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Abstract

We develop some asymptotics for a kernel function introduced by Kohnen and use them to estimate the
number of normalised Hecke eigenforms in S;(I'g(1)) whose L-values are simultaneously nonvanishing at
a given pair of points each of which lies inside the critical strip.
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1. Introduction
Let

f(Z) = Z af(n)eZm'nz’
n>1
be a normalised cuspidal Hecke eigenform of weight k on [o(1) := SLy(Z). It is
well known that its associated L-function L(f, s), defined for Re(s) > (k + 1)/2 by the
absolutely convergent series
Z af(n)
n

n>1

can be analytically continued as an entire function for all s. Further, by virtue of the
Euler product and functional equation, its nontrivial zeros lie inside the critical strip
(k—1)/2 < Re(s) < (k + 1)/2. The generalised Riemann Hypothesis predicts that they
all lie on the critical line Re(s) = k/2.

For even integers k > 12, let S; denote the space of cusp forms of weight k and
level 1 and let B, denote the (orthogonal) basis of arithmetically normalised (that is,
ar(1) = 1) Hecke eigenforms in S;. Given a real number fy and a small positive real
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[2] Counting Hecke eigenforms 29

number ¢, Kohnen in [6] proved the nonvanishing of the sum

“(f,9)

& 0D

for any point s on the line segments
k-1 k k k+1
{Im(s) = to, 5 <Re(s) < 5 =6} U {Im() =10, 3 +5 < Re(s) < ——}

for large enough k >, s 1, where L*(f,s) is the completed L-function (defined in
Section 2.2). As a corollary, it follows that given such a point s, there is at least one
form f in By such that L(f,s) # O for k large. Recently, in [2], the authors extended
the above results to the simultaneous nonvanishing of L-values (on average) at two
points inside the critical strip. More precisely, given positive real numbers 7 and 6,
they proved the nonvanishing of the sum

Z L*(f,S1)L*(f, SZ)
LD

/

for large enough k >7 ;s 1 when (s1,52) € RT’ 5

where R’ 5 is the set

k k 1
{(S] = §+61 +i,81,S2 = §+€2+iﬂ2)€(c2 —Tﬁﬁl,ﬂzﬁT, 0< |E]|,|€2| < z}

’

Again, as a consequence, they observed that for a given (s1,s7) € R . there exists a
Hecke eigenform f in Sy such that L(f, s1)L(f,s2) # 0, when k is sufficiently large.

In this context, it seems natural to ask the following question.
QUESTION 1.1. Given a weight k and complex points s, s1, 57 such that

k-1 k+1
> < Re(s), Re(s;), Re(s2) < %,

is it possible to quantify the numbers
Ni(s) == #{f € Bu | L(f,s) # 0}, (L)
Ni(s1,52) := #{f € By | L(f, 1) - L(f,82) # O}, '

in terms of k?

We provide some partial estimates for (1.1). Given an arbitrary positive real number
T and small positive reals ¢ and ¢’, we consider the subset of c2,

k k
RT@(;/ I={(S1 = E + € + lﬂ],SQ = 5 + e+ lﬂg) (S Cz

1 1
—T<BL.B<T,0<lel<lal+d <le| < 3 le1] + || > 3 +5}- (1.2)

If (s1, $2) € Rrss, we prove the lower bound

Ni(s1,82) >1.5 50 K" (1.3)
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when k is sufficiently large, k >75s 1. Here, 6" is an arbitrarily small fixed positive
number.

The lower bound for Ni(s) is obtained as a special case of (1.3). For this, first we
consider the strip

k-1 k

Sras ::{—Tslm(s)s 7,55 +8 <Re() < —5}
k K+ 1

U{—TSIm(s)ST,§+(5SRe(s)S%—6’}.

For any s € St s, we obtain the explicit lower bound in terms of the weight k,
Ni(s) 7.5, kP HREG- K/ (1.4)

(see Corollary 3.5 below) for large enough k 755 1.

At the central critical point s = k/2, Luo [7, formula (4)] showed that for integers k
divisible by 4, Ny(k/2) > k as k — oo.

Our bound is of the order /2 and so is weaker than this estimate of Luo. However,
the method is considerably simpler and does not use the technique of mollified
averages as in [7]. Further, we only assume k to be even. As for Ni(sy, s2), currently, it
seems that no such estimates are available.

1.1. The approach. As in our earlier paper [9], we consider a kernel function f; ()
studied by Kohnen [6] for suitable s (for its definition see Section 2.3) satisfying

L*(f,s)
fis(z) = (constant) j;g;k G5

f(@), (1.5)

and adapt a method of Rankin and Swinnerton-Dyer [13] to obtain an explicit
expression for fi (i), valid for all +>1, all even k> 12 and any s satisfying
(k—1)/2 < Re(s) < (k+ 1)/2 (see Theorem 3.1 below). As a consequence, we are able
to provide the following applications.

1.2. Application 1. Using the above expression for a real parameter o-, we prove that
Jro(ik) > 0 when k > 1 and 4 | k. Along with the fact (see Lemma 6.1) that f(ik) > 0
for any normalised Hecke eigenform f of weight k for SL,(Z), this proves for a given
o inside the critical strip that there is an f satisfying L(f, o) > 0. This leads us to a
small improvement to [9, Corollary 2.2.1].

1.3. Application 2. LetT,0, ¢’ be as above. For complex points s; and s, inside the
critical strip such that the pair (sq,s2) € Rr s, we study the Mellin transform of f ,
with respect to s, by applying a Mellin transform on both sides of (1.5). Then we show
(Theorem 3.3) that there is a constant C = C(T, 6,6") > 0 such that

L*(frs,» 82) > klaltlel, (1.6)
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for k > C. Here, we are using (1.5) and writing

* L*(f» Sl) *
L*(fxs,»52) = (constant) ————L(f, 52).
J;k S 1)

Clearly C is independent of the chosen points sy, 53, and the implicit constant depends
only on 7,¢’. Using the lower bound obtained for L*(fi,,s2) in (1.6) for large k, we
prove (1.3). Finally, as a corollary, we obtain (1.4). The lower bound (1.4) is meant to
illustrate an immediate application of (1.3) and these bounds may be known already.

In [14], the author proves the lower bound Ny (k/2) > g k'=9" when 4 | k, assuming
the Lindelof hypothesis in the k-aspect for L(f, s). The method also involves Kohnen’s
kernel function and is related to ours. However, unlike [2, 14], we do not use the explicit
expressions for the Fourier coefficients of the respective kernel functions.

We also mention here that an identity for L*(fis,,s2) in terms of ratios of
I' functions, ¢ functions and hypergeometric functions is known [5, Theorem 1]
when s; +5, €2Z+1N(1,k—1), 1 <Re(sj)) <k—1 and Re(s;) > Re(sy) + 1. The
approach in [5] is to write the Mellin transform of f;;, with respect to s, as a sum
of certain term-wise integrals, obtained by splitting the series f, in a suitable way.
We also use similar methods to estimate L*(fi,, s2), although we cover a wider range
of points 51,5, within the critical strip. But our main goal is to address the question
posed regarding counts which differs from the aim of [5].

2. Notations and preliminaries
2.1. Notation. We mention the following asymptotic notation.

(1) f(s) =0(g(s)), s €S, or equivalently, f(s) < g(s), s €S, means there exists a
constant ¢ such that |f(s)| < c|g(s)| for all s € S.

(2) f(s) ~ g(s), s = 5o, means lim,_,;, f(s)/1g(s) = 1.
2.2. Preliminaries. Let H denote the upper half plane. For z# 0 and s € C, we
set z° = exp(slogz) with logz = log|z] + iargz, where —m < argz < m. Let k > 12 be
a positive even integer and z € H.

Let Sy denote the space of cusp forms of weight k£ with respect to SL,(Z). For g € Sy,
the associated L-series,

Lgy:= Y 20

n>1

is holomorphic on the half plane Re(s) > (k + 1)/2. We define the completed Hecke
L-series associated to g as

L*(g,5) == 2m)~T(s)L(g, 5),

which is also equal to the Mellin transform of g, given by

M) = f " el di.
0
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Since M(g)(s) is known to be entire, L*(g,s) (and also L(g,s)) can be uniquely
extended as an entire function. Moreover, L*(g, s) satisfies the functional equation

L (g, k —s) = (-D*L*(g, s). (2.1)

For a normalised Hecke eigenform f in S, we define the symmetric square L-function
of f by the formula

1
(1= a2p=)(1 = apBpp=)1 = 2p~)

Lsym’(f),) = |

p

for Re(s) > k, where a, and (3, are the roots of the polynomial X? - ar(p)X + prL
The function L(Sym2 (f), s) extends to an entire function [15] which is invariant under
the map s — 2k — 1 — .

For x,y € C and Re(x), Re(y) > 0, we have the beta function

1
B(x,y) ::f A =0 dr
0

and we recall that it satisfies

_Trey)

By = oy =

/2
2 f (sin 0)> ! (cos ) db. (2.2)
0

2.3. Kohnen’s cusp form. Let s € C with 1 <Re(s) <k — 1. The kernel function
Ry 5(2), introduced by Kohnen [6], is defined by

Ris(@) = m(s)Z'z““'k (‘C‘ Z) (23)

Here |; denotes the standard weight k (integer) action of GL;r (Q) on the functions
g : H — C, defined by

b b
(&) = (ad - be} et + dy g To), reHy = (‘C‘ d) € GLI(Q).

and the sum )} is taken over all matrices (¢ Z) € SL,(Z). Moreover,
yi(s) := 1™ PT()C(k - 3).

The function Ry ,(2) is a cusp form of weight k for the full modular group SL,(Z). If
(,) denotes the usual Petersson inner product on S, then the essential property of Ry
is that for any g € Si, by [6, Lemma 1],

(=D)*2a(k - 2)!

(8, Ris) = ckL™(g,5), where ¢ := = (2.4)
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3. Statement of results

For 1 < o := Re(s) < k-1 and z € H, we define

—— Rka“’(Z) _ ins/2 -
fisl@) 1= 2 = )

k(? Z)' 3.1)

It follows from (2.1) and (3.1) that
fis@ = (=D firs(2). (32)

Let k > 12, 2 | k and k # 14 throughout, unless further conditions are specified.
3.1. Asymptotics of fi(z) on the imaginary axis. In [9, Theorem 2.1], it was
shown that for o € [(k — 1)/2, (k + 1)/2),

feolD) = 4+0027), (3.3)

Moreover, [9, Theorem 2.2] made explicit the constant implied in the O-term and (for
4 | k) deduced a lower bound for f; (i) and from there the lower bound [9, Corollary
2.2.1]

max |L(f, o)| > kokiD-1-0
fEBk

for any 6 > 0. Our first result extends (3.3) by replacing o~ with a complex value of s,
and z = i by a general point z = it on the imaginary axis.

THEOREM 3.1. Let s =0 + i be a complex number such that (k—1)/2 <o <
(k+ 1)/2. Then, for a given t > 1, the cusp form fi ((it) satisfies

~ (2n)* ~1_~2nnt w2, QU ks—1 -2 t) 300e™P12
Yt_2_§s | 2—§ s )l o 20
Jesli) ( [(s) £ e 1 [k —s5) & "o =2

As a consequence of this result, we show that in fact maxseg, L(f, o) is a positive
quantity and satisfies the following lower bound.

COROLLARY 3.2. Let 4|k and (k—1)/2 <o =(k/2)+€e < (k+1)/2. For k large
enough, there is a Hecke eigenform f in Sy such that L(f,o) > 0. In particular, for

any arbitrarily small &' > 0 and large enough k >g 1, we have
max L(f’ O—) > k_((T_k/Z)—l_(s/'
feBy

3.2. Simultaneous nonvanishing. In the next result, we replace o by a complex
point. For this purpose, let us set
i (=D¥2aT(k - 1) 1
L (f}C,S’ W) = k=3
2Tk =) & f. 1)
fE€B

L*(f, L (f, w).
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FIGURE 1. 6 = 0.05, 6" = 0.05.

THEOREM 3.3. Let T, 6,0 be arbitrary but fixed positive real numbers such that 0 < 6,
0" < 1/2. Let (s = (k/2) + € + i1, s2 = (k/2) + & +iB2) € Rrss. Then there exists
a constant C = C(T,8,96") > 0 depending only on T, 8,8 such that

L*(frs,»$2) >15 KMe for k> C(T,6,6).

In Figure 1, we illustrate the real points in Ry s with 6 = ¢’ = 0.05. Combining
Theorem 3.3 with a straightforward estimate (see Section 8), we deduce the following
result about simultaneous nonvanishing at two points.

COROLLARY 3.4. Let T,0,6",0” be arbitrary but fixed positive real numbers with
0<6,0 <1/2. Let (s1,52) € Rrsgs. Then, for k > C(T,9,0"),

Ni(s1,52) >1.50 K",

We remark here that since Ni(s1,52) = Ni(s2,51), it suffices to assume that either
(s1,82) or (s2,51) € Ry s . It should also be noted that Corollary 3.4 does not imply [2,
Corollary 3.2] since the region Rrs s that we are considering is a proper subset of R ;
(except for points (s, 52) in Ry 55 with Re(sp) = (k + 1)/2).

Now, as a corollary to Corollary 3.4, we obtain an asymptotic lower bound for Ny (sy)
in terms of k.

COROLLARY 3.5. Let T be an arbitrary but fixed positive real number and let 6,5, 5"
be arbitrary small but fixed positive reals with 0 < 6,8” < 1/2. Let sy = (k/2) + €| +
iB satisfy |Bi| < T and 6 < ||| < § = &". Then, for k > C(T,6,5"),

Ni(s1) >75 5 KIPHEZT
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4. Lemmas
We recall some preliminary lemmas which will be useful in the proofs of the results.

LEMMA 4.1.
(a) Forzy,z,5 €C,

Be ™ if arg(z) + arg(z) > 7,

(122)" = {22} if —r <arg(zy) +arg(z) <m,

B3¢ if arg(z) +arg(z) < .
(b) Ifz,s =0 +iB €C, then |*| = |77 e Pe@,
PROOF. The proof is straightforward and follows from the definitions of log and arg.
Note that arg(z) denotes the principal argument of z as defined in Section 2.2. ]
LEMMA 4.2 ([4], Gautschi’s inequality). Forx > 0and s € (0, 1),
I'x+1)
I'(x+s)

I=s <(x+ D'

LEMMA 4.3 [1].
(a) Fora,beC,

I'(z+a) a-b
I'(z+b)

as 7 — oo, along any curve joining 0 and oo, provided z ¢ —a — N U —b — N,
(b) (Real Stirling’s formula). As x — oo, we have

wo-JyE

IC(x + iy)| > (coshzy) /’T'(x), x> L, yeR. 4.1)

(c) [11]. We have

PROOF. Part (a) follows from the asymptotic expansion

gl (Z+a) 1 (a—b)(a+b—1)l 1

a—>b 1
+ +— 3a+b-1Y-a+b-1)=+---
T(z +b) 2 z 12( 2 )( (a y-a e
(see [1, 6.1.47 on page 257]) valid for z as above. Part (b) is well known. For part (c),
we refer to [11, 5.6.7 on page 138]. ]
LEMMA 4.4.

(a) Forany fixed a > 0,

. 1 a+1
Z mie ™ = Oa(—) for each 7 > 0.

m>1 <
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(b)

a+1 a _—mz a+ “
max z E mie™ <« (a — ).
>0 e

PROOF. We refer to [3, Lemma 9.3.13] for part (a) and [9, Lemma 6.1] for part (b). O

LEMMA 4.5. Foro >3 andIm(z) =y > 1,

4.2)

PrROOF. From [3, Lemma 3.5.9],

1 1 4 f“’ 1
Z < —+ du
P |Z + n|‘7 yo- yo——l 0 (uz + 1)(T/2

We estimate this explicitly when y > 1 and o > 3, using (2.2) and Lemma 4.2:

” vr o T/ T((0 - 1)/2) 7
fo @+ 172 1)0/2 f (CosO)" " df = —— T2 = V2@ -2)

Note here that I'(1/2) = +/x. It follows that

1 - 1 N 4 P - 7
Ale+nl” Ty y N AT =2) .

Finally, we mention an estimate for £(s) which is valid on Re(s) > 1.

LEMMA 4.6. Fors = o + it, where o > 1,

{Q2o)
1£(s)l = o) I
PROOF. For Re(s) > 1,
; peP -

where $ denotes the set of primes. From this and the fact that |p* — 1] < p” + 1,

{Q20)
{(a)d(s)

_ P7(p” - D' - 1)
B ‘H (P> = Dp7p* ‘ =

5. Proof of Theorem 3.1
Except in the proof of Corollary 3.2, we only assume k > 12 and 2 | k.

PROOF OF THEOREM 3.1. The series for Ry (z) in (2.3) runs over a set of integral
matrices with determinant 1. As we have absolute convergence for z with positive
imaginary part, we can rearrange this series in terms of the sum of the squares of the
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entries along each row (of the matrix) to get

NN N (eedy (”b) . (5.1)

VL @M 2l
N=1 det (¢ 5)=1
C

For My, Ny € N, we define

az + b)’s

TM(),N(),S(Z) = eiﬂS/z Z Z (CZ * d)_k(CZ + d

a?+b?’=Mo *+d*=N,
det(@ b)=1

o512 Z Z Z (cz+d) (az+b)’

2— Z 2
PAP=My 5 =N
det(@ 5)=1

23NN ety (““b),

MeZ 2 2— 2_
M>§40a+b =M *+d*=N,
det(¢ 5)=1

m/zz Z Z Z (cz+d) (az+b) ,

MeZ 2ip2—pf NeZ 2_
Wiy M N N
det(“ )1

TM(),ZN(),S(Z) :

TZM(),N(),S(Z) :

TZM(),ZN(),S(Z) :

where 7T_ _ ((z) denotes the unique complex-valued holomorphic function associated to
the respective series on the right-hand side for 1 < o < k — 1. Further, let s = o + i
be a complex point inside the critical strip. Also, let # > 0. Then

Jies(it) = T 15(it) + T 15(0) + T 50,5(it) + Tso 50 5(i0). (5.2)

Now, T 14(if) is formed by the matrices in {£(} ), £(? ')}. We therefore get

- —1\) 2 2(=D?
Tuastin = 267> + (=) = 5 + e
it I th=s

The last equality is true since (if)™* = e ™/ and (-1/it)™ = e”™/2¢* using
Lemma 4.1. The term T >, 4(it) is formed by the matrices of the form

{i(g?)|cez,c2+1zz}u{i(?;.1)|cez,c2+122}.
Thus,

T s0,(i1) = 2¢™7 Z {(c + it)’k(c_Tlit)_s + (cit + 1)—k(.L)_s}.

=1 cit+1
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Let

A
TR (i) 1= 2672 Y (e it ()

lcl=1

Ty i) 2= 2672 3" (et + 17

le[=1

S
czt+1) ’

The first term above may be simplified to give

TR (it) = 2e7™2 3 (e + it

[e[>1

= (=142 { =92 Z( c+ ity ® 9 _ ei;r(k—s)/Z(it)—(k—s)}

ceZ
:2(—1)"/2{;?]’? S)Z ks =2t ﬂ%}

The last equality follows from the Lipschitz summation formula,

1 o (27)° P

_ 7is/2 s—1 2mint

E — =e —— >y n e for Re(s) > 1,7 € H.
(T +n) I'(s) =

The term Tfr;‘; (it) is easily seen to be bounded above by Oﬁ(fk). Indeed, Lemma 4.1
implies that
(=) 1=l
; =llc+—
cit+1 it

2 1\7? parg(c+1/in)
— _ —Barg(c+1/it
= (C + t2) e .

It follows that

2 17k 1y
error <= B2 _ _
17755, G0l < tke lc; c+ P (c+ it)

4 . 1 —(k—0)/2 )

< t_ke B2 Z (c2 + t_z) exp(—Barg(c —i/t))

ceN

g2 4

<e t—kg“(k - 0), (5.3)

since |(r/2) + arg(c — i/1)| < (m/2). For later use, we also simplify nggfs(it) as follows:

2
oms/2 Z(C i/t (k=s) _ 2 ink=5)/2 Z(C+ i/ (k—s)

error _
T i) = —=

k
( ) [e|>1 [e]>1
2 2uyks kes—1 —2mmje 2
U s=lg=2mlt _ 2 5.4
ATGk-s) 2" ¢ ts >-4)
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[12] Counting Hecke eigenforms 39
For fixed N € N, Ty (z) is formed precisely from the matrices in

a -1\ {a 1\ (1 a\ (-1 a

1 0)\-1 0/°\0 1710 -1
Performing similar computations to those above, one can see that

Toas(it) = ) Ty, (i) = 2™ 3" {(it)—k(a + ;)_ +(a+ it)—f}.

N>2 lal>1

an,a2+1=N}.

Let 7559 (ir) denote the first sum 267512 Z|a|21(it)‘k (a +i/t)~5. From its definition, we

obtain the following equality and bound:

2 (2n)
T35, (i) = ‘W{ (FET)) D onlemin ts}
= 1 N

n>1

< 4e”VfV2¥. (5.5)

The second sum, denoted by 774" (if), may also be simplified using the Lipschitz

>2.1,s
summation formula as before to obtain
. 2n)* 1 2
e ) pi g2t _ 2
22,1,s( ) F(S) R

n>1

The main term (of f; ;(if)) is
Tomains(if) 1= Ty1,5(it) + TS (it) + T (it).

The remaining terms in the summation (5.2) are brought into the error term (5.7). We
therefore have

N 0N o1 a2 2 k=s—1 ,~2mnt
Toin (i) = 25 Dinle o1y r(k—s)Z” eH(5.6)

n>1 nx1

We remark here that the term on the right-hand side is the contribution of the terms
with ac = 0 in (5.1) as observed by Kohnen [6, page 186]. Also, we note here that the
term above vanishes if s = k/2 and k = 2 mod 4.

Next we bound the error term. Note that

Terror,s(it) := TS5 ((it) + T35 (it) + Tx,20,5(i0). (5.7

>2,1,s 1,>2,s

The final term in (5.2) and (5.7) is bounded above by

Tooonsi) < e % 3 3" eit+d™

M>2 @2+b2=M N>2 24+4>=N
b)_
det(@ 5)=1

< Z Z Z Z |cit + d|—k+o'| ait + bl—0-eﬁ(arg((ait+b)/(cit+d))—(n/2))

M>2 g2 +b2=M N>2 2+ J2=N

(ait + b)_s
cit+d

ad—bc=1
1 1
cewr 3 L L 58
|lait + b|” |cit + d|k= (5-8)
a*+b*>2 A+d*>2
(a,b)=1 (c,d)=1
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Here |ait + b|” = | — ait + b|” for any a € N and b € Z. It follows that

X, w2 B " e 5 L
Iatt + bl a” &£ it +b/al” a” it + g + r/al"

(l(a+b) a=1 ()b:a;(zl) 0<r<a qeZ

By Lemma 4.5, the inner sum on the right-hand side is O(1/t°~") if t > 1. Note that
up to this point, we have only assumed that ¢ > 0. This follows since ¢(a) < a and
Yoy 1 /a’~! converges. More precisely,

1 {0 - 1) 1 {k-o—1)
14 d 14 .
2 i M md ), cit+dfo T o

a*+b>>2 +d*>2
(a,b)=1 (c,d)=1

Hence, by (5.8),

B2 14% x (2(4.5) 12250 250

|T5050,5(i0)] < e k2 h-2"

(Note that the condition k > 12 implies that o and k — o are greater than or equal to
5.5.) Now, (5.3) and (5.5), together with the above fact, imply that as long as k£ > 12
andr > 1,

. 300
|Terror,s(lt)| < €"ﬁ|/2|tk—_2‘

Thus, for all # > 1 and all even integers k > 12,

_,@ny P D VRN T2 Qent k—s—1 _~27nt 1
fsif) = 2r() e 4 (- 1) F(k—s);n e +Cﬁ(tk_2),

where Cp < 300¢™%/2. This completes the proof of Theorem 3.1. O

6. Proof of Corollary 3.2
We remark here that from (2.4) and (3.1) it follows that

f (=D¥2aT(k - 1) ) f
S1 = 510 = — L ’ ’
i gﬁ;ffk DG = 75TeT & =sp g; AT

(6.1)

To prove Corollary (3.2), we need the following fact.
LEMMA 6.1. Let k > 12,k # 14 be an even integer. Then f(ki) > 0 for any f € B;.

PROOF. Note that f(ki) = e 2™ +3,.,a f(n)e‘z’mk . Multiplying by ¢*™ on both sides,

™ flki) =1+ ) ag(n+ De ™.

nx1

https://doi.org/10.1017/5S0004972721000927 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972721000927

[14] Counting Hecke eigenforms 41

It is enough to prove that the summation term on the right-hand side is bounded above

by 1. Using Hardy’s estimate |a¢(n)| < 3n*/?, we have
3 1 3 1
~2nnk k/2 ,~2nnk
Zaf(n+ De ™| < 3Z(I’l+ 1)¥=e™ ™ < EZW < ﬁ{(k/Z) < ok
n>1 n>1 n>1
since e > (e"(n + 1))* for all n > 1, which proves the claim. O

PROOF OF COROLLARY 3.2. For the remainder of this section, we assume 4 | k. The
functional equation (3.2) allows us to choose o € [k/2,(k + 1)/2] without loss of
generality. From (6.1),

Jio(ik) =

al(k — D(2m) ™" D LD cin, (6.2)

k=3[ (k —
XMUh-0) & D
To produce a Hecke eigenform whose L-value is positive at o, we use Theorem 3.1:

QO S 1, 5 QR

k—o—1 —2nnk .
_— + T k),
Fo) 2 e Th-o) 2 n"e error.o- (1K)

Jeo(ik) =2

where Teror o (ik) < 1/ k%2 for large enough k. From Lemma 4.3(b), the main term is
bounded below by

(27r)k_" ok ( 47re)k —=1))2
— e > ——k ,
F(k—a')e e

as k — oo. Hence, fi(ik) >0 for k> 1, 4| k. Combining this with (6.2) and

Lemma 6.1, we deduce that there is a Hecke eigenform f in Sy such that L(f, o) > 0.
Now, Corollary 3.2 easily follows using the same method as in [9, Corollary 2.2.1]. O

Tmain,o‘(ik) >2

7. Proof of Theorem 3.3
Let 7,6, be fixed constants as in the statement of Theorem 3.3. Let (s1,5;) €
Rrss, where s; = 0 +if; with o = k/2 + ¢ for j=1,2. Recall (from (3.2)) that
Jrs, satisfies the functional equation fi s, = (-1)¥2 Jik-s,- Combining this with the
functional equation of the L-function (2.1) gives

L*(fisys52) = GO (fenosys $2) = L (figoso k = $2) = (DL (fiogy k= 52).
(7.1)

We can therefore assume s, and s, are on the right half of the critical strip, that is,
from (1.2), (k+ 1)/2 > 03 > 01+ > 01 > k/2. From (5.2) and (5.6),

L*(fk,sl,sz)=f s, @) dt
0

(2Dl kesi—1 —2mnt
‘fo( Tk—s) Qe

n>1
2027y
L'(s1)

Z n e L T (it))frl dr

n>1
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k2 (2m)* ks 1f 27t 531
=2(-1) T 1)2 dt

27"
( n) Z S1— lf ~2nnt 12~ ldt+L (Terrors1vs2)

r(sl)
2 S1—952
Y ;T()Sl) F(s2)((s2 = 51+ 1)
k— S1—82
- 2(—1>"’2Lr(sz)§(sz —(k=s1)+ 1)+ L* (Terrors, » $2). (7.2)

I'(k —s1)

Interchanging the summation and integration in the second last step is justified by the
Fubini-Tonelli theorem, noting that 3,5, fo [t~ le 2 271 gt < co since Re(sy) >
Re(si) and 3,5, fooo [nk=s1=le=2m 271 gt < oo since Re(s,) > Re(k — s1). (The notation
L*(Terrors, » 52) makes sense as the Mellin transform of Typor s, - It is well defined as all
the other integrals in the equality are finite.) Next, we note that

. (27.[)3'1—3‘2
L (Trnain,s]aSZ) =2 F(SZ){(SZ -5+ 1)
[(s1)
k— §1—82
" 2(—1)k/2(12—)r<s2>4(s2 ks 1),
7.1. Estlmatlng the main term. We have O<¢ <€ +8 <6 <5 Bl <T and
]2:1 € = 2 + 0. (Note that this forces €, > §.) From (4.1),

1 F(z + 62)
\/cosh B T & - €)

Similarly, one can see that

k€1+62

3

‘ ['(s2)

|[)) |/2 k 1 €1t+e
san(k L N
Tk—s)|= = (2 @ ) =

e—7rT/2‘

'F(SZ) < e”T/zkfz_E‘.
['(s1)

Next, we find a lower bound for {(s; + s, — k + 1). By Lemma (4.6),

Qld+e+a) @ _
((+e+e) 115

Now, the function (x — 1){(x) is bounded in the interval 1 < x < 2. So, set

|C(sy +sp —k+ 1) >

cH = ln;fsxz(x— 1){(x).

Then |{(sy—s1+ 1D <l(ea—€ +1)<L(0 +1)<cy/8’, since e —¢€ =6
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One therefore sees that

|L*(Tmain K S2)|

I'(s I'(s
> 2{(271) (a+e) —F(k( 2) L+ ket 1)‘ @mya-e —FEST;QV(Q - 1)'}
> ﬂkﬂ-%—fge—ﬂT/z _ &eﬂT/Zkfz—El . (7.3)
*3n 5

7.2. Estimating the error term. Next, we consider the term Tepror s, (if). We claim
that the component 7% »» , (it) is modular under the action of § := ((1) ‘01 ), that is, for
all 1 > 0,

Ton 0, (it) = (i) *Tonsa 4, (i/1).

This follows since

b
T>2>251(1t)—e”“1/2 Z Z (cit + d)~ (al;:d)

a?+b*>2  A4d>2
b)_
det(‘c‘ d)_l

b S
S 3 e o (8]
a+b222  2d?>2 ¢
det(‘; Z):l
= (i) *Tor 0, (i/1). (7.4)
Thus,

* . N . dt
L (Ts22,,52) = f Torsn s, GO + (=1)F2F72) -
1

which implies that

<1 dt
IL"(T>2,52,5,, 52)| < 250€"T/2(f iUl #72) 7)
I

1 | 200072
) =T %

for all kK > 12. However, the other terms Tirzr‘irs(tt) and Tf’r;‘;s(zt) in Tepror s(it) are not

invariant under S, so we estimate them 1nd1v1dually. Note that

< 250e"”2( (15)

+
k—0'2—2 0'2—2

1 o
* % -1
L Tarons52) = L' (T 52) fo + fl (TSR (it) + TS, (i) i,

Here, using the bounds in (5.3) and (5.5), we get

4 * 402
‘ f (Tif;‘irs<t>+Ti’f£%fs,<n>>fz-1dt‘s1oeﬂT/2( f t"z‘l"‘dt)s ek . (16)
|

1
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again for all k > 12. However, these estimates are not useful when O < t < 1. Therefore,
we proceed as follows. From (4.1) and (5.4), we see that

1 Qo PPN 2
ITler;%rsl (lt)| < —(COShﬂ'ﬂl) / F(k o ) Z —01— n/t + F

From Lemma 4.4, it follows that there exist absolute constants M, and K|, such that

Z nk—a'l—le—Zﬂnu < M()(k — 01 )k_(rl 1 ,
e Qru)k-o

n>1

for k > Ky uniformly for u > 1. (Here we have replaced 1/z by u.) Thus,
1
fo Ty (i dt’

2m)kon © du 2
<2 h 1/2 ( k—o=1 ,—2rnu_ k—op =7 +
< 2(cosh ni3y) —F(k—a'l) ;n e u p——
ara_ 1 (k -0 )k_"' 1 2

'tk — o) e

gy — 01 gy — 01
1 e
< &2 \(k — o) 5 <

<e
aT /2 \/_

k
6/
where we have used 0, — 0; > &’ and the fact that

1 k— o k=ory
< k-0
Tk — 0'1)( e ) o1

The last inequality follows from Stirling’s estimates in Lemma 4.3(b). Thus,

1
f T2y, (i~ di = Or g k'?). (7.7)
0

Similarly, it follows that

1
f TSI (e di < &7y = Or(k'?). (7.8)
0

The implicit constant in (7.8) has no dependency on ¢’ since we assume
oy +oy—k> % From (5.7), (7.4), (7.6), (7.7) and (7.8), it follows that L*(T¢rror5,» S2) =

om(%). Along with the above and (7.2) and (7.3), we have

oy +o —k

L (frs,s 52| = |sme ™ T2Re%e — %eﬂmk‘m — (T, 5",
71'

Thus, it follows that
L*(fis,» 82) >15 k27, (7.9)

for sufficiently large k >>755 1 since e + € > + 0.
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Given an arbitrary pair of points sy, s, satisfying €, + & > % + 0 on the strict
right-hand side of the critical line, that is, {k/2 < Re(s;) < (k + 1)/2}, one can always
choose the point with smaller real part as the kernel parameter and the other one to
be the Mellin transform parameter (unless both points lie on the same vertical line,
in which case, clearly, our result does not hold). And, even in situations where either
(or both) s, s, assume values strictly to the left of the critical line, by virtue of (7.1),
one can perform the appropriate reflection s; = k — s;, thus effectively reducing it to
a question about a pair of points on the right half of the critical strip. This proves the
theorem.

From (6.1),

« d
L*(fis,»52) = fl sy GO + (=124 _SZ)TI

LGP 5 L)
PITGONk—s1) & (f)

L*(f, 52). (7.10)

From (7.9) and (7.10) we immediately observe that, given a pair of points sy, s, in the
critical strip such that ¢; satisfies the conditions in (1.2), there is at least one eigenform
f € B, whose L-function is simultaneously nonvanishing at both s; and s, for
k >rss 1. However, one may observe that

L*(fvsl) *
——FL'(f.5)
2:77n

is the first Fourier coefficient of E;"] ,k_sl(z, s7) (as a function of z € H), and this sum
is already known to be nonzero for sufficiently large k (see [2, formula (3.1)]). This
already guarantees the existence of such a Hecke eigenform as above. However, we
improve, albeit partially, the result in [2] by explicitly determining a lower bound for

the number Ni(sy, s7) in Corollary 3.4.

8. Proof of Corollary 3.4

Let (s1, $2) € Rr s . Without loss of generality, as earlier, we assume s; and s, on
the right half of the critical strip. From (7.10),

&+e 1 F(k) L*(f’ sl)L*(f’ S2)
S S Tk J,ZB: S

(8.1

for large enough & (as mentioned in (7.9)). By the Phragmén-Lindel6f theorem [12],
L(f,s1) <g k'/276%9"  for an arbitrarily small 6" > 0. (8.2)
It is well known that for any normalised Hecke eigenform f € Sy,

k" <gr L(Sym?(f), k) <gn k%"
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holds for arbitrarily small 6" > 0 [8, page 4]. Thus

2I'(k) ) I'(k)
)= L(S k) > ————,
o) = g HSY R > o
where the first relation is from [3, Corollary 11.12.7(b)]. Using this estimate and (8.2),
L*(f,s)L*(f, o (4
Z CRERUIVIEELY g Ni(s1,52)2m) T (sp)L(sp) k!~ @+ 20 Gk
PTG I
k
We estimate I'(s,)/T'(k — s1) by (4.1) to rewrite (8.1) as
kG <p 5 g g Ni(s1, so)k~ (@0 207+0 D) <7 K Ni(s1, 52).
. ['(k—s1)

Thus, by first putting 6" = ¢” and then replacing 6" by ¢"/3,
Ni(s1, 52) > k276"
where the implied constant depends only on 7, 8", 6”. Since
Ni(s1,52) = Ni(s1, k = 52) = Ni(k = 51,k — 52) = Ni(k — 51, 52),

we conclude that there is a constant C(T,6,8") > 0 such that, for k > C(T, ¢, ¢’), the
number of Hecke eigenforms in S; whose L*-value is simultaneously nonvanishing at
any two points sy, s» such that (s;,s2) € Ry s 1s at least Klel+lel=0",

9. Proof of Corollary 3.5

Points on the (right) edge of the critical strip lie inside the known nonvanishing
region of L-functions of Hecke eigenforms [10], given by
+1 c
2 log(k + |t| + 3)’

where ¢ > 0 is an absolute constant. By substituting s, = (k + 1)/2 in Corollary 3.4,
we have Ni(s1) 7.5 k27197 fork 755 1, whend < e < 5 - ¢'.

Re(s) > K
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