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WEIGHTED HARDY INEQUALITIES
FOR INCREASING FUNCTIONS

Dedicated to Professor P. G. Rooney on his sixty-fifth birthday

H. P. HEINIG AND V. D. STEPANOV

ABSTRACT  The purpose of this paper 1s to charactenze the weight functions for
which the Hardy operator (Pf)(x) = x! J3 f(©) dt, with non-decreasing function £, 1s
bounded between various weighted L7 -spaces for a wide range of indices Our charac-
terizations complement for the most partthose of E T Sawyer[11]and V D Stepanov
[15] for the Hardy operator of non-increasing function

1. Introduction. The classical Hardy inequality states that the averaging operator
P defined for locally integrable function f on (0, c0) by

1 &
(1.1) (PF)(x) = ;/Of(t)dt, x>0

is bounded on LF(0,00), p > 1. The problem of characterizing the weights (and mea-
sures) w, v for which the inequality

(1.2) [ /  [(PH®)|w(x) dx} i o C[ / v ]

holds with 0 < p, g < 00, p > 1, has been widely studied during the past twenty years
and has now been completely solved. (cf. [10] [12] and the literature cited there.)

More recently this problem focused on the Hardy operator defined on positive de-
creasing functions. In this context characterizations of the weights, w, v for which (1.2)
holds were obtained by E. T. Sawyer [11] for 1 < p, ¢ < oo via a general approach
using duality. A different proof of these results as well as the weight characterizations 1n
the index ranges 0 < p, g < oo were given by V. D. Stepanov [15]. It should be noted
that for 1 < p = g < oo and w = v, a weight characterization for which (1.2) holds
was already obtained by D. W. Boyd [3] and subsequently by S. G. Krein, Yu. I. Petunin
and E. M. Semenov [4, Chapter 2; Theorem 6.6] in connection with their study of oper-
ators in rearrangement invariant spaces. For a different characterization of this result we
refer to [2]. Other results of this type for more general operators defined on monotone
functions have been obtained by K. F. Andersen [1], C. J. Neugebauer [9] and S. Lai [5],
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[6]. However if f is positive and increasing then the inequalities given by the last two
authors were reversed except for the index raange 0 < p < g < 1. In this case weight
characterizations were given for which (1.2) holds. (cf. [S5, Theorems 2.3; 2.4]).

The object of this paper is to consider the Hardy operator on positive increasing func-
tions and to characterize the weight functions w and v for which (1.2) holds. Theo-
rem 2.1 contains these results for 1 < p < g < oo and Theorem 2.2 for the index
range ] < g <p < o0 If0 < g <1 <p < oo, sufficient conditions are given for
which (1.2) holds. In addition we characterize the weights in Proposition 2.1 for which
the identity operator is bounded between weighted Lebesgue spaces for all positive in-
dices. The proofs given here are akin to the corresponding results for the Hardy operator
on decreasing functions [15] although most of the details are quite different.

We now introduce notation and conventions used in the sequel. F & G means that
F/G is bounded above and below by positive constants and F < G means that F is
dominated by G, i.e. F < CG. C denote constants which may be different at different
places although in some instances we write C;, C», ..., to indicate different constants.
The conjugate index p’ of p is defined by 1/p+ 1 /p’ = 1, even if 0 < p < 1. Similarly
for other letters. A function f is said to be increasing (decreasing) if it is non-decreasing
(non-increasing) and we write f T (f |). We also adhere to the convention that expressions
of the form 0. 0o are zero and inequalities (such as (1.2)) are interpreted in the sense that
if the right side is finite, so is the left and the inequality holds. Finally xg denotes the
characteristic function of the set E.

We wish to thank Professor K. F. Andersen for the correspondence we had regarding
this paper. In particular his observations led to an easier and shorter proof of Proposi-
tion 2.1.

2. Results. We shall use the following notation throughout:
00 (e8]
wo = [Tw, vo=["v, >0

Our first result characterizes the weight functions w and v for which the identity op-
erator is bounded in weighted LP-spaces.

PROPOSITION 2.1. (i) If0 <p < g < 00, then

0 1/q 00 /p
@1 [T rom@ax] ™ < c| [ fapve ax
holds for all0 < f 1, if and only if Ag = sup,~q W4V~ /P < 0o. Moreover, if C is
the least constant for which (2.1) holds, then C = Ay.

(i) If 0 < g < p < o0, then (2.1) holds for all 0 < f 1, if and only if

A = Uooo wrlpyripy, v < 00,
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where 1 /r = 1/q—1/p. Moreover, if C is the least constant for which (2.1) holds, then
Cr A

PROOF. The change of variable x — 1 /x shows that (2.1) is equivalent to

2.2) [ g ] Vo clf” swrit a v

where w(x) = x2w(1/x), #(x) = x2v(1/x) and g(x) = f(1/x). Butf ] if and only if
g |, so the weight characterizations for which (2.2) holds follow from the known results
of Sawyer [11, p. 148, Remark(i)] in the cases 1 < p, g < 0o and in the remaining cases
from [15, Proposition 1] of Stepanov. Specifically, (2.2) holds for 1 < p < g < 00, if
and only if
[ a ]l/qU'ﬂ(x)dxF“J <o
sl w0 ’

whichis equivalenttoAp < oo as the change of variable x — 1/x shows. An examination
of the proof of [ 15, Proposition 1] also shows that if C is the least constant for which (2.1)
holds then C = Ay. This proves (i).

If0 < g <p < o0, then (2.2) ([11], [15]), holds if and only if

1/r

{/OmH/OXW(t)dt]l/p[/oxﬂ(t)dt}_l/p]rvv(x)dx} < o0,

But the changes r — 1 /7 and x — 1/x show that this is equivalent to A; < oo. This
proves the result.

If0 < f1, then (Pf)(x) < f(x), so the conditions of Proposition 2.1 are always suf-
ficient but not necessary for (1.2). In the next theorem we characterize the weights for
which (1.2) holds in the index range 1 < p < g < o0.

We shall use the notation

Bo(t) = [ /, *x — Hx Iw(x) dx] Yy

and

/

B = { /, * (o) dx] l/q[ /0 (6= P V)P () dx] s

THEOREM 2.1. Let1 < p < g < 00, then

2.3) [ enemwad " <[ [* reyva”

holds for 0 < f 1, ifand only if B = max(By, B1) < 00, where B; = sup,( Bi(t), i = 0, 1.

PROOF: SUFFICIENCY. Assume first that V(0) = oo, then

’

Bo(r) = (' — /7 [ Ji ®(x — O tw(x) dx] Y q{ / Ve () dx] v
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If the right side of (2.3) is finite, then f(0) = 0 implies that f(x) = [5 4, where without
loss of generality we assume 4 has compact support in (0, 00). Writing H(y) = h(y)V(y)
and G(y) = [;” H, we obtain

2.4)

@ = 1/x ['[ [ h]dy=1/x ['c=pho)dy = 1/x [ = DHOIVG) " dy
=1/x /"(x — V)" d(-GO)

(

= v Gl — 1 /x [ Vo) Gy +1/x [ EO)

op GO
< V<0)‘IG<0) +1/x [ =) O0) dy,
where ®(y) = GO (y)/ V(y)%. But since V(0) = oo, the first term in (2.4) is zero.
Therefore, applying [13, Theorem 1] we obtain
00 1/ 1/
[[Fepwmwad <[ [T owrura)
provided
sup[ /m (t— x)it "w(t)dt] q[ /Ox u(ry =P dtr/ " <0

x>0
and

sup[ /m 0 dt]l/q [ /0 " (x = 1 u(ey =7 dt] < 0.

x>0 X

Taking v = VPuP/P | these two suprema are By and B, respectively, and are finite by
hypotheses. But now

I eoruoydy= [ o0pvorve) i dy
= [T evreel = [uovore| [ &
= [Fvovor 7| / “h) [ v dtdsr dy

P
= 0 P '
| rove [ /ym Vo) /y h(s) ds| dt} dy
00 00 D
-p
< [vover?| [ var af a,
and applying the dual form of the classical weighted Hardy inequality [8] we obtain

[ ooruoyay<c [~ fopvwar
provided

Sup[ /ot”V”'] ‘/P[ /Ioo Vu_ma_ps]'/f" < oo,

>0

But since (1 — p)(1 — p’) = 1 an integration shows the supremum is not larger than
- 1)~1/P for V(0) < oo. Hence sufficiency follows in this case.
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If V(0) < oo, then we estimate the first term of (2.4) by interchanging the order of
integration and Holder’s inequality to obtain

VOGO < VO™ [T ho) [T v drdy = vy [7 fawi di

< V) [ /Om F@Pv dt]l/pV(o)l/p’.

The result follows now under the assumption f(0) = 0. If f(x) = k # 0, then V(0) <
00. But By < oo implies the existence of a subsequence {z,} with z;, — 0 as j — oo such
that By > lim,_, Bo(t)) = V(O)‘l/ p W(O)‘/ 4. Therefore,

* (PF)(X)"w(x) dx v k[ [ wix) dx e < BokV(0)'/?
0 0
= Bo[ [0 kpy(x)dx]l/p = BO[/wapl,r/p_

Finally, if f(0) # 0, then f(x) = k + J§ h = k + g(x), where g | and g(0) = 0. Since
now V(0) < oo, Minkowski’s inequality and the previous argument shows that

1/q

]1/q

7 Py ] = { /Ooo[k+(Pg)(x)rw(x)dx]

< kW(0)/9 + [ /O * (Pe) () w(x) dx] a
< kByV(0)'/7 + CUOOO g(xyr(x) de r
= Bo[/ooo v (x) dx] 1 + CUOOO g(x)Pv(x) dx] v

<@+ O [ rerveoad .

which proves the sufficiency part of the result.

To prove necessity, substitute f = f;, t > 0 fixed where

X , , 1
5o = [[a— 7' v woxons as) "
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in (2.3). Then under the assumption V(0) =
(2.5)

)"

x , , 1/
[ v [a— s Vo voxoas dsd]

I

/ ’ 1/
C[ V()7 v(s)(t — s¥ x104(5) ds] ?

C[ / (t — sV Vi) (s) ds]
> [P [ [ - vorr oneima] ds]qu}l/q

=l qw(x)dx} Uo‘ he ‘””'V(y)"’"‘v(y)dy] dS]
= [/,mx‘qw(x)dx]l/q fot(t—s)”'/”[/; V—p’—1y]‘/l’ds

00 1/q gt , ,
= (p’)‘l/P[[ x Iw(x) d.x] /O(t — sy /PV(S)—P P gs.
But on integrating, the last integral on the right is equal to
’ t _ 'Ip s - o t — t _ 9
@ l)fo(t sy /0 V) Pv(t)drds = (p 1)/0 V(1) V(T)/T.(t syY'IP ds dr
=1/p /0' ¢ — P V()P v dr

and substituting into (2.5) shows that B (t) < C for ¢t > 0 and hence B; < oo.

If V(0) < oo, replace v by v, = v +ex~2, € > 0. Then V,(0) = 0o and the result
follows with V replaced by V.. Now applying Fatou’s lemma as ¢ — 0+ and we obtain
B, < oo also in this case.

Finally By < oo follows at once on taking f(x) = fo(x) = X(r.00)(¥), ¢ > O fixed, in
(2.3). This completes the proof.

In our next result we use the notation

Dy = W(0)!/9v(0)~1/7
b ={[ > [ [ = HixTw(x) dx] Tl [ / ' V_p,y],/q/ VO v(h) dt} v
D, ={[" [ [ dx] T [ | " — X V) v (x) dx] TP o) ar) v

where 1/r=1/qg—1/p.
THEOREM 2.2. The inequality (2.3) holds for all 0 < f 1 in the index range
(i) 1 < g <p<oo, ifand only if max(Dy, D1, D) < 00.
(ii) 0 < g <1< p<oo ifmax(Dgy, D;) < 00,
PROOF. The sufficiency part of this result is very similar to that of Theorem 2.1.

Now, however, we apply [14, Theorem 3 and Theorem 2] for 0 < ¢ < 1 < p < o0,
respectively, 1 < g < p < 0o, instead of [13, Theorem 1]. We omit the details.
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NECESSITY. (i): Observe that if (2.3) holds with weights w and v, then it holds also
for smaller w and larger v. For example let w,(x) = min( 1/e, w(x)) XJe.1 /d(x) and v (x) =
v(x)+€e/(1+x%),0 < e < 1,then

W) = f (x = )4 x e (x) dx

is bounded and Wi(y) = 0if 1 /€ <y. Therefore D = D, < 0o. Now if we show that
D; = D, is uniformly bounded, by C(p, g) say, then the restriction on w can be removed
by Fatou’s lemma. In fact, Fatou’s lemma shows that W,(y) < lim._, inf Wo(» and
applying Fatou’s lemma again yields

00 r Y r/ql o
Frwaor [ v vyt vmay
0 . ’ r Yo r/q, o
< /0 Tim inf[W(y)] /4[ /0 % Pu] V) P v(y) dy
< lim inf DY,
e—0+ ’
< Cp.q)

and the result follows.

We therefore assume first that w is bounded and compactly supported and v is positive
in (0, 00), for then D < oo. We then show that if 1 < g < p < oo and (2.3) holds, then
D, is bounded by a constant depending only on C of (2.3), p and ¢q. Hence D, is uniformly
bounded and the compactness condition imposed on w can then be removed by Fatou’s
lemma.

Now let U”" = V"'v, then under the assumption V(0) = oo,

Df = [ - v tweo a]” ‘If U*P’]’/ U v v d

- /0°° ,/(s)[ /0[ /to0 (x—t)qx*qw(x)dx}r/q[ /0 t U"’/]r/ qu(t)p’V(t)‘ldt] ds
E/Oml/(s)fo(s)”ds

where f§ is the bracketed term in the integrand. Now by (2.3) with f = f,

cof = [ [l a] " = [ LAl L] o]

= [0 [T 6] wory avas] e [ sty as] ™.

where
To(s) = foo[ /Oy[ /(: [ /rm(x—z)qx‘qw(x)dx]r/q

1 / r/ql 1 1/17 qvl
[ /0 U'p] OB V(t)_ldt] dr| vy iw()dy.

https://doi.org/10.4153/CJM-1993-006-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1993-006-3

WEIGHTED HARDY INEQUALITIES 111
Performing the inner integration first shows that
STt r/qd
~p' -p' -1 g ~r/q
A | ] U@Vt dr = C\V(s) 9,

and since 0 < s <y <00, 0 <t <71<y< 00 we obtain

Jo(s) > /soo /Sy [/(: [/:)Q(x — )9 Tw(x) dx] /e

1/p

! q_]
[ A ' U*P’}'/q U(t)””'V(t)’ldt] dr} Y Iw(y) dy

= Pl memnad
1
[ A ' U*P’]'/q ORATOR dt] v d»rr Y hw(y) dy
> [/;Oo(x — ) Tw(x) dx] /) [/:o [/Sy dr]q—ly_qw(y) dy]
[fos {/(-)t U_p,] r/q U(t)_PIV([)—l dt](fI—l)/P

= dq—l)/p[[“’(x — )T Tw(x) dx]r/(pq,)

Usoo(y — )7y Nw(y) dy] V(s)~/®9),

Also from the definition of fy we have

So(s) > Usoo(x — )0 Iw(x) dx]r/(pq) UOS Uot U“p’]r/ql OEATOM dt] "

o r/(pg)
= C}/p [ / (x =)W w(x) dx] /oa V(s)~"/ @D

and so
(2.6)

coll? > cllr [ P o= 9m i ax] ,/,,[ [ =95y dy|visy e ds]

1/q

Now an integration by parts also shows that

o= [t wrad ][ 7]
(][ oeoad]

tr /Ow [ /,Oo(x — Dix"w(x) dx] ” [ [ P = 0T () dx] [ /0 ' U-P’]'/ ’ dt}.

r/q
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But since D] < oo it follows that the integrated term vanishes and so

Di=0(C, /Ooo [/too(x — DI Iw(x) dx] " [/too(x )Ty y(x) dx} Uot Up’]r/p’ dt
=6 /ooo U,oo(x — 0w dX} " [ /,Oo(x — 7 Iw(x) dx] V(nIPar,

where we used the fact that [ U™ = V(1)' '/ (p’ —1). Hence by (2.6) CDI/ P> C4D:/ 4
and so C > C4D,. Therefore D; is uniformly bounded and the general case follows from
limiting arguments. If V(0) < oo we replace v by v(x) = v(x) + ex %, ¢ > 0 and use
Fatou’s lemma.

Next, we show that D, < oco. Again assume first that w is compactly supported in
(0,00) and that V(0) = oo. Applying Holder’s inequality we find from the inequality
(2.3) for arbitrary h > 0 that

2.7 /OOO [/Oxf]h(x) dx < C[/()mfpl/] e [/000 h()T X w(x)~974 dx} 1/[,'.

Setting

oo = [ [y vorvora] |

we see that

}r/ @'p

x Tw(x),

EO Yy iwy) dy

Dy = [ /0 > ho()? x7 w(x) =414 dx] e

Now let f(x) = [5 g, where g > 0 has compact support, and applying Muckenhoupt’s
criterion for the Hardy’s inequality [8] we obtain

1/p

@.8) [ sorvorvorrea) s [ [ ']

o
From (2.7) and (2.8) we get

/Ox g]p’/]l/p

— o[ [ fp,,}‘/’)

= C[[[” hot w014 x| " [ ] v
> [ f ot ax

= [Tro] [ o] ay

= |7 e[ [0 — 0ot dy) a

Now taking the supremum over all g with ||g||,.0 < 1, where Q = VPv /P, we obtain
by duality (i.e. the inverse Holder inequality)

| [~ 0y voyvoy i ay) s epye [ I

0

ey’ > [ N o= 0m dy]p, V)™ 1(x) dx} "
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Repeating the steps of obtaining the lower bound for CD;/ P above, we see that the right
side of this is

v v [Fo=omm ] [7o -omoa] & "

1/p

> | [ a0 [ = v v [ = omot dt}”'_' dx dy}

/_l l/p'

> /0 > ho(y) /Oy(y — V) v(x) [ /y oo(l‘ — 0)ho(d) dt]p dxdy]

1/p'

v

: 7m0 [ =27 Ve P v [ o ar]” e dy}

v

-/ooo [ /Oy(y — ' Vx) P v(x) dx} (il { /y 0 5w(s) ds] r/ (qlp)y_qw(y)

. , o
[/yw NEEACKTC dz}r/(qp)[/,mzw»v(z) dz]r/(qmrqw(z) df]p ldy} p
- [/OOO [/oy(y — X V) () dx] " Uym s~Iw(s) dS] r/(q/p)y“lw(y)

1/p'

’

[ /:0 [ /I T Iw() dz] i

~ [ /Ooo [ /Oy()’ — XV V() () dx] " [ /y > 5 Iw(s) ds]r/py“’w(y) dy}

— D;/P/.

Pl
£ Iw(r) dt] dy}

1/p

Note that we applied the definition of Ay after the third inequality above. Hence D, < C,
so that D, is uniformly bounded. The compactness restriction imposed on w can now be
removed via limiting arguments in the usual way. If V(0) < oo the argument is as before
so we omit the details. That Dy < oo follows at once from (2.3) with f = 1. This proves
the theorem.

REMARKS. (i) It is easily seen that Ay < oo implies Dy < 00, however the converse
fails in general. For if v(x) = ™, w(x) = xe™*, x > 0, then V(x) = ¢™* and W(x) =
(x+ 1)e™ so that Dy < oo. However, if p < g then

Ao = sup W) /V(x) "1 /? = sup(x + 1) /911D = o0,
x>0 x>0

(ii) We also note that if V(0) < oo then D; < oo does not in general imply Dy < oo.
For instance, let 0 < g < p < 0o, p > 1 and w(x) and v(x) be given by

Wwix) = I/x if0<x<T1, ()2{1 ifo<x<l1

0 ifx>1 ’ 0 ifx>1
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Then Dy = oo and
It r/qp ot , r/q , 1/r
= Ny 91 P AP
o ([ et e ]
We have for0 < ¢t < 1
t , ) |
/0(1 —x) P dx= (p’ _ 1)‘1[(1 _ t)lAp — 1] and / (x— t)quq—ldx < —Int,
t
so that

D; < [)1<_ In(1 — u))r/qu(l—p')r/q'-P'(l _ up’—l)r/q’ du
0 W\ o
= [ (FE) My

If g > 1then ¢’ > 1 so that (1 — u”~')y/4" < 1. Hence by Minkowski’s inequality

1r o0 uk r/q 00 1 ukr/q q/r r/q
7 < -
D‘<</o[k§::0k+1] du—{z[[) (k+1)r/qdu] }

k=0

00 1 r/q
“g(kﬂ)(kr/qﬂ)q/r} <00

(2.9)

If g < 1 then by (2.9) and Holder’s inequality
k

= [/Ol[fj ktl]"/"du}l/s[[ol(l —wye]

k=0

where s > 1. The first integral is again finite by the same argument as before and for the
second, let 1 — w”’~! =y, then the integral is equivalent to

, J ! ! /
{[) y: r/q (1 __y)—]+l/(pfl)dy}l/s .

But since r/ ¢’ > —1, we can choose s’ sufficiently close to 1 so that s'r/q’ > —1. Hence
the integral is finite and consequently D; < 0o.

(iii) It is clear that Dy < oo isnecessary for (2.3) in Theorem 2.2(ii). However D; < C
is in general invalid in the case 0 < g < 1 < p < oo. For if in (2.3) w(x) = 6,(x), the
Dirac delta function at x = 1, and v(x) = 0 for x > 1 the inequality takes the form

/Olf < C[/Olfplfr/p-

But by Proposition 2.1(ii) with ¢ = 1 and w = x(q,1) it follows that

Cr Uol [/xl dzll/(p—n[/xx V(t)dt]—l/(pﬁl)dx},/p,

= [/:(1 —x)'/(p*l)[/xl z/(t)dt]_l/(pl)dx]l/pl.

https://doi.org/10.4153/CJM-1993-006-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1993-006-3

WEIGHTED HARDY INEQUALITIES 115

On the other hand, with w = §; and V(0) = oo,

Dy~ {/01(1 —x)'[/: y(z)dz]*'/qz/(x)dx} '

and integrating by parts we find that

Dy ~ [/0'(1 —x)’d“/xl u(1) dt]—r/p]l/r > Uol(l ! [/' z/(t)dt]"/p dx]

But this shows that C >> D; can fail because it implies

Uola — ! Ul V(t)dt}*r/p dx]

and if we take

1/r

" < Uol(l —x)l/u:—l)ul V(1) dt]_l/(p_l)dx] "

1 _ [ —xp|logl — 0P/, 1/2<x<1,
[ vwdi= {(1/4x)”|log(1/2)|”/’, 0<x<1/2,

then the right side of the inequality is finite, while the left side is not.
(iv) Necessary conditions can be derived in the case 0 < g < 1 < p < 00 as follows:
By (2.3) and Minkowski’s inequality we obtain

C[/wapy}'/p > [/Ow w(x)[% /Oxfrdx}l/q > /Ooof(t)[/toox_"w(x)dx}l/th.

Now apply Proposition 2.1(ii) with ¢ = 1 and w replaced by

W(t) = [ /tw X Iw(x) dx] Vi

to obtain
Cr [ [T Wiy i) v

where W(x) = [ Wwand r = p'.
Finally we note that S. Lai [5, Theorem 2.4] proved that for 0 < p < ¢ < 1, (2.3)
holds for all 0 < £ T and only if

sug [/oo(x — i Tw(x) dx} e UOO v(x) dx} i < 00.
r>0 T r

This is of course one of the conditions—namely By < 0o of Theorem 2.1.
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