BULL. AUSTRAL. MATH. SOcC. 46820, 47TH10
VoL. 38 (1988) [99-103]

A GEOMETRICALLY ABERRANT BANACH SPACE
WITH UNIFORMLY NORMAL STRUCTURE

XiN Tar Yu

A geometrically aberrant Banach space with uniformly normal structure, a modification
of Brown’s example, is given.

A Banach space X is said to have normal structure if for each non-trivial bounded

convex subset K there exists a point p € K such that
sup (Jlp — zf|;z € K) < diam K.

A Banach space X is said to have uniformly normal structure if N(X) =
sup(ra(A4); A C X, convex, bounded, diam A = 1), where

ra(A) =inf (sup(llz - yll;y € 4) = € A).

Normal structure and uniformly normal structure have been significant in the de-
velopment of fixed point theory. Considerable research has been directed into finding
geometrical conditions which imply normal structure and uniformly normal structure.

A Banach space X is said to be uniformly rotund in every direction if for any given
z# 0 and € > 0 there exists §(¢,z) > 0 such that |A| < e for z,y,||lz|]| = |ly]| = 1 and
z—y=MAz when |z +y| >2-6.

A Banach space X is said to be locally uniformly rotund if for any given z, ||z|| = 1
and ¢ > 0 there exists a §(e,z) > 0 such that ||z —y|| < € for ||y]| = 1, when
l=+yl>2-4.

A Banach space is said to be k-uniformly rotund (k — UR see Sullivan [9] ) if for
any € > 0 there exists §*(¢) > 0 such that for any z; € X, ||zifl < 1,1 =1,...,k+ 1,

k+1
with {[1/(k+1) Y z;l| > 1 — 6, then V(zi,...,Z441) < €, where
i=1
1 1

filz1) - fi(zke) fie XN Ifdl <1

V(z1,...,@k+1) = sup 1 L
1=1,...,k

fe(z1) oo fr(zrtr)
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A Banach space X is said to be uniformly Kadec-Klee if for every ¢ > 0 there exists
a 8,0 < § <1, such that for every sequence (z,), ||zx|l < 1 which converges weakly
to z and inf(||zn — xm| 7 #m) 3 € we have |lz|| < §. A reflexive and uniformly
Kadee-Klee Banach space is said to be nearly uniformly convex ( NUC ;see Huff [5]).

A Banach space X is said to be weakly uniformly Kadec-Klee if there exists an
0<e<1land § >0 such that for every sequence (z,)||zn]l < 1 which converges
weakly to = and inf (|lz, — 2m|| n 5% m) > ¢ we have ||lz|| <1-56.

Brown [2] devised an equivalent norm ||-| g on (Iz, ||-||;) such that its restriction
to M = {(ai) € Iz: a; = 0} remains the original l;-norm ||-||, and its restriction to
Mj = span {ej,er}, k > 3, is an I ) norm, where {e;} is the natural basis on I,
and p(k) — +oc0 as k — +oo, p(3) = 16. Giles, Sims and Swaminatham [4] proved
that (I2, ||-|lg) has normal structure.

In this paper, modifing Brown’s example, we give another equivalent norm ||-{|, on
(I2 |I-|l;) such that (I3, ||-|]|,) is non-URED, non-LUR, non-wUKK and non-KUR, but
(%2, ||I-ll,) bas uniformly normal structure.

Let Ry(z) = 110, as,..- )l

1
Ri(z) = (|a1 P 4 Iaklp(k))m

where ¢ = (a1,...,an,...) €Iz, k 2 3, p(k) P +o0, p(3) = 5.
Then, for ¢ = (a1,...,8n,...) € Iz, we put
llz]l, = sup (Ri(z) 2 < k < +00), and
llzll, = max(la1|, Ra(2)).

We have (I, |-]|,) = (R' ® lz)oo (2 denotes linear isometric).
Since for k 23,z = (a1,...,8p,...) €ly,

1

1 1
¥ 1 4
Ru(@) = (laaP® + 1aPP) "D < (Jarl* +lael’)” < (Jaal® + Ra(2)*)" < 2 |,

and Rs(z) < ||z, so
llell, < 2% =], -

Obviously, ||z||, < ||z||, for z € I3, therefore
I=ll, < flell, < 2¥ [l2],, for @ € L.

From this, we get
i
d((l2, I1-1le), (B2, [1-112)) < 28,
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where d(.,.) denotes Mazur distance.
It is easy to see that, as the proof of Giles etcetra, (I3,]|-|[,) is non-URED and

non-LUR.
Also, (I2,(I-l,) is non-wUKK. In fact, let s = ﬂ%ﬁ then, since ej + ex s e,
and |le; + ex|l = 270 1, we have
Th — €.
But
lim floe —zall, = lim [lex —enll, = V2,

kR k£h k. k#th
and |les]|, = 1. So (I2,]|-||,) is non-wUKK.
Since KUR spaces are NUC spaces [10], and NUC spaces are wUKK spaces, then
(I2,]Ill;) is non-KUR space.

Since
e; + ex e; — ek

llex + exll = llea — exl]
(I2,Ill,) is not uniformly non square (for definition see [3]).

— 2,

Nevertheless, (Iz,]]-||,) has uniformly normal structure from the following results.
THEOREM. (Lin, Yu and Zan [7]) If X;,: =1,...,n, has uniformly normal struc-
n
ture (UNS), then (Z @X,-) has uniformly normal structure.

=1 oo

PROOF: It is enough to prove that X = (X; & X;)_,, has UNS, if X; and X,
have UNS.

Let K be a bounded convex subset of X, define the projection P;: X — X;, ¢ =
1,2, then there exists z; € K; = P;(K), 1+ = 1,2, such that

sup (Jlz; — ¥l ;¥ € K;) < N(X;)diam(K).

Choose u; € X, such that (z;,u;) € K and u; € X; such that (u;,z,) € K.

Let w = (2f®2, 2249} then for any (z,y) € K,

1
2
o)

(J=
< max 5z — 21l + uz = 2l), 3oz — vl + s ~ o) )

1
(z1 + uz) — =, —-(u; + z3) -y”

B
&

< max 1(1 + N(X,)) diam(K), —(1 + N(Xg))dxam(ﬁ))

< 2 max (14 N(X1)), (1+ N(X,)) diam(K).
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Then X has UNS and N(X) < %ma.x((l +N(X.)), 1+ N(Xz)))

CoroLLarY 1. (R'@®l),_ = (i) has UNS and N((i]-,)
< max (%, 12+ v2)) = (2 +V2).

PROOF: Since N(R?) = 1 and N((l5,|I],)) = ¥Z.

REMARK: It is worth noting that ||z||, < ||z|l, < v2||z||,, but (I, ||-||,) has UNS.

-1
COROLLARY 2. If p > 5(> (log2 51275) ) and d((Iz,]-ll,), X) < 2%, then X
has UNS.

-1
PROOF: Since p > (1032 ﬁ;) , then
N(X) < d((l, [ Mle)s XIN (s [I-ll,))-

COROLLARY 3. (L,||-||,) has UNS.

PROOF: By Corollary 2 and d((z, ||-Il,), (Iz,1-l,)) < 2%.
In (1], Bernal and Sullivan proved that if for all z € I3,

% fi=ll, < =il < li=ll;

where 1 < 8 < v/2, then (I3,||:||) has normal structure.

In [7], using the estimation of §*(¢), it had been proved that if 1 < 8 < v/2Z then
(I2,1]-]]) has UNS. This was also proved in [8].

Since |le; + ex|l, — 1, [lex + exll, = V2,50 (I2,]-]|,) has B > v/Z, hence 1 < B <
V2 is not necessary for UNS.

From the above results it seems that UNS does not necessarily imply that the space
has good geometric properties.
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