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Addition of a Third of a Period to the Argument of the
Elliptic Function.

By Dr D. G. TayLor.

(Recewved 16th January 1921. Read 11th February 1921.)

1. If I is an inflexion on a non-singular plane cubic curve, a
variable line IPP’ establishes a (1, 1) correspondence between
points P, P’ on the curve. This correspondence defines a per-
spective transformation of the whole plane, with [ for.pole, and
the harmonic polar of I for axis, of perspective; for, when 7 is
projected to infinity on the y-axis, and its harmonic polar taken
for z-axis, the resulting equation

Y=arl+bPt+ex+d
indicates a curve symmetrical with respect to the latter.

It follows that the cartesian coordinates of P’ are linear
functions of those of P. But if the elliptic parameters of I, P are
2/3, u, (2 being as usual a period), that of P is -u-$/3.
Hence @ (u+Q/3), ¢ (u+Q/3)can be expressed linearly in terms
of p(u), ¢’ (u).

If to I, P, P’ are assigned the homogeneous point-coordinates
(%es Yo, 200 (&% ¥, 2), (X, ¥, Z), and to the axis of perspective the
equation

L=Ax+py+vz=0,

the equations of the transformation are

X:Y:Z=x+rx)L:y+ry, Liz+reyL,............... (1)
where — 277'= Axg+ py, + vz,
Let the equation of the cubic be taken in the form

YP=da® — g — sy e, (2)
let @(2/3), p'(2/3), ... be denoted by «, o', ... ; then

A=120 ), p=a",v=3c (" - 4«?), 7= - 1/2a’a"; ...... (3)
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and we have the desired formulae
20 o @ (u) —o L ) 2o’ o ' (w)—o' L
e P nl g ey = T D )

where L=12ao’p(u)+a” @ (%) + 3o’ (o — 4a?).

p (wr/3) -

20.1 UJ’ _

Two modifications of these formulae may be noticed.
(i) Frowm the condition for an inflexion, a”?=o' o =12
Write
B=o"[' =% J(12a), B'=24a'; ...currreneenn.. (5)
write also
z,=12p (u), X,=12p(u+2/3),
yi= 2 (w), ¥,=24p'(u+2/3)
then
X o 2B =B o+ By, + (O - 26)
2B, + 1y, + (B - 26°)
_y . 2BB = =By + B (3B - 26
' 2Bz + 3, + (B - 28°)

s (6)

(ii) Write
2, =12{p (u) -9 (2/3)}, Xo=12{p(u+2/3)-p(2/3)},
o= 24{p'(u) +p'(2/3)} / 20'(2/ 3),

Y,=24{p (u+Q/3)+¢"(2/3)}/20"(2/3);
then
D D A T L N (7

where 8=8/F =a /2",

3. New expressions for the coefficients in (6) are obtained by
considering the canonical form of (2), say

B+ +ad+6ma, 2, x3=0. ....cooenininennnnns 8)
To transform (8) into (2), write
T X Xy =2 b M RY —CIME—NY —€C; innnnnn (9)
then, » remaining arbitrary, b, ¢ are determined by
b/6mi=c/(1+2m®)=1]24n*;
also go= —m(l —-m®) [ 12n% g;={1 - 20m® + 8m®) [ 12° nf,
A=g; - 27q;= - {(1+8m?) [ 48n*}3.
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The two cases to be considered are :
Case 4: m< -3, A>0;
Case B: m > -}, A<0,

Case A: A > 0.
Let L =(2pw + 2p' 0')/3, (p, ' =0, 1, 2), where 20, 20" are the
real and purely imaginary periods; and let I/w-' denote the inflexion
of which T’ is the elliptic parameter. The (x,, x,, x,) coordinates

of the inflexions may then be taken as follows, where ¢ = exp. (2ri/3):
1o (0, 1, 1), 1, (0, ¢, = &), 1,(0, & —¢),
I4(~1,0,1), I,(-¢,0,¢) L,(—¢0,¢),
Iy(l, -1, 0), I (e, —€,0), L,( -¢0).

Of the nine non-congruent values of T four only, in addition

to 7y, are effectively distinct for the present purpose, viz., 7, 7o,
Tu:» Tiz- The values of g.z(-rw,), P (7, ), briefly written Puu’ s

p’l‘#,, are given by the following table, in which the last column is

inserted to resolve the ambiguity of sign in (5) above.*

po w120 o 240’ o'y 24nt 0"

110 (1-m)® 1 -2m + 4m? (1-2m)(1 - 2m + 4m?)

011 -3m | -i(l+8m?)/ J3 m (1 +8md)

11| ¢l-en)y 1-2em+4em® | € (1 —em) (1 — 2em+4e¥ne?)

112 &(l-€em)®|1-2m+4em® | (1 - m) (1 - 2 m+dem?)

* Cf. Baker, B. A. Report 1910 (Sheffield), p. 528.
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Now writing
= 0" . C —Unie
Py =™ /f"mu" Py =200 s
we have for these the table

# ¥ Puw Puw

1 0 1-m 1-2m+4m?

0 1 i,./3.m -1(1+8m%)/ /3
1 1 € (1 -em) 1-2em+4ém?
1 2 (1 -ém) 1-2ém+ 4em®

Putting further 3
12n%p (u) =P, 12n’ (u+ T ) =L
24n® ' (u) =P, 24n® ' (u + OSSO

we have

P ,:-P ,:1=4 ,:B ,:C ,,
7 [ {7 7 B

where
A,/m' =" 2@’##’ -P,’;,,;) P+p;#, P'+pfm’ (3‘”’##’ - 2”74&' )
B ' = 2p o P-p "’ Pp ’/m' (3p ';m’ -2p fm’ )
Cow =2 LA P+ = 200).

Formula (7) may also now be written more explicitly as follows.
Put

x, 0= 12n*{p(u) ~ P h X’m, = 12n*{p(u + LW, )~ . s
Yo =0 + 9, 320 s Y =9/ (w7, 00 120 s
Pt =Y 1Y 5

then

X ,:Y ,:1=

s o —~E Y 1: P’ T F Y ypr veeeee (11)
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Thus g(u+ T ) @(u+ TW,) have been expressed linearly in terms

of p(u), p'(u), the coefficients being, for all values of p, ', simple
rational functions of m and of the disposable constant .

Case B: A<O.

Let 20, 20’ denote the conjugate imaginary periods; we can
assume them so chosen that w,=o'+w, w=w'- o, are respectively
a positive real quantity and a positive pure imaginary. The
discussion of case A will become valid for this case also, if we
replace the v, o’ of case A by the quantities w,, w;.

3. For the general cubic ¢(x, y, 1) =0 let the parametric repre-

sentation be given by
x=c(u), y={(v)

where ¢, { are elliptic functions with the same periods, and the
parameter u vanishes at an inflexion. It follows, just as in §l,
that e(u+2/3), {(u+/3) can be expressed linearly in terms of
€ (u), { (u), where Q is any period. Writing a,= € (£2/3), y,= {(£/3),
X=e(u+Q/3), Y=_(u+92/3), we have (¢f. (1))

X:Y:l=w+re,L:y+ryL:1+7L, ............... (12)
where
¢ll ¢22 ¢34 - ¢11 ¢22 ¢33
x4+ —y+ =, —217= -
S PRI R

¢15 bu, ... denoting the values of 9¢ (x, y, z)/ox, 62 ¢ (=, y, 2) 0% ...
at the point (x,, ,, 1). The form of L (the harmonic polar) is
obvious from its definition as part of the degenerate polar conic of
the point of inflexion. The coefficients of the substitution (12) are
then simple rational functions of e (£2/3), {(2/3).

As a typical case we might take the cubic defined by

z=sp’u, y=snu cnu dnu;

if we write v =u + 2mK/3 + 2niK'[3, we shall have sn’», snvcnv dnv,
expressed as linear functions of sn’u,sn« cnwdn u.
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