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CARATHÉODORY'S THEOREM WITH LINEAR 
CONSTRAINTS 

BY 

W. D. COOK 

Carathéodory has shown that if xl9 x 2 , . . . , xw, (m finite) are points of Rn and 
if x0= 2*U ^ixi f° r some 

X = (Xl9 A2 , . . . , X J G D = jx G IT | j | J, = 1, X{ ^ 0 V i), 

then 3{JI G £1 with at most «+1 nonzero components and for which x0=2™ [JL-X^ 

(See [5]). The authors of [2] have extended this result to include the case where 
m= + oo. In theorems 1 and 2 below we establish somewhat similar results for the 
case in which Q, is further restricted by a finite system of linear inequalities (or 
equalities). 

THEOREM 1. Let D be a kxm matrix, d G Rk and Z>X<d be a system ofk linear 
inequalities. Define 0 by 

Ù = fX e Rm\ f A, = 1, Xi > 0 V i, DX < d). 

Let xl9 x2,. . . , xm be a finite set of points from Rn and let 

m 

X0 = 2 ^iXi 

for some X° G Ù. Then 3(JL° G Ù with at most n+k+l nonzero components and for 
which 

m 

2 0 
P>iXit 

Proof. Let 0 denote the 1 x m vector each element of which is zero, and consider 
the linear programming problem 

max 0 • X 

(*) 

s.t. 2 XtXi = x0 

Z)X< d 
m 

^ • > 0 V i . 
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Since (*) is feasible (X° is a feasible solution) then, from [4], Chapter 3, there 
exists an optimal basic feasible solution (x° which, by definition, has at most as 
many nonzero components as there are constraints. Hence 3JJL° G Ù with at most 
n+k+l nonzero components and satisfying 

m 

x0 = 2 ^ x i . Q.E.D. 

THEOREM 2. Let D be a k x oo matrix whose columns form a closed sequence 
in Rk, de Rk and DX<d be a system ofk linear inequalities. Define Ù by 

H = Jx = (Al5 A 2 , . . . , A w , . . . ) J | A, = 1, A, > 0 V i, DX < dj . 

Let xl9 x 2 , . . . , xO T , . . . be a closed sequence in Rn and let 

00 

X0 = 2 ^iXi 

for some X° G 0 . TAe« 3(x° G 0 with at most n+k+l nonzero components and for 
which 

00 

2 0 
jUiX^, 

Proof. Let 0 denote the 1 x oo vector of zeros, and consider the "semi-infinite" 
programming problem (see [1]) 

max 0 • X 

00 

s.t. 2 *A = x0 

(**) DX < d 
00 

Xi > O V f . 

Since the objective function coefficients in (**) are all zeros then by Haar's theorem 
([1] and [3]) on homogeneous inequalities, and the dual theorem of semi-infinite 
programming [1], there exists an optimal feasible solution (JL° with at most 
n+k+l nonzero components. Hence 3 ( X ° G O with at most n+k+l nonzero 
components and satisfying 

00 

x0 = l A » « Q.E.D. 

It is worth noting that in case fc=0, theorems 1 and 2 provide alternative proofs 
respectively of Carathéodory's theorem and its infinite extension as given in [2]. 

https://doi.org/10.4153/CMB-1974-038-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1974-038-0


1974] CARATHÉODORY'S THEOREM 191 

REFERENCES 

1. A. Charnes, W. W. Cooper and K. Kortanek, "Duality in semi-infinite programmes and 
some works of Haar and Carathéodorf\ Man. Sci. 9 (1963), 209-228. 

2. W. D. Cook and R. J. Webster, "Carathéodorfs theorem", Canadian Math. Bull. 15 
(1972), 888. 

3. A. Haar, "Uber Linear Ungleichungerf\ Acta. Math. 2 (1924), 1-14. 
4. G. Hadley, Linear programming, Addison-Wesley, Reading, Mass. (1962). 
5. J. R. Reay, Generalizations of a theorem of Carathéodory, Memoirs Amer. Math. Soc. 54 

(1965). 

FACULTY OF ADMINISTRATIVE STUDIES, YORK UNIVERSITY, 
TORONTO, ONTARIO 

https://doi.org/10.4153/CMB-1974-038-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1974-038-0

