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Asymptotic homogenisation via the method of multiple scales is considered for problems in
which the microstructure comprises inclusions of one material embedded in a matrix formed
from another. In particular, problems are considered in which the interface conditions include
a global balance law in the form of an integral constraint; this may be zero net charge on the
inclusion, for example. It is shown that for such problems care must be taken in determining
the precise location of the interface; a naive approach leads to an incorrect homogenised
model. The method is applied to the problems of perfectly dielectric inclusions in an insulator,
and acoustic wave propagation through a bubbly fluid in which the gas density is taken to
be negligible.

Key words: homogenisation; multiple scales; perfect dielectric; rigid inclusions; bubbly fluid;
effective medium; averaging; coarse graining

1 Introduction and motivation

The technique of asymptotic homogenisation via multiple scales is widely used for a variety
of problems involving a (locally) periodic microstructure for which bulk or effective equa-
tions are required [5-7]. Typical applications include the derivation of Darcy flow from
the Stokes equations, homogenisation of a rapidly varying porosity/conductivity/diffusion
coefficient, effective elastic properties of composite materials, and the transmission of
acoustic waves through bubbly fluids.

Our interest in this paper lies with problems for which the unit cell contains more than
one region; for example, the unit cell may contain two materials in which the (perhaps
different) field equations must be solved, separated by an interface. Such microstructures
arise naturally and frequently; the examples of composite materials and bubbly liquids
above fall into this category. If the conditions on the interface between these regions are
natural, representing for example continuity of flux, and the field equations are the same
on both sides of the interface, then such interfaces pose no additional complication over
and above the usual multiple scales procedure. In fact, if the interface arises simply through
a discontinuous coefficient in the field equation (the Young’s modulus for example), the
multiple scales procedure can be carried out assuming a smoothly varying coefficient, and
the sharp interface limit taken subsequently (the two limiting procedures commute).

However, if the interface conditions involve a global balance in the form of an integral
constraint, then more care needs to be taken: we will see that a naive approach leads to an
incorrect homogenised model. Such a constraint appears for example when considering
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an array of electrically conducting inclusions in an insulating matrix: the net charge on
each inclusion must be zero. We give more examples in Section 3.

Our motivation for the present study came from a claim in [2] that the multiple scales
limit did not commute with the limit of small gas density for the problem of acoustic
waves in a bubbly fluid. We will show that in fact the limits do commute, but that a
careful handling of the interface is necessary when the small gas density limit is taken
first.

We note that the method of multiple scales is just one approach to deriving effective-
medium equations for problems with a detailed microstructure. A related technique is
volume averaging [10], which often results in the same effective-medium equations [3].
An entirely different approach involves treating the microstructure as stochastic, and
averaging not over space but over realisations of the microstructure [1,9]. It is usually
very difficult to estimate the effective properties from such a description, since doing
so requires an infinite set of statistical correlation functions, which are generally never
known [8]. Nevertheless, variational methods can often be used to obtain upper and lower
bounds on the effective material properties [4]. We are not aware of any attempt to apply
either of these methods to problems involving integral constraints on microinclusions.

We first present a one-dimensional paradigm problem which enables us to illustrate the
failings of the naive multiple scales approach, as well as the way to correct it. We then
present in Section 3 a number of physical examples in which integral constraints arise.
In Section 4, we use one of these examples to illustrate the application of the method in
three dimensions. In Section 5, we return to the problem of acoustic wave propagation
through a bubbly fluid. Finally, in Section 6, we present our conclusions.

2 A one-dimensional paradigm problem

We consider the following one-dimensional paradigm problem:

L))

where a(X) is assumed 1-periodic in X and is given by

arif 0<X <4,
<X<3 (2.2)

<X <1,
and the source term f(X) is assumed 1-periodic in X and is given by

frif 0<x <1,
fX) =X frif l<x<? (2.3)
flif 2<X <l

W Wl—
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For ease of exposition, we assume that the f; and a; (i = 1,2) are constant, though the
modification if this is not the case is easy to make. At the interfaces x/e mod 1 = 1/3, 2/3
both y and ady/dx should be continuous.

Introducing the fast scale X = x/e, writing y = y(x,X) with y 1-periodic in X and
treating x and X as independent as is usual in multiple scales gives

0 0 6y Oy )
Expanding y = yo + €y + - -+ gives at leading order

0 ayo .
ox (“(X) (ax)) =0

for which the relevant solution is yg = yo(x). At next order in (2.4) we find
0 dyo | Oyi)\ _
m@“(&*u =0,

dyo Oy _ Q)
dx 08X a(X)
say. Integrating over X and using the periodicity of y; gives

so that

dyo U dx
il UG ) X

At next order in (2.4), we find

d dyo = Oy 0 Oy1 Oy _
e <a(X)<dx + 6X)> + X <a(X) <6x + 6X)> =f(X),

do Oyr , Oya\\ _
a*‘ﬁ (a(X) <6x +6X)) =f(X),

Integrating over X (and using the continuity of a(X)(0y;/0x + 0y,/0X)) gives

= /Olf(X)dX

Thus the leading-order homogenised problem is

d 1 dy
dx(fol()ldxdx> /f

For our particular case of a and f being step functions this reduces to

ie.

3may d’yo _ 2f1+ [

= 2.5
2ar + a; dx? 3 (23)
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In the limit a; — oo, (2.5) becomes

3ard’yo _ 2f1+ 1>

2 dx2 3 (26)

Our aim is to show that this result can be obtained by first passing to the limit a, — oo,
and then using a multiple-scales expansion, though care needs to be taken.

2.1 The limit a, — o©

Taking a, — oo in (2.1) gives

d2y

a5y =i for g(modl) € (0,1/3)U(2/3,1), 2.7)
2
9 0 for X(modl) e (1/3.2/3), (2.8)
dx?2 €

with y continuous at x/e mod 1 =1/3, 2/3 and

+ —
0 at Y(modl)=~ and > . (2.9)
€ 3 3

dy _
dx

It is clear immediately that this limit problem is not well-posed, and an additional condition
needs to be given. Equations (2.8) and (2.9) give that in each middle third of the periodic
cell y is constant, and continuity of y then links the values of y at x/e(modl) = 1/3~
and 2/3%. However, we have no information on the derivative at these points, and this
is the extra information which must be supplied. We expect this information to depend
on f,, since this constant appears in the limiting homogenised problem (2.6), but does
not appear in (2.7)—(2.9). To derive this extra condition, we integrate (2.1) over x from
x=en—+¢€/3to x=en+ 2e/3 for some n € Z to give

dy e(n+2/3)~ e(n+2/3) d dy e(n+2/3) €
as |:d:| = / di azT dX = / f2 dx = gfz
X1 e(nt1/3)+ e(n+1/3) Ax X e(n+1/3)

We can then use the continuity of flux to give

dy

a - =f. (2.10)

e(n+1/3)~ 3

e(n+2/3)+ dx

This condition is retained in the limit a; — oo, and is the extra piece of information we
need to make (2.7)—(2.9) well-posed.

Now the equation y = constant for x/e(mod1) € (1/3,2/3) is not suitable for multiple
scales (the constant may be different in different cells). To perform a multiple-scales
analysis it is crucial to write instead

dy _

1 x 2
ix 0 when 3 < = mod 1 < 3 (2.11)
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Converting (2.7) and (2.11) into multiple scales form, introducing X as before, we have

2
a e + ° y=¢€f  for X €(0,1/3)uU(2/3,1), (2.12)
ox 0X
g—i-i =0 for X € (1/3,2/3) (2.13)
a aX y - 5 ) .
with y continuous at X = 1/3, 2/3. We expand write y = y(x, X) with y 1-periodic in X
and expand
y=yolx, X) +eyi(x,X)+ . (2.14)
As before we find yg = yo(x). At O(e) we find
0 (Oyr  dyo\ _
“3y (6X +d) =0 for X € (0,1/3)U(2/3,1), (2.15)
oy dyo _
(6X + dx) =0 for X € (1/3,2/3). (2.16)
Thus
day1 , dyw _ [0L(x) for X € (0,1/3),
g (ax + dx> = {QR(x) for X € (2/3,1), (2.17)

say. Now by periodicity and by continuity of y at X = 1/3, 2/3, we have

0y1 0L dyo 1 QR dyo 1dyo
0= dy — L (Lr Do) 1Ok dyoy  1dw
/OaX 3(a1 ax )3 dx ) T 3dx

so that
dyo _ (QL+Qr)
—_— = === 2.1
dx 36!1 ( 8)
At O(€?), equation (2.12) gives
0 (0y2 | Oy dQL
3y <6X+ ax) = fi for X € (0,1/3), (2.19)
6 ay2 | On dQR _
Integrating (2.19) and (2.20) and using periodicity gives
d d s d ! d
(40 408 (90 g [ (900 o
dx dx 0 2
_ogy (22 0y %
= a <6X+8x>; aj <6X+ax . (2.21)

To evaluate the right-hand side, we turn to our extra flux condition (2.10). It seems natural
that in multiple scales form this equation should become

dy dy dy dy G
ap <€a + a)() X:%+ ay ( aﬁ + M) = ?fz (222)

-
X=3
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If this were true then at O(e) it implies Q; = Qg, while at O(€?) it gives

6y1 6y2 a)ﬂ a.VZ f2
— 4+ = — — 4+ = ==, 2.23
“ <6x * ax> gt <8x Tox )|y, T3 223)
Substituting this into (2.21) gives
2fi+fo 1 (dQL | dOr
3 =3 < P + i ) (2.24)
which combines with (2.18) to give
2
dy0=2f1+f2. (2.25)

) 3

Comparing with (2.6), we see that the right-hand side is correct, but that the effective
diffusivity is incorrect by a factor of 3/2.

The mistake arose when we naively put the left-hand side of (2.22) into multiple scales
form. We must be careful to take account of the O(e) drift in x between X = 1/3 and
X = 2/3. For ease of notation we write

dy
Q = ala.

Given an arbitrary point x, the interior interfaces in the unit cell lie at x, = x —eb +¢/3
and xg = x —eb + 2¢/3, where b = x/e — | x/e]| is the phase shift between x and the
periodic structure. Then, equation (2.10) becomes

€ + €\ — €
Q((x—eb—l—23> >—Q(<x—eb+3) )=3f2. (2.26)

In multiple scales form this gives
1~
3

N -
§f2=Q<X+€<—b+§ ),§ )—Q(x—l—e(—b—ki >,

X, ) T (2.27)

At O(1) equation (2.27) gives

+ —
Q() (X,i ) — Q() (X,; ) = 0, (2.28)

which, with (2.17), gives Q;(x) = Qr(x). Then at O(e) equation (2.27) gives

N _
01 <x§ )—Q1 (xi >=fz—1dQL (2.29)
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y1 |, Oy Oyt | Oy
“ (ax Tox )yl T \ax Tax
Note the extra term on the right-hand side by comparison with (2.23). This extra term is
just what we need so that after substituting into (2.21) and using (2.18) we arrive at (2.6).

which is

_fa_1d0.

xoro 3 3dx’

2.2 Flux formulation

In the analysis above the flux Q arises as a natural variable. It is illustrative to perform
the same multiple-scales procedure after recasting the equations using Q as a dependent
variable. We write the equations as

_ & o
Ty dx

0 f (2.30)

with y and Q continuous at the interfaces x/e mod 1 = 1/3, 2/3. In multiple scales form
with our particular choice of a and f this becomes

QOx +€0Q. =€fy for X € (0,1/3)U(2/3,1), (2.31)
Ox + €0y = €f> for X € (1/3,2/3), (2.32)
a1yx +ajeyy = €Q for X € (0,1/3)U(2/3,1), (2.33)
yx +eyy =0 for X € (1/3,2/3). (2.34)

Note that in this case, since we have retained (2.32), we have not needed to impose an
additional integral condition. We expand

YZYO(XaX)+GY1(X,X)+"'y QZQO(an)—i_te(an)—i_'“s (235)
and assume that each term is 1-periodic in X. At leading order we find 0yy/0X =

000/0X = 0, which, with continuity at X = 1/3 and X = 2/3, gives yo = yo(x),
Qo = Qo(x). Equating O (¢) terms in (2.31)—(2.34) gives

91 L 90 _ s X e (0,1/3)U(2/31), (2.36)
0X 0x
001  0Qo _
T o =1 for X € (1/3,2/3), (2.37)
a4 0, D000 for X € (0.1/3)U2/3.1). (2.38)
oX 0x
oyi | Oyo _
x T =0 for X € (1/3,2/3). (2.39)
Integrating (2.36) and (2.37) and using periodicity and continuity of Q; and X = 1/3 and
X =2/3 gives
o 2fi+f> 990
- [ ZElgxy2rTJ2 PO 24
0 /0 oX d 3 0x (240)
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Now integrating (2.38) and (2.39) and using periodicity and continuity of y; yields

1
D1 gx — 2 _dn (2.41)

0= o 0X C3a;  dx’

Eliminating Q¢ from (2.40) and (2.41) gives

3ay dyo _ 2f1+f2
S de = 3 (2.42)
as required.

Although the flux formulation works very well in one-dimension, it does not generalise
easily to higher dimensions. In particular, in the bubble fluid problem which follows, it is
not possible to use u and p as variables and avoid integral constraints because of a lack
of information on u inside the bubble. In one dimension, the flux Q is independent of the
fast scale to leading order; the same is not true in higher dimensions.

3 Physical examples of problems involving integral constraints

In addition to the propagation of acoustic waves through a bubbly fluid mentioned in
the introduction, there are a number of other physical situations which lead to a spatially
uniform field within an inclusion, whose value is determined by an integral constraint. In
particular, we note the following examples.

3.1 High contrast diffusion

If a material Q. with low thermal conductivity contains closed regions €; in which there
is a much higher conductivity then the conductivity may be taken to be infinite in the
inclusions, so that the temperature T is constant there. In that case

oT

pecea = keva in Qe,
[T]; =0,
T = Ti(t) in each Q;,

where p, ¢ and k are density, specific heat and thermal conductivity respectively, and [-]{
denotes the jump in the enclosed quantity across the interface. The temperature in each
inclusion determined by the global energy balance

M\PMQ =ke/ or
00

—| dS.
dt . on S

¢
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3.2 Rigid inclusions in an elastic material
If an elastic material Q. contains rigid inclusions €;, then in the dynamic case

2
Pz = (Ze + 1)V(V - u) + gV in Q,

s =
u=U(t)+Ri(t) AN (x— Xg;) in each Q;,
where Xg, is the position of the centre of mass, p is the density and A and u are the

Lameé constants. The displacement and rotation of each inclusion determined by force
and torque balances. For example, the force balance is

d2
il =/ o -nl. ds,
pl dtz 00, €

azu-k auk auk Ou
Qilpi—> = e e !
12ilp e /an ( “ax + (a +axk> ,)

where the summation convention is applied.

ie.

ds,

¢

3.3 Electrically conducting inclusions in an insulator

If an insulating material Q. contains closed regions Q; of conducting material then the
electric field is zero in each inclusion, so that the electric potential ¢ is constant there. In
that case

Vi =0 in Q.
[¢]; =0,
¢ = ¢i(t) in each Q.

The value in each inclusion determined by the condition of zero net charge

/ 9
00 Gn e

3.4 Perfectly dielectric inclusions

ds =0.

Our final example is a material with perfectly dielectric inclusions. In general, the electric
field in a dielectric material satisfies Poisson’s equation

V- (eVg) = —p, (3.1)

where ¢ is the electric potential, ¢ is the permittivity, and p is the charge density (which
we suppose is given). If the material contains inclusions ©; of permittivity ¢ embedded in
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a matrix Q. of permittivity ¢, then at the boundary between the two regions

[¢]; =0, (32)
{e%ﬂi =0. (3.3)
In the limit & — oo the inclusions are perfectly dielectric and
eV = —p in Q. (3.4)
Vo =0 in Qj, (3.5)
with boundary condition
[¢]f =0, (3.6)

Thus ¢ is constant on each inclusion (corresponding to zero electric field there as
expected); however, the constant may be different on different inclusions. To close the
problem, we need to add back the information which we have lost in taking the limit.
Integrating (3.1) over Q; and using (3.3) gives

Lo
aQ|eal’l

ds = —/ pdx. (3.7)
e Q;

4 A paradigm problem in three dimensions

We use the example of perfectly dielectric inclusions described in Section 3.4 to demon-
strate the method developed in Section 2 in higher dimensions. We suppose that ¢ and p
are periodic with period e, and that

=g, in Q;, 4.1)
&= &, in Q,, (42)

where ¢;, ¢, are constant.
We first apply the standard multiple-scales technique to the problem (3.1)—(3.3) with
finite &, before taking the limit & — co. We then apply multiple scales to the limiting

problem (3.4)—(3.7), and show that the limits commute providing the integral constraint
(3.7) is handled correctly.

4.1 Standard multiple scales

As usual, we write ¢ = ¢(x,X) and suppose that ¢ is periodic in X with unit period,
treating x and X as independent. The equation then becomes

<vx + iV"> : <£(X) <Vx + iw)) $ = —p(X),
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with boundary conditions
[¢]f =0,
1 €
e (50 ) o] o
€ i
Expanding ¢ = ¢o + ey + -+ gives at leading order
Vido =0 nQ=QuUQ,
with boundary conditions

[P0l =0,
[en - Vxoolf = 0,

and ¢ 1-periodic in X. The only solution is for ¢ to be constant in X, so that ¢y = ¢o(x).
At next order

Vi1 =0  ingQ,
with boundary conditions

[¢1]f =0,
[en- Vx 1] = — [e]i n - Vxbo,

and ¢; 1-periodic in X. The solution is
¢1 =¥ Vxo + p1(x),

where ¥ = (¥, ¥, V) satisfies the cell problem

Vi¥; =0 in Q, (4.3)

with boundary conditions
(7] =0, (4.4)
[en - Vx‘Pj]ie =—[el{n-ej, (4.5)

with e; the unit vector in the j-direction, along with

/ ¥;dX =0. (4.6)
Q
At next order

&iVx * (Vx 2 + Vxd1) + & Vx - (Vx 1 + Vxpo) = —p(X) in Q;,
& Vx - (Vx 2 + Vx¢1) + &.Vx - (Vx 1 + Vxgo) = —p(X) in Q,,
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with boundary conditions

[¢2]f =0,
[8[] . Vx(ﬁz]ie = — [8[1 . quﬁl]ie .

and ¢, 1-periodic in X. Integrating over the unit cell Q gives
Vi - (eVx9) = —per,

where
Peft = / p(X) dX,
o)

and the components of the effective conductivity tensor ¢ are

oY,
&ij = 61 + ) dX. 4.7

4.2 The limit ¢ — oo

If we let ¢ — oo in the cell problem (4.3)—(4.5), we find

Vi¥; =0 in Q, (4.8)

with boundary conditions
(] =0, (4.9)
n-Vx?=-n-e, (4.10)

which implies
Y = X+ constant  in ©;.
The constant must be chosen so that (4.6) is satisfied.

We must also manipulate the expression for the conductivity tensor (4.7) which gives
zero times infinity in the inclusion. We have

oY,
&jj = 5, + ) dX
/ /Q ( 70X,

Y; '/
=/ siéijdX+/ 81XiLdS+/ eeéijdX—/ eeX, l@ dS+/ 8eX,~&dS
o 00 0 00, on 00 on

= & Qi]6ij + &e| Q|0 + [€] / Xn,ds+/ Ee ,aafds
oQ

= & Qi]6ij + &e| Q|0 + [¢] /5Uds+/ Ee ,aa I ds

oY

—Jgs. (4.11)

=s|Q|5-~+/ e X
¢ ij 0 e 1an

We can now safely take the limit & — co.
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4.3 Direct multiple scales

We now apply the method of multiple scales directly to the limit problem (3.4)—(3.7). We
first remark that, as in our one-dimensional example, it is crucial to write (3.5) as V¢p =0
and not as ¢ = constant.

As usual, we write ¢ = ¢(x,X) and suppose that ¢ is periodic in X with unit period,
treating x and X as independent. Then

1o\ :
e (Vx + GVX) ¢ = —p(X) in Qe,
1 .
<Vx + GVX> ¢=0 in Q;,
with boundary condition
[9]f = 0.
Expanding ¢ = ¢¢ + e + - -+ gives at leading order

Vixdo =0 in Q.
Vx¢o =0 in €,

with boundary condition
[¢oli =0,

and ¢ 1-periodic in X. The only solution is for ¢ to be constant in X, so that ¢¢ = ¢o(x).
At next order

Vi1 =0 in Q, (4.12)
Vxé1 + Vxgpo =0 in @, (4.13)
with boundary condition
[¢1]F =0,

and ¢ 1-periodic in X. The solution is

1= Vxdo + P1(x),

where ¥ = (¥4, ¥,, ¥3) satisfies the cell problem

Vi?;=0  inQ, (4.14)
Vx¥;+e =0 in Q;, (4.15)

with boundary condition
(7] =0, (4.16)
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with ¥; 1-periodic in X, where e; the unit vector in the j-direction, along with

/ ¥, dX = 0.
Q

e Vx  (Vx¢2 + Vx¢1) + &.Vx - (Vx 1 + Vxo) = —p(X) in Q., (4.17)
Vxdr + Vi =0  in Q;, (4.18)

At next order

with boundary condition

[$2]7 =0,

and ¢, 1-periodic in X. Integrating (4.17) over Q. gives

_/ pdX = —Ee/ (Vx¢2 + Vx¢1) -ndS +Se/ (Vx - Vxoi + Vido) dX
Q. 0Q;

e

_ oY; 0o
= —& 20, (Vx¢2 + Vi) -ndS +Se ((/ 0ij + X, ) ox; )

=—se/a (Vxs + Vyg1) - nds

0o
+ée3 '((5”Q| / / Jan )ax,)' (4.19)

To evaluate the first integral on the right-hand side, we need to use the integral condition
(3.7). As we saw in Section 2.1, we must take care when placing this condition in the
multiple-scales framework.

4.4 Dealing with the integral

As before, it seems natural to write

0¢ ds _/a (lvxqﬁ + Vx¢) ‘ndS, (4.20)
o \€

20 @n

where 0€Q; is the outer boundary of the inclusion in the unit cell [—1/2,1/2]°. However,
this is incorrect, as it neglects the small variation in x around 0€;.
Given an arbitrary point X, the interface is given by

{x :x =X —eb + eX where X € 0Q;},

where b = X/e — |X/e]. For ease of notation, we let Q = &.V¢. Then
/ Q ndS = 62/ Q (X —eb+eX,X) ndS
00, 00;

=62/ Q(ﬁ,X)-ndS+e3/ (b+X)-ViQ(%,X) -ndS + 0 (¢*). (4.21)
00 00
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Integral constraints in multiple-scales problems

Expanding Q = Qo + ¢Qy + -+ we have

Qo = & (Vx¢1 + Vxo), Q1 = & (Vx¢2 + Vxo1).

Using (4.21) in (3.7) gives, at O(€?),
/ Qo(%,X) -ndS =0,
00
which is consistent with (4.12), and at O (&?),
/ Q% X) - nds +/ X - V4Qo(%,X) - ndS
o0 o0
+ / b ViQo(%,X) - ndS =—/ pdX.
aQi Qi

However, from (4.23)
b - ViQo(X,X) -ndS =0,

o0
while
/ X - Vi (Vx¢po) - ndS =/ Vx - (X Vi (Vo)) dX
aQi Qi
= / VidodX =[] V3eo.
Q
Also,
0 0¢y
X- X;
/61( Vx (Vx¢1)) -ndS = / j@x] annde
0 0%, 0¢py
Xjz—~
Gx] / axk axl " dS
/ 0o
ij / an 0x;
Thus

Ql(f(,X)-ndS=—/ de—«s‘e|Qi\V,2(<l'>0—«Sei ((/ jalpi
e o 0x; og, ~ On

Returning to (4.19) and using (4.22) and (4.27)

—/ de=/ p dX + & Q| V2 q’)o—i-ae ((
e Q
++8e ((al]|g|

Vx : (va(,b) = —pPeffs

]

Simplifying gives
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where
Peft = / p(X)dX,
Q

and the effective conductivity tensor is
oY;
&jj 285|Q|5ij+85/ X,‘ai] dS, (429)
3Q n

in agreement with (4.11).

5 Acoustic waves in a bubbly fluid

Let us finally return to the problem of acoustic waves in a bubbly fluid, to show that,
contrary to the claim in [2], the multiple scales limit commutes with the limit of small gas

density.
The equations for linearised motion about a periodic array of bubbles with centres (i, j)
are
{" op _
Ou
— *Vp=0 5.2
5 TV =0 (52)

in the liquid region x : [x —X;| > J, and

10p
- ‘u=20 5.3
y6t+v u , (5.3)
Ou
— *Vp=0 5.4
‘ca[—i-CVp X (54)

in the gas. At the interfaces p and u - n are continuous. Here length, time, pressure and
velocity have been nondimensionalised with 4, 1/f, po and ¢ respectively, where 4 and
f are the wavelength and frequency of the propagating wave, pgy is the pressure in the
undisturbed fluid, ¢ = Af is the effective wavespeed, C = ¢;/¢ where ¢; is the wavespeed
of the liquid, ¢ is the nondimensional bubble radius, {* = py/pic%, T = pq/pi, and 7 is the
ratio of specific heats in the gas, and p, and p, are the undisturbed densities of the gas
and liquid respectively!
If we eliminate u as in [2] we find

13 s
Clorz =V, (5.5)

in the liquid region x : |x — x;| > §, and

1% 1_,
T Vo (5.6)

with p continuous and n- Vp|; = t~'n - Vp|, on the interface.

! Note that in [2] velocity is nondimensionalised with 62¢, which leads to leading-order nondi-
mensional velocities of O(672). However, in [2] u is eliminated to that velocity is not considered
further.

https://doi.org/10.1017/50956792514000412 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792514000412

Integral constraints in multiple-scales problems 611

In [2] a multiple-scales analysis is performed and effective equations derived. They find
that the leading-order pressure satisfies

_ (19l \QF|
Z%/axax _(VC + — atz’ (5.7)

i,j=1
Oy
Qij=< (a; +6,,>> (5.8)

and y; = yi(X) are solutions of the cell problems

where

Vx - (@(X)(Vxyi+€)) =0 inQ, (5.9)
where
L ifXe Qp,
a(X) = {1 ifX e o (5.10)

where Qp and Qf are the bubble and fluid regions of the unit cell Q2 = QpUQp respectively.
It is claimed in [2] that the multiple-scales limit ¢ — 0 is not interchangeable with the
low gas-bubble-inertia limit  — 0. Here we aim to show that this is not the case, that is,
the limits are interchangeable, providing the analysis is performed carefully.

If we let © — 0 in the cell problem (5.9), we find that y; satisfies

Vxzi+e =0 XeQz (5.11)
Vizi=0 XeQp, (5.12)

with y; continuous across the bubble interface I', and 1-periodic in X. However, it is not
so straightforward to see the contribution to ¢g;; in (5.8) from the bubble region (since it
involves zero times infinity). Following the same procedure as in (4.11), we find

(192l 1/ Oti / Oti
qi; = ( +|QF|> R A Rl A oo
Q ; j
(' 4 +|QF|> /X] [a%ﬂ dS+/ X,a‘ ds
<|QB+|QF|> 5,,+/X an;] dS+/ 67’

— 5,,+/ XA a,(, (5.13)

5.1 Integral constraint

In the limit T — 0, (5.5), (5.6) become

1% _ o
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in the liquid region x : [x —x;| > ¢, and
Vp =0, (5.15)

with p continuous. As in our paradigm problem, in this limit we have lost a boundary
condition, and need to add an integral condition to complete the formulation. Integrating
(5.6) over the bubble surface I' gives this condition as

1 o%p

op 1Qp| 87p,
—| dS = —dV = —_—= 5.16
/p on|p /QB {*y 02 {*y 012’ (5.16)

since p is uniform in the bubble by (5.15).
We write x = eX and p = p(x, X, t) and require that p be 1-periodic in X. Expanding

p=po(x. X, 1) +epi(x,X,0) + -+, (5.17)

the procedure is very similar to Section 3.3 and gives pg = po(x,t) and

Opo
axi

3
pr(6X0) =Y WilX) = + pi(x, 1) = W(X) - Vipo + Pr(x, 1),
i=1

where ¥ satisfies the cell problem

Vi?i=0 Xe€Q,
qu/,‘—f—e,‘:o XE.QB,

with ¥; continuous and 1-periodic in X, and
/ Y(X)dX =0. (5.18)
Q
Thus ¥; is identical to the limiting y; of (5.11), (5.12) as we would expect. We see that

Y = —X+ const. X € Qp. (5.19)

This variation of p; with X inside the bubble was one of the reasons given in [2] for

the non-commutativity of the limits: the multiple scales expansion appears to give a

non-constant pressure in the bubble, while in the limit = — 0 the pressure in the bubble

must be constant. However, this variation in p; with X is to be expected, and is just what

is needed to cancel the variation of py with x to give a constant pressure in the bubble.
Equating coefficients at the next order in e gives, finally,

1 3%
Vipr +Vx o (Vap) + Ve (Vxp) + Vim = &5 X€Qr  (520)
Vxpr+Vipr =0 X € Qp, (5.21)

with p, continuous and 1-periodic in X. Integrating (5.20) over the fluid domain in the
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unit cell gives

. _|QFl*py D 4 / oY opo
aQF(pr2+pr1) ndS = C7 32 By |QF|0;; + aQFXj n ds ox ) (5.22)

For t > 0 the left-hand side of (5.22) is evaluated through continuity of flux after a
similar integral over the bubble. Here, however, we need to use the integral condition
(5.16). Given an arbitrary point X the bubble surface is given by

~=

X !X =X —cb 4 €X where X € 0Qg},

where b = X/e — |X/e|. If we let Q = Vp then, as in Section 3.3, expanding Q =
Qo +€Q; + - we have

Qo = Vxp1 + Vxpo, Q1 = Vxp2 + Vipi, (5.23)
and
2
Ql(f(,X)-ndS(X)—i—/ X - ViQo(%,X) - ndS(X) = 'fiBm—p;’. (5.24)
005 Qs {*y ot
As in Section 3.3
[ XV nds0 = | VipodX = 21V (525)
GQB QB
Also,
/ (X Vo (Vxp) - ndsSX) = [ x,-0 P as(x)
OB+ X XP1 o OB+ ]an an k
o O, dpo
= — X; dS(X
an OB+ ]an ax,-nk ( )
0 oY, dpo
= — X; X . .26
an </@B+ J on dS( )ax,-) (5 )
Using (5.23)—(5.26) in (5.22) gives
1Qr| B\ &%po 0 / oY, 0po
12¢] o _ O (s [ x, 2 asx : 527
<C2+C*y> a2 oy, \ T, Kigy 35X ) 50 (527)

as required.

6 Conclusion

We have shown how to handle multiple-scales homogenisation problems in which an
integral constraint is applied over each inclusion. Care must be taken in determining the
location of the integral surface in the multiple scales coordinates: the obvious formulation
leads to incorrect results.

https://doi.org/10.1017/50956792514000412 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792514000412

614 S. J. Chapman and S. E. McBurnie

It is natural to ask why the additional terms we find are not present in all multiple-
scales problems involving interfaces. For example, why are they not also present when the
boundary conditions at the interface are continuity conditions. Although in principle in
this case also care should be taken as to the exact location of the interface, the correction
terms we find evaluate to zero in this case because of the continuity of the underlying
function.

We illustrated the problem and the solution first with a one-dimensional paradigm. We
then showed how to apply the method in three dimensions, using the problem of perfectly
dielectric inclusions as an example. Finally, we applied our methods to show that the
low-gas-density limit and the multiple-scales limit for the propagation of acoustic waves
through a bubbly fluid commute, in contrast to previous claims.

Knowing how to handle correctly, conditions on the interface between fluid and bubble
allows us to consider more complicated scenarios. For example, it makes it easier to
consider the case of surface tension between the bubbles and the liquid, which is difficult
to write in conservation form. The results are not straightforward, and are too involved
to be included here; this will be the subject of a future paper.
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