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ON THE BEHAVIOR OF ZEROS OF POLYNOMIALS
OF BEST AND NEAR-BEST APPROXIMATION

K. G. IVANOV, E. B. SAFF AND V. TOTIK

ABSTRACT. Assume f is continuous on the closed disk D; : |z| < 1, analytic in
|z] < 1, but not analytic on D;. Our concern is with the behavior of the zeros of the
polynomials { P;(f)} of best uniform approximation to f on Dj. It is known that,
for such f, every point of the circle |z] = 1 is a cluster point of the set of all zeros of
{P:(N}°. Here we show that this property need not hold for every subsequence of the
P (f). Specifically, there exists such an f for which the zeros of a suitable subsequence
{Pf,k(f)} all tend to infinity. Further, for near-best polynomial approximants, we show
that this behavior can occur for the whole sequence. Our examples can be modified to
apply to approximation in the L,-norm on |z| = 1 and to uniform approximation on
general planar sets (including real intervals).

1. Introduction. We investigate the behavior of best and near-best polynomial ap-
proximants in the complex plane C. Let V C € be a compact set containing infinitely
many points such that C \ V is connected. By || . ||v we denote the uniform norm on V,
ie.,

A llv := sup{|f(2)| : z € V}.

Let I'1,, denote the set of all algebraic polynomials of degree < n. For any function f
analytic on the interior V° of V and continuous on V we denote by P;(f) the best uniform
approximant to f on V with respect to I1,, i.e.,

E.(fyv = If = PoDllv < If = Pallv

for all P, € I1,,. By Mergelyan’s theorem we know that E,(f)y — 0 as n — oo.

In this paper we shall be concerned with functions f that are continuous on V, analytic
in V?, but not analytic on V (that is, f has some singularity on the boundary of V). We
denote the collection of all such functions f by Ag(V).

Let { S,} be any sequence of functions holomorphic on a neighborhood U of V (U° D
V) such that || S, — f]lv — 0 as n — o0o. By Montel’s theorem (see eg. [5,§ 15.2]), { S,.}
will be a normal family in U if {S,(z)} omits two different values & and 8 in U. If
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this is the case, then an appropriate subsequence { S, } will converge to a function g
holomorphic in U° and g will be an analytic continuation of f to U°. Thus if f € A¢(V),
then any sequence of functions analytic in a neighborhood of V that approximates f
uniformly on V can omit no more than one value in this neighborhood.

It was shown by Blatt and Saff [1] that if C \ V is simply connected, then the sequence
{P:(f)}§° of polynomials of best approximation to f € Ag(V) cannot omit any value in
a neighborhood of V. More precisely, we have

THEOREM A ([1]). Letf € Ao(V), where E\ V is simply connected. Then there is a
subsequence { n;} having the following property: given any boundary point zo of V, any
e-neighborhood U (z9) of 20, and any a € C, the equation P, (f,z) = a has a root in
U (20) for all large k.

In other words, every boundary point of V attracts a-points of the sequence
{P;, (H}Z,. Actually, in [2], a stronger result is proved concerning the limiting dis-
tribution of these « -points.

Theorem A illustrates what Saff [8] has called the principle of contamination, which
roughly states that the existence of one or more singularities of f on the boundary of V
adversely affects the behavior over the whole boundary of V of some subsequence of the
best polynomial approximants P} (f) to f on V. It is important to note that this principle
as well as Theorem A refer only to some subsequence of the best approximants.

One goal of this paper is to show that Theorem A does not, in general, hold for the
whole sequence { P%(f)} . With the notation

D,:={z:|7 <r},

we shall prove

THEOREM 1. There exists a function f € Ao(D1) and a sequence of integers Ny,
k= 1,2,..., such that the polynomial Py, (f) of best uniform approximation to f on Dy
has no zeros in Dy for every k.

In other words, the zeros of Py, (f) diverge to infinity.

REMARK 1. Theorem 1 remains valid if we replace D; by any compact set V whose
complement is connected and regular with respect to the Dirichlet problem. This is an
improvement of a result of Grothmann and Saff [4, Theorem 2.1], which asserts that
there exists an f € Ag(V) and a subsequence { n;} such that any bounded set contains
o(ny) zeros of P, (f).

REMARK 2. It is not necessary to restrict our considerations to polynomials of best
uniform approximation. In Theorem 1 we may replace P;(f, z) by P;(f, q,z7)—the poly-
nomial of best L, (1 < g < 00) approximation to f defined by

En(f)q := ”f'_ P:(f’ ‘I)Hq < “f_ Pn“q
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for any P, € I1,, where

lelly = (5= [ lete1ea0) ™"

In the special case g = 2, the polynomial P;(f, 2) is the Taylor polynomial of f and we
obtain that there is a function in Ag(D) ) such that all zeros of a special subsequence of its
Taylor polynomials about the origin diverge to infinity. A similar example was obtained
by Jentzsch [7] who also showed (cf. [6]) that, for any f € Ay(D;), every point of the
unit circle is an accumulation point of the set of zeros of all Taylor polynomials.

Theorem 1 and Remarks 1 and 2 are proved in Section 2.

Let us now consider the behavior of polynomials of near-best approximation. We say
that the sequence of polynomials { 0,(f)}¢° is of near-best approximationto f on V if
0,(f) €, n=0,1,..., and there is a constant ¢ > 1 such that

If = OuDllv < cEn(f)v

for any n.

It was asked in [4] if at least one point of the boundary of V must be a limit of zeros
of near-best approximants to f € Ag(V). Our next theorem shows that the answer is no;
that is, it may happen that no point of the boundary of V attracts zeros of the whole
sequence of near-best approximants. In such a situation, we note, however, that for any
value o # 0, Montel’s theorem implies that the «-points of this sequence must have at
least one limit point on the boundary of V.

THEOREM 2. There exists a function f € Ao(D;) and a sequence of polynomials
0, € I, such that:

(i) If — Oullp, < cEx(f)p,, n=0,1,... ,and
(ii) forany p > 1 there is an N such that Q,, has no zeros in D, forany n > N.

Theorem 2 should be compared to Theorem 1.3 in Grothmann and Saff [4] which says
that if we require enough regularity for the error in best approximation of the function
f € Ap(V), then at least one point of the boundary of V is a limit point of the zeros of
0u().

REMARK 3. As in Remark 2, Theorem 2 also holds if O, is a suitable sequence of
polynomials of near-best L, (1 < g < 00) approximation to f.
Theorem 2 and Remark 3 are proved in Section 3.

2. Proofs of Theorem 1 and Remarks 1 and 2.

LEMMA 1. For N > 5|w| we have

Lo Nowi, 1
’e —Jzzoj_"< 56 le
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PROOF. For the remainder of the Taylor seies of ¢* we have

Nowo 1w
W M Nt
e 2471 N!-/O (w—1)'e dt
Therefore,
N ow
Q2.1 GEDY j—‘| < |w|M1el*l/ N1,
= !

and using the inequality N! > NVe™ we get for N > 5|w|

N yi N
=52 < () el
=0J'"" TN
< 'Wle(lAlnS)N+2[w| eA{w|

< |w|e7(51n547)|w| €7|w|

1
RN S M g
=55 —7° ¢ .

PROOF OF THEOREM 1. We set
00 k
g2 =Y g", giz) = 7",
j=1 j=1

where ¢; and m; are determined by induction in the following way. Set £, := %ln 2,
my := 1, n := 5.1f g, my and n; are chosen, then we first determine £;,; > O such that

1
(2.2) ekl < 8k
and
1 —myng
(2.3) ekl < gzk exp(—|| gl pe)-
Then we set
(2.4) Myt := [1/ €],

and finally we choose ny,; so big that
(2.5) Ny > S(k+1)™
and

(k + l)mkH”kH 1
———— <z exp(—||8ks1lpeny)-

2.6
( ) Ni41 ! 16
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We note that inequalities (2.5) and (2.6) are also satisfied for k = 0 because
1
“gl”D1 =€ = 5 In2 and n = 5.

Next we set
f@) = e, fiz) := 9, Ny := myny.

From (2.4) we have
lim(e;)"/™ = 1,
Jj—00

and (2.2) gives ||g — gkllp, < . Hence g € Ag(D1) and the same is true for f.

Next we are going to prove that Py, (f) has no zeros in D;. We shall make use of the
following simple observation:

For any f € C(D,) and any Q, € I1, we have

IP2(F) = Qullp, < I1PL(H) —flip + If — Qv llb,
< 2”f_ QV”DI’
because P} (f) is the polynomial of best approximation to f out of I, .

From (2.2) we have || gk||p, < 2e1 = In2,|/g||p, < In2, whichimply that ||fi|p, <2,
Ifllp, < 2. Therefore (2.1) with N = 0 yields

Q2.7

I =sillor < Il Jexe( 3° &™) = 1]

=kt 1
(2.8) N N
< 2exp( Z 6]) : Z €j < 8€py1-
okl ke
Using (2.2) once more we get
k k
(2.9) ”gk(Z)HDk < ZEjkm’ < K™ ZEj < K™,
=1

= Jj=1

Set On,(2) := ¥, g2V /j! € Ty,. From Lemma 1 with N = i and w = gi(2), (2.9)
and (2.5) we get

I B
(2.10) |On,(2) — 9] < 5eflgk<~>' for any z € D.

From (2.1) with N = ny, w = gi(z), we obtain for any z € Dy,

@] el _ 2
nk! Ilk!

|On,(2) — fi(2)] <

)

which together with (2.8) gives

2
2.11) 1On —flip, < Bern + —.
N .
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From Bernstein’s lemma (cf. [10, §4.6]), (2.7) with v = Ny, and (2.11) we get

||P7Vk(f) - QNkIle < ka“P;/k(f) - QNk”DI
< 2KM|If — Ow,llp, < (165441 +4/ m k™.

Now using (2.6) (with k instead of k£ + 1) and (2.3) we obtain

R 1
(2.12) 1Py, () — Ow.llp, < 5 exp(—[lgllp,)-
Combining (2.10) and (2.12) we get

Ivak f.2)— egk(l)l < %e—lgk(z)l + %e—ugk(z)”l,k

< e 18 @l < | 1@

for any z, |z| = k, which, in view of Rouché’s theorem implies that Py, (f) has no zeros
in Dy. This proves Theorem 1. [

PROOFOFREMARK 1. Let G be the Green’s function for 6\ V with pole at co. Then,
by assumption, G is continuous on C \ V and takes the value 0 on the boundary of V.
We set, for p > 1,D} := {z€C\ V:|G(z)| <Inp} U V. Denote by Ty(z) = 2" +---
the generalized Chebyshev polynomial of degree n for V, i.e.

(| Tnllv = min{ " — pQ)|lv : p € 1 }

and let 7,,(2) := T,(2)/ || Tllv- If we set g(z) := 2 Eij/(Z) and gi(2) := ZJ’.‘zl Eijj(Z),
then with obvious modifications the proof of Theorem 1 will give us Remark 1, with Dy
replaced by Dj. Notice that { D} is an increasing sequence converging to the whole
complex plane C in an obvious sense.

PROOF OF REMARK 2.  The only changes in the proof of Theorem 1 are:
(a) Using Nikolskii’s inequality [9, § 4.9.2] one replaces (2.7) by
1P} (£, 9) = Qullpy < v/ 4IPI(f ) = Qg
< 9(IP )~ Flla +If = Qully)
<20 9|f = Qully < 200 If — QI

(c is an absolute constant).
(b) Therefore we have to replace (2.3) and (2.6) by

1 _ _ _
El < —e “gk”Dk(mknk) 1/ qp—min

and

C(k A l)mhl”“](mkﬂnkﬂ)l/q < -l—e‘“gkn“mn

nk+1! 16

respectively.
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3. Proofs of Theorem 2 and Remark 3. For any 27 periodic function F we denote
by
w(F,6) :=sup{ |F(t)) — F(r)| : |t — 2] <6}

its modulus of continuity.

LEMMA 2. Let G be a 27 periodic continuous complex-valued function and 6 > 0
be such that w(G,§) < 1. If F(t) := exp{ G(¢)}, then

B —e)191u(G,6) < w(F,6) <ellw(G,6),
where |G|l := || G| (02r-
PROOF. Letw € C, |w| < 1. Then

2
w w
|e—1[=|w|‘1+i+§+ ‘
w W2
>1W|[1_12_!+§T+ |‘

> wl(1=(e=2) =3 —o)u.
Therefore, for any a, b € C, |a — b| < 1 we have
le® — | = || |e*" — 1] > &R¢P(3 — e)|a — b].

Thus if ¢, and ¢, are two points in [0, 27) such that |1} — | < § and |G(t)) — G(1)| =
w(G,6), we have

193 — w(G.6) < 93 — )| G(tr) — G(n)|
< Iecm) — ™| = |F(t)) — F(t)| < w(F,6).

This proves the first inequality. We get the second inequality in a similar way from

(31) lea—ebl < la_blemax{|a|v|b|}

foranya, b,€ C. -
Denote by J, the set of all trigonometric polynomials of degree n. For any 27 periodic

function F let

ET(F):= inf sup |F(t)— P(1)|

PeT 0<t<2m

denote the best approximation of F by trigonometric polynomials in J,.

LEMMA 3. Iff is continuous on Dy, analytic in ]z[ < 1, and F(t) := f(e"), then

(3.2) E[(F) < E.(f)p, < A4E[, ,(F).

PROOF. If P € I, P(z) = T}_, bk, then

Q(t) := P(e") = Y (by cos kt + iby sin kt)
k=0
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belongs to J,. Therefore, the maximum principle gives
If = Pllo, = max lf@ = P@| = |F ~ Qllio2r) > En(F).
U=

This proves the left-hand inequality in (3.2).
Let f(z) = ¥, axz*. Then the Fourier series of F is given by

()
> (axcos kt + iay sin kr)
=0

and the corresponding de la Vallée-Poussin sums are V,,(F,t) = Qn(e"), where Q,, €
H2m~l,

On(2) = Zakz + 2% (2 - —)aka

k=m+1

Therefore, with m = [n/ 2],
E.(N)p, <|f — Oullp, = max If(2) — Om(2)]

= ||F = Vi(F)ll0.2m) < 4EL,(F),

where in the last inequality we used the well-known estimate for the de la Vallée-Poussin
sums given in [3, §6.1]. [

PROOF OF THEOREM 2. Let m; := 1and my,, := G+ 1)™,j = 1,2,.... Set

8@) =Y 47", G@t) = g(e"),

j=1
f@):=€e9, F@):=f(e").
Fork = 1,2,..., we further set

Ri(z) := 24"2’"1 Gi(t) := 47 %™

=
Gi(1) == Rii(e), ék(t) = G(1) — Gi(t) — Gi(1),

Oi(z) = %(Rk(Z))j/j! .

j=0

Note that Oy € I1,y,,,. Finally, formg,) < n < myy, weset Qn =00l k=1,2,....
We claim that f and O, satisfy all the requirements of the theorem. To this end we
shall prove the following:

(3.3) f € Ao(Dy);

1
(3.4) — <4*E,(f)p, <1, formy <n < mypy
C1
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(here and below ¢y, ¢3, .. . denote possibly different absolute constants);

(3.5) If = Qillp, < c2d7*, fork =1,2,...;
3.6) Ok has no zeros in D4/ 2.

Then (i) of Theorem 2 will follow from (3.4) and (3.5) and (ii) will follow from (3.6).
For any j > 4 we have m; > 4/, which implies that

lim(47)/™m = 1.

J—00

Also the series for g is absolutely convergent in D; and hence g € Ay(D;). This implies

(3.3).
In order to prove (3.4) we first estimate the modulus of continuity of G. Let§d = 7 / my.
Then
. =1 =1
3.7 w(Gi;0) <D 4 7w(e™',§) <Y 47 m—
Jj=1 =1 M
<M gk > a,
m; 3 3 -
I~ 00 . .
3.8) w(Gi,6) < Y 47w(e™"§)
J=k+1
0o 2 —
<23 47 =247
Jj=k+1 3
and
(3.9) w(Gy,b) = 47K| MmO _ gim(m/mo| — o . 4k,

From (3.7), (3.8) and (3.9) we easily obtain
W(G,8) < w(Gr6) +w(Gi,8) +w(Gy,6) <3-47F

and -
w(G,8) > w(G,8) — w(Gy,6) — w(Gy,6)
S04k L 2 47+,
- 3 3
for k > 4. This implies
(3.10) c;' <4w(G, 7/ my) < c; for any k.
From the monotonicity of the modulus of continuity and (3.10) we get
;' <4w(G,6) <y
forany é € [1/my41,1/my]. Thus Lemma 2 gives

(3.11) et <4 w(F,6) <cs
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forany é € [l/mk+1, l/mk].
Jackson’s theorem (cf. [9, §5.1.2]) and (3.11) imply that

(3.12) ET(F) < cg4™* forany my <n < my,,.

Using (3.11) together with the converse theorem for the best trigonometric approxi-
mation (see eg. [9, §6.1.1]) we get

Mgy
c7 4=k < cgw(F, l/mk+l) < mk_+ll E EJT(F)
=0

mi—1 Mis1

— 1 T -1 T

= mgh > . E[(F)+mcy 3 E](F)
J= J=my

< migh (mil| F|| + mi E, (F))
<2my(k +1)™ + E}, (F),

which, for large enough k and my; < n < my,, yields

(3.13) Ey(F) > Ej, (F) > g4~ = ¢947%,

k+1

Inequalities (3.12), (3.13) and Lemma 3 yield (3.4) for sufficiently large k’s. Therefore
(3.4) is valid for all k (with a possibly large constant c; ).

In order to prove (3.5) we observe that |Rx(z)] < 1/3 for any z € D,. Hence from
(2.1) with N = my, w = Ry(2) we get

(3.14) |0k() — RO| < (1/3y"H1 /3 [yt < 47+,
From (3.1) with a = R(2), b = g(z), we get for z € D,
[f@ — @] < e!/3|Ri(2) — g(2)]

— el/3l.§: 4~ pm

j=k+1

(3.15) <t

Combining (3.14) and (3.15) we obtain (3.5) with ¢; = 2.
Finally we prove (3.6). Let |z| = (k+1)/2. Then

k+1\m k.
R@| < (5=)" 247 <me/s,
=

for any k. By Lemma 1 with N = my, 1, w = Rk(z), we have
leRk(Z) _ Qk(Z)| < e-le(Z)| < leRk(z)|_

Thus Rouché’s theorem asserts that QO has no zeros in D,1)/2. This completes the
proof. =
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PROOF OF REMARK 3. The same function f and polynomials 0, from the preceding
proof are suitable. It is enough to evaluate from below the L, modulus of G:

w(G,8), = sup{(%f;” |G(x+t)—G(x)|"dx)]/q 0< tga}.

To this end (3.9) should be replaced by

T | 1/q
AR TN _ q
w (Gk, mk) > (27r L7 1Gux+ 7/ m) = Gy dx)
1 2 1/q
— 19— q
2( — [ 16kl dx)
1 2T 1/
:2-4*"(—/ dx) o4k
2w Jo
because Gy(x + m / my) = —Gy(x) for any x. Inequalities (3.7) and (3.8) remain the same
for L; moduli and hence w(G, 7 / my)g = C1o 4=* which implies an inequality similar to
(3.4) for the best L, approximation of f. [
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