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§ 1. Introductory. If the right-hand side of the expansion
(L= 2k 4T = 5 BOP () veereeeeeereeeeeeeseeeeeeseseesssenn, 1)
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is integrated m times from 1 to u, it becomes
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In Hobson’s treatise on Spherical and Ellipsoidal Harmonics, page 105, it is stated that

the corresponding integration of the left-hand side gives rise to the function
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together with a rational expression which involves only powers of k. If, however, the inte-
gration is carried out step by step it is seen that, after the first step, the rational expression
involves powers of p also and that it is of the form
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where, for n=0, 1, 2, ... , m -1, f () is a polynomial in x of degree n ; and, for
n=m, m+1,...,2m-1, Jo () =fzm—1-n ().

When p =1, fn(u) takes the value 1.

These results will be established in § 3, and it will be shown that the polynomials f3 (1)
can be expressed in terms of Associated Legendre Functions of the Second Kind. In § 2
some formulae, old and new, on which the proof is based, are given.

§ 2. Associated Legendre Function Formulae. If m is not a positive integer and if % is
sufficiently small, then *
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where, if n is zero or a positive interger and m is not integral,
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Now the right-hand side of (3) is equal to
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* Quart. J. of Math. (Oxford) XIV. (1943), 1, 2.
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Therefore, if n is zero or a positive integer and sm is not integral
2 sin mm
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The formula
m In+m+1)
Pr (1) = I'in - m+1)P (1) +
will also be required.
§ 3. Proof of the Expansion. On replacing n by #n —m in (5), that formula becomes
sin m;
TT(n-2m+1) QP (1) eeenn (6)
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Hence, if m tends to a positive integral value and n=2m,
T(n=2m +1) Pl (1) =70 Pplos (1)y cvveeeeevnirerarernneernnariasennnns

a well-known formula.
2 sin m 1
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Again, from (6),
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and therefore, when m tends to a positive integral value and n =m, m +1,
m+n
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Next, from (4), :
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and therefore, when m tends to a positive integral value and » =01, 2
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Thus, from (9), (8) and ('7), when m tends to a positive integral value, (2) becomes
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Thus, finally,
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On replacing # by 2m —1 —n in the last line it is seen that the coefficient of A2m-1-» jg
But

equal to minus the coefficient of 2™ in the second last line
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in these two lines. Therefore
fgbm—l—-n (1) =f7yf (1),
where n=0,1,2, ..., m-1.
Again, if n=0,1,2,..., m-1,
o <2 FG+m) (@2 =) TG (Em=n)
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From this it is clear that fy, (x) is a polynomial in p of degree n.
Lastly, let u—1 and apply Gauss’s Theorem ; then
fm(l)_2"l’(%+m) I'2m-n) I'm-n+3§)I'(m)
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