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EPICOMPLETE ARCHIMEDEAN LATTICE-ORDERED GROUPS

Dao-RoNG ToN

In this paper we give the structure of an R;-complete £.group and the epicomplete objects
in the category A‘.

1. INTRODUCTION

We determined the structure of a complete £-group in [8] and the structure of
an Archimedean f-group in [9]. In this paper we will determine the structue of an
R; -complete £-group, in particular, of a o-complete £-group.

Let £ be the category of all £-homomorphisms between abelian £-groups. In [1),
Anderson and Conrad determined the epicomplete objects in£. An object G in £ is
epicomplete if and only if it is divisible. Let .A‘ be the category of all £-homomorphisms
between Archimedean f-groups. In [2, 3|, Ball and Hager determined the epicomplete
objects in A¢. An object G* in A is epicomplete if and only if G is divisible and -
complete and o -laterally complete (meaning each countable subset of positive elements
of G which is either bounded or pairwise disjoint has a supremum). In this paper we
will give the structure of the epicomplete objects in .A°.

Our general terminology and notation are standard, as in [5]; for the special nota-

tions to be discussed here the reader may refer to [8, 9].

2. THE STRUCTURE OF AN R;-COMPLETE {-GROUP

Let G be an {-group. We denote the least cardinal a such that |A| < a for
each bounded disjoint subset A of G by vG, where |A| denotes the cardinal of A.
G is said to be v-homogeneous if vH = vG for any convex f-subgroup H # {0} of
the £-group G. Let G be a v-homogeneous £-group and R; a cardinal number. If
vG = N;, wecall G an ¢-group of X; type. For example, an £-group of countable type
is an {-group of Ro. (For the definition of an £-group of countable type the reader
may consult {10}.) The free abelian ¢-group A, of rank 7 (n > 1) is an £-group of
Ro type (see Proposition 8.1 in [9]). A Riesz space (vector lattice) V is said to be of
R; type if it is an £-group of R; type.
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LEMMA 2.1. Any Archimedean {-group G of R; type with a weak unit can be
embedded into a complete Riesz space of R; type.

ProoF: Let G~ be the Dedekind-MacNeille completion of G. It follows from
Proposition 2.12 in [8] that G~ is a complete £-group of R; type. From 1.16 in 6] we
see that G~ can be embedded into a complete Riesz space U(G™); that is

(1) GG - Z(GT)-U(G),

where Z(G™) = {2 | z € G~& n € N} and U(G") is the Dedekind-MacNeille comple-
n

tion of Z(G"). Now we prove that Z(G™) and U(G") are both of R; type. Without
loss of generality, from Proposition 2.2 in [8] we may assume

(2) YTncec'[[Ts

sea sea
where each T5 (§ € A) is a real group, or an integer group, or a complete v-
homogeneous £-group of R; type. Put Ts = {g € G~ | § #6§ == gy = 0} for
6§ € A. Then T; is a convex £-subgroup of G~ for § € A. So vT5 = vG~=R;. Hence
each Ts (8 € A) is a continuous complete £-group of R; type. From (1) we have

(3) Y mcacze) e ] 2w,
sea s€a
where Z(Ts) = {E | z5 € Ts & n € N}. Let {z* | a € A} be a disjoint subset with
n
an upper bound in Z(G™). Then there exists a division of A from formula (3)

A= (U Aa) Ua,
a€A
where Aq = {6 € A | 2§ # 0},and A’ = {6 € A | (Va € A)(z§ =0)}. It is clear
that, if a # o' then Ao N Ay = 0. Let z be a weak unit in G. Then z is also
a weak unit in G~. In fact, forany y € G~, y = V {yao € G | a € A}. Then
a€A

O=zAy=zA ( \Y) ya) =V (zNy,) implies £ Ay, =0 forall a € A. So y=0.
a€CA a€A
Let %, be the element whose § component is z; and all other components are zero.

Put
o s 0 € DN,
Ts =
0 €A,
then z% = (...Z5...) = V (G7)z , hence {Z* | a € A} is a disjoint subset with

s€A,
an upper bound z in G”. So |4] < R; and vZ(G™) < R;. On the other hand, since
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G~ C Z(G™), we have vZ(G") > vG™ = R;. Therefore, Z(G™) is of R; type. From
Proposition 2.12 in [8] we see that vU(G™) = ;. ]

A lattice L is called R;-complete if each of its non-empty subsets with cardinality
number a < ¥; has a supremum and an infimum. A Boolean algebra X is said to be
R; -complete if X is an R;-complete lattice. A Boolean algebra P is called an algebra
of X; type if the cardinal number of each disjoint subset is at most R;.

LEMMA 2.2. Let P be an R;-complete Boolean algebra of R; type. Then in an
arbitrary infinite subset E of P there exists a subset E' C E with |E'| < N; such that

VE' = VE, AE' = AE.

PROOF: The proof is similar to the proof of Theorem VI.1.1 in [10]. Let E be
an arbitrary infinite subset of P. We denote by N the set of all subsets N C P with
|N| € R; possessing the following properties:

a) N is a disjoint set;
b) if e ¢ N, then there exists an e; € E such that e < ¢;.

The set N is non-empty. We assume that A is ordered by inclusion. We will show
that N satisfies the condition of Zorn’s Lemma. In fact,if N' CN N' = {N, | a € 4}

and N’ is a chain, then we put N' = |J N,. Since for arbitrary e;, e; € N’ an index
acA

a can be found for which ey, e; € No, then N' consists of pairwise disjoint elements
and hence |N'| is at most R; and N' € N'. By Zorn’s Lemma, there exists a maximal
set Ny in M. Let eg = VN,. We can show that e, = VE. Suppose that there exists
e1 € E such that e; is not < eg. Then e; A ey = e > 0 (see Theorem I1.5.2 a), b) in
[10]). Now, adjoining the element e to the set No, we obtain a set which also occurs
in N which contradicts the maximality of Ny. On the other hand, since N, satisfies
the condition b), then there exists a subset E' in E with |E'| < |Np| € R; such that
eo < VE'. Consequently, e V E' = VE. ]

A Riesz space X is called a space of R; type if the cardinal number of each bounded
disjoint subset is at most R;.

LEMMA 2.3. Let X be a Dedekind complete Riesz space of R; type. Then in every
infinite subset E C X which is bounded above (below), there exists a subset E' C E
with |E'| £ R; such that VE' = VE (AE' = AE).

PRroOF: This is similar to the proof of Theorem VI.2.2 in {10}, using Lemma 2.2
to replace Theorem VI.1.1. 1

LeMMA 2.4. In any Archimedean {-group G of R; type with a weak unit, if

z=V (G),_, then there exists a subset {zo | &' € A} with |A'| < R; of {za | & € 4}
atA
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such that z = \/ (@ z.
aleA!

PROOF: Let G be an Archimedean f-group of R; type with a weak unit. From
Lemma 2.1 we see G can be embedded into a complete Riesz space U(G) of R; type
according to the process of (1). Since U(G) is a regular extension of Z(G), we can

assume

(4) =\ E@,, =\ e,
aCA a€A

By Lemma 2.3 there exists a subset {zy | @' € A'} with [A'] < R; of {zo | « € 4}
such that

(5) A=\ EO,, =\ WO,
a'€A! a’cA’

We denote the set of all upper bounds of the subset M of G in Z(G) by M}
and the set of all upper bounds of M in G by M{. From (4) and (5) we have

(G)

{za | @ € AYp6) = {2 | @' € A"}y

then

{za | € A} )N G = {2 | &' € A}y N G,
{za | @ € A}g = {zar | &' € A}5.

Therefore

V (G)Zal = V (G)Za = z.

a’eA’ a€A
|

An £-group G is said to be R;-complete if each upper bounded subset E with
|E| € R; in G has a least upper bound. For example, a o-complete £-group G is
Rg -complete. Since a o -complete £-group is Archimedean, if R; > Ry, an R;-complete
{-group is Archimedean.

LEMMA 2.5. Any R;-complete £-group of R; type with a weak unit is complete.

PROOF: Let G be an R;-complete £-group of X; type with a weak unit €. Then
G is an Archimedean f-group of R; type with a weak unit ¢ and G has a Dedekind
completion G™. Let {z® | « € A} be an arbitrary upper bounded subset in G. Assume

T = \/ (¢)ze,

a€A
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By Proposition 2.12 in [8] we see that G™ is also an £-group of ®; type. And ¢ is
also a weak unit in G™. So, by Lemma 2.4, there exists a subset {:v“l | a' € A'} with
|A'} < R; of {z® | & € A} such that

=\ (@)

ale A’

T = \/ (@),

G’EA’

Therefore

LEMMA 2.6. Let G be an Archimedean {-group. If the completion G™ has a weak
unit, then G also has a weak unit.

PROOF: Let ¢ be a weak unit in G~. From Theorem 2.4 in [4] there exists &' in
G such that € > . Then ¢' is a weak unit in G. Because, if €' Az =0 for z € G,
then e Az =0. Hence z =0. [}

Let £-group G be a subdirect sum of {Gs | § € A}. If there exists a subset

Ay € A such that Y G5 C G, then we call G a semicomplete subdirect sum of
JEAI

{Gs | 6 € A}.

An f-group G is said to be projectable or a P-group, if G = gt B gt for each
g € G, where gt = {g}* = {z € G| |g|A|z| =0} and gt = (gL)'L. It is well-known
that any o-complete £-group G is projectable. So any R;-complete £-group G is
projectable for N; > Ro. An Archimedean £-group G is said to be continuous, if for
any strictly positive element z we have £ = z; + z; and z; A z; = 0, where z; #0
and z; # 0.

LEMMA 2.7. Any R;-complete {-group G of R; type with R; and R; > Ro is

continuous.

PROOF: Let 0 < z € G. Since v[z] = vG =R;, by 4.3in [7], [0, z] is not a chain,
and there exists 0 < z; < z and 0 < z; < & such that 2 Az; = 0. It is clear that
g1 is also R;-complete. In fact, if {z® | « € A} is a subset in z1* with |4] < X; and

2 < T ezl for a € A, then there exists \/ (Fz* =29 € G. Since TAy = 0 for
acA

each y € zt, zg Ay = 0 for each y € 21 and so zo € z11. Because G is projectable,
we have

(6) gt =zt Bz

It is easy to see that z€zi L. In fact, if z € zi-L, then z1+ C z{'L | hence z11 = zi+.
But z; € z; C =zt giving a contradiction. On the other hand, since z,€z;, we have
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z€zi . From (8) we see that there exist 0 < z! € z71 and 0 < z% € z{ such that
z = z' + 2?. Therefore G is continuous. ]

THEOREM 2.8. Any R;-complete {-group G is {-isomorphic to an semicomplete
subdirect sum of real groups, integer groups, continuous complete £-groups of ¥; type
and continuous R;-complete {-groups of X; type with R; > R;.

PRrOOF: We will proceed in three steps.
(1) Let G be an R;-complete £-group. Then G has a Dedekind completion G™.
From Theorem II1.4.4 and Theorem II1.4.6 in [11] we see that

(7) G~ g * H GA,

AEA
where G, is a complete £-group with a weak unit =5 for A € A. From Proposition
2.2 in [8], without loss of generality, we have

(8) érct Il éx

As€A
for each A € A, where G, (As € Qi) is a real group, or an integer group or a
continuous v-homogeneous complete £-group. We can show that z,, is a weak unit
in G, for each A5 € Ax. In fact, let ya; € Gx; and za; Aya; =0. Let Y, be the
element in G, whose As; component is ya, and all other components are zero. Then
zA NGy, =0 and so G, =0, therefore y, = 0.

From (7) and (8) we have

et JIeac I I 6x )< II 6

A€A AEA \As€A, A€A
As€A,

Putting A = |J A and Ts = G, foreach 6§ € A, we get
AEA
¢ c* I 75
€A

Let ps be the projection from [] Ts to T5 and Ty = Gps for each 6§ € A. Then
sea

(9) o' [ m,
€

where each T; is a real group, or an integer group or a continuous v-homogenous
complete £-group with a weak unit and T} is a subgroup of reals or a v-homogenous
Archimedean £-group with a weak unit for § € A (see Lemma 2.6).
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(2) It is clear that the projection ps from G onto Tj is complete. Let {z§ | a € A}
be a subset in T with [A] < R; and z§ < z5 € T; for « € A. Let z* be the element
in G whose § component is z§ and z the element in G whose § component is z5.
Put y* = z* Az. Then {y® | o € A} is a subset of G with an upper bound z and

|A] < R;. Thus there exists y = \/ (G)y*. Clearly, y®p; = z3. Put yps = ys € Tj.
acA

Then ys = V (Tﬁl)z‘g‘. So each T; is R;-complete for § € A. If Tj is a subgroup
a€A
of the reals, then T is R or Z. If T} is not a subgroup of the reals, then T} is

v-homogeneous. Suppose vT; = R;. If R; = R;, T} is an R;-complete {-group of R;
type. It follows from Lemma 5 that T is complete for those § € A for which Ty is of
R; type. It then follows from Lemma 2.7 that each T} is continuous for § € A.

(3) Finally we prove G is a semicomplete subdirect sum. Put A; = {§ € A | T}
is R or Z or a continuous complete £-group of R; type }. For each § € A, set

Ts={9€G|8#6 = gy =0}.

Let Z5 be the strictly positive element in _T:; whose § component is z5. Then zZs € G©

because G~2 3 T5 D 3 T;. From Theorem 1.1 in [4] we have
s€A s€D

(10) zs= \ C{z*€G|0< 2" <)
acA

It is clear that z® €= T:, . It follows from (10) that

Zs = V (Té)zf,".

a€A

By Lemma 2.4 there exists a subset {z% | o/ € A'} with |A'| < R; of {z® | a € 4}
such that
z6 = V (Té)za’,

s'€cA'

Therefore
75 = V (G )z?’.
alc A’
From Theorem 2.4 in [4] there exists z' € G such that Z5 < 2. Since G is R;-complete,

there exists \/ (6);%' | From Lemma 2.2 and Theorem 2.4 in (4] and (11) above, we
a'€A’
see that h
V (G)za' - V (G )za' =Fq.

a'€eA’ a'€A!
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Thus Z5 € G. This proves that T; C G for each 6 € A;. Therefore

Ymecec' [ i

s€0, sea

3. EPICOMPLETE OBJECTS IN THE CATEGORY A’

LEMMA 3.1. The following are equivalent for G € A:
(a) G is epicomplete in A*;
(b) G is conditionally and laterally o -complete, and G is divisible (see The-
orem 4.9 in [3]).

From Theorem 2.8 we have the following result.

COROLLARY 3.2. Any o -complete {-group is £ -isomorphic to a semicomplete sub-
direct sum of real groups, integer groups, continuous complete £-groups of countable
type and continuous o -complete £-groups of R; type with R; > No. That is, there
exists an £-isomorphism f such that
(12) > Tcfe)c' I Ts

seA,CA sea
where Ay = {§ € A |Ts is a real group, or an integer group or a continuous complete
£-group of countable type } and A\A; = {§ € A |Ts is a continuous o -complete £-
group of R; type with R; > Ro}.

Now let G be a divisible o-complete £-group. Without loss of generality, from

(12) we have
> mcec'[[1s
€A, CA SEA
Each T is a homomorphic image of G, hence T is divisible for each § € A. Thus we

get:

COROLLARY 3.3. Any divisible ¢ -complete £-group is £ -isomorphic to a semicom-
plete subdirect sum of real groups, continuous divisible complete £-groups of ocuntable
type and continuous divisible o-complete {-groups of R; type with R; > R,.

Let {Ts | § € A} be a set of £-groups. Put

H Ts ={z € H Ts | 3 a countable subset A, in A such that z5 = 0if § €A, }.
sea sea
Let ¢-group G be a semicomplete subdirect sum of {Ts |6 € A}. That is.
>, meec'[] T
6€A,CA sea

If [I °Ts € G, then we call G a o-semicomplete subdirect sum of {T5 | € A}.
s€h,
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THEOREM 3.4. Let G be an epicomplete object in the category A‘. Then G is
£-isomorphic to a o -semicomplete subdirect sum of real groups, continuous complete
epicomplete £ -groups of countable typs and continuous £-groups of R; type with R; >
Ro.

PRrROOF: By Lemma 3.1 and Corollary 3.3 we have

(13) > mcec'[[Ts

éeA, CA seA

where T is a real group or a continuous divisible complete £-group of countable type
for each § € A; and T is a continuous divisible o-complete £-group of R; type with
R; > Ro. By 6.1 in (2] the real group R is epicomplete in .A¢. For each § € A; put

Ts={g€ G| #6 = g5=0}.

From (13) we have
G = Ta B Gs

for each § € Ay, where G5 = {g € G | g5 = 0}. If Ty < T} is epic in A*, put
G' =T;HGs. Then G < G'. Suppose a; and a; are two £-homomorphisms from
G' to an Archimedean £-group P such that a;|g = az2i¢. Then oy lTo = az |7’.s . So
a;lﬁ = aleé and a; = o . This means G < G’ is epicin A%. Since G is epicomplete,
G = G' and Ts = T;. Therefore each Ts or Ts is epicomplete in A for § € A, .

On the other hand, G is o-laterally complete. Hence

H °T6gcg'HT6.

sch, €A
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