiple on the
irreducible module H, p3(h)|H = p3(h)idg. If A3(h) # A\i(h)+ A2 (h) for some h € rad G
then p3(h) — p3(h)id would act invertibly on HN (U ® V), i.e. HN @(U® V) = 0.
Thus assume that A3(h) = A((h) + X,(h) for all A € rad G. Choose f, f € rad G such that
MU xD = 1L A(f, y) = 0, M, xD) = 0, \i([f",y]) = 1. Then

<P( > Fp.(x)“p.(y)”uwv)

0<a+b<2p—4

C(p3(f)—/\3(f)id)<ﬂ( )y Fp.(x)“m(y)”u@Fv)

1<a+b<2p-3

to) = 2o T Fawnorus )

1<a+b<2p-3

C (03¢ = XN id)H + (p3() = Xa(F) id)H = 0. .
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