ENTROPIES OF SETS OF FUNCTIONS OF
BOUNDED VARIATION

G. F. CLEMENTS

1. Introduction. In this paper the entropies of several sets of functions
of bounded variation are calculated. The entropy of a metric set, a notion
first introduced by Kolmogorov in (2), is a measure of its size in terms of the
minimal number of sets of diameter not exceeding 2e¢ necessary to cover it.
Using this notion, Kolmogorov (4; p. 357) and Vituskin (7) have shown that
not all functions of # variables can be represented by functions of fewer
variables if only functions satisfying certain smoothness conditions are allowed.
For an exposition of this application and other results concerning entropy the
reader is referred to the paper of G. G. Lorentz (5). Before stating our results,
we first collect the basic facts and definitions (4, p. 279). Let 4 be a non-void
subset of a metric space V.

DEFINITION 1. A system v of sets U & W is called an e-cover of A if for each
U in v, the diameter of U, d(U), does not exceed 2¢, and

4<SUU.
Uey

DEFINITION 2. 4 set U & W is an e-net for A if each point of A has distance
not exceeding e from at least one point of U.

DEFINITION 3. 4 set U S W s said to be e-distinguishable if the distance
between any two points of U is greater than e.

In what follows we shall deal exclusively with totally bounded sets; that is,
sets having a finite e-cover for each e¢ > 0, or, equivalently, sets having a
finite e-net for each e¢ > 0, or sets for which each e-distinguishable subset is
finite. In particular, compact sets are totally bounded. We are interested in
the following functions:

N7 (4), the minimal number of points in W which form an e-net for 4;

N¢(A4), the minimal number of sets in an e-cover of 4;

M(A), the maximal number of points in an e-distinguishable subset of 4.
The dyadic logarithms of N.(4) and M.(A) are called the entropy and the
capacity of A and are denoted by H.(4) and C.(4) respectively:

H.(4) = log N.(4), C.(4) = log M.(A4).
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It is unusual to be able to determine these functions exactly and one is
usually content with finding their order. We write f(e) < g(e) for f(e) = O(g(e))
and f(e) = g(e) if both f(e) = O(g(e)) and g(e) = O(f(e)). Thus for various
sets A we seek a function %(e) for which H.(4) = k(e) holds. The basic tool
to this end is the following theorem (4, p. 282).

THEOREM. For each totally bounded set A of a metric space W, the inequalities
1 M2(4) < Ne(4) < NF(4) < M(4)
hold, and therefore
Coe(4) < H(4) < C(4).

In Section 2 we consider continuous functions f(x) defined on [0, 1] with
[f(x)] < M and total variation over [0, 1] not exceeding some positive con-
stant B not depending on f. Under the uniform metric p, defined by

o(f,g) = max If () — g(x)],

this set is not totally bounded: the functions y = #nx truncated at v = 1,
n =1,2,... contain a non-finite 3-distinguishable set. To get a totally
bounded set so that the entropy will exist, we further require that f satisfy
a Lipschitz condition of order «, 0 < & < 1:

(2 [f) = f&)] < |&" = &”[* for &, 2" € [0, 1]].

Calling this set V,, we shall show that H.(V,) = (1/¢) log (1/¢). For the
sake of comparison, the set of all functions defined on [0, 1] with [f(x)| < M
which satisfy (2), with 0 < @ < 1, has entropy of order (1/¢)'/= (4, p. 308).

In Section 3, we again consider sets of functions of bounded variation, but
take for the distance between two functions the Hausdorff distance between
their graphs (1, p. 166). This gives a smaller metric than p and the sets we
consider are totally bounded even without the assumption (2). For the set
Vi which consists of functions f defined on [0, 1] which satisfy [f(x)] < M
and

Varf < L,

[0,1]

and for the set 1 X, * which consists of continuous curves of length not exceeding
L contained in a n-dimensional cube, we find that H, = (1/¢). We also show,
for the set Cp of functions f defined on [0, 1] for which f(x+) and f(x—)
exist and [f(x)| < B for all x € [0, 1], that H.(Cs) = (1/¢) log (1/¢).

2. The entropy of V,. With V, as defined in the introduction, we now
prove the following theorem.

TueoreM 1. H (V,) = C(V,) = (1/¢) log (1/e).

https://doi.org/10.4153/CJM-1963-045-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1963-045-3

424 G. F. CLEMENTS

Proof. By constructing a 3e-net for V, we shall first show that
H;3 . (V,) < (1/€) log (1/e),

or equivalently, H.(V.) < (1/¢) log (1/¢). To this end, let ¢ > 0 be given.
Take
n=rmn =[]+ 1= ¢l and 0= (1/n) = e/~

Here and below [x] denotes the largest integer not exceeding x. Put x; = 43,
1=0,1,...,n, and I =log (1/¢). Denote by G the smallest integer for
which Gl > n, and let ¢; =xu_n,, 2=1,...,G. Let I,= (g4 qi1),
i=1,...,G—1, and Is = [gg, 1]. In this way [0, 1] is divided into
G < (n/l) + 1 < 2un/l intervals I; all of which, except I, consist of / con-
secutive subintervals of the form [x,_i, x,). Corresponding to a given f € V,,
we shall call I; a good or bad interval according as the variation of f on I;
does not exceed 6% = ¢ or does exceed eo.

For f € V,, we define a function ¢(x) = ¢,(x) on [0, 1] in such a way that
p(f, ¢;) < 3eo < 3¢€; {¢} sev, Will therefore be a 3e-net for V.. As we define ¢/,
we also explain how to label it with a matrix M, having G rows. The first 2
rows of this matrix will determine c¢,;(x) over Iy, I, ..., I; and conversely.
These labels, in a 1-1 correspondence with the functions ¢;, f € V,, will be
helpful in estimating the number of functions in our 3e-net.

The matrix M, and the function ¢(x) = c,(x) are defined in the following
way. On the interval I, define ¢(x) by

c(x) = [f(xi=1)/eoleo, x € [xi1, %4), i=1,2,...,1

and take the first row of M, to be [f(x0)/eo], [f(x1)/€0)s - -, [f(x1_1)/€0]. If
c(x) is defined on Iy, Iy, . . ., Iy_1 and the first (¢ — 1) rows of M ;are defined,
define ¢(x) on I, = [gx, ¢x+1) and the kth row of M, according to the following
rules:

1. If I, is a bad interval, define
c(x) = [f(xim)/edeo  for x € [vig,x), = (k—1)I+1,... kL,
and take the kth row of M, to be
(3) [f(xw-n1)/ €, [f(Ea—i+1)/ €], - - -5 [f(xXni1)/eol-
2. If I;—y is a bad interval and I} is a good interval, define
c(x) = [f(ge)/eoleo for x € I,
and take the kth row of M, to be b ; [f(qx)/eol.

3. If I—y and I, are good intervals, and there exists a point x* € I, such
that |c(¢r—1) — f(x*)] > 3eo, define

c(x) = [f(gx)/eoleo for x € I,
and take the kth row of M, to be g ; [f(gx)/eol.
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4. If I;_; and I, are good intervals, and |c(g;—1) — f(x)| < 3¢ for x € I,
define

c(x) = c(qr—1) for x € I,

and take the kth row of M, to be 0.

Thus corresponding to f € V,, we have defined ¢(x) = ¢,(x) on [0, 1]. We
now show that [f(x) — ¢,(x)| < 3¢ for x € [0, 1], from which it follows that
p(f,¢r) < 3e0 < 3e. Let x € [0, 1] be given, and take k2 and 7 such that
x € [x,_1, x,) C I;. We shall speak of I; as being of type 7 if rule 7 was used
to define ¢(x) over I, 7 = 1, 2, 3, 4, and shall consider I; to be of type 1.

If I is of type 1, then ¢(x) = [f(x,—1)/€oleo for x € [x,—1, x,), and so

) [f(x) — c(@)] < [f(x) = fler—))| + [fxr-1) — c(x)]
< |x - x,_ll"‘ + €0 < 6% 4+ €0 = 2ey.

If I, is of type 2 or 3, then, since the variation of f on I; does not exceed
€0, we have for x € I,

G 1f@) = c@] = [f(x) = [flgr)/eolel
< f@x) = flgo)| + elf(ge)/eo — [f(an)/ ]l < €0 + €0 = 2eo.

It follows from (5) that |f(x) — ¢(qx)| < 2¢o. In particular, for each interval
I, of type 3,

(6) c(gr-1) # c(gn).-

Finally, if I, is of type 4, the very criterion for applying rule 4 shows that
le(x) — f(x)] < 3eo for x € I;.

Thus {c;(x)} sev, is a 3e-net for Va. To count how many distinct functions
there are in this net, it suffices to count how many distinct matrices M,
there are, since the matrices M, and the functions c¢.(x) for f € V, corre-
spond in a 1-1 way. We shall refer to the kth row of M, as being of type ¢
if I, is of type 7, 1 = 1, 2, 3, 4. Let P, P, P3; denote the numbers of different
ways in which rows of type 1, 2, 3, correspondingly, can occur in M,. The
knowledge of all rows of these three types of M, determines the matrix M,
completely; hence there are at most P1P,P; different matrices M.

We shall estimate the numbers P; from above. We begin by remarking
that the Lipschitz condition (2) gives

[f(x:)/ €0 — Lf(xi—x)/eo]! <1+ |[f(xd)/eo — f(xi—l)/ﬂ)[
<1+ (1/€o)|xi - xi—lla < 2.
It follows that [f(x;)/eo] is one of the three integers

[f(xi—1)/e0] — 1, [f(xi—1)/eo], [flxi-1)/e0] + 1.

The first term of a type 1 row (3) can take at most 2[B/e¢] 4+ 1 values, since
all values of [f(x)| do not exceed B. For each following term, there are at
most three possibilities. Hence there exist at most
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(2[B/e] + 1)3

type 1 rows.

Since the variation of f on a type 1 interval I, other than I; exceeds e,
and its total variation is at most B, there are at most [B/e] + 1 type 1 rows.
In a matrix of G rows, there are

[B/eo]+1 G
2

= z> < ([B/e] + 1)GB/IH

=0

different selections of a subset of at most [B/e¢] + 1 rows. Hence the number
of ways in which rows of type 1 can occur in M, does not exceed

(7) Py < J{(2B/eo + 1)345/<*,

Similarly, since there is a bad interval preceding each type 2 interval,
there are not more than B/e type 2 rows, and not more than J orders of
type 2 rows. Then, since [f(gx)/eo] takes at most 2[B/e] + 1 values, we get

(8) Py < J(2B/eo + 1)%/°,

Finally, we show that the number of type 3 rows in M, does not exceed
[B/ed]. To prove this, we associate with each type 3 interval I, a chain

(9) Ik—my Ik—m+ly e e ey Ik (m > 1)
such that the variation of f on the union
U = Ik—m+1 U Ik—m+2 U .« e U Ik

exceeds € and such that I is the only type 3 interval in U. We take m to be
the largest integer with the property that all intervals in the chain (9) are
good and that

(10) C(gk—m) = C(qk—m+1) = .. = C(Qk—1)~

The chain is unextendable either because I;_,_; is bad or because I;_, is
of type 3. In both cases (see (4), (5)) we have for each point x € I;,_,,

lf(x) - C(gk—m)| < 2eo.

On the other hand, for some x* € I, |f(x*) — ¢(gi—1)| > 3e. From this and
(10) it follows that |f(x) — f(x*)| > e, for x € I;_,,, and making ¥ — @x_mi1,

[f(qr—ms1) — f(&®)] > e,

so that the variation of f on U is at least €. It is also clear, in view of (6)
and (10), that I, is the only type 3 interval in U. Hence we again obtain

(11) Py < J(2B/eo + 1)/

Taking logarithms in the relation N3.(V,) < P1P:P; and using (7), (8),
and (11) we obtain
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H; (V) = log N3.(V,) < log J + (B/eo) log (2B/€0)
< (1/ep) log (1/€0) + (1/e0) log G,

and since G < 2n/l = 27V~ [log (1/¢€)], we obtain

(12) H; (Vo) < (1/€) log (1/e).
To estimate H.(V,) from below, partition [0,1] by points x; = 4,
1=0,1,...,n, where n =[] —1 < eV and § = 1/n > e/, With

G = [B/25%) and [ = [n/G] = Ve, let I, =[xy %), ¢=1,2,...,
G — 1, and I¢ = [x(e-1n1, 1]. We have thus separated [0, 1] into G intervals
I, 1=1,2,...,G, each interval consisting of ! subintervals of the form
[x7—1, x,] except for Is which may contain more than / subintervals. Now
consider all functions f which are 0 on [0, 1] except for two consecutive sub-
intervals in each interval I; over which the graph of f along with the x axis
forms an isosceles triangle of altitude 6% > e. The variation of f over [0, 1]
is exactly 2Gé* < B, f satisfies the Lipschitz condition of order «, and f is
therefore in V,. Distinct functions of this type differ by 6% > ¢ at some x;, so
this set of functions is e-distinguishable. If the number of these functions is
K(¢), we have

Me(Va) > K(e) > (1/2)5' > (ella—-l)[B/ZE"‘]'
and therefore

H2(Va) > log M(Vy) > (1/€) log (1/¢), or H(V.) > (1/€) log (1/¢),

which proves the theorem.

3. Entropies of sets of functions of bounded variation in the Haus-
dorff metric. Let (X, ) be a totally bounded metric space with metric 7.
Let X* be the set of all non-void closed subsets of (X, 5). For 4, B in X*, we
define (1, p. 166)

o(4,B) = inf{e|S.(4) D B and S.(B) D 4},
where
Se(4) = U {y[n(y,a) <¢.

aed

Then ¢ is a metric on X* (the Hausdorff metric).

It is straightforward to check that if F :xy, xs, ..., %, is 2 maximal e-dis-
tinguishable set in (X, #), then the 2" — 1 non-void subsets of F are e-dis-
tinguishable in (X*, o) and form a 2e-net in (X*, ¢). From this and (1), it
follows that

19N2eXm < oNoXm | < oMy < ML, (X*, o)
< N(X* o) S NE2(X*, )  2¥ela®P 1 < gVersXm,
and, taking logarithms,
(13) Noe(X,m) — 1 < Coe(X¥, 0) < Ho(X¥, 0) < Nepp(X, m).
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If X, is the cube {(xy, %2 ...,%,) 0<%, <M, ¢=1,2,...,% in the
n-dimensional Euclidean space with the usual metric, then N (X,) = (1/¢)"
(4, p. 300). Hence from (13) follows:

TrEOREM 2. H. (X,*, o) = C(X,* o) = (1/e)"

We now consider subsets of X,*. By the “curve C given parametrically
by the co-ordinate functions x;(¢), x2(¢), . . ., x,(¢), ¢ < ¢t < b,” we mean the
set

C=1{(xnxg...,%) |xs=2:;),t€ [a,b],2=1,2,...,n}.

Letting X,* (n > 2) be the set of all such curves which are contained in X,
and have continuous co-ordinate functions, we have:

THEOREM 3. I (X,*) = C.(X,*) = (1/¢"

Proof. Since X,* is a subset of X,*, the estimate from above follows from
the preceding theorem. To get the estimate from below, we exhibit a set
of 20/d™ — 1 curves in X,* which are ¢/2-distinguishable. From this it will
follow that
(14) 20M/dr—1 < ot/ — 1 < Mc/2(an*) < LV6/4(an*)v

and hence

(l/e)n < C‘Ze'(an*) < He(an*)v
proving the theorem.

To get the set of ¢/2-distinguishable curves, take [ = M/([M/e] — 1) > &,
and consider the set D consisting of the [4//¢]” points x having co-ordinates
(kil, kol, . .., kD), where k;isaninteger,0 < kb, < [M/e]l — 1,0 =1,2,..., n.
Distinct subsets of D are at least / apart (in the Hausdorff metric). So by
associating with each subset x1, %3, ..., x; of D a continuous curve passing
through x, %9, . . ., x; and not approaching other points of D nearer than //2,
we get 2[%/d" — 1 curves mutually at least [/2 apart. Since [ > ¢, these
curves are e¢/2-distinguishable, which proves the theorem.

Now let . X,* (n > 2) be the set of all curves C contained in X, which can
be represented parametrically in the form

*) C=1{(xn%2...,%) |x:=2x,(5),s€[0,L],i=1,2,...,n},

where the co-ordinate functions x;(s) are continuous and the parameter s is
arc length. Any curve of length not exceeding L can be parametrized in
this way. For instance, if

C={(er,%2...,%) |xs=2x:(5),s€[0,L/2),s=1,2,...,n},
we also have

C=1{(xr,x2...,%0) |, =Z:(5),s€[0,L],2=1,2,...,n},
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where £;(s) = x;(s) for s € [0, L/2] and &;(s) = x,(L — s) for s € (L/2, L].
The entropy of  X,* can be estimated from above as follows:

Lemma 1. H.(: X,*) < 1/e.

Proof. Each co-ordinate function x;(s) of a curve C of . X,* satisfies a
Lipschitz condition of order 1:

lee(s) = xu(s") [ < |s" = 57|

Since the curves in ;X,* are contained in X,, we also have 0 < x,(s) < M.
It is known (4, p. 308), that the set A4 of all functions x(s) on [0, L] which
satisfy these two conditions has under the uniform metric p the entropy
H(A) =1/e. If A; =4, ¢=1,2,...,n, then the product

P =114,
i=1

is a metric space with distance

n

b(x, %) = 21 p(xs )

1=

between the points x = (x,...,x,) and %' = (x/,...,%,). Then (see 8,
p. 27, Lemma 1) H.(P) < nH,(4). Now if a representation (*) is selected
for each curve C in . X,*, then 1 X,* is mapped into P, and if x, x’ correspond
to C, (', it is clear that ¢(C, C') < ¢(x,x"). Then

H (2 X,*) < H(P) < (1/e),

which proves the lemma.

To estimate H.(,X,*) from below, we consider a subset of . X,*. Let M,
consist of curves C which can be given parametrically in the form (¥), where
x:(s) = 0,3 < 7 < n,and x,(s), x2(s) are continuous monotonically increasing
functions such that x;(0) = x2(0) =0, x;(L) =1, and x:(L) = L — 1. M,
is a subset of [ X,* if we assume M > L — 1. The capacity of M, may be
estimated from below as follows:

LemMA 2. C.(ML) > 1/e

Proof. 1t suffices to consider the case L = 2. We construct a set of e-dis-
tinguishable functions in M in the following way. Put

n=n=[1/ —1<1/e, 6 =1/n> ¢ and x;, =15, 2=0,1,...,n.

Consider all “step curves” S = Spuymar--ma Which consist of points (x,y)
which satisfy for some &, £k = 1,...,n, the condition

X € (Xp—1, Xp), ¥ = Mmyd; or & = Xy, Mpd < ¥ < M1,

where mg is 0, m,41 is #, and my, ms, ..., m, is an increasing sequence of
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non-negative integers with m, = n. These curves are in M,. For convenience
in counting, we label S by the sequence

(15) S = My — Mi—1, k=1,2,...,7l,

of non-negative integers which add to #. The curves S correspond to their
labels in a 1-1 way. Since § > ¢, it is easy to see that these step curves are
e-distinguishable (in the Hausdorff metric). To count them, consider the
terms s; in (15) which are strictly positive. If these termsare s;;, j=1,2, ..., 1,
we have

Stit Sk + - .. Sy = m.

Such an ordered collection of integers is called a composition of n of < parts.
For each composition, the # — ¢ zeros in sy, S3, ..., S; can be arranged in

<n1i z) ways, and there are <7z : i) compositions of »# having ¢ parts
(6, p. 124), so in all there are

s =500 ) = 5i() > e,

step curves. Using Stirling’s formula, it is seen that

n
log<[n/2]> > n,

so log F(n) > n. Since n = n. ~ 1/¢, we have log F(n) > 1/¢, and
C.(Ms) > log F(n) > 1/e,
which proves the lemma.

Since M, is a subset of  X,* (if M > L 4+ 1), Lemmas 1 and 2 give:

THEOREM 4. If R is 1 X,*, My, or any subset of ;X,* which contains My,
then

H.(R) = C(R) = (1/e¢).
We now explain how the result H.(M;) = 1/e can be interpreted as an

entropy statement about a function space. If Q is any set of functions defined
and bounded on [0, 1] for which f(x+), f(x—) exist for each x € [0, 1] and

(16) Jx) = 3(flx+) + flx—)),
then Q may be metrized by defining for f, g, in Q
17) o(f,g) = o(Gy, Gy),

where G, is a generalized graph of f:

Gy ={(|x €01l fx—) <y < flxt+) or flx+) <y < flx—)l.
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It is not difficult to check that G, is a closed set; so the definition (17) is
justified. Also, for each x the set G; determines uniquely the values f(x+),
f(x—), and therefore, in view of (16), f(x). Thus the correspondence between
functions f in Q and their graphs is 1-1, and (17) defines a metric on Q.

If for Q we now take the set F, of monotonically increasing functions
defined on [0, 1] which satisfy f(0) = 0 and f(1) = L — 1, and metrize Fy
by (17), then associating f in Fy with its graph G, gives an isometry between
M, and F;, so from Theorem 4 we obtain:

CorOLLARY 1. H (F;) = 1/e.

In a similar way, if V; is the set of functions f defined on [0, 1] with
[f(x)| < M and
Varf <L — 1,

[0,1]

we obtain:
COROLLARY 2. H (V) = 1/e.

Proof. For f € V;, Gy can be represented parametrically as a curve with
length not exceeding L, so associating f with G, defines an isometry between
V. and a set which contains M and is contained in X.*. The conclusion
then follows from Theorem 4.

As a final example, let Qp be the set of functions defined on [0, 1] for which
flx+), f(x—) exist, |[f(x)| < B, and (16) is satisfied for x € [0, 1]. Let Q5 be
metrized by (17). Then:

THEOREM 5. H(Qr) = C.(Q5) = (1/¢) log (1/¢).

Proof. To estimate N.(Qp) from above, we construct an e-net for Qp in
the following way: Take #n = n.= [2/] + 1 > 2/¢, and x; = 13, 7 = 0,
1,...,n, where 6 = 1/n < ¢/2. Let f € Qp be given, and my, my’, k = 1, 2,

., n be respectively the largest and smallest integers which satisfy

(18) md < inf  flx) < sup [flx) < my's.
zelzk—1,2k] ze[zk—1,2k]
Let C; consist of all points (x, y) which satisfy for some &k, £ =1,2,...,n,

the relation
X1 < X < Xy md <y < my' 6.

We now show that
(19) O'(Gf, Cf) < €.

Since C, even contains Gy, S.(C;) D G,. To show that S.(G,) D C,, one
checks that

20) if (x1, ¥1), (%2, ¥2) € Gp, %1 < %9, and y; < ¢ < ¥ys 0r ¥5 < ¢ < ¥y, then
there exists x; such that x; < x3 < x2 and (x3, ¢) € G,.
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From (20) it is seen that the 4/2 -neighbourhood of the part of G, between
the lines x = x,; and x = x; contains all of the part of C, between these
lines, so S.(G;) D C,, and (19) follows. Thus the collection {C/} /o, is an
e-net for Qp. Each C,is determined by the sequence m,, m;’, k = 1,2, ..., n.
Since |f(x)| < B, 0 < x < 1, each m;, m,’ is one of 2[B/§] + 3 integers m,
—[B/8] — 1 < m < [B/8] + 1. Thus there are not more than (2{B/§] + 3)
distinct sets in our net. Hence

N(Qz) < (2[B/8] + 3)™,
H(Q5) < 2nlog (2[B/5] + 3) < (1/¢) log (1/e).

We obtain the estimate C.(Qp) > (1/¢) log (1/€) by exhibiting a large number
of e-distinguishable functions. Take n = n. = [1/e] — land 6 = 1/n > e. For
sequences of integers my, k = 1,2,...,n, —[B/8] < m; < [B/d)], the corre-
sponding step functions

S(O) = Ol s(x) = mkay X 6 (xk—ly xk]y k = ]-1 21 N (2]

are in Qp, and are e-distinguishable (in the Hausdorff metric). Since there
are (2[B/8] + 1)" of these functions, we have

Ce(Qr) > log (2[B/s] + 1)" > (1/€) log (1/e),

which proves the theorem.

The author thanks his teacher, Professor G. G. Lorentz of Syracuse Uni-
versity, for suggesting these problems and for many helpful conversations
concerning them.
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