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K-theory of Furstenberg Transformation
Group C*-algebras

Kamran Reihani

Abstract. This paper studies the K-theoretic invariants of the crossed product C*-algebras associated
with an important family of homeomorphisms of the tori T" called Furstenberg transformations. Using
the Pimsner—Voiculescu theorem, we prove that given #, the K-groups of those crossed products whose
corresponding n X n integer matrices are unipotent of maximal degree always have the same rank
ay. We show using the theory developed here that a claim made in the literature about the torsion
subgroups of these K-groups is false. Using the representation theory of the simple Lie algebra s[(2, C),
we show that, remarkably, a, has a combinatorial significance. For example, every a1 is just the
number of ways that 0 can be represented as a sum of integers between —n and n (with no repetitions).
By adapting an argument of van Lint (in which he answered a question of Erdés), a simple explicit
formula for the asymptotic behavior of the sequence {a,} is given. Finally, we describe the order
structure of the Ko-groups of an important class of Furstenberg crossed products, obtaining their
complete Elliott invariant using classification results of H. Lin and N. C. Phillips.

1 Introduction

Furstenberg transformations were introduced in [9] as the first examples of homeo-
morphisms of the tori that under some necessary and sufficient conditions are mini-
mal and uniquely ergodic. In some sense, they generalize the irrational rotations on
the circle. They also appear in certain applications of ergodic theory to number the-
ory (e.g., in Diophantine approximation [8]), and are sometimes called skew product
transformations or compound skew translations of the tori. In this paper, the crossed
products associated with Furstenberg transformations are called “Furstenberg trans-
formation group C*-algebras”, and are denoted by %y s. There have been several
contributions to the computations of K-theoretic invariants for some examples of
these C*-algebras in the literature (see [16, 18,25, 30, 39] to name a few). However,
there has not been a more general study of such invariants for these C*-algebras to
the best of our knowledge.

Remark 1.1 Inindependent (unpublished) work [16], R. Ji studied the K-groups of
the C*-algebras .7y  (denoted by Af,, there) associated with the descending affine
Furstenberg transformations (denoted by Fy ¢ in there) on the tori. He comments
that “explicitly computing the K-groups of €(T") Xk Z [Af,, for 6 = 0] is still not
an easy matter.” Moreover, he gives no information about the ranks of the K-groups
or the order structure of Ky in general, which are studied in this paper. As we shall
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see in Remark 1.7, the claim that he makes about the form of the torsion subgroup of
K. (Zy,f) is, unfortunately, not correct.

From the C*-algebraic point view, when a Furstenberg transformation is minimal
and uniquely ergodic, the associated transformation group C*-algebra is simple and
has a unique tracial state with a dense tracial range of the Ky-group in the real line.
Because of this, these C*-algebras fit well into the classification program of G. El-
liott by finding their K-theoretic invariants. In fact, in the class of transformation
group C*-algebras of uniquely ergodic minimal homeomorphisms on infinite com-
pact metric spaces, K-theory is a complete invariant. More precisely, suppose that X
is an infinite compact metric space with finite covering dimension and h: X — X is
a uniquely ergodic minimal homeomorphism, and put A := C(X) X, Z. Let 7 be
the trace induced by the unique invariant probability measure. Then 7 is the unique
tracial state on A. Let 7. : Ko(A) — R be the induced homomorphism on Ky(A) and
assume that 7, Ky (A) is dense in R. Then the 4-tuple

(Ko(A), Ko(A)+, [14], K1(A))

is a complete algebraic invariant (called the Elliott invariant of A) [21, Corollary 4.8].
In this case, A has stable rank one, real rank zero, and tracial topological rank zero
in the sense of H. Lin [19]. The order on Ky(A) is also determined by the unique
trace 7, in the sense that an element x € K((A) is positive if and only if either x =
0 or 7.(x) > 0 [22,29]. This implies, in particular, that the torsion subgroup of
Ko(A) contributes nothing interesting to the order information. In other words, the
order on Ky(A) is determined by the order on the free part. We will study the order
structure of Ko(.%y,¢) in Section 7.

In order to compute the K-groups of a crossed product of the form C(T") x,, Z
in general, we make use of the algebraic properties of K, (C(T")) in Section 2. More
precisely, K, (C(T")) is an exterior algebra over Z" with a certain natural basis, and
the induced automorphism «, on K, (€(T")) is in fact a ring automorphism, which
makes computations much easier. In fact, Theorem 2.1 shows that the problem of
finding the K-groups of the transformation group C*-algebra of a homeomorphism
of the n-torus is completely computable in the sense that one only needs to calculate
the kernels and cokernels of a finite number of integer matrices. These K-groups are
finitely generated with the same rank (see Corollary 2.2). In the special case of An-
zai transformation group C*-algebras 47, y associated with Anzai transformations on
the n-torus, we denote this common rank by a,,, which we will study in detail in this
paper. It is proved in Theorem 5.1 that a, is the common rank of the K-groups of
a larger class of transformation group C*-algebras, including the C*-algebras associ-
ated with Furstenberg transformations on T". We describe a, as the constant term
in a certain Laurent polynomial (Theorem 6.7). Then we study the combinatorial
properties of the sequence {a, }, which leads to a simple asymptotic formula.

To present the results and proofs of this paper we need some definitions about
transformations on the tori and the corresponding C*-crossed products. Throughout
this paper, T" denotes the n-dimensional torus with coordinates ({1, (3, - - ., ().
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Definition 1.2 An affine transformation on T" is given by

it; b by ity ~b ban Tity ~b bun
/B(CMCZ; .. 'aCn) = (627“”(111 o 'Cnl 7627rlt2<121 e nz P '7e2ﬂt Clm o 'Cn )a

where t := (t,t5,...,t,) € (R/Z)" and B := [b;j],xn € GL(11,7Z). We identify the
pair (¢, B) with .

Note that any automorphism of T” followed by a rotation can be expressed in such
a fashion. The set of affine transformations on T" form a group Aff(T") that can be
identified with the semidirect product (R/Z)" x GL(n,Z). More precisely, for two
affine transformations 3 = (¢, B) and 8’ = (t/,B’) on T", we have

Bop'=(t+Bt',BB') and f~' = (~B't,B7").

(In the expression Bt, t is a column vector, but for convenience we write it as a row
vector.)

We remind the reader of an important fact before giving the next definition. Con-
sider homotopy classes of continuous functions from T” to T. It is well known that

in each class there is a unique “linear” function ({3, ...,(,) — Cf "o ¢ for some
by, ..., b, € Z. More precisely, every continuous function f: T" — T can be written
as

ig(Ceer ) b ’
f(clv'--aCn):ezmg(Cl' C)Cll"' :a

for some continuous function g: T” — R and unique integer exponents by, ..., b,.
In particular, the cohomotopy group 7! (T") is isomorphic to Z". Following [8, p.
35], we denote the exponent b;, which is uniquely determined by the homotopy class

of f,asb; = Ai[f].

Definition 1.3 We define the following transformations in accordance with [16].

(i) A Furstenberg transformation g ¢ on T" is given b
g f g Y

@;}(Cla <27 ceey Cn) = (eZWiHCM fl(cl)gb fz(Clv gZ)C% sty fn—l((la ey Cn—l)Cn) )

where 6 is a real number, each f;: T" — T is a continuous function with

Ailfil #0fori=1,...,n—1,and f = (f1,..., fu—1)-
(i1) An affine Furstenberg transformation o on T" is given by

-1 2mif) b bis b bin b bn—1.n
«@ (ClaCZw"aCn): (E ™ C17C112<27€113C223C3a"'7 11n 22n"'<—n—11 n)7
where 0 is a real number, the exponents b;; are integers, and b; ;1 # 0 for

i=1,...,n—1.
(iii) An ascending Furstenberg transformation o on T" is given by

-1 27i6 k k; kn—
« (ChCZa"'aCn) = (e m Cla 11C27 22C37"'7 n—11Cn)7

where 6 is a real number, the exponents k; are nonzero integers, and k; | k;; for
i=1,...,n—2.
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(iv) In (iii), if k; = 1 fori = 1,...,n — 1, the transformation is called an Anzai
transformation o, 9 on T". Thus it is given by

0 (G, Gy G) = (E€9CL GGy GG,

where 6 is a real number. We usually drop the indices n and € and write only o
for more convenience.

Note that one can easily verify that ¢y 7 is a homeomorphism. Also in the above
definition, we have converted “descending”, which is used in [16, Definition 2.16], to
“ascending”, since the order of coordinates in that paper is opposite to ours.

For certain Furstenberg transformations on T" we have the following theorem.

Theorem 1.4 ([9, 2.3]) If 0 is irrational, then @y ¢ defines a minimal dynamical
system on T". If in addition, each f; satisfies a uniform Lipschitz condition in (; for
i =1,...,n— 1, then @y s is a uniquely ergodic transformation and the unique in-
variant measure is the normalized Lebesgue measure on T". In particular, every affine
Furstenberg transformation defines a minimal and uniquely ergodic dynamical system
if § is irrational.

As a conclusion, we have the following result for the Furstenberg transformation
group C*-algebra Zy ¢ := C(T") x, , Z as introduced in [16].

Corollary 1.5 Fpy = C(T") x,, Z is a simple C*-algebra for irrational 0. If in
addition, each f; satisfies a uniform Lipschitz condition in (; fori = 1,...,n — 1, then
Fy,r has a unique tracial state.

Proof For the first part, the minimality of the action as stated in the preceding the-
orem implies the simplicity of .7y s [4,32]. For the second part, one can easily check
that since 6 is irrational, the action of Z on T" generated by (g r is free. So there
are no periodic points in T". This and the unique ergodicity of ¢y s yield the result
[38, Corollary 3.3.10, p. 91]. |

Remark 1.6 Using the preceding corollary and much like the proof of [33, Theo-
rem 2.1], one can prove that for irrational 0, .%y  is in fact the unique C*-algebra
generated by unitaries U, V7, ..., V, satisfying the commutator relations

(CR); (U, V1] =& [U, Vol = A(V1), .., [U, Vil = fua(Vi, o, Vi),

where [a, b] := aba—'b™!, and all other pairs of operators from U, Vy, ..., V, com-
mute.

Remark 1.7 1In [16, Proposition 2.17], Ji claims to have proved the following:

(%) If oy s is an ascending Furstenberg transformation on T” with the ascending se-
quence {ky, ks, ..., ky,—1}, then the torsion subgroup of K, (% s) is isomorphic

to Zy, @ Z,(('Zm) OB Z,((:"jl’l), where the group Z,((:”") is the direct product of m;
copies of the cyclic group Zy, = Z/kiZ.
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From this claim one would immediately deduce that the K-groups of the C*-al-
gebra o7, 9 = C(T") X, Z generated by an Anzai transformation ¢ on T" should
be torsion-free. However, we will show that this is not true in general. This type of
example first appears for n = 6, which seems already beyond hand calculation. (We
admit that hand calculation would be the most convincing method to use; however,
it is not practicable.) As the first counterexample we obtained by computer, we will
see in Example 3.3 that K; (<% ) = Z" @ Z,. In fact, the error in the proof of (x)
is in [16, p. 29, L.2]; there it is “clearly” assumed that using a matrix S in GL(2", Z),
one can delete all entries denoted by «’s in K, — I, where K, is the 2" x 2" integer
matrix corresponding to .%y s that acts on K,(C(T")) = A*Z" with respect to a
certain ordered basis. This error arose originally from the general form of the matrix
K, in [16, p. 27], which is not correct. Ji went on to use the torsion subgroup in (x)
as an invariant to classify the C*-algebras generated by ascending transformations
and matrix algebras over them [16, Theorem 3.6]. We do not know whether those
classifications hold.

Question Do there exist two different ascending Furstenberg transformations with
the same parameter 6 and with isomorphic transformation group C*-algebras?

It is worth mentioning that explicit calculations of K-groups in terms of the pa-
rameters involved are possible in low dimensions (of the tori) and answer the ques-
tion raised above negatively. However, such calculations in terms of the given in-
teger parameters (exponents) of the ascending Furstenberg transformation quickly
become cumbersome and impossible in higher dimensions. We have used our com-
puter codes for several numerical values of the parameters in higher dimensions, and
we have not found any examples leading to the negative answer to this question.
The torsion subgroups of the K-groups are usually larger than what Ji claimed in
[16, Proposition 2.17]; however, it is likely that the torsion subgroups depend on the
parameters involved in such a way that Ji’s classification result is still true. We are
currently investigating this problem.

This paper is organized as follows. In Section 2, we review the general approach
of exterior algebras for finding K-groups of transformation group C*-algebras of
homeomorphisms of the tori. In Section 3, we apply this method to the important
case of Anzai transformations and give the K-groups of their transformation group
C*-algebras based on the tori of dimension up to 12 in Table 1 using the computer
codes we have developed for this particular purpose. In Section 4, we establish a
Poincaré type of duality for the cokernels of integer matrices that leads to some in-
teresting facts about the K-groups when the dimension of the underlying torus is
odd. In Section 5, we focus on the rank a, of the K-groups of Anzai transformations
group C*-algebras based on the n-torus, and we show that a,, is, in fact, the rank of
the K-groups of a large class of transformation group C*-algebras including those
associated with Furstenberg transformations on the n-torus. In Section 6, we first
uncover an interesting connection between studying a,, and the irreducible represen-
tations of the Lie algebra s[(2, C). This leads to a formula for g, in terms of certain
partitions of integers. Then we use this formula to show several interesting combina-
torial properties of the sequence {a,}. In Section 7, we study the order structure of
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the Ky-group of a class of simple Furstenberg transformation group C*-algebras to
make their Elliott invariants more accessible. Section 8 contains some applications of
the results of this paper to our earlier work [33].

2 K-groups of C(T") x, Z

In this section we describe a general method to compute the K-groups of C(T") %, Z,
where « is an arbitrary homeomorphism of T”. (By abuse of notation, the auto-
morphism « of €(T") is defined by a(f) = foa™! for f € C(T").) To do this,
we will pay special attention to the algebraic structure of K*(T") and how the in-
duced automorphisms on it can be realized. Note that it is sufficient to consider the
special case of “linear” homeomorphisms, since, as stated before Definition 1.3, ev-
ery continuous function f: T" — T is homotopic to a unique “linear” function
(ST I Cf" - (b for some integer exponents by, ...,b,. Moreover, the
K-groups of C(T") <, Z depend (up to isomorphism) only on the homotopy class
of a 3, Corollary 10.5.2].

It is well known that K*(T") is a Z,-graded ring, and by the Kiinneth formula (see
[2, Corollary 2.7.15] or [36, Theorem 4.1]), it is an exterior algebra (over Z) on n
generators, where the elements of even degree are in K°(T"), and those of odd degree
are in K!'(T"). The generators of this exterior algebra correspond to the generators of
the dual group Z" of T" [37, p. 185]. Indeed, in this case the Chern character

ch: K*(T") — H*(T",Q)
is integral and gives the Chern isomorphisms
chg: K%(T") — HY*(T",Z), ch;: K'(T") — H*Y(T", Z),

where H*(T",Z) = A(er, ..., e,) is the (Cech) cohomology ring of T" under the
cup product, and H*(T",Z) = A%(el, ...,e;). On the other hand, K*(T") =
K. (C(T")). So by introducing e; := [z],, i.e., the class in K;(C(T")) of the coor-
dinate function z;: T" — T given by

zi(Cry ey G) = Gi
as a unitary element of C(T") for i = 1,...,n, we have the isomorphisms
K.(C(T") = Aj(er,...,e,) = A*Z", which respect the canonical embedding of
Z". Moreover, these isomorphisms are unique since only the identity automorphism
of the ring A*Z" fixes each element of Z".

Now we use the Pimsner—Voiculescu six term exact sequence [31] as the main tool
for computing the K-groups of C(T") x,, Z. Let a..(= K () be the ring automor-
phism of K, (C(T")) induced by « and let «; be the restriction of v, on K;(C(T"))
fori =0, 1, and set A := C(T") X, Z. Then we have the following exact sequence:

Ko@) 2% k) —2  Ky(A)

(2.1) exp] la

Ki(A) 1 K(@T) <5 k(eTm).
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Here, j: C(T") — A is the canonical embedding of C(T") in A, j, := Ko(j) and
71 := Ki(j). Also, from now on id denotes the identity function on each underlying
set. As a result, we have the following short exact sequences

(2.2) 0 — coker(ag — id) — Ko(C(T") xo Z) — ker(a; — id) — 0,
(2.3) 0 — coker(a; —id) — K;(C(T") %, Z) — ker(ayy — id) — 0.
Since all the groups involved are abelian and finitely generated, and ker(a; — id) is

torsion-free (i = 0, 1), these short exact sequences split (since projective Z-modules
are precisely the free abelian groups), and we have

(2.4) Ko(C(T") x4 Z) =2 coker(ayy — id) P ker(ay — id),

(2.5) K (C(T") x, Z) =2 coker(a — id) @ ker(ay — id).

So it suffices to determine the kernel and cokernel of (g —id) and («; —id) acting as
endomorphisms on the finitely generated abelian groups A5 (e, ..., e,) = 7>
and A%dd(el, ceyen) =2 7¥, respectively. Note that from the isomorphisms (2.4)
and (2.5), the K-groups of C(T") X, Z are finitely generated abelian groups. Now,
since «, is a ring homomorphism, it suffices to know the action of ., on ey, . . ., e,.
In fact, for a general basis element e;, A e, A--- Ae;, of K, (C(T")) =2 A (e, ..., e,)
we have

axle, Neiy Ao Nei) = asle) Aas(en,) A+ Aase,).

Thus, if we consider {ey, ..., e,} as the canonical basis of Z" and take & = v,
~ n ~ ~ ~ ~
we have a, = A*a = P A'Q, ap = AY"A = @),o, A¥@ and a = A°Ya =

D, A¥1Q, where A'Q is the i-th exterior power of &, which acts on A'Z" for i =

0,1,...,n.Now,leta™ = (fi,..., fu) and aj; := A;[f;], or in other words, assume
that f; is homotopic to z{¥ ... 2% : ((1,..., () — (... (M fori=1,...,n. Sowe
can write

a.(e) = aulz)i = [alz)]y = [zica ™l = [fil = [/ ... 2" ]

n n
= Zaj,'[zj]l = Zaj,'ej.
j=1 j=1

Therefore @ acts on Z" via the corresponding integer matrix
A= [aij]luxn € GL(n,Z),
v, acts on A*Z" via A*A, and we have the isomorphisms

Ko (C(T") % Z) =2 coker(ag — id) @ ker(a; — id)

= coker(@®,>9 A” @ — id) @ ker(®,>9 A @ — id),
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SO we can write

Ko(C(T") %, Z) = P [coker(/\zra —id) ® ker(A¥ & — id)] ,

r>0
and similarly

Ki(C(T") x4 Z) = @ [ coker(A*'a — id) & ker(A”@ — id)] .

r>0
We summarize the arguments discussed above in the following theorem.

Theorem 2.1 Let « be a homeomorphism of T" and & € Aut(Z") be the restriction
of av to Z" (as above). Then v, = AN*a = @_, N'@ on K*(T") = A*Z" and

Ko(C(T") o Z) = P [coker(/\zra —id) ® ker(A¥ @ — id)] ,

r>0

Ki(C(T") x4 Z) = @ [ coker(A""'@ — id) & ker(A” @ — id)] .

r>0

Therefore in order to compute the K-groups of C(T") X, Z, we must find the ker-
nel and cokernel of A"@ — id as an endomorphism of A"Z" forr = 0, 1, ..., n. Note
that the matrix of A& — id with respect to the canonical basis {e; A --- A g |1 <
ip < --- < i, <n} withlexicographic order is A, := A"A — | n, which is an integer
matrix of order ('r‘) (I is the identity matrix of order k - we often omit k whenever
it is clear). So by computing the kernel and cokernel of A, for r = 0,1, ..., n with
appropriate tools (such as the Smith normal form), one can determine the K-groups
of C(T") X, Z. The author has written some codes in Maple to handle such compu-
tations.

Corollary 2.2 The K-groups of C(T") %, Z are finitely generated abelian groups with
the same rank. Moreover, this common rank equals

n
rankker(A*a — id) = Z rank ker(A"a — id).

r=0

Proof Use the previous theorem and note that for any ¢ € End(Z") one has
rankker = rank coker » by the Smith normal form theorem (see, for example,
(27, p. 26]). |

Corollary 2.3 If o, 8 are homeomorphisms of T", whose corresponding integer ma-
trices A, B € GL(n, Z) are similar over Z, then

Kj(C(T") xa Z) = Kj(C(T") x5 Z), (j=1,2).

Proof The assumption obviously implies that the automorphisms & and B are con-
]ugate in Aut(Z”) This together with an easy application of the 1dent1ty N (¢ 1/))

(/\’qb) (/\’w) (see, for example, [11, (5.20)]) imply that A"& and /\’5 (and therefore
A& — id and /\’B id) are conjugate in Aut(A"Z") for r = 0, 1,...,n. The result
follows now from Theorem 2.1. [ |
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3 Anzai Transformation Group C*-algebras <7, 4

The simplest case of a Furstenberg transformation on an n-torus is an Anzai transfor-
mation o, which was defined in Definition 1.3(iv). To study the K-groups of Anzai
transformation group C*-algebras .27,y = C(T") X, Z using methods of the pre-
vious section, we will first need the “linearized” form of the corresponding affine

homeomorphism o~ !:

SN RN e (S CTC RN GINTEY §

So g(e;) = ej—1 +e fori = 1,...,n (e := 0). The matrix with respect to the
canonical basis {ey, . . ., e,} of Z" that corresponds to & is the full Jordan block
1 1 0
0 1 1 0
0 0 1 1
0 0 1
nxn

The following examples illustrate the methods described in the previous section for
computing the K-groups of Anzai transformation group C*-algebras .27, o.

Example 3.1 We compute the K-groups of .¢% 4, which were computed in [39]
by another method (the C*-algebra was denoted by AZ’S there). In fact, the Chern
character and noncommutative geometry were used in [39] to compute the kernel
and cokernel of o; — id for i = 0, 1. However, we compute the kernel and cokernel
of S5, :== N'S3 — IC) forr =0,1,2,3, where

0
S, = 1
1

S O =
O =

r=0: Ss0=A%;—1; =[0]. SokerS;o = Z and coker S5 = Z/(0) = Z.

r=1
1 1 0 1 0 0 0 1 0
S50 =A'S5—L=10 1 1]—-|0 1 0]=]0 0 1
0 0 1 0 0 1 0 0 O
So
kerS3_1:{(x,y,z)€Z3|y:z:0}:(Z,O,O)%Z,
coker 5371 = 23/53’123 = Z3/<e1, 62> = 7.
r=2:
1 1 1 0 0 0 1 1
Sso=AS;—13=[0 1 —lo 1 0]l=(0 0 1
0 0 0 0 1 0 0 O
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So
kerSs, = {(x,y,2) € Z’| y +z =z =0} = (Z,0,0) = Z,
coker Sz, = 77 /S3,7° = 72/ {ey, ) = Z.

r=3: S;3=AS;—1; =[0]. SokerS;3 = Z and coker S;; = Z/(0) = Z.
Now, using Theorem 2.1 we have

Ko(A)®) = Ko(a#9) = (coker Sz 0 @ coker S3 ) @ (ker Ss; @ kerS; 3)
=Y ACYACYASY VAR
Ki(A)®) = Ky () = (coker S3; @ cokerS; 3) @ (ker Ss o @ ker S3,)
~707Z0LOL ="17"
Notation 3.2 We let
a, := rank Ko(7,9) = rank K, (7, 9),
ay,, := rank ker(A'S, — 1)

forr=0,1,...,n From Corollary 2.2 we have

a, = rankker(A*S, — ) = Zan,r.

r=0

Example 3.3 Using the methods described in Section 2, we have obtained the
K-groups of .o, g by computer for 1 < n < 12. The cases n = 1, 2, 3 have been calcu-
lated in the literature already: @7 g = Ap in [34], @hp = A‘; in [25],and @59 = AZ"S
in [39]. However, there are no explicit computations for the higher dimensional cases
starting with o7, g = Ag‘m as in [24], since hand calculations of kernels and cokernels
of the maps quickly become impossible. Using the Maple codes we have developed
we can find the kernel and cokernel of

SnJ =AN'S, — l(»:)

forr =0,1,...,nand n = 1,...,12 by means of the Smith normal form theorem
(see, for example, [27, p. 26]), and therefore we can compute the K-groups. The
results are illustrated in Table 1, where Z,(('") denotes the direct sum of m copies of the
cyclic group Zy = Z/kZ.

Due to computational limitations, we do not currently have any results for n > 12,
except for the sequence of ranks {a, }, which we will study in detail in Sections 5 and
6. We will show the importance of this sequence in Section 5. Briefly, a, is the com-
mon rank of the K-groups of a certain family of C*-algebras including Furstenberg
transformation group C*-algebras .7 ¢ based on T". Also, we will prove that {a, } is
a strictly increasing sequence (see Proposition 6.5). On the other hand, it seems that
the K-groups of 47, ¢ have torsion in general. The first example is K (2% g); this is
due to the fact that coker Sg3 = coker(A3Sg —lpy) =2 Z3> ® Z, (see Remark 1.7). Also,
it is seen that the K- and K;-groups are isomorphic for odd values of n in Table 1. In
fact, this is true for more general cases (see Theorem 4.3).
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4 A Poincaré Type of Duality

As stated in Theorem 2.1, the K-groups of a transformation group C*-algebras of the
form C(T") x, Z are completely determined by the corresponding homomorphism
a € Aut(Z") and its exterior powers. From a computational point of view, we only
need the cokernels of the maps involved, since we know that for any endomorphism
o on Z™M, ker p = coker g / tor(coker p), where tor(G) denotes the torsion subgroup
of the finitely generated abelian group G. When deta@ = 1, we do not even need to
compute all the cokernels. This is due to the following proposition, which establishes
a Poincaré type of duality between cokernels of certain integer matrices.

Two endomorphisms @, B € End(Z™) are said to be equivalent over Z (and write
a equiv B ) if there exist #, v € Aut(Z™) such that toq o v = /ﬁ\ Similarly, if A and
B are integer m x m matrices, A is equivalent to B if there exist U,V € GL(m, Z)
such that UAV = B. We recall that & equiv E if and only if coker & = coker B if
and only if & and B have the same Smith normal form. Also, A equiv B if and only if
B is obtainable from A by a finite number of elementary operations. An elementary
operation on an integer matrix is one of the following types: interchanging two rows
(or two columns), adding an integer multiple of one row (or column) to another, and
multiplying a row (or column) by —1 [27].

Proposition 4.1 (Poincaré duality) Let & € SL(n,Z) (i.e., detax = 1). Then N'av —
id and N"""a — id are equivalent as endomorphisms of N'Z" = A"T'Z" = z().
Equivalently, coker(N'a — id) is isomorphic to coker(A" " — id) forr = 0,1,...,n.

Proof We prove the equivalence of the endomorphisms for their corresponding in-
teger matrices with respect to a certain basis. Let & = {ey, ..., e,} be a basis for Z"
and set S = {1,2,...,n}. ForI = {iy,...,i,} CSwith1 < i} < --- <i, <mn,
pute; = e, A---Ae, € NZ". Then &, := {e; | I C S, |I| = r} is a basis for
N'Z". Letw := e; A--- A ey, which generates A"Z". We have A’ — id = 0, and
A"a(w) = ale) A -+ Aale,) = (deta)(e; A--- ANe,) = w, so A"a —id = 0.
Now, fix an r € {1,...,n — 1}. For an arbitrary subset I C S with |I| = r, take
J=E\I={j1,..., jur}>s0|J| =n—r. Thene Ae; = (sgn p) w, in which i € S,
is the permutation that converts (1,2,...,1) to (iy,..., 05, j1,---, ju—r). Itis easily
seen that 4 = p ...y, where py is the permutation that takes i; from its position
in (1,2,...,n) to its new position in (71, ..., %, j1,-. ., ju—r). One can see that yy is
the combination of iy — (r — k + 1) number of transpositions (k = 1,...,r). Thus

r r(r+1)

sgnp = [J(=1)k 0=k — (_1)/D=57

k=1
where ((I) := Y7, ix. Now take m = (") = (," ) andlet & = {ey,,... e, }
be a basis for A"Z". Write €,_, = {ej,,...,ej, } as the basis for A"~"Z" such that
Ji = &\ Iy fork =1,..., m. From the above argument one can write

r(r

) rlr+l)
e, Nej = (71)“1’) 2 5i]~w,

sinceifi # j,then ;N ]J; # Jand e, Aej, = 0. Let A = [ai]mxm and B = [b;;]mxm
be the corresponding integer matrices of A& and A"~ "& with respect to £, and €,,_,,
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respectively. So A'a(er,) = E;Ll apier, and N"""aley;) = E;":l byjes,. What we
want to show is that A — | is equivalent to B — I. We have

r(r

+1) ~ — o~
> 0w = Naler) ANN""aley;)

/\”&(eli AN E]J) = (—1)1{(1’)_

m
_ et
= 3 apiby (=) .

p.g=1
Therefore one obtains
m
(4.1) Z(_l)[uk)_é(makibkj = djj.
k=1

Now, if we set

Cij — (71)Z(Ij)7((li)aji and C:= [Cij]mxnu

then ¢;; — 6;; = (—1)’5(’1)_[(1’>(aﬁ — dj;). Therefore C — | is obtained from A — |
by exchanging rows (and columns) and occasionally multiplying some rows (and
columns) by —1. This means that C — | is equivalent to A — I. On the other hand,
equation (4.1) says that CB = I. So C—1 = C(B —1)(—I), and B — | is also equivalent
to C — I. Consequently, A — | is equivalent to B — I. ]

Corollary 4.2 Ifdetax = 1, then rankker(A"a — id) = rankker(A""a — id). In
particular, using Notation 3.2, we have a,, = a,,—, forr =0,1,...,n.

We are now ready to apply our Poincaré duality to a the following K-theoretic
result.

Theorem 4.3 Let A := C(T*"~')x,7Z be such that the corresponding homomorphism
a satisfies detaw = 1. Then Ky(A) = K, (A) as abelian groups, and the (common) rank
of the K-groups of A is an even number. In particular, for every Furstenberg transfor-
mation group C*-algebra Fy s based on an odd-dimensional torus (e.g., &hm—1 ), one
has Ko(ﬁe,f) = K1(§9,f)-

Proof Combining Theorem 2.1 and Proposition 4.1, one obtains

Ko(A) 2 K (A) = Wél [coker(Afa — id) & ker(Afa — id)] .
k=0

As a result, the rank of the K-groups of A is an even number, since the ranks of the
cokernel and kernel of an endomorphism coincide. Note that for . s the corre-
sponding integer matrix of & is an upper triangular matrix with 1’s on the diagonal.
Thus deta = 1. [ |
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5 The Rank a, of the K-groups of <7, 4

In this section, we study some general properties of a,, the (common) rank of the
K-groups of Anzai transformation group C*-algebras based on T". We specify a
family of C*-algebras whose ranks of K-groups are given by the same sequence {a, }.
As an application, we characterize the rank of the K-groups of Furstenberg trans-
formation group C*-algebras .%y ;. This will, in particular, provide some applica-
tions in Section 8 to the classification of simple infinite dimensional quotients of the
Heisenberg-type group C*-algebras C*(®,,), which were studied in an earlier work
[33].

We compare the ranks of the K-groups of a class of C*-algebras of the form
C(T") X Z in the following theorem, which shows that the rank a,, of the K-groups
of o7, 9 is somehow generic. We remind the reader that a square matrix A is called
nilpotent (respectively, unipotent) if A" = 0 (respectively, (A — )" = 0), for some
positive integer n, and the least such # is called the degree of A, denoted by deg(A).

Theorem 5.1 Let A = C(T") X4 Z, in which o is a homeomorphism of T", whose cor-
responding integer matrix A € GL(n, Z) is unipotent of maximal degree (i.e., deg(A) =
n). Then

rank Ky(A) = rank K, (A) = a, = rank Ko(4, 9) = rank K, (7, 9).
In particular, the rank of the K-groups of any Furstenberg transformation group C*-al-

gebra Fy ;= C(T") X, Z is equal to the rank of the K-groups of <7, 9, namely, to

a.

®o.f

Proof Let & denote the restriction of v, to Z" and A be the corresponding matrix
of & acting on Z". Also, let S,, be the corresponding matrix for <7,y as denoted in
Section 3. Since A is unipotent of maximal degree by assumption, and S,, is unipotent
of maximal degree too, the matrices A and S,, are similar over C. In fact, the Jordan
normal form of A — | is precisely S, — I. On the other hand, we know by Corollary
2.2 that the rank of the K-groups of A is equal to rank ker(A*A — I). Note that by the
Smith normal form theorem, rank ker(A*A—1) = dim¢ ker(A*A —1). The similarity
of Aand S, implies the similarity of A*A—1Iand A*S,, — | as matrices acting on A*C".
So dim¢ ker(A*A — 1) = dim¢ ker(A*S,, — I) = a,,, which yields the result.

For the second part, note that the corresponding integer matrix of a Furstenberg
transformation g r on T is of the form

1 b12 b13 c bln

0 1 by :
(5.1) 0 bn—z,n ,

: 0 1 by,

o --- 0 0 1

nxn

which is unipotent of maximal degree since b;jy; # O0fori = 1,...,n — 1 (see
Definition 1.3). Now, the proof of the first part yields the result. ]
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Remark 5.2 In the preceding theorem, the basis for Z” for the matrices involved is
{e1,...,e,}, wheree; := [z]; as introduced at the beginning of Section 2. It is inter-
esting to know that if @ is an arbitrary unipotent automorphism of Z", then there is
a basis for Z" with respect to which the integer matrix A of @ is of the form (5.1) (but
not necessarily with b; ;,; # 0fori = 1,...,n — 1, unless & is of maximal degree)
[12, Theorems 16 and 18]. The unipotency of & has also important effects on the
dynamics of the generated flow on T". For example, if @ is an affine transformation
on T” and & is unipotent, then the dynamical system (T", «v) has quasi-discrete spec-
trum [12, Theorem 19]. More generally, let & = (#, A) be an affine transformation
on T" and take Z,(A) = ker(A? —id) C Z" for p € N and consider the following

conditions:

(2) Z1(A) = Zy(A), Vp € Ns

(b) t is rationally independent over Z;(A), i.e., if k = (ky,...,k,) € Z1(A) is such
that (t, k) := Z';:l tik; is a rational number, then k = 0;

(c) Zi(A) #{0};

(d) A isunipotent.

Then (T", o) is ergodic with respect to Haar measure if and only if « satisfies condi-
tions (a) and (b) [12]. Moreover, if « satisfies conditions (a) through (d), then the
dynamical system (T", o) is minimal, uniquely ergodic with respect to Haar measure,
and has quasi-discrete spectrum. Conversely, any minimal transformation on T"
with topologically quasi-discrete spectrum is conjugate to an affine transformation
that must satisfy conditions (a) through (d) [13]. The C*-algebras corresponding to
such actions are therefore simple and have a unique tracial state.

6 Combinatorial Properties of the Sequence {a,}

As mentioned before, one of our main goals is to describe a,, the rank of the
K-groups of 7, 4. Since a,, = Z?:o an,r, it makes sense to first study a,, .. So we begin
by finding some combinatorial properties of a, ,, which is the rank of ker(A"o — id)
forr = 0,1,...,n, where & is the automorphism of Z" corresponding to the Anzai
transformation o on T" and is represented by the integer matrix S, as in the begin-
ning of Section 3. In fact, we will show that a, , equals the number of partitions of
[r(n + 1)/2] to r distinct positive integers not greater than n. To do this, we will use
properties of the irreducible representations of the simple Lie algebra s[(2, C).

6.1 Connections with the Representation Theory of s((2, C)

The automorphism & is realized through its action on the basis {ej, ..., e,} of Z",
where ¢; 1= [z;] fori = 1,...,n as in Section 2, and we have 7 (e;) = e; + ¢;_; with
o := 0. Therefore, introducing a new endomorphism of Z" by ¢ := ¢ — id, we

will get @(e;) = e;—1. This is precisely a relation that may be recognized as part of
the data of the canonical representation 7, of the Lie algebra s[(2, C) on a complex
vector space V with basis {ej,...,e,}. More precisely, if we still let % denote the
natural linear extension of g on V andlet {h:= (§ _9),e:=(34),f = (93)} be
the natural basis for the Lie algebra s[(2, C), then we observe that p = 7,,(f), where

https://doi.org/10.4153/CJM-2013-022-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2013-022-x

1302 K. Reihani

the representation 7, is defined by

(a) mu(h)ei = (2i —n — ess

(b) ma(e)e; = i(n — i)ejrr, (€ns1 := 0);

(c) mu(f)ei = ei—1, (eo := 0).

It is well known that every n-dimensional irreducible representation of sl(2,C) is

equivalent to 7, (see, for example, [15, Section I1.7]); in particular, the image of h

under any finite dimensional irreducible representation is a diagonalizable operator.
The following lemma asserts that a,,, can be realized as the nullity of a certain

linear mapping that is induced by @ on the r-th exterior space A"V This is, in fact,

a change of view from the level of Lie groups to the level of Lie algebras, which will

prove very useful in that we can invoke the representation theory of s[(2, C) for com-

puting a,, .

Lemma 6.1 Let p: V — V be defined as above, and let D*{ be the derivation
induced by © on the exterior algebra A*V by the relations

DRI A Av) =D N A ABW) A+ A,

D*p(1) = 0, and D*P(v) := p(v). Then N'c — id and D' p are similar over C, where
D'p is the restriction of D*p to AV In particular, we have

an,, = rankker(A'6 — id) = dimker D'.

Proof The first general observation to make is that D", viewed as a linear mapping,
is in fact a representation of the Lie algebra gl(V) on A"V (¢f. [11, (5.25)]), and is
the derivative at the identity transformation of the the representation A" of the Lie
group GL(V') on A"V. Consequently, the exponential map intertwines the two repre-
sentations in the sense that we should have A" exp(¢) = exp(@’qﬁ) for all q5 € gl(V).
This last equality may also be established directly. It suffices to see that the func-
tion s: R — GL(A’V) defined by s(f) = A" exp(t¢) is indeed the 1-parameter sub-
group generated by D’qb (i.e, s is a group homomorphism and $(0) = Dr¢) hence
exp(D'¢p) = s(1) = A*exp(¢).

Now, since @ is nilpotent, it is easy to see that exp($) — id = Pw, where w is
a unipotent linear mapping that commutes with @. In particular, exp(®) — id is
nilpotent of the same degree as $, and therefore they share the same Jordan form
over C, which implies exp(p) —id ~ g and 6 = @ + id ~ exp(p). Moreover, a
straightforward calculation shows that D' is also nilpotent; for example, (p)" =
0 implies (D'®)" = 0. So for the same reason we have exp(D'p) — id ~ D'P.
Therefore,

NG —id ~ AT exp(P) — id = exp(D'@) — id ~ D'B.

In particular, rank ker(A"g — id) = dim ker D"®. [ |
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Notation 6.2 Let n, k,r be positive integers. Then P(n, r, k) denotes the number of
partitions of k to r distinct positive integers not greater than ». In other words,

P(n,rk) =#{(1,...,i) | i+ +i, =k 1<i < - <i,<n}.
By convention, we set P(1,0,0) = 1 and P(n,r,0) = P(n,0,k) = 0 for r,k > 1.
We are now ready to state the main theorem of this section.

Theorem 6.3 With the above notation, a, , = P(n, 1, [r(n+1)/2]), where [x] denotes
the greatest integer not greater than x. In particular,

)]

r=0

Proof Let 7,: sl(2,C) — gl(V) be the canonical representation of the Lie al-
gebra s[(2,C) on the n-dimensional complex vector space V, and extend 7, to
7r:sl(2,C) — gl(A"V) with 7} = m,. More precisely, for every X € sl(2,C)
define

T X)W A Av) = (T XDV AV A Ave v A Ave_g A (T (X)),

In particular, D' = 7,(f), and a,,, is the nullity of 7},(f) by Lemma 6.1. Follow-
ing Weyl’s complete reducibility theorem, since the Lie algebra s((2, C) is semisimple
the representation 7/, has to be completely reducible. This means we should have a
decomposition A’V = @IPLIW‘,, where W,’s are some 7}, -invariant irreducible sub-
spaces of A"V. Moreover, by a corollary given in [15, Section 7.2], the number N of
the summands in such a direct sum decomposition is equal to dim Ey +dim E,, where
E,={ve NV | m(h)v = pv}. On the other hand, we claim that the number N is
equal to the nullity of 7r'(f). In fact, since 7’|, is an irreducible representation of
s1(2,C) on W), it is equivalent to the canonical representation mgimw, of 5[(2, C) on
W,. But the image of f in every canonical representation has a 1-dimensional kernel.
So the nullity of 7}'(f) counts the number of W,’s. Therefore,

an, = dimker 7},(f) = dim E; + dim E;.
To compute the last two terms, note that the equality 7, (h)e; = (2i —n—1)e; implies
m(h)(e, N---Nei) = (2(1’1 +oti) —r(n+ 1)) ei, \---Nei,.
So 7;,(h) is diagonal; for even r(n + 1) we have
E, ={0} and dimE,=P(n,r,r(n+1)/2),
and for odd r(n + 1) we have
Ey={0} and dimE, =P(n,r,r(n+1)/2—1).
To summarize, we have established the following equalities:
ay, = dimker D'¢ = dimker 7,(f) = N = dim Ey+dim E; = P(n7 1, [r(n+1)/2]) .

The desired formula for a, is immediate now by writing a, = Zf:o e [ |
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Using the previous theorem, we can prove that {a,} is a strictly increasing se-
quence. We need a lemma first.

Lemma 6.4 P(n+1,r,k+s) > P(n,nk)fors=0,1,...,r.

Proof Fors = 0, the proof is clear. Now, let 1 < s < r and suppose that (ji, ..., j.)
is a partition of k such that 1 < j; < --- < j, < n. Defineiy == jfor1 <gqg<r—s
and iy := jy+ 1forr —s+1 < q < r. Then (iy,...,i,) is a partition of k + s and
1<ii<---<i,<n+1.ThusP(n+1,r,k+s) > P(n,rk). [ |

Proposition 6.5 {a,} is a strictly increasing sequence.

Proof First, note that a,o = a,, = P(n,0,0) = P(n,n,n(n+1)/2) = 1, and from
the previous theorem we have a, = > __ P(n, r, [r(n +1)/2]). Fix m € N, and get

m m—1
Aoms1 = 1+ ZP(Zm +1,2r,2rm+ 2r) + ZP(2m+ 1,2r+1,2rm+2r+m+ 1),
r=0 r=0
m m—1
Ay = Z:P(Zm7 2r,2rm+ 1) + Z PQ2m,2r+1,2rm+m+r)
r=0 r=0
m—1 m—1
=1+ ZP(Zm, 21, 2rm+ 1) + ZP(Zm, 2r+ 1,2rm+m+r),
r=0 r=0
m—1 m—1
Am—1 = ZP(Zm —1,2r,2rm) + ZP(Zm —1,2r+1,2rm+ m).
r=0 r=0

Applying the previous lemma to the terms of the sums expressed above implies that

m+1 > Aom > A2m—1- n

6.2 Generating Functions for the Sequence {a,}

In this part, we express the rank of the K-groups of 7, ¢ as explicitly as possible. In
fact, we present them as the constant terms in the polynomial expansions of certain
functions. First of all, we need the following basic lemma.

Lemma 6.6 Let P(n,r,k) denote the number of partitions of k to r distinct positive

integers not greater than n. Then P(n, 1, k) is the coefficient of u't* in the polynomial
expansion of F,,(u,t) := H?:l(l + ut'). In other words,

Z P(n,r, u'tk = ﬁ(l + uth).
i=1

k>0
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Proof

n . " i i
[Ta+u) =1+ > (ut™) - - (ur™)
i=1 r=1 (iy,..iy)

1<i)<---<i, <n

=1+ z”: ZP(n, rku'th = Z P(n, r,k)u't*. [ |

r=1 k>1 k>0
Now, we have the following result for the rank a, of the K-groups of %7, .

Theorem 6.7 Let a, = rank Ko(2/,9) = rank K;(a7,¢). Then for a nonnegative
integer m we have

(1) a1 is the constant term in the Laurent polynomial expansion of

ﬁ (1+2);

j=—m

(1)  ayy is the constant term in the Laurent polynomial expansion of

1 .
(1+z) J] Q+z77h.
j=—m+l
Proof Weknow thata, = > a,,and a,, = P(n,r,[r(n+1)/2]) by Theorem 6.3.
We have ay,,1 = ngl P(2m + 1,r,r(m + 1)). Now, take y = ut™*! and use the
preceding lemma to get

2m+1 .
Fama (t,8) = Fya (yt ™" 6) = [ (L4yt "7 = > PQm1, 1, k) y e r0mh,
i=1 k>0
In particular, we get the following identity for y = 1:
2m+1 X
[T A+ =" PQm+1,r kD,
i=1 rk>0
or equivalently, by settingz =t and j =i — m — 1, we have
m .
[1 +2) =" P@m+1,rkZ "D,

J=—m rk>0

In particular, the constant term in the Laurent polynomial expansion of
H;-”me(l +27) is obtained when we take the sum of those terms for which k =
r(m + 1) holds, namely

2m+1

ZP(2m+ 1,n,r(m+ 1)),

r=0
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which is precisely the expression for ay,,41.
For part (ii), write

o= 350 [+ )]

r=0
m m—1

= ZP(Zm, 2r,r(2m + 1)) + ZP(Zm, 2r+ 1,2rm+m+r)
r=0 r=0

=:A,+B,.
Let us determine A,, first. Note that using Lemma 6.6 we have
12 o : 1+ (—1)
5{ TTC1+uth)y + [J(1 — utl)} => P(zm,r,k){ %} 'tk
i=1 i=1 0

= Z P2m, 2r, k)u* t*.

rnk>0

If we define y := u?t*™*!, we have the identity

1 ¢2m 1. 1 2m 1o 1 k 1
5{ TT(1+yH =) 4 TT(1 = ph= D) b = 37 pam, 2 ky ey,
i=1 i=1 k>0

which for y = 1 yields
2 2
ST+ ) 4 [T (= #00) b = 37 pam, 25 et —rm),
i=1 i=1 =0

Hence A,, is the constant term in the polynomial expansion of

1 ¢ 2m . L 2m . 1
5{ TT(1+e=0m ) 4 [T(1 =) ]
i=1 i=1

Similarly, for B,, we have
1 ¢ 2m . 2m : 1—(=1)
5{ [T +ut') - 100 - utl)} = Z P(2m,r,k){ #}url‘k
i=1 i=1 50

= Z P2m,2r + 1, k)u® 't~
rnk>0

If we define y* := u?t*™*!, we have the identities

o yhem))
_ Z P(Zm 27+ 1 k)y2r+1tk7(2rm+r+m)7%
nk>0

_ ti% Z P(Zm, 2r+1, k)y27+ltk7(27m+r+m)7
k>0

1 ¢ 2m 1 1 2m
f{ TT(1+yie=0mD) — ]
i=1

2 i=1 i
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which for y = 1 yield

1
t2

2 2
5 { Hm (1 + ti*(ﬂﬁ%)) _ Hm (1 _ ti*(ffﬁ%)) } — Z P(zm’ 2r+ 1, k)tkf(Zrm-%—H—m).

i=1 =1 k>0
Hence B, is the constant term in the polynomial expansion of

t% 2m X | 2m X |
Sl T - ).

i=1 i=1

Therefore, a,,, = A, + B, is the constant term in the polynomial expansion of

1 ¢2m . . 2m . 1
S{ I+ e=mD) T (1 =m0

i=1 i=1

1 1
3 2m 3 2m

+ % [I(1+¢0m2)) — % [I(1—¢0m) }7

i=1 i=1

or equivalently, the constant term in the polynomial expansion of
1 2m i 2m X
E{ (1+2) H(l +221—(2m+1)) +(1-2) H(l _ 221—(2m+1)) }’
i=1 i=1
which equals the constant term in the Laurent polynomial expansion of

(1+72) ﬁ (1+ 2571, [

j=—m+l

Thanks to this theorem, one can compute a,, for large values of n using a computer
algebra program. Many more terms are also available online at OFIS (The Online En-
cyclopedia of Integer Sequences at http://www.oeis.org). Moreover, as the following
corollaries suggest, such recognitions as constant terms of certain Laurent polynomi-
als opens the door to finding even more interesting combinatorial properties of the
sequence {a, } that have been of interest to Erdds, J. H. van Lint, and R. C. Entringer,
to name a few (cf. [5,6,23]).

Corollary 6.8 Let n be a nonnegative integer.

(1)  The integer ay, is the number of solutions of the equation

k=n
Z ke =0,

k=—n

where ¢, = 0 or 1 for —n < k < n. In other words, ay,41 is the number of ways
that a sum of integers between —n and n (with no repetitions) equals 0.
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(ii)  The integer a,, is the number of solutions of the equation

k=n

Z 2k—1)e=00rl,

k=—n+1

where ¢, = 0 or 1 for —n + 1 < k < n. In other words, ay, is the number of ways
that a sum of half-integers between —n + 1/2 and n — 1/2 (with no repetitions)
equals 0 or 1/2.

Proof Using Theorem 6.7, the number a,,4; is the constant term in the Lau-
rent polynomial expansion of [[;__, (1 + Z¥), which is a finite sum of the form
> A(n,m)z™. Obviously, the integer coefficient A(n, m) is the number of all pos-
sible combinations from the terms z7",...,2° ..., 2", whose product makes a z".
In other words, by putting e, = 1 when z* contributes to such a product making a

z", and ¢, = 0 otherwise, we conclude that

k=n
A(n,m) = #{ (€_pyvver €0y €y) € {0,132 Z ke = m}

k=—n

In particular, the constant term of the Laurent polynomial expansion is A(#, 0), and
we have ay,11 = A(n,0). This proves part (i). Fort part (ii), we use the same idea for
the Laurent polynomial expansion of

(+2) [] 0+25DH= ] 0+ Y4z I 1+

k=—m+1 k=—m+1 k=—m+1

as suggested by Theorem 6.7(ii). ]

In [23], van Lint answered a question of Erdés by determining the asymptotic
behavior of

k=n
A(n,0) = #{ (€ pyvvvy€0yeees€q) €101 Z ke = O}.

k=—n

The idea in his proof is as follows. Since A(#,0) is the constant term of the Laurent
polynomial expansion of [T;__ (1 + zX), we can compute it as the Cauchy integral

—n

1 7{ [T, (+29
—p —————dz,
C Z

27

where C denotes the unit circle. By parameterizing C by z = ¢** for x € [0, 7],
applying the elementary identity (1 + e¥*)(1 + e=2*) = 4cos® kx, and a simple
calculation we arrive at

92n+2 3 on
A(n,0) = / IT cos® kx dx.
T Jo je

k=1
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We can then proceed by estimating the integrand near and far from 0 using
some elementary inequalities, which lead to the asymptotic formula A(n,0) ~
(3/m)22*"1p=3 [23]. This will immediately give the asymptotic behavior of the se-
quence {ay,1 } by the previous corollary. One can adapt the arguments used by van
Lint to obtain a similar asymptotic behavior for the sequence {a,, } by estimating the
corresponding integral

22n+2 % n
/ cos? x [] cos*(2k — 1)xdx,
0

™ k=1

which leads to the asymptotic formula a,, ~ (3/7)222"n~ 2. This gives rise to the
following result.

3 . .
Corollary 6.9 a, ~ \/2 2"n"> when n — oo. In particular, lim,_, et =

7 The Positive Cone of Ky(.% s)

In this section, we generalize a result of Kodaka on the order structure of the group
Ky of the crossed product by a Furstenberg transformation on the 2-torus [18, The-
orem 5.2]. However, our approach is different, and follows the general guidelines of
[30, Lemma 3.1]. We remind the reader that for a C*-algebra A the positive cone of
Ko(A) is the set Ko(A): = {[q] € Ko(A) : ¢ € Po(A)}, where P (A) is the set of
all projections in matrix algebras over A. Also, any positive trace 7 on a C*-algebra
A induces a group homomorphism 7,: Ko(A) — R. As was indicated in the intro-
duction, when the Furstenberg transformation ¢y, ¢ is minimal and uniquely ergodic,
using the results of Lin and Phillips in [21] the transformation group C*-algebra .%y ¢
is classifiable by its Elliott invariant, and the order of Ky(.%y,r) is determined by the
unique tracial state 7 on .%y s [22,29]. The fact that 7,.Ko(Fy, ) = Z + Z6 was first
proved in the unpublished thesis of Ji [16]. However, we will study the effect of the
trace on the order structure of K using R. Exel’s machinery of rotation numbers [7].

For a C*-algebra A, we denote by U,(A) the set of unitary elements of M,(A).
The following lemma is well known, but it is convenient to state and prove it for
completeness.

Lemma 7.1 Let A and B be unital C*-algebras and let A®Q B denote their minimal ten-
sor product. Suppose that u € U,(A) andv € Uy(B), and let ¢: e(T?) — M,,(A® B)
be the unique homomorphism mapping the coordinate unitaries z;,z, € U(C(T?)) to
the commuting unitaries u ® 14,1, ® v € Upa(A ® B), respectively. Let b(u,v) €
Ky (A ® B) denote the Bott element of u, v defined by Ko(¢)(b), where 5 = [z1] A [z2] is
the Bott element in Ko(C(T?)) so that Ko(C(T?)) = Z[1] + Z 3. Then 1,,(b(u,v)) =0
for any tracial state T on A ® B.

Proof Since 7 o ¢ is a trace on T?, there exists a Borel probability measure y on T2
such that

(Tog)(f) = /w f@)dp(x), fe€e(m).
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Write 8 = [p] — [q], where p, q are appropriate projections in some matrix algebra
over C(T?), so we have

T (b(u,v)) = 7. (Ko(9)(B)) = (10 8).(B) = /Tz Tr(p(x)) — Tr(q(x)) dpu(x).

It is well known that for the Bott element b we have Tr(p(x)) — Tr(gq(x)) = 0, namely,
the projections p(x) and g(x) have the same rank for all x € T?, and this common
rank does not depend on x, since T? is connected (in fact, they are rank one projec-
tions). This can be proved either by a calculation of the traces of the projections p(x)
and q(x) explicitly (cf. [1, p. 7]), or by using the naturality in the Kinneth formula
for T2, which shows that the image under any point evaluation of 3 is zero. Briefly
speaking, the map x — Tr(p(x)) — Tr(q(x)) belongs to C(T?, Z), so it has to assume
a constant integer, which we call dim 5. In particular, dim § is invariant under the
change of coordinate (¢;, () — (1, ¢ 1), whereas the naturality of the Kiinneth ho-
momorphism a1 : Ki(€(T)) ® K;(€(T)) — Ko(C(T?)), which maps [z] ® [z] to 3,
implies that the Bott element 3 will transform into —f under this change of coordi-
nates since [z] ® [z7!'] = [z] ® (—[z]) = —([z] ® [z]). Thismeansdim3=0. W

We denote by u the unitary in .%y ; implementing the action generated by the
transformation g r on T" with irrational parameter , and by z, the unitary in C(T")
defined by z,((y, . .., ¢,) = (; as in Section 2. Then we have uzju=! = z, o go(;} =
e?™0z,, so that C*(u, z;) = Ay, the irrational rotation algebra. Let py € C*(u, z;) be
a Rieffel projection of trace 6 as in [34]. It is obvious that 7. ([1]) = 1. On the other
hand, since the restriction of 7 on the C*-subalgebra Ay C .%y ¢ has to be the unique
tracial state on Ay, we have 7. ([pg]) = 6. The main result of this section will show
that all the essential information about the order structure of Ky(.%y,s) is encoded in
the embedding of Ay in %y ;.

Theorem 7.2 Let g 5 be a minimal uniquely ergodic Furstenberg transformation on
T" with 0 € (0,1) (e.g., when 6 € (0,1) \ Q and each f; satisfies a uniform Lipschitz
conditionin ; fori = 1,...,n —1). Let a, and 9](0 denote, respectively, the rank and

the torsion subgroup of Ko(Fy, r) so that Ko(Fy ) = L © ,7f°. Then the isomorphism
of Ko(Fy,r) with this group can be chosen in such a way that

(i)  the unique tracial state T on .Fy s induces the map
T(a[1] + b[pgl,c,t) =a+bo
on Ko(Fo,5) for all (a[1] + blpel,c.t) € (Z[1] + Zlpy]) ® 2" & T =

Z & TP;
(ii) the positive cone Ko(-F f)+ can be identified with

{ (al1] + blpol,c,t) € (Z[] + Zlpg]) ©Z" > ® TP :a+ b6 >0} U{0}.
Proof The idea of the proofis to show that there exists a generating set for the finitely

generated abelian group Ky(.%,¢) including [1] and [py] such that the induced ho-
momorphism 7, vanishes at all generators, except for [1] and [py] for which we
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have 7,([1]) = 1 and 7.([py]) = 6. Using Theorem 2.1 and setting o = ¢y s
and o; = Kj(«) for j = 1,2 we have

Ko(Fp,f) = coker(ap—id)dker(oy —id) = P [coker(AZ’a—id)@ker(/\2'+1a—id)] ,

r>0

where @ is the restriction of oy to the subgroup Z[z] + - -+ + Z[z,] of Ki(C(T"))
as in Section 2, and z;(C,...,(,) = ¢ of C(T") for j = 1,...,n. Note that by

Definition 1.3, f = (fi,..., fu_1) consists of continuous functions f;_;: T/=! —
T for j = 2,...,n. First, we “linearize” each f;_, by finding the unique “linear”
function

by

(<l-"7<]’*1) |_><'1 ...C?i—llvf7 (bjfl,j #O)

in the homotopy class of f;_;. This allows us to calculate &([z;]) by writing

[627ri9

a([z]) = [z1 0 g5 ] = [€™21] = [a],

a(lz]) = [zjo gy 11 = [fi-1(215- -, 2j-1)2)]

by bj—1,;
=[z" - ~Z]-]_1”Zj] =bijla)+--+bj_1jlzj1] + (2]
for j = 2,...,n. In other words, the integer matrix of @ with respect to the basis

{[z1], .., [zn]} of Z" is precisely in the form (5.1) as in the proof of Theorem 5.1.
Now, we can realize g = A®*"@ and o, = A°¥@ to calculate the K-groups of .7, f
as in Section 2.

It is important to note that, by referring to the exact sequences (2.1), (2.2) and
(2.3), the isomorphic image of coker(ag — id) in Ko(Fy,¢) is precisely the image
imjo of Ko(C(T")) and an isomorphic image of ker(a; — id) in Ko(%y ) is ob-
tained by finding the image of a splitting (injective) homomorphism s: ker(o; —
id) — Ko(Fy,y) for the exact sequence (2.2) so that J o s = id on ker(a; — id).
Any such splitting homomorphism is obtained as follows: fix a basis {y1,...,7,}
for the free finitely generated group ker(c; — id) of rank g, and find elements

Vfo), .. .,1/6(1()) € Ko(Fy,f) such that 81/§O) = njfor j = 1,...,9. Then define

S(Zj mjy;) = Zj mjuj-o) for m; € Z. Clearly, Ko(F,f) = imjo ® ims.
Now, since A’a = id on A°Z" = Z and A'@ = @ on A'Z" = Z", we can write
the isomorphism

Ko(Fof) = Z @ ker(a —id) & P [ker(/\zma —id) ® coker(A¥ & — id)} .

r>1

In fact, a single generator for the isomorphic image of Z in Ko (F ) is [1], and since
bj_1,j#0for j=2,...,n,wehaveker(a —id) = Ze; = Z[z]. It is easy to see that
O([pe]) = [z1] (see the proposition in the appendix of [31]). Therefore there exists
abasis {y1,...,7,} forker(ay —id) = @, ker(A* '@ — id) with y; = [z] and a
splitting homomorphism s: ker(a; — id) — Ko(-%y, s) with s([z,]) = [pg]. Hence a
single generator for the image of ker(a — id) in Ko(.,5) is [ pg].

It remains to study the effect of 7. on the isomorphic image of
D,~, coker(A¥@ — id), which contains the the torsion subgroup 9)(0, and on
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the image of @, ker(A**'a —id) in Ko(Fy ). For more convenience, set
ej = [zj] for j = 1,...,n as in Section 2. First, we study the isomorphic
image of €P,., coker(A¥@ — id). We show that 7, vanishes on this whole
subgroup by showing, equivalently, that 7. vanishes on the image of the sub-
group EDDlAZZ’(el,...,en) C Ko(C(T")) in Ko(Fy,r) under the map jo. Let
n=-ce, N---Nej, € Ko(C(T")) forsomer > land 1 < i} < --- < ip < n. We
want to show that 7.(jo(r)) = 0, where jo := Ko(j) and j: C(T") — .Fy; is the
natural embedding in the structure of the crossed product %y r = C(T") <, Z. By
Kiinneth formula we have 1 = b(u, z), where u is a unitary in some matrix algebra
over C(T"!) with [u] = ¢, A--- Ae,_ , € Kj(C(T"!)) and z is the canonical
unitary in C(T) with [z] = e;,, € K;1(C(T)). By Lemma 7.1, we have

7 (jo(m) = 7 (Ko(D(m)) = (T 0j)u(n) = (T 0j)«(blu,2)) =0.

Now, we study the isomorphic image of ), ker(A**'a& — id) in Ko(Fy, ). We will
show that 7. assumes only integer values on this whole subgroup. In other words,

if {71,...,74} is a basis for the ker(cxy — id) as above such that v = [z] is a
basis for ker(a — id) and {72, ...,7,} is a basis for P, ker(A**'& — id), then
T*(V{O)) = 6, and T*(V;»O)) = k; for some k; € Z for j = 2,...,q, where 1/;0)’5

are chosen in Ko(.Fy,¢) so that 8(1/;0)) = yjfor j =1,...,qand 1/}0) = [po] as
above. To demonstrate this, we prove that the determinant of any unitary repre-
senting an element in the subgroup @,~, A¥*!(ey, . . ., e,) is the constant function
1. Then the rotation number homomorphism p”: ker(a; — id) — T defined by
Exel is the constant 1 on the subgroup ., ker(A**'& — id) [7, Theorem VI.11],
hence the trace will be integer-valued on this subgroup because exp(27iT.(n)) =
ph o d(n) for all n € Ko(Fy 5) [7, Theorem V.12]. To calculate the determinant on
B, A (e, .. en), lety =€, Ao+ Aeiy,, € Ki(C(T")), setn =e;, A---Aei, €
Ko(C(T"~1)), and write n = [p] — [q] as above. Then e;,,, = [z] for the canonical
unitary z of C(T), and using the Kiinneth formula we have

y=n@lzl=(pl - @) @[] =[pl®[z] + [q) ® [z7"]
=[(1-pe1+p22)(1-—g@1+qz ")].
So,7 = [wiwy], wherew; := (1 - p)®1+pRzandw, := (1 —q) @ 1 +q®z " are
unitaries in some matrix algebra of the same size over C(T"). Since for all x € T" !

the projections p(x) and g(x) have the same rank p as in the proof of Lemma 7.1, we
have the following equivalence of projections in some matrix algebra M;(C):

p(x) ~1,®0_, ~ q(x),
where 1,,,0,, denote the identity and the zero matrix of order m, respectively, and
@ is the direct sum of matrices. This implies the following unitary equivalence of

projections in My (C):

P(X) 2] 01 ~u 1/) S 021—;) ~u q(x) @ 0.
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In particular, we conclude the following unitary equivalence of unitary matrices
forall (x,{) € T"! x T

wi(x, Q) & 1) ~y Clp D Ly, wa(x, Q) © 1y ~y C_llp D 1y

Therefore Detw; (x, () = (” and Detw,(x, () = (~”, hence Det(w,w,)(x,() =1,
for all (x,¢) € T"~! x T. This implies that Det,(y) = 1 € [T", T], where [T", T]
denotes the set of homotopy classes of continuous functions from T" to T (see [7,
Definition V1.8 and Proposition VI.9]).

Finally, by setting v; := Vfo) = [pg]l and vy :== V§0) —kj[1] for j = 2,...,qso that
T+«(1n) = 0 and 7. (v;) = Ofor j = 2,...,q, we can form a generating set with the
desired property for Ky(.%y,¢) by taking the union of {1, ... 1, } and a generating set
including [1] for the isomorphic image of coker(ayy — id). This proves part (i).

For part (ii), we use part (i) together with the fact that the order on Ky(.%y ) is
determined by the effect of the unique tracial state 7 because T" is a finite dimen-
sional infinite compact metric space and ¢y, is a minimal homeomorphism of T"
(see [22, Theorem 5.1(1)] or [29, Theorem 4.5(1)]). [ |

Corollary 7.3  Let pg,5 be a minimal uniquely ergodic Furstenberg transformation on
T" as above. Then linearizing the functions fi: T' — T in f = (fi,..., fi_1) does not
change the isomorphism class of the transformation group C*-algebra Fy ;.

Proof Since ¢y, s is minimal, § must be irrational. So the range of the unique tracial
state (by unique ergodicity) on Ko(.Fy ) is dense in R as it is Z + Z0 by the above
argument. Benefiting from the results of [21], such C*-algebras are completely classi-
fiable by their Elliott invariants, which remain unchanged (up to isomorphism) after
the linearization process. Linearizing does not change the isomorphism classes of the
K-groups, and Theorem 7.2 guarantees that the order structure of the group Kj is
precisely the regular order inherited from R on Z + Z6 before and after lineariza-
tion. [ ]

8 Applications to C*(9,)

This section is devoted to some applications of the results of the previous sections to
the C*-algebras studied in [33], in which the authors promised to completely classify
the simple infinite dimensional quotients of the group C*-algebra of their interest
C*(®,) by their K-theoretic invariants in a later work. In this context, the discrete
group D, is a higher dimensional analogue of the discrete Heisenberg group H3, and
is defined by

Dy ={ X, Y0, V1, -+ ¥n | X¥0 = yox, yiy; = y;yi
f0r0§i7j§n7 [Xa)/j]:}’j—1f0r1§j§fl>,

where [x, y] ;== xyx~!y~!. The group D,, can be represented as a semidirect product
Z"" %, Z, where the group homomorphism 7: Z — GL(n + 1, Z) is such that n(k)
is the matrix, whose (i, j)-entry is given by (jf,.) as defined in [33]. This realization
allows us to study K-theory of C*(D,,).
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Proposition 8.1 K;(C*(D,)) = Ki(#p41) fori =0, 1. In particular,
rankKo(C*(”Dn)) = rank K; (C*(CD,,)) = du1.

Proof Since ®, = Z"' x,,Z, so C*(D,) = C*(Z"") x5 Z = C(T™') x5 Z and the
integer matrix corresponding to 77 is the (n+1) X (n+1) matrix M,, introduced in [33],
which is precisely the matrix S, defined in Section 5 to describe the linear structure
of Anzai transformations on T"*!. The rest of the proof follows from Theorem 2.1.

|

As some higher-dimensional analogues of the irrational rotation algebras Ay, all
simple infinite-dimensional quotients of C*(®,) have been classified in [33, Theo-
rem 3.2]. These consist of the C*-algebras .¢7, y for some irrational parameter §, and
a few more classes of C* algebras denoted by AE”), which are of the form C(Y; X
T X g, Z for some suitable finite sets Y; and minimal homeomorphisms ¢; for
i =1,2,...,n— 1. Then it is proved in [33, Theorem 4.8] that AE”) = MC,.(BE”)),
where BE") is the transformation group C*-algebra of some affine Furstenberg trans-
formation on T"~'. We conclude the following results.

Corollary 8.2 Let A be a simple infinite dimensional quotient of C*(®,,). Then
rank Ko(A) = rank K,(A) = a,; for some i € {0,1,...,n — 1} that is uniquely
determined by the isomorphism A =2 C(Y; x T"™") x4, Z as in [33, Theorem 3.2].

Proof It is proved that A is isomorphic to a matrix algebra over a Furstenberg trans-
formation group C*-algebra B on T"~* for some suitable i € {0,1...,n} [33, The-
orem 4.8]. So K;(A) = K]-(BE")) for j = 0, 1. The rest of the proof is clear from the
preceding theorem. ]

We saw in Proposition 6.5 that {a, } is a strictly increasing sequence. Therefore the
preceding corollary is a first step towards the classification of the simple infinite di-
mensional quotients of C*(®,,) by means of K-theory. But as is seen, the rank of the
K-groups alone can not distinguish the algebras at the same “level” (i.e., those alge-
bras that are included in the same class, but with different values of the parameters).
The other powerful K-theoretic invariant that helps us do this is the trace invariant,
i.e., the range of the unique tracial state acting on the Ky-group.

Proposition 8.3 Suppose A = C(Y; x T"™') x4, Z is a simple infinite dimensional
quotient of C*(®,) as in [33, Theorem 3.2]. Then A has a unique tracial state T and
7.Ko(A) = C%_(Z + Z9;), where C; = |Y;| and &™) = (; = (—I)C"“nic" as in
[33, Lemma 4.6 and Theorem 4.8].

Proof Following [33, Theorem 4.8], A is isomorphic to M, (BE”)) = M., (C) ® Bg"),
where Bl(-”) is a simple Furstenberg transformation group C*-algebra with the irra-
tional parameter (; = (—l)C"”nl-C". By Corollary 1.5, Bg") has a unique tracial state
7. Moreover, T*KO(BI(»”)) = 7 + Z;, where e¥™i = (; (see [16, Theorem 2.23] or
Theorem 7.2). Thus A has the unique tracial state 7 = (1/C; Tr) ® 7, in which Tr is

the usual trace on Mc,(C), and so 7.Ko(A) = 1/C;(Z + Z¥;) [16, Lemma 3.5]. W

https://doi.org/10.4153/CJM-2013-022-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2013-022-x

K-theory of Furstenberg Transformation Group C*-algebras 1315

Finally, we can characterize all simple infinite-dimensional quotients of C*(D,,).

Proposition 8.4 <9 = o, g if and only if n = n’ and there exists an integer k
such that § = k =+ 6’. More generally, let A" 22 C(Y; x T") x,, 7 be a simple

infinite dimensional quotient of C*(D,) with the structure constants A\, pi1, . . ., li as
in [33, pp. 165-166], and let Ag'fl) ~ @Y/, x T =) Xy 7 be a simple infinite
dimensional quotient of C*(D,,/) with the structure constants X', ], ..., u!,. Suppose
that C; = |Y;| and C|, = [Y'i/|. Then A" = Al(-'f/) ifand only ifn —i = n' — i/,
Ci =C/, and

() () i) e
/\(M)ME,)M2 1 "'/’Liq _ /\/("*I)U{(’/ )Ué(l _1) . "Mi/’ i

or

C; Ci ,-C,i . Ci/’ Ci,’ (71,’, c/\_
)\(iﬂ)ugz)ug l) . M?, — ()\/(i,ﬂ)ui(i/ )/,Lé(’/*l) .. Mz/’ i ) ].

Proof Use the previous proposition and the fact that {a,} is a strictly increasing
sequence (see Proposition 6.5). Note that

. . Ci Ci ,?1 .
G = (—1)CHps = )\(m)‘ugt)‘ug ) s
by the last equation on [33, p. 171]. ]

Remark 8.5 Note that C; = |Y;| is completely determined by the structural con-
stants A, p41, . . ., t4j—1 (which are roots of unity). More precisely, by calculations on
[33, pp. 165-166], we have

Ci=min{reN | X = Ou = = A0 05

For an explicit example in lower dimensions, see [26, Lemma 5.4].

9 Concluding Remarks

(I) The method used in Section 1 for computing K-groups of the transformation
group C*-algebras of homeomorphisms of the tori may be extended to more general
settings. Let G be a compact connected Lie group with torsion-free fundamental
group m1(G). (It is well known that the fundamental group of such spaces are finitely
generated and abelian, so being torsion-free means m(G) = Z/, for some L) Some
important examples are any finite Cartesian products of the groups %, SO(2), Sp(n),
U(n) and SU(n). Then K*(G) is torsion-free and can be given the structure of a Z,-
graded Hopf algebra over the integers [14]. Moreover, regarded as a Hopf algebra,
K*(G) is the exterior algebra on the module of the primitive elements, which are
of degree 1. The module of the primitive elements of K*(G) may also be described
as follows. Let U(n) denote the group of unitary matrices of order # and let U :=
U2, U(n) be the stable unitary group. Any unitary representation p: G — U(n),
by composition with the inclusion U(n) C U, defines a homotopy class 8(p) in
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[G,U] = K'(G). The module of the primitive elements in K!(G) is exactly the
module generated by all classes 3(p) of this type. If in addition, G is semisimple and
simply connected of rank /, there are I basic irreducible representations pi, ..., o,
whose maximum weights A;, ..., \; form a basis for the character group T of the
maximal torus T of G, and the classes 3(p1), ..., 3(p;) form a basis for the module
of the primitive elements in K!(G) and K*(G) = A*(B(p1), .- ., B(pr)). In any case,
to compute K,.(C(G) x, Z) it is sufficient to determine the homotopy classes of a0 p
for the irreducible representations p of G in terms of 5(p)’s.

(II) There is a relation between K-theory of the transformation group C*-alge-
bras of the homeomorphisms of the tori and the topological K-theory of compact
nilmanifolds. In fact, let « = (#,A) be an affine transformation on T" satisfying
conditions (a) through (d) of Remark 5.2. Then it has been shown in [12] that «
is conjugate (in the group of affine transformations on T”) to the transformation
o' = (t’,A’), where A’ is an upper triangular matrix whose bottom right k x k
corner is the identity matrix Iy, and t' = (0,...,0,t/,...,t/). The transformation
o' is called a standard form for « [28]. Assume that « is given in standard form.
Then Packer associates an induced flow (R, N/T") to the flow (Z, T") generated by a,
where N is a simply connected nilpotent Lie group of dimension #n + 1, the discrete
group I is a cocompact subgroup of N, and the action of R is given by translation on
the left by exp sX for s € R and some X € n, the Lie algebra of N. One of the most
important facts is that the C*-algebra C(N/T") x5 R corresponding to the induced
flow is strongly Morita equivalent to C(T") x, Z [28, Proposition 3.1]. Consequently,
one has

(9.1) Ki(C(T") %, Z) =2 K;(C(N/T) x5 R) =2 K'"/(N/T), i=0,1.

The second isomorphism here is Connes’ Thom isomorphism. So the K-theory of
C(T") x, Z is converted to the topological K-theory of the compact nilmanifold
N/T. FPollowing the proof of [28, Proposition 3.1], one can conclude that for the
special case of Anzai transformations we can take N = §,_ (the generic filiform Lie
group of dimension n + 1) and I' = ®,,_;, which were defined in [33]. On the other
hand, following [35, Theorem 3.6], one has the isomorphism

(9.2) K;(C*(T)) =2 K" Y(N/T), i=0,1.
Combining (9.1) and (9.2) one gets
Ki(C(T") %0 Z) = K™ (N/T) & Ky (C*(T)), i=0,1,

Using the above isomorphisms, one can relate the algebraic invariants of the involved
C*-algebras and topological information of the corresponding nilmanifold. For ex-
ample, since N /T is a classifying space for T, one has the isomorphisms

(9.3) Hix(N/T) = H*(N/T,R) = H*(T,R) = H*(N,R) = H*(n, R),

where Hj(N/I') denotes the de Rham cohomology of the manifold N/T,
H*(N/T',R) denotes the Cech cohomology of N/T with coefficients in R, H* (T, R)
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denotes the group cohomology of I' with coefficients in the trivial I'-module R,
H*(N,R) denotes the Moore cohomology group of N (as a locally compact group)
with coefficients in the trivial Polish N-module R, and H*(n, R) denotes the coho-
mology of the Lie algebra n with coefficients in the trivial n-module R. Now, using
the Chern isomorphisms chy: K®(N/T)®@Q — H"**(N/T',Q) and ch,: K/(N/T")®
Q — H°Y(N/T, Q), one concludes that the even and odd cohomology groups stated
in (9.3) are all isomorphic to R¥, where k is the (common) rank of the K-groups of
C(T") x4 Z as in Corollary 2.2. As an example, if N = §,—;, ' = ©,_;, and
n = f,_;, then the even and odd cohomology groups stated in (9.3) are all iso-
morphic to R*, where a, is the rank of the K-groups of .7, 5 that was studied in
detail in Sections 5 and 6. Conversely, one may use the topological tools for N/T'
to get some information about C(T") x, Z and C*(I"). For example, we know that
N/T as a compact nilmanifold can be constructed as a principal T-bundle over a
lower dimensional compact nilmanifold [10]. Then we can compute the topological
K-groups of N/T" using the six term Gysin exact sequence [17, IV.1.13, p. 187]. As
an example, one can see that §,_1/9,_ is a principal T-bundle over F,_>/9,_2,
and the corresponding Gysin exact sequence is in fact the topological version of the
Pimsner—Voiculescu exact sequence for the crossed product 7, 9 = o7,_1 9 X, Z as
in [33, Theorem 2.1(d)].
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