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BOUNDEDNESS OF MULTIPLICATIVE LINEAR 
FUNCTIONALS 

BY 

T. HUSAIN(1) AND S. B. NG(2) 

Let A be a complex sequentially complete commutative locally m-convex 
topological algebra which is symmetric with continuous involution. The purpose 
of this note is to prove that every multiplicative linear functional on A is bounded 
(Theorem 3). In fact, we prove a more general result for operators on real algebras 
(Theorem 1) from which we derive the above result. 

Let A denote a real sequentially complete commutative locally m-convex topo­
logical algebra with the family of seminorms {|| • • • ||a, a e D} [1]. Let E be a real 
commutative Banach algebra with the norm || • • • || such that for any sequence 
{xn} in E, \\xn\\>l, there exists e>0 and a sequence of real-valued multiplicative 
linear functional fn{n>\) on E satisfying infw \fn(xn)\>s. It is not difficult to see 
(Thanks to referee) that such an algebra with identity can be regarded as a sub-
algebra of CB(M), the algebra of continuous real functions on a compact Hausdorff 
space M with sup norm topology. 

First we prove the following main result: 

THEOREM 1. Let A and E be as mentioned above. If T is a linear operator which 
maps A into E such that T(x2) = T(x)2, then T is bounded (i.e. takes bounded sets 
into bounded sets). 

Proof. Suppose that T is not bounded. Then there is a bounded sequence {xn} 
in A such that | |7XJ|>« for all n>\. Since \\TxJn\\>l, there exists e>0 and a 
sequence of real-valued multiplicative linear functional fn on E such that 
infw l / « W I > « 5 whereyn=TxJn=T(xJn). 

Let zn=(yyje)\ where y>\ is fixed, then fn(zn)>y2>\9 and fm(zn)= 
fm(yyJsY>® f° r aU rn,n>l. Put an=(yxjs)2

9 clearly {an} is a bounded sequence 
in A, and zn=T(aJn2). Therefore for each a e D , there is a constant Ca such that 
K | | a < C a f o r a l l « . 

Define Dk={oi e D:\\an\\x<k for all n}9 then D^D2^ • • • and D=\Jk^1 Dk. 
We now employ a technique in [2], and define recursively a subsequence {bk} of 
{ajn2} as follows: Let b1=a1; if bu . . . , bk_x are defined, then one can choose 
bk=an \nk for sufficiently large k such that 

(*) I IB^-B&IL < 2~k for all a e Dk and 1 < j < fc-1, 
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where 

B? = fc,+(Bm+(- • • +(&*_!+ btf • • -ff. 

We see that B^—B^ is a multinomial with positive integral coefficients, because 
Bk^x is a part of Bk

] in the expansion. Since the seminorms are submultiplicative, 
we have 

l l ^ - ^ X < {IIM,+(ll&mll«+(- • • + ( I I ^ I L + I I 6 J D " • • -)2)2} 

-{\\bM+(\\bj+1L+(- • • +(l|bMll.+ l|6 .̂illD8 • • 02)2} 

and since ||<zja<£ for all a e Dk, and for sufficiently large m, ||6m||a=||a«m/^wlla< 
h/nlt for all a e Dk, m=j, . . . , i.e. \\bk\\a is sufficiently small, we can ensure that 
the inequality (*) holds. 

Furthermore, for any a e D, a G Dk for some k, and if p>q>k, a G Dk+1,. . . , 

Z V B y ( * ) w e o b t a m J ^ 

2L«+i 2~~fc for ally, l< j<#— 1. Hence for eachy'M, {Bk
3)}k>j is a Cauchy sequence 

in A. 
Let Cj=limk^a0 Bk\ By construction, ^ = ^ + ^ 2 , . . . , Cj=bj + c2

+ . Since 
^ = V » ^ w e h a v e / B / 7 ^ , ) = / n / ^ ( V ^ ) = / » / ^ » ^ / . / n / ^ 0 = ^ ( î ' c i + 1 ) » ^ 0 > 

and fnj(Tbi)=fn.(zn)>0, i=l,... ,j-l. Whence by induction, 

/ • / ^ « / . / r ^ + ^ + o • • +(6,+c|+1)
2)2))) 

for a l ly>l . This is impossible, since l /n .C^OI^I I^ i lK 0 0 f ° r a U / 
Replacing £ in Theorem 1 by the algebra of real numbers R, we obtain: 

THEOREM 2. If A is a real sequentially complete commutative locally m-convex 
topological algebra, then every real-valued multiplicative linear functional on A is 
bounded. 

Now let A be a sequentially complete commutative locally m-convex topo­
logical algebra over the complex field. An involution on A is, a function x-^x* 
from A into A that is conjugate linear and satisfies ( X J ) * = J * X * , x**=x for all x, 
y G A. The set H of all hermitian elements (those elements x satisfying x*=x) is a 
real subalgebra of A. Consider A as a real vector space, then it is the direct sum of 
subspaces H and iH (i.e. A=H+iH). Moreover, if A has a continuous involution, 
then if is sequentially complete, and any bounded set B in A is contained in 
BH+iB'H (i.e. for all x e B, there exists y G J 5 H and z e B'H such that x=y+iz), 
where 2?^ and B'H are bounded sets in H. We say that 4̂ is symmetric if — x*x is 
advertible (i.e. invertible for the composition ° defined by x ° y=x+y—xy) for all 
x e i . A familiar argument [1, Lemma 6.4] shows that if A is symmetric, then 
every multiplicative linear functional on A is real-valued on H. The following 
theorem generalizes [1, Th. 12.6]. 
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THEOREM 3. If A is a commutative sequentially complete locally m-convex topo­
logical algebra over the complex field that is symmetric with a continuous involution, 
then every multiplicative linear functional on A is bounded. 

Proof. Let / b e a multiplicative linear functional on A. A is the direct sum of 
real subspaces H and iH, where H is the set of all hermitian elements in A. More­
over, jRTis a real subalgebra of A. For any bounded set B in A, B^BH+iBf

H where 
BH and B'H are bounded sets in H. As the restriction/# off to H is real-valued, 

/H(^H)
 a n ( i / # ( £ # ) a r e bounded by Theorem 2, and hence/(i?) is bounded. 
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