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GROWTH OF A POPULATION OF BACTERIA
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Abstract

We study the growth of a population of bacteria in a dynamical hostile environment
corresponding to the immune system of the colonized organism. The immune cells
evolve as subcritical open clusters of oriented percolation and are perpetually reinforced
by an immigration process, while the bacteria try to grow as a supercritical oriented
percolation in the remaining empty space. We prove that the population of bacteria
grows linearly when it survives. From this perspective, we build general tools to study
dependent oriented percolation models issued from renormalization processes.
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1. A growth model in a dynamical hostile environment

We consider the following discrete-time interacting particle system: at time n = 0, a
particularly fertile bacterium (represented here by a type-1 particle) is submerged in a population
of immune cells (type-2 particles) that are going to impede its development. The immune cells
are not very fertile but benefit from a constant immigration process. Our aim is to find conditions
that ensure that the growth of bacteria, when they survive, is linear.

Our system is described by a discrete-time Markov chain taking values in {0, 1, Z}Zd,
depending on the three parameters p, g, « € (0, 1). The time is indexed by N = {0, 1, 2, ...},
and we also note N* = {1, 2, 3, ...}. The transition between two states is in two steps. First,
between time n and time n + %, each particle tries to colonize its neighbor sites: it succeeds
with probability p if it is a type-1 particle, and with probability ¢ if it is a type-2 particle. All
events are independent and, in a case of conflict, the type-2 particle wins. Next, between time
n+ % and time n + 1, the immigration of type-2 particles occurs: on each site, a type-2 particle
appears with probability o > 0, possibly taking the place of the particle previously occupying
the site. Once again, all events are independent.

In the degenerate case where ¢ = 0 and & = 0, we recover independent oriented percolation
with parameter p, which provides a simple model for the spread of an infection. By classical
arguments, there exists a critical probability ﬁzalt (d + 1) that independent oriented percolation
on Z¢ x N grows infinitely. Of course, we choose p > pe2!(d + 1) to avoid the almost-sure
extinction of the bacteria in the absence of immune cells. Hence, if ¢ = 0 and o = 0, we
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know that the bacteria survive with positive probability and, when they survive, their growth
is linear. These results have been proved for the supercritical contact process by Bezuidenhout
and Grimmett [1] and Durrett [5], and can readily be transposed for supercritical independent
oriented percolation.

On the other hand, we choose g < ﬁah(d + 1), which corresponds to the poor virulence of
type-2 particles. However, the constant immigration rate o guarantees that type-2 particles are
always present in the organism.

Let us now describe the model more formally. We work, for d > 1, on the following
graph.

e The set of sites is V¢! = {(z, n) € Z¢ x N}.
e We put an oriented edge from (z1,n1) to (22, 12) i_f)and only if np = n; + 1 and
llz2 — z1]l1 < 1; the set of these edges is denoted by E Zlfl.

= =
Define E ¢ in the following way: in ¢, there is an oriented edge b_e)tween two points, 71

and z5, in Z¢ if and only if ||z1 — z2]l1 < 1. The orlented edge in E ! from (z1, nl) to

wd+1

(22, nz) can be identified with the couple ((z1, z2),n2) € E Fd x N*, Thus we identify 7}/

and E 4 x N*. ., .y . 3
We set = {0, 1} B x {0, 11E x {0, 1}%°, and we endow the set @ = QN with its Borel
o -algebra for the product topology. We consider the probability P =P, , o = v®N" where
Rd Rd d
v =1pga =8P © 8@ © B

and where B(p) stands for the Bernoulli law with parameter p.
Starting from the 1n1t1a1 configuration x € {0, 1 2} , we define the Markov chain (1;),>0
taking values in {0, 1 2}Z by

np=x and = fOn, ©us1),
where £: {0, 1, 2127 % § — {0, 1,2)%" is defined as follows:
FO (@), a0 (@5), _Tar (@3)ieza))
<max{2a)3, 2max(@{: i — k[ < 1, 5 =2), )
keZd

max("?: i — k[l < 1, x; = 1)}

Note that type-2 particles do not see type-1 particles in their evolution, which explains why
type-2 particles are assimilated to an environment. Considering two disjoint subsets Eq, E» of

7 that represent the initial sets occupied by type-1 and type-2 particles, we also use the notation

1g, +21 . . .
nEvE2 — ) BT We respectively denote by nﬂ E> and 775 > the sets of sites occupied by

type-1 particles and by type-2 particles at time n, and we consider the evolution of the bacteria
population (1, ,,'g)nzo- Can this process survive? Does it grow linearly when it survives? We
naturally introduce the following extinction time and hitting times:

rlE‘ ‘B2 —inf{n > 0: .

tEl’Ez(y) inf{n >0:ye nEl’Ez} forall y € Z¢.

E1 E> = o)

Note that a > P, Ol(rEl = +00) is nonincreasing and exhibits a phase transition. We

first prove that this phase transition does not depend on the initial configuration E; of the
environment.
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Theorem 1. For every p > pe®(d + 1) and every g < po(d + 1),

0,Z4\{0}

Ppgo(t)” =400) >0 foralla €[0,1] = P, a7 =+00) > 0.

We thus define a¢(p, g) = sup{a > 0: ]P’,,,q,o[(r?’g = +00) > 0}.
Our main result is the following.

Theorem 2. For every p > pe(d + 1) and every g < po(d + 1),
0 <oac(p.g) <L

Moreover, for every a < ac(p, q), there exist positive constants A, B, and C such that, for
every E C Z4\ {0}, x € Z%, andt > 0,

Pp,q,a(r?’E = +o00) > 0, (1)
M%uﬁf=+wJW%»>aum+n<Awm4m, 2)
Ppgalt < rl < 4+00) < Aexp(—Bt). 3)

We thus prove that if the immigration of type-2 particles is not too important, the bacteria
population survives with positive probability, and, when it survives, it grows linearly, as is the
case in the absence of immune cells. We can also explain this model in terms of dependent
oriented percolation: on the oriented graph Z¢ x N, for each site (z,n) € Z¢ x N, with
probability «, we erase the finite cluster of oriented percolation with parameter ¢ starting from
(z, n). The remaining random oriented graph is then given to the type-1 particle, which tries to
develop as an oriented percolation with parameter p. Thus, the growth of type-1 particles can
be seen as a dependent oriented percolation model, with an unbounded but exponentially fast
decreasing dependence. Our result ensures the linear growth of this oriented percolation when
it percolates.

A natural question concerning the existence of an asymptotic shape result arises.

Conjecture 1. For every p > p.A%(d + 1), every ¢ < pe®(d + 1), and every a € (0, ae(p,
q)), there exists a norm p on R such that, for any two disjoints subsets E| and E, in 7.4
with E1 # @, we have, for ¢ > 0, Pp 4 o (- | rE‘ Ex = +00) almost surely, and every large
enough t,

1
(1-¢)B,(0,1) C ;Bt C (1+&)B,(0, 1),
where B = {x € Z4: 1f " (x) < 1) + [-3. 31

This conjecture is consistent with out simulations (see Figure 1). We think that this result
can be proved with subadditive methods similar to those used in the case of the contact process
in a random environment; see [11].

We can find a certain number of similar competition mechanisms in the literature under
the name of hierarchical competition (see [8]), of contact process (or oriented percolation)
in a dynamical random environment (see [3], [18], [19], and [20]), or without any specific
denomination (see [9] and [10]). The common characteristic of these models is that one type
of particle (here type-2 particles) evolves in a Markovian way, and that the second type evolves
as a contact process or an oriented percolation in the remaining empty space.

In this paper we use renormalization techniques. This is not surprising: the efficiency of
such techniques in the study of particle systems has long been known (see, for instance, [2],
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FIGURE 1: A simulation with p = 0.7, ¢ = 0.25, and @ = 1073,

[6], or [7]), and the use of renormalization is usual to prove that survival occurs with positive
probability. However, studying the system conditioned to survive can be subtle. Indeed, the
renormalizationprocedures tend to destroy the independence properties given by the Marko-
vianity, and the tried and tested restart arguments described in [4] must be adapted with some
care. While the general idea remains simple, the implementation is quite technical and, for the
moment, there are no ready-made tools for this kind of situation. The tools we build are in the
spirit of the theorem of Liggett et al. [16], but in the context of dependent oriented percolations
resulting from renormalization procedures; see Theorem 3.

2. Comparison and coupling results

While the setting of static renormalization can be defined quite formally, there are other
types of renormalization that are harder to classify: they all consider local events that cannot
be defined in an absolute way, but depend on a local component and also on the past of the
renormalization process. This past can be associated to a time line as in [1] and [5], or to a
sequence of spatial boxes as in [14].

After renormalization, we are led to study a dependent oriented percolation process. The
fact that this process survives with positive probability can be proved quite directly from the
comparison result of Liggett et al. [16]. However, when one wants to study the oriented
percolation process conditioned to survive, things are more intricate: our Theorem 3 thus gives
a general setting to ensure that ‘conditioned on its survival, the oriented percolation process on
7@ x N built from the renormalization process stochastically dominates an independent oriented
percolation process with parameter as large as we want’. The aim is of course to transfer the
properties of the supercritical independent percolation process to the dependent percolation
process. N

We work on the graph 74 x N, as defined in the introduction. We consider = {0, 1} Eg
endowed with its Borel o -algebra and the probability

B, = B(pOEa

the edges such that w, = 1 are said to be open, with all other edges closed. For two sites
v, w in Z¢ x N, we denote by v — w the existence of an open oriented path from v to w.
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The critical probability is denoted by pe®(d + 1). The time translations 6, on  are defined
by 9”((w(“*k))eelEd,kzl) (w("k“))eeE”’,kzl' We set, forn € Nand x € Z¢,

£ =1{yez: (x,0) = (y,n)},

Zd
g = &,
xezd
¥ =min{n € N: § = &},

HY =[] &.

0<k<n

KF = (65 AEE ) = 87 U (9 \ £2).

As for the contact process, (H;)),>0 and (K;; N H,}),>0 grow linearly in the case of survival.

Lemma 1. We consider independent oriented percolation on Z¢ x N. For every p > Peilt(d +
1), there exist strictly positive constants A, B, and C such that, for every x € 74, and every
L,n>0,

P,(t* = +oo, [-L. L1 ¢ K& \,) < Ae™™

P,(t* =400, [-L, L1 ¢ HY;,,) < Ae™®"

Proof. For the contact process, Durrett [5] showed how to deduce an analogous result from
the construction of Bezuidenhout and Grimmett [1]. As explained in [1], the proofs remain
valid for oriented percolation, which is the discrete-time analog of the contact process.

We now recall the comparison theorem of Liggett e al. [16]. In the following, for two edges
eand fin E Fd , we denote by d (e, f) the distance | - ||; between the centers of e and f.

Proposition 1. Let d > 1 be fixed. For every M > 1, there exists a function gy from [0, 1] to

[0, 1] with limg 1 gpm(q) = 1 and such that if u is a probability measure on Q_) {0, 1} E¢
satisfying w(we = 1| wyr, d(e, f) > M) > q for g € [0,1] and every e € E?, then u
stochastically dominates a product of Bernoulli law with parameter gp(q):

= Blem(@)®E".

Relying on this result, we prove analogous results for a certain class of dependent oriented
percolations.

Definition 1. Letd > 1 be fixed, let M be a positive integer, and let ¢ € (0, 1). Let (2, ¥, P)
be a probability space endowed with a filtration (4,),>0. We assume that, on this probability
space, a random field (W”) Bl p>1 taking values in {0, 1} is defined. This field gives the

states—open or closed—of the edges in E4H we say that the law of the field (W)

alt R ¢)ecEd n>1
isin Cy(M, q) if it satisfies the following two conditions.

—
e Foralln > landalle e E4, W € §,.
e Foralln >0andalle € B4, P(WIt! =1 | gnvG(W"“ de, f) = M)) > q.

Here O‘(W;-H, d(e, f) > M) is the o-field generated by the random variables W;'H, with
dle, f) =M.

https://doi.org/10.1239/aap/1409319554 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1409319554

666 O. GARET AND R. MARCHAND

First, we give a stochastic comparison between fields in C4(M, ¢) and Bernoulli product
measures.

Lemma 2. Let d, M > 1 be positive integers, and let ¢ € (0,1). If the distribution of
wy )eE Bd p=1 belongs to Cy4(M, q) then the dzstrlbutwn of the field (W”'H‘)eE Bd i1 condi-

tioned by 9,1 stochastically dominates B(gm (q))®Ealt for each n, where the functlon gM is
as defined in Proposition 1.

In other words, for eachn > 0, each A € G, and each nondecreasing bounded function f,
we have

wILA(f 0 6,)] = B(A) / Wfdﬁ(gM(q))@E

where 0y, is the translation operator on Q2 that has been defined previously.

-

Proof. Let E = {0, I}Ed and ¢’ = gu(g), and fix n > 1. We will show that, for each
nonnegative integer k and every nondecreasing bounded function f that depends only on the
first k£ time coordinates, we have

E[l4 fW"TL, w2 withy) > P(A) / FdB(g)eEa

When k£ = 0, f is constant and the result is obvious.

Suppose that the result holds for k£ and let us prove it for k + 1. Let & be a nondecreasing
bounded function on E¥*! and consider A € 9n- Since we work on a Polish space, we can
disintegrate P with respect to the o-field G+« (see, e.g. [22, p. 256]). Then, we have, with the
notation of Stroock [22],

E[IA h(WnJr] e, Wn+k+l)]
= E[1, Eh(W"H, . Wity 1 g, o)

_ / / ROV @), ... W @), W (@) dBS (@) dP(w)
AJQ

= / / W™ (), ..., W (@), W (o)) dPI+ (o) dP(w).
AJQ

Since we supposed that the distribution of (W")ee]E d p>1 belongs to C4(M, q), the distri-
bution of (W”+k+1) R under Pg"“ satisfies, for every fixed w, the assumptions of the
Liggett— Schonmann—Stacey comparison theorem (Theorem 1). Thus, it stochastically domi-

nates B(g")® E¢ , which gives

/ RW™ N (w), ..., W (@), WL (o)) dPI+ (o)
Q

> / h(Wn+1(C()), RN Wn+k(a))’ )C) d£(q/)®I_E>d(x)
E
= fW' N w), ..., W (w)),

where f is defined by

FOL.om) = /Eh(yl, ) dB(@)E ), “)
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Thus, we obtain
E[14 h(W"FL, . withy) > f FOvmrL L wrthy P
A
By the induction assumption,

fA FOVTHL W tRy AP > P(A) /E RTINS A(B(gHPE" ),

which, using (4), yields the desired result.

We now associate to every {0, 1}-valued random field (W) ,_g, , ., an oriented percolation

process (é,?(W))nZ 1= (f;‘,?)nzl starting from (0,4, 0) and defined in the usual way:
£ = {0}, £). = {x € Z%: there exists y € £, W(";’;) =1).
For simplicity, we will often say ‘oriented percolation in Cyz(M, q)’ instead of ‘oriented
percolation associated to a field x € C;(M, q)’.
We define the extinction time of the oriented percolation associated to W and starting from
(0z4,0) as
W) =1 =inf(n > 1: £0 = &}.

The following result allows a coupling between surviving dependent percolation in Cy(M, q)
and supercritical Bernoulli percolation.

Theorem 3. Let d, M > 1 be fixed positive integers, and let g € (0, 1) be such that gy (q) >
—>alt
pctt(d+ 1.

There exist positive constants 8 and y such that, for each field x € C4(M, q), we can find a
probability space where live a field W = (We")eeﬁd w1’ a field (We/n)eeﬁd w1’ both taking
both values in {0, 1}, an N-valued random variable T, and a Z¢-valued random variable D
such that:

IDll1 < T and Elexp(BT)] < y;
the field (Wg)eGI_E)d n>1follows the distribution y and PEO(W) = 00) > 0;

T = 19(W) on the event {t°(W) < +o0};

e conditioning on {t°(W) = 400}, the open cluster issued from (074, 0) of the field
(Wé")eeﬁ d o has the same distribution as the open cluster issued from (074, 0) condi-
tioned on survival in independent oriented percolation with parameter gy (q), moreover,
on {t%(W) = 400}, we have

E2.n(W) D D +&X(W') foralln > 0.

In fact, this theorem contains two results:

e it ensures the existence of an embedded, independent infinite cluster in the dependent
infinite cluster, and controls its position;

e when the dependent cluster is finite, it also controls its height.
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Proof of Theorem 3. Define g’ = gp(q). Let Eq, ..., E, be finite subsets of Z¢. We define
= (Eq,..., Ey) and |E| = n. The event

|E|

Ap =g =
i=1

is in G,; on this event, the history of the directed percolation process starting from (0z«, 0) up
to time n is characterized by E.
From now on, we only consider histories satisfying x (Ag) > 0; for such a history, we define

= *
a probability measure m g on {0, 1} E¢xN by
mg(B) = x (W1 € B | Ap);

we call it the law of the dependent oriented percolation with history E. Thanks to Lemma 2,
the probability measure m g stochastically dominates B(q")® * E¢ xN*,

Strassen’s theorem (see [21] and also [17]) allows us to build a law ve on ({0, 1} PEdXN*)z
with marginals m g and 8(¢q")® E{xN* , concentrated on {x > y}, with

]EXN

=d *
x >y forall (x,y) € ({0, 1} & Xxe >y, forallee E“ x N*.

For every history E, the law vg allows us to establish a coupling between the states of the bonds
in dependent and mdependent oriented percolations with common_blstory E. Now, on the same
probability space (22, F,P), we can construct a family of ({0, 1} B 4xN* )?-valued independent
processes (E n, ") g, which are indexed by the collection of all histories E in such a way that,
for every history E ,

law
= VE.

G

We denote by £1* the time for the independent directed percolation related to £5’ and
starting from x (and not from the whole history E) to die. We write &, £ n) to denote the state
at time n of the dependent percolation process with history E; thus, &(fn) = E |E|- We also
denote by EN* = (&1 (Fn), ..., &¢,« (1)) the sequence of configurations occupied up to time
E1* by the dependent percolation process associated to 5 with history E and denote by £ L~
its terminal configuration.

In words, given a history E and a point x, we run the coupling between the independent
percolation associated to £7 and the dependent percolation associated to £5’ up to time £ ¥
when the cluster issued from x in the independent percolation dies out. We then store the new
history of the dependent percolation in £ N* and its final state in £ L*. Note that:

ee]Ed n>1

e the percolation fields both have history E;

e we define the whole percolation fields, not only the clusters issued from a specific set;

e we run the coupling until time £

percolation dies out;

¥ when the open cluster issued from x in the independent

e if the terminal configuration £ L* of the dependent percolation is empty then, by a stochas-
tic comparison, £ ¥ is also the lifetime of the dependent percolation after history E.

We then build three sequences: a sequence of sites (x;), a sequence of times (#, ), and a sequence
of compatible histories (¢;,) which we recursively define as follows. Denote by A a cemetery
point added to 74 and let go = {0}, 1o = 0, and xo = 0.

e Ifx; = Athenti; ] = 400, xj+1 = A,and gj4+1 = ¢&;.

https://doi.org/10.1239/aap/1409319554 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1409319554

Growth of bacteria in a dynamical hostile environment 669

e If x; # A (and, thus, t; < 4+00) then t;;| = t; 4+ % t¥; if, moreover, ¥ 1% < 400 and
GiLY +£ &, then
Xiv1 =min®¥ LY and &4 = (g, NY),

where min denotes the lexicographic order on 74 . Otherwise, set Xi+r1=Aand g1 =¢;.

Then define
K = min{k > 1: t41 = 400}, T=tg, and D = xg.

Fori < K ande € I_E>d, put W) = ¢ ng_t" forn € [t;, t;y1). Finally, for each n > 1 and each
e e E4, define W= knlt ..

This procedure, which is close to the classical so-called ‘restart argument’, can be described
as follows: starting from 0, we construct a coupling {*'v between dependent and independent
percolations up to time ¢; = (”¢0 when independent percolation dies. Then we record the
history of the dependent percolation in &1, and pick some point x; occupied by the dependent
percolation process in the terminal configuration. We then construct another coupling ®!v
between the dependent percolation and some new independent percolation process starting
from x1, following this coupling until time #, when the new independent percolation also dies.
We can complement the history of the dependent percolation and get 5, then choose x, occupied
by the dependent percolation process in the terminal configuration, and so on.

We will soon see that K is almost surely finite; hence, tx < 400 and tx4+; = +o0o. This
can occur for one of the following reasons:

e °K YK = 400, which means that the independent oriented percolation starting from xx
at time rx lives forever (and so does the dependent oriented percolation by stochastic
domination);

e °K7*K < 400 and °K L*¥ = &, which means that the dependent oriented percolation
died exactly at the same time as the independent oriented percolation starting from xg
at time fg.

This procedure stops either because we find a time /¢ when our K'th independent percolation
process survives, or because the dependent percolation process died together with the indepen-
dent percolation process.

Let us denote by 7, the o-field generated by the (£n, £1')g|<n. We have, for a > 0,

Elexp(a®™ ™) ig =y | 7,1 = Elexp(a™ ™) 11, <400} | T7,]
En

= E[exp(a® ") 11, <o, enLn £z enein < g0} | T3, ]

=d *
< 1{K>n_1}/1{,o<+m} exp(at®) dB(g")®E N,

= *k
Thus, since ¢’ > pe¥(d + 1), if we put r = [ | PR exp(at?) d:&S’(q’)‘g’EdXN , we can
choose @ > 0 small enough to have r < 1. Then

Elexp(aty+1) Yig=n+1j] < Elexp(a (0T + - - 4+ 77)) 1 g o )]
rE[exp(at,) 1k >n—1}]

<t

IA

thus, E[exp(@T)] < Y% rith = r/(1 —r).
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Since K < T, we obtain the existence of exponential moments for K, and the fact that K is
almost surely finite.

Stacking up the conditional laws, we can check that the field W has the desired distribution.

Assume that ‘EO(W) < 4ooand K = k. Then #; < +o00 and #;4; = +00. For each
n € [tx,+00), we have, by construction, (Wg’)eeﬁd = (% nZ_”‘)eEEd. If 8 L% £ & then
fkp1 = ty 4+ 7% = 400, implying that ® t* = 400, which cannot happen because 7%(W) <
+00. Thus, L% = &, s0 t%(W) <t = T. The inequality 0(W) > 5 directly follows from
the inclusion between independent and dependent percolations. Finally, if z%(W) < 4-o0c then
T =0(w).

On the event {T%(W) = 400}, we have, by construction, D € ég(W), so the inclgsion
property gives $?+H(W) oD+ E,?(W/) for alln > 0. Let B be any Borel set B in {0, 1} Eg ,
and define, for x € Z4, x- B = {(n2’+x)e€I—E>d ho1: N E B}. Noting that {t(W) = +o0,

K=n,¢& =E, x, =x} C{Et* = 400}, we obtain, by independence,
P'(W) =400, K=n, ¢, =E, x, =x, W € B)
=P'(W) =400, K =n, e, = E, x, =x, £/ € (—x)B)
=P°(W) =400, K >n, e, =E, x, =x, '/ € (=x)B, Ft* = +0)
=PEO(W) =400, K >n, e, = E, x, = x)PFt* = +o0, £y € (—x)B)
=P (W) = +o0, K >n, &y = E, x, = x)Py (° = +00, B).

Summing over all possible values for E, n, and x, we obtain the existence of ¢ such that

0 / 0 E 4t
P(z"(W) = +o00, W' € B) = cPy(t" = +oo, B) forall B € B({0, 1} "at ).
The constant ¢ is identified by taking B = 2, so we obtain P(W' € B | 9(W) = +o00) =
Py (B | 19 = +00).

3. Some properties of dependent oriented percolation

The coupling theorem, Theorem 3, permits the transfer of some properties from supercritical
independent oriented percolations to dependent oriented percolations in Cq(M, q) for g close
to 1. In practice, such processes often arise after the use of a dynamical renormalization scheme.

As a by-product of the proof of Theorem 3, we obtain information on the exponential
moments of the extinction times. For oriented Bernoulli percolation, a Peierls-like argument
shows that

. . 0
tim it [ 10 exp(p%) dP, = 0. )

which can be transposed to the dependent fields of C;(M, g) as follows.

Corollary 1. Let ¢ > 0 and M > 1. There exist § > 0 and q < 1 such that, for each
X € Ca(M, q), .
Iy [1{r0<+<>o} exp(Bt)] <e.

Proof. We observed in the proof of Theorem 3 that 7 = 7% when {t* < +00}. We also
have the bound i
Ey 170« 400) exp(Bt))] < E,[e?T] < -

withr = [0 exp(Bt°) dP,,, (4); the result then follows from (5).
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As a direct application of the coupling theorem, Theorem 3, the linear growth of the set H,
of points reached before time #, given in Lemma 1 for independent directed percolation, can
be transposed to any dependent percolation in C4(M, q).

Corollary 2. Letd, M > 1 be fixed positive integers, and let g € (0, 1) be such that gy (q) >
ﬁ;a]t(d + 1). There exist positive constants 8, Dy, and D, and random variables (Sy)yezd
such that

E[e?S'| < D, forallyeZ9,

and such that, for each field x € C4(M, q), on the event {t¥ = +o00}, the directed percolation
associated to y satisfies

y+[=Din, Dinl* C H,, foralln €N.

Having in mind an accurate study of certain particle systems, it could be interesting to have
estimates on the density of bi-infinite points in the dependent oriented percolation. Thus, we
define

Gx,y)={keN,(x,0) = (y,k) = oo},

y(@,x,y) =inf{n e N: |{0, ..., k} N G(x, y)| > 0k for all k > n}.

Corollary 3. Let M > 1. There exist gy < 1 and positive constants A, B, 6, and B such that,
foreach x € Cq(M, qo), we have

P(+o00 > y(0,x,y) > Bllx — ylli +n) < Ae 8" forallx,y € Z%nd all n > 0.

Such estimates allow us to study the large deviations of the asymptotic shape of the contact
process [13]. Considering Theorem 3, Lemma 3 easily follows from the independent case. We
define

ioo ={(x,n) e7¢ xN: 74 x {0} = (x,n) > oo}.

Notethatifx € K ,? and (x, k) € I ~o» then, by the definition of the coupled region K ,(3, (0z4,0)—

(x, k) > oo.

Lemma 3. Consider independent directed percolation on Z¢ x N. For each p € (0, 1), there
exists po(p) < 1 such that, for each p > po(p),

P,(AN I = @) < 16p4172 " for all finite A € {0} x N.

Proof. Note first that, by inclusion, it is sufficient to prove the lemma for d = 1; when
d = 1, we can use contour arguments. The oriented graph we defined is not the classical graph
for oriented percolation in dimension 2: our graph has more edges. However, once again, by
inclusion, it is sufficient to prove the lemma for the classical oriented percolation model in
dimension 2 (see, for example, [4]) for which the dual graph is particularly simple. So we
consider independent and identically distributed (i.i.d.) percolation with parameter p on the
following oriented graph £ .

e The set of sitesis V = {(z,n) € Z x 7Z: |z| + n is even}.

e There is an oriented edge from (z1,n1) to (z2,n2) if and only if np = ny + 1 and
lzo —z1] = 1.

The critical probability for this model is denoted by De.
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We define .£_ by simply reversing the oriented edges of L. The state—open or closed—of
an edge is the same in the two graphs. We respectively denote by ‘—’ and ‘— _’ the events of
being linked by an open oriented path in £+ and in L£L_. As before, we define, for ¢ € {+, —},

£, =1y €Z: (y.n) € L:(1), (x,0) >, (y,n)},
7} = max{en € N: S;in £ o},

15, ={(x,n) € Lo: T° 00y = 00},

Io =15N1IL.

As foo D I, it is sufficient to prove the lemma when we replace ioo by I». Let A be a fixed
finite subset of {0} x 2N and let n be the smallest integer larger than |A|/2. Then

P,(AN I = @) < P,(there exists B C A; |B| =n; BN 1L = 2)
+ PP (there exists B C A; |B| =n; BN I = Q)
< 2P(there exists B C A; |B| =n; BN I = @)

<2 Z P,(BN IS =2).
BCA, |B|=n

We work from now on with the graph L. We fix a finite set B C A. For v € 'V, denote by
C(v) the open cluster starting from v:

Cw)y={weV:v—4w}
We set Cf(v) = C(v) if C(v) is finite and Cf(v) = @ otherwise. We also set

c/(B) = U c’ ).

veB

If C C 'V is a finite set of vertices, we denote by d.C the set of edges entering in or exiting
from C and by 9 C the union of the segment lines corresponding to the dual edges of 9.C: it
is a union of circuits. Note that

8.C| = 2|C N ({0} x 2Z)|.
Thus,as B C A C {0} x 2Z,

{BNIf =2} c{BcC/B)c{la.c/(B)=2Bl.
and so

P,(BNIL=2)< Y P(8.C/(B)=4i)= Y P(.C/(B)=4i).
iz|B|/2 iz|Al/4

Let i be a fixed integer, and assume that |8eCf (B)| = 4i. Note first that all edges exiting
C/(B) must be closed. Looking on a ‘diagonal line’, we see that there are at least as many
edges exiting C/ (B) as edges entering C/ (B) (here we count an edge which is both entering
C/(B) and exiting C/(B) as an exiting edge), and, thus, at least half of the edges in c/(B)
must be closed. Next, 37C F(B) is composed of at most i circuits. In C F(B), consider the set
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of minima for the order relation ‘—’: all edges entering B in these points are necessarily in
9.C/ (B), which allows us to root the circuits of acC /(B) to some points in B. So,
IB| 4i 4i
P,(3.C’ (B)) = 4i) < 4Py X <2i ) < 24M P X < 2i ),
p(@CY(B)) l)_(i> (I;k_z>_ ];k_z

where (X)r>1 are i.i.d. random variables with Bernoulli law of parameter p. Now, large
deviation inequalities imply that, for every r € (0, 1), there exists p(r) € (0, 1) such that, for

all p > p(r),
4i
P(Z X < Zi) <4,
k=1

Let p € (0, 1) be fixed, and apply the previous estimate for r = p/4+/2 € (0, 1). This gives,
for every p > p(r),
PpANle=2)<2 » PBNIL=2)
BCA,|Bl=n
<2 Y P@.C/(B)=4i)
i=|A|/4
<4x 22N @t
i>|Al/4
* v
1 —4r
< 16,0"4‘.

IA

Lemma 4. We consider independent directed percolation on 78 x N. There exist positive
constants A, B, 0, B, and p < 1 such that, for every x,y € 74,

P, (t* = 400, (0, x,y) = Blly — xlloc +n) < Ae™®" foralin e N. (6)

Proof. We actually prove the following simpler result: there exists p close to 1, and positive
constants A, B, C', and 0 such that, forall x € Z¢ and alln € N,

IP’p(ro = +00, |k € {C'|x]locs - -+ » C'l|x]loo +71: (0z4,0) — (x, k) — oo} < 6n)
< AeBn. )

Let us show that (7) implies (6). We note that y (6, x, y) has the same distribution as
y(0,0,y — x) and that & < 1. Then, using (7),

C/
IP[,<‘L'O = +o00, ¥(0,0,x) > 7”)5”00 +”)
0 ~ ¢
=P,| t° = +o0, there exists k > 7”)5”00 +n,

{1 €{0,...,k}: (0z4,0) = (x,1) = +o0}| < 9k>

< IP’p(rO = 400, there exists k > n,
I € {C'lIxlloos - - -, C'llxlloo + k}: (0z4,0) = (x,1) = 400} < k)
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<) By’ = oo,

k>n

{l € {C"lIxlloos - - -» C'lIxlloo + &k} (Oza, 0) = (x,1) — +00}| < Ok)
< ZAexp(—Bk).

k>n

Taking B = C’/0, this proves (6).
Let us now prove (7). We define

Ino = {(x,n) € yét+l. 74 x {0} = (x,n) — o0}.

Note that if x € K,? and (x, k) € ioo, then, by the definition of the coupled region, (074, 0) —
(x,k) — oo. We take C' = [1/C7, where C is given in Lemma 1: we choose any 6
with 0 < 6 < . Then

]P’,,(to = +00, |{k € {C'|Ix]locs - - - » C'l|x|loo + 1}: (Oga, 0) — (x, k) — o0}| < On)

<P, <z0 = 400, there exists k > C’||x[loc + % K 2 [—CC|1x]l0o, cc’||x||oo]d>

< Gn).

P, (z° = 400, there exists k > C'[lx[lo0 + ’% K 2 [=CC'[[x]lo0, CCl1xl00])

n .
+PP(Hk € {C/||x||oo+ 3 ...,C/||x||oo+n}: (x,k) € Ioo}

For the first term, using Lemma 1,

< Y Bpa” =400, K¢tk D [=CC I llos, CC'[1x]lo0]?)
k>n/2

< Z A exp(—Bk).

k>n/2

172

To control the second term, we use Lemma 3. Choosing 0 < p < 1 such that 2p"/~ < 1, we

obtain, for p > po(p),

n ~
Pp(‘k € {C'lIxlloo + > s Cllxllos +m}: (x, k) € I

< Qn) < 2n/2+1 16pn/279n73'

This concludes the proof of (7), and therefore of the lemma.

4. An abstract restart procedure

In this section we formalize the restart procedure for Markov chains. Let E be the state
space on which our Markov chains (X;;),>0 evolve, where x € E denotes the starting point
of the chain. We suppose that we have at our disposal a set &, an update function f: E x
Q — E, and a probability measure v on & such that, on the probability space (2, F,P) =
(QN*, !B(SNZN*), v®N*), endowed with the natural filtering (#,),>0 given by ¥, = o(w
wi: k < n), the chains (X} ),>o starting from the different states satisfy the following
representation:

0 (@) = x, X 41(@) = (X5 (@), 0pt1).
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Asusual, we define 8 : 2 — Q which maps w = (wp)n>11t00w = (Wp41)n>1. We assume that,
for each x € E, we have defined an (F,),>0-adapted stopping time 7, an F7x-measurable
function G*, and an ¥ -measurable function F*. We are interested in the following quantities:

i . +00 if Tkx = +00,
Ty =0 and T, = T + T Or2) with x; = Xng otherwise;
k

K -1
K* =inf{k > 0: T, = +o0}, M* =Y G%(Or) + FX* Or2).
k=0
We wish to control the exponential moments of the M*s with the help of exponential bounds
for G* and F*. In numerous applications of directed percolation or the contact process, 7% is
the extinction time of the process (or of some embedded process) starting from the smallest
point (in the lexicographic order) in the configuration x.

Lemma 5. Suppose that there exist real numbers A > 0, c < 1, p > 0, and § > 0, and that
the real-valued functions (G*)ycg and (F),cE defined above are such that, for all x € E,
G(x) = Elexp(BG™) Lirv o400yl < c,
F(x) = E[1{rr=1cc) exp(BF")] < A,
T(x) =P(T" = +00) > p.

Then, for each x € E, K* is P-almost surely finite and
A
E[exp(BM™)] < T < +oo
—c

Before presenting the proof, we note that we could give a statement about Markov chains
avoiding the use of an update function, by working directly with the trajectory space of the
Markov chain rather than with the generic underlying space: in this way, P(T* = +o00) would
be replaced by P*(T = 4-o00) and many of the formulae would be simpler. However, the
processes we plan to apply this lemma to are often built from a graphical construction (here the
2 where the growth model lives), and the functions G* and H" we plan to apply the lemma to
are defined from the graphical representation, and not from the Markov chain.

Proof of Lemma 5. We can assume without loss of generality that 8 = 1. Let x € E be
fixed. At first, we have, for eachn > 0,

P(K* > n | Frx) =P(T,;| < 4o | Frx)
=P(T,; < +oo, T™(Orr) < 400 | Fry)
= L7r <to0) (1 = T(xp))
< (I = p) L1y <to0)
= Ligrsn—13(1 — p).

Then P(K* > n) < (1 — p)P(K* > n — 1), which ensures that K~ is P-almost surely finite.
Let $*, =1, and, for k > 0, put

k
Sp = eXP(Z G* (GT;)> Lz, <to0) -

i=0
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We note that S}, is 57Tkx+1 -measurable. For k > 0, we have

exXp(M) Liscrmk) = Sy 1y o7 o) SXPF™):

hence, by the strong Markov property, E[exp(M™) 1{gx—r} | .?’Tkgc] = S;_F(xx). Then
Elexp(M™) 1{xx=ij] < AE[S;_,].

For k > 1, the strong Markov property again gives
EIS{ | Frp, 1= 8§ x Gl

Then ]E[S,fﬂ] < cE[S; ] and E[exp(M*) 1{gr=f)] < Ack. We conclude the proof by summing
over k.

5. Application to the model

5.1. Dependence to initial conditions

We first prove that the positivity of the probability of survival for the bacteria does not depend
on the initial condition of the environment. We note that Steif and Wartheimer [20] proved a
similar result for the model introduced by Broman [3].

Proof of Theorem 1. Let p > EZ, q < ﬁz, and o > 0 such that IP’p,q,O,(t{)’g = +400) > 0.

d
We want to show that Pp 4 « (r?’Z MO +00) > 0. Let us denote by C,, the event ‘there

exists x € [—n, n]? such that Z¢ x {0} is linked to (x, n) by open bonds of directed oriented
percolation with parameter ¢’. By a time reversal argument, we obtain

Ppga(Cr) < @n+ )P, (T > n) < Aexp(—Bn),

where T is the extinction time of some subcritical oriented percolation process with parameter g.
We conclude that, if Ay = (= y Cy»

N1—1>n-;-loo IP)p,q,ot(AN—l 0b) = Nl—l}}l—loo ]Pp,q,oc(AN—l) =1,

whence

lim H])p,q,ot('fl()'g =+00, Ay_1001) = Pp,q,ot(flo’z = +00).
N—+00

In particular, there exists N such that IE”p,q,O[(tP’g =400, Ay—1 061) > 0. Let us denote by
B the event “all the oriented edges issued from [—3N, 3N 14 x {0} are closed for the percolation
with parameter ¢’. By independence, we have

Py ga(t? =400, Ay_1 061, B) =P) 4 0(t? = 400, Ay_1 061)P, 4o(B) > 0.

d
It remains to prove that ‘L’? ZMOF — 4 50 holds on this event. It is sufficient to prove that the

d
processes (n(l)’f \{O})nzo and (n?’f )n>0 coincide on this event; but, because of the definition of
the dynamics, it is sufficient to note that, on the event (Ay_1 o 61) N B, we have
d
172@” N[—n, n]d = ngn\{()} N[—n, n]d foralln > 1,

which completes the proof.

https://doi.org/10.1239/aap/1409319554 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1409319554

Growth of bacteria in a dynamical hostile environment 677

5.2. Outline of the proof of Theorem 2

The idea of the proof is to define a local block event with probability close to 1, which
expresses the fact that if the bacterium occupies a sufficiently large area at a given place, it will
presumably extend itself a bit further. If the associated block process percolates then the linear
growth is ensured by Theorem 3. With a restart argument, we find a point in space—time, not
too far from the origin, where the bacterium occupies a sufficiently large area and where the
associated block process percolates, which will give the desired result.

The statement of Theorem 2 actually contains two facts that must be proved separately: the
fact that o > 0 and the fact that, for @ < o, the process, when surviving, grows linearly.
We can find in the literature many examples of block events similar to those we use. Most of
these papers take inspiration from the Bezuidenhout and Grimmett article [1]. We think that,
for this kind of dynamical renormalization scheme, the existence of a coupling between the
dependent oriented percolation of blocks and a Bernoulli oriented percolation conditioned to
survive is barely explained in the literature. This led us to write Theorem 3. In Subsection 5.3
we focus on the case where « is small and the renormalization event simpler. The construction
for o < «, which is technically more subtle, is explained in Subsection 5.4.

5.3. Positivity of «. (the case of small «)

We prove here that, when « is small enough, P, 4, a(ro ZA\0)

DENO — oo,

= 400) > 0 and the growth

is linear on the event {1:

5.3.1. The block event. Let I, L € N* with I < L. Recall that the constant C is given in
Lemma 1. We let
T=6CL and J=2(L+T).

Fork € Z¢,x € [-L, L)?, and u € Z% such that ||u||; < 1, we define the following event:
Ak, x,u) = {there exists s € [—L, L)d,

- d d
DLk +u)+s+[—1, I] 2Lk+x+[ 1,114,724\ QLk+[—J,J] )’

2Lk —1,11%, 2\ QLk+[—J,J
ppLEH LI BN CLE =171 ), NQLE+u) +[-1.J1) =2
— d d
SLE4 L L) C U n%Lthrer[ 1,199,290\ QLK+~ J,J] )}
0<t<T

If A(k, x, u) holds, we denote by s(k, x, u) an element s satisfying the condition above

Let us briefly explain the significance of the event A(k, x, u). Obv10usly, 171 T is non-
decreasing with respect to A and nonincreasing with respect to B, whereas r;2 ris nondecreasmg
with respect to B. Thus, if A(k, x,u) holds and if one knows that at time 0 the block
2Lk + x + [—1, I1? is full of ‘1s’ and the block 2Lk + [—J, J]¢ contains no ‘2°, then one
knows that analogous conditions will be fulfilled around 2L (k + u) at time T. Of course, the
idea is to follow a chain of such events in an oriented percolation and to draw a path ensuring
the development of the bacteria.

Lemma 6. For each p > p.%d + 1), each ¢ < P (d + 1), and each ¢ > 0, we can
find large enough integers I < L and small enough o € (0, 1) such that, for every k € 74,
x € [—L, L), and u € 72 such that |u|; < 1,

]P;p,q,oz(A(];v x,u)) >1—e.
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Moreover, as soon as ||l€ — l_||1 > 4+ 18C, for every x,y € [—L, L]d, everyu,v € 742 such
that |ully < 1, and ||v||1 < 1, the events A(k, x,u) and A(l, y, v) are independent.

Proof. Firstnote that Py 4 o (Ak, x,u)) = Py (A(0, x, u)), which allows us to consider
only the 7 = 0 case.

Under P, ; o, the collections of random variables w; = (w?s")eeﬁd,neN*
(w 2n)eeJEd N have the law of the bonds of an independent directed percolation with
parameters p and g, respectively. We realize these percolatlon structures on €2, keeping the
notation introduced in the introduction: thus, under P, ; «, (Sn (@1))n>0 is a directed Bernoulli
percolation process with parameter p starting from the set A and (77 (@2)),>0 is the extinction
time for a directed Bernoulli percolation process with parameter g starting from x. Under
P} 4., the collection of random variables w3 = (wg,n)eeﬁ 4 pene A€ independent Bernoulli
with parameter «. They represent the immigration of immune cells.

Let ¢ > 0. We choose two integers I and L with I < L—their values will be fixed later.
Define

and wy, =

d
B(x,u) = {there exists s € [—L, L)d 2Lu +s + [—1, I CE —L1 (w1),
forall (y,n) € [~(4L +2T), 4L +2T)1* x {1,..., T}, ®}" =0,

, T 7
and 1 o by (@) < = [-L. L1 ¢ | J & (wl)}.

0<t<T

We will show that B(x, u) C A(0, x, u) and also that one can choose I and L in such a way
that Py 4 o« (B(x,u)) > 1 — ¢, which will give the desired result. The advantage of using B
isthat it does not deal with the competition process, using only the directed percolation and the
immigration processes. Thus, it is easier to estimate its probability.

Step 1: show that B(x,u) C A(0, x, u). The existence of a convenient s for the condition
of A0, x, u) is given by B(x, u) for the oriented percolation with parameter p embedded in
the model. We need to verify that our event ensures that the type-2 particles cannot disturb the
progress of type-1 particles.

Note that A = x + [—1, I]d and B = Z4 \ [—J, J]?. At time 0, the smallest distance
between points in r;] 0 B and 772 o is atleast 2L + 2T — (L + 1) > 2T In the zone [—J, J1¢,
there is no immigration between time 0 and time 7, so . tB and 772 , get closer at a speed that
does not exceed 2 per time unit; thus, by time T, the type-2 partlcles have not disturbed the
movement of type-1 particles.

It remains to see that n2 7 cannot reach 2Lu + [—J, J 19. Remember that there is no
immigration between time O and time 7 in the area [—(4L + 2T), (4L + 2T)]d. Moreover,
type-2 particles that are outside [—(4L + 2T), (4L + 2T)]d at time O do not have enough
time to reach 2Lu + [—J, J]¢ at time T, so only type-2 particles that were already inside
[—(4L + 2T), (4L + 2T)]¢ at time 0 must be considered. But these particles are all dead at
time 7 /2. This completes the proof of the inclusion.

Step 2: bound the probability of B(x,u) from below. Recall that P = P, , . We first
choose an integer / large enough to have

IP’(rxH .y (w)) = 400) > 1— E forall x € Z. ®)

By the Fortuin-Kasteleyn—Ginibre inequality, P(forall y e [—1, I]%, riv (w1) = 400) > 0.
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Translation invariance and ergodicity of IP then give

Llim P(there exists n € [0, L]: forall y € nu + [—1, I]d, tly(a)l) = +o0) = 1.
—+00
Let L; > I be such that, foreach L > L1,

P(there exists n € [0, L]: forall y € nu + [—1, I] , (a)l) =+400) >1-— 18—2

Let L > L. By a time reversal argument, we have, for each r > 0,

P(there exists n € [0, L1: nu + [—1, I1? € %' (01))
= P(there existsn € [0, L]: forall y € nu + [, I]d, r]y(wl) >n)

>1- 2 )
12°
Now, Lemma 1 gives the existence of some L, > Lj such that, for each L > L;, we have

simultaneously

P(there exists y € [-2L, 2L]?: 7] (1) = +o0, Lu+[ 2L,2L1 ¢ K}pp (1)

< @L + )Pt (w1) = 400, [-5L,5L1 ¢ Koo (1))
&
< —, 10
=5 (10)
and
P(there exists y € [-2L, 2L]1?: 1] (w1) = +o0, [-L, L1 ¢ H}ry (1))
< (4L + NPz} (@1) = +o00, [-3L,3L1" ¢ Hiey (1)
&
< —. 11
=5 (1T)
With (9) and (10), we obtain
P11 (1) = +oo, forall n € [0, L], Lu+ nu + [— 14 ¢ et L0 (1))
< P(there exists y € x + [—1, ne: (a)l) = 400, Lu + [ 2L,2L)¢ z K%(a)l))
+P(foralln € [0, L], Lu+ nu + [— ¢ éT (w1))
&
= g
With (8) and (11), we conclude that, for each x € [—L, L]d,
P(H; T wi) o [~L, L4, there exists n € [0, L],
(L +mu+[-1,11 c & )
&
>1— . 12
> 3 (12)

Since g < p¢ 2e8(d + 1), there exist positive constants A and B such that, for each L,
. d y T
P( there exists y € [—(4L + 2T), (4L +2T)]": i (w2) > 7

d BT
< (8L 44T + 1)“Aexp -5 )
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We deduce that there exists some integer L3 > L such that, for each L > L3,

, T
P(there exists y € [—(4L +2T), (4L + 2T)]d: rf (w2) > E) < g (13)
Now fix L > L3 and choose o > 0 small enough such that
P(there exists (y,n) € [—(4L +2T), (4L + 2T)]d x{1,...,T}, a);n =1)< % (14)

We conclude by putting (12), (13), and (14) together.

5.3.2. Block events percolation. Let I < L be fixed integers. First, for each x € Z¢, we build
a field (% Wn L uyn=1,zez4, Ju|; <1 from the events defined above. The random variable W(";;l)
will give the state of the oriented bond between the macroscopic sites (z, n) and (z +u,n+1);
these sites correspond to the coordinates of the boxes (2Lz,nT) + [—L, L] x [1,T] and
QL(z4u), m+ 1D)T) +[—L, L) x [1, T]. The field (XWZ u))n>1 ez, Jul, <1 then defines
a macroscopic dynamical dependent oriented percolation.

Forx € Z4, we denote by [x]or € Z4 the unique integer such thatx € 2L[x]ar +[—L, L),
andweset {x}o; = x—2L[x]p; € [-L, L)4. We setd ([x ]2L) = {x}2, and also dj (k) = +o00
for every k € Z¢ that is not equal to [x]o7 . Then, for each k € Z¢, eachu € 74 with |Jull; <1,
and eachn > 1:

o if d¥(k) = 400, define xngﬂ =1
e otherwise, define

+1
XW& ") 1A(1€,d;;f(/€),u) ©bnr,
n+1(k) = min{s(/% —u,dl(k —u),u) 0Oy ully < 1, dF(k — u) # +o0}.
Let §, = o(a)1 a)2 , Iifk ec IEd x €79 k <nT). Note that, conditionally on g,

the random variables "W("+ and ¥ W"+; are independent as soon as lk =1l > 4+ 18C.
Then we take M = 5 4 18C, and prove the following lemma.

Lemma 7. For each p > p.(d + 1), g < pe¥(d + 1), and qo < 1, we can find some
integers I < L and a parameter a > 0 such that, for each x € 74,

the law of (“W) Fa under Pp g o belongs 1o C(M, qo).

n>0 e
Proof. Note that, for every x, k € 79 and each n > 1, the variable dy (k) is gn-measurable,
and so is *W" o
Let us now consider x, k € Z4, n > 0, and u € Z¢ such that |lu][1 < 1: Lemma 6 ensures

that

Epqal Wi 1 §a v o CWEt vl < 1 I = klh = M)]

ZEp,q,a[xW(r;j]) | 9;1

+1
= 1 () =t00) T L (6) <400} Proa. a(ng( =1 dy (k) < +00)

= Lz =t oo0) T Lid (b < +00) Pp.q.a (A k. dy (k). ).
Using Lemma 6, we can find some integers / < L and a parameter « > 0 such that

Epqal' Wi | n Vo CWEE ol < 1T =kl = M) = go.

This completes the proof.
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5.3.3. From the macroscopic to microscopic scale.

Proof of Theorem 2 for small «. The inequality o < 1 — 1/(2d + 1) easily follows from
a counting argument. Let p > pe2(d 4 1) and g < pe®(d + 1), and take M = 5 + 18C as
previously. By Lemma 1, we can find g9 < 1 with gp(qo) > pcalt(d + 1) and By > 0 such
that, for each field x € C4(M, qo),

Ey (10— 400 XP(B0T)] < 5. (15)

We choose I, L, and « to satisfy the conditions given in Lemma 7. We will prove that, for this
«a, the survival of the bacteria is possible, as well as for the other announced estimates.

Letx € {0, 1 2}Z be some configuration; we denote by E(x) the set of sites occupied by
type-1 particles in configuration x. If E{(x) # &, we denote by j(x) the smallest point in
E1(x) (in the lexicographic order). Note that there exists ¢ > 0 such that

Py (N agr D J(X) + [—4T,4T1%) = ¢ forallx € {0, 1,2)%". (16)
Indeed, it is sufficient to open in w; every bond in
= (j(x),0) 4+ [—4dT — 1,4dT + 11 x [0, 4T],

to close in wy every bond in B, and to forbid in w3 every birth of type-2 in B: all of this
corresponds to fixing a finite number of coordinates in @, which can be done with a positive
probability.

If the event in (16) happens, we have at time 4d T a large box j (x) 4+ [—4T, 4T1¢ occupied
by type-1 particles. From this box, we can start the macroscopic percolation by building the
random field *W = (/ ()‘)W" o 04dr) B n=0" Our choices of I, L, and «, and Lemma 7,

ensure that * W belongs to Cy(M, qo) Since gm(qo) > Pe(d + 1), (16) gives
Pp,q,ot(ffc = 400) > ]Pp,q,a (77/1r,4dT D j(x) 4+ [—4T, 4T]d)PgM(q0) (T? = +4o00) > 0,
which proves (1).

To show the exponential estimates, we will apply Lemma 5. If E1(x) = &, welet T* = +00;
otherwise, let

4dT if the event in (16) does not occur,
4dT + T x T i@t g, otherwise,

X

where 1'1[] ket represents the extinction time in the percolation * W starting from the macro-

scopic site [j(x)]o containing j(x).
For each x € {0, 1, Z}Zd such that E(x) # &, we have

Ppga(T* = +00) 2 cPyyy(q) (7] = +00).

We take G* = T¥; for 0 < 81 < By, inequality (15) gives

Br4dT

IA
W

X 0
Ep’q’a[eﬂlT 17x <400}l < eP14dT sup E, [1{T9<+oo} eﬂon] < 5
X€C(M,q0)
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provided B; is small enough. We take F° = 0 and, for x # @,
F* =T x SVt 0 Ouar,

where S is as defined in Corollary 2. This corollary moreover gives the existence of exponential
moments for S. Thus, the restart lemma ensures that the variable

M* =T+ F'k obr;

admits exponential moments.

Let us begin to work on the event {r{ = +o0}. In this case, ”1 TS is nonempty and, at
time Ty + 4dT, the bacteria occupy a large box j (nT‘+4dT) + [—4T, 4T]d from which the
macroscopic percolation lives forever; moreover,

Lj (n. ar
Tg+4dT

M* = T;é +T xS 09T1’§+4dT-

By the definition of the macroscopic percolation, if the bond

J 0y agr)
TK+4dT W]?’u 00T1§+4dT

is open then every point in the box 2Lk + [—L, L]? is visited by the bacteria between time

Tg +4dT +nT and time Tg + 4dT + (n + 1)T. In particular, using Corollary 2, it follows

that

2LLj (g paqp)lor + [=2nD1L, 20D L} C U nf,, forallneN.
0<m<n+M*+4dT

We can then deduce (2) and the existence of exponential moments for M* and T.
Finally, since {z{ < +o0} C {z{ < M*}, (3) follows from the bound for the exponential
moments of M* given in Lemma 5; this completes the proof of Theorem 2 for small «.

5.4. The case @ < ac(p, q): the Bezuidenhout—-Grimmett way
We fix p, ¢, and « such that

02001 — 4 o0y = PP\ = 4o0) > 0,

Ppg.a(t)
or, in other words, such that @ < ac(p, q).

The proof for the linear growth of the bacteria conditioned to survive is, as in the case of
small o, based on a renormalization process leading to the construction of a d-dimensional
supercritical oriented percolation.

In the previous case, when building the local block event, we could choose « small enough
for our model to behave nearly as independent oriented percolation. This is no longer the
case when « is close to «.. Instead, we adapt the strategy developed by Bezuidenhout and
Grimmett [1] for the supercritical contact process on Z¢, which is also the strategy followed
by Steif and Warfheimer [20] in the case of a contact process where the death rate depends on
a dynamical environment. The key point is the following proposition (which corresponds to
Proposition 2.22 of [15] or Lemma 4.10 of [20]). For the sake of brevity, the proof is omitted.
We provide a complete proof of the proposition in the preprint version of this work that can be
found online; see [12]. We denote by V the set of e € 74 with |le||; < 1.
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5.4.1. The block event.

Proposition 2. Let ¢ > 0 and k > 1 be fixed. There exist n, a, and b with n < a such that,
foreveryu € V, every ng € 74, every xg € [—a, al?, and every tog € [0, b], we can define the
random variables Y (i, u, xo, to) € Z4 and S(iy, u, xg, 1) € NU {400} such that

e Y(rip, u, x0, o) € [—a, al?;
o S(no, u, x9, t0) € [5kb, (5k + 1)b] U {+00};

N y+2ka(n_()+u)+[—n n]d C nxo+2kan_o+[—n,n]’1,Zd\(xo+2kan_o+[—n,n]d
’ 1,s—19

{Y (no, u, xo, to) =y, S(no, u, xo, to) = s};

)6 0y, on the event

Pp,q,a(S(n_Ov u, xg, t()) < +OO) Z 1 — &

e the event {Y (ny, u, xo, to) = y, S(no, u, xo, to) = s} belongs to the o -algebra generated
by the background random variables related to the space—time area

k—1
(U([—Sa, 5a]1¢ x [0, 6b]) + (2jau,5jb)) N (Z4 x [to, s]).

j=0

5.4.2. Dependent macroscopic percolation. Note that T = 5b. For ng € Zd, xXo € [—a, a)d,
to € [0,b], and u € 74 such that lull1 < 1, we define A(ng, u, xo, to) = {S(ng, u, xg, ty) <
oo} and W (siy, u, X0, t0) = (S(rio. u, X0, 10). Y (rip. u, Xo. 1)) € N x Z¢.

We now build a field ("0 W& u))”>0 kezd . Ju|l, <1 10 an analogous manner to the small « case.

That is, we let d(¥) = 0 for each y € Z4, 19 (1i9) = 0, and also 79(y) = +oo for every y € Z¢
that differs from 0. Then, foreach y € Zd, eachu € Z9 such that [lull1 < 1,andeachn > 0,

e if #,(¥) = +o00, define 1o W(n;;l) =1;

e otherwise, define "0 W(")-+ul) = 1($G.u.dp ()12 (5))<+00} ©OnT-

Then

(tn41(Y)s dnt1(¥))
=min{W(y +u, —u, dn(y + 1), t,(y + 1)) 0 Opr : lluly < 1, 1,(y +u) # +00}.

To specify what ‘min’ means, choose the smallest ¢ in the natural order, and then the smallest s
in the lexical order. If the set is empty, the min is (4-00, 0). Then (#,+1(y), d,+1(y)) represents
the relative position of the entrance area for the "0 W(")-,Tul)s, with |jul|; < 1.

Note that nT 4+ t,41(y) is an (F)k>0-stopping time.

It is now time to put the pieces together: take M = 2, and choose gp < 1 such that
gm(qo) > ﬁ:ah and gy satisfies the conclusion of Corollary 3 with M = 2.

Using Proposition 2 with 1 —¢ = go and k > 7, we can build an oriented percolation process
(" W(';;,u))nZO, kezd |u|,<1- Among open bonds, only those corresponding to the realization of
good events are relevant for the propagation of type-1 particles. Let us note however that the
percolation cluster starting at np only contains bonds that are effectively used by the process.

Let us denote by x"0 the law of the field (" W&’u))nzo, kezd, u), <1 under Pp g o.

Lemma 8. We can choose the construction parameters a, b, and n of Proposition 2 such that
x"0 belongs to Cq(M, qo).
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The proof, which is quite technical, is omitted, but uses only tested methods. It can be found
in the related technical report [12]. Note that, as the exit points are at random heights, the
o-field §, must be chosen with care to ensure that x"*° belongs to C;(M, qo).

5.4.3. From macroscopic to microscopic scale. The proof of Theorem 2 can be split into two
parts.

1. Prove that if the epidemy survives then points not far from x will often be occupied at a
reasonable time.

2. Deduce that x itself will be hit at a reasonable time.
The first part can be formalized as follows.
Lemma 9. Let E C 74\ {0}. There exista € N and positive constants C1, C, A, and B such
that, if we define R, (x) withn € Nand x € Z4 by RG(x) = 0and
R?(x) =inf{tr > R?fl; there exists y € x + [—a, a]d; y e n(l):f},
then we have
]P)p,q,a(fi)'E = 400, Ri(x) > Ci|lx|| + Can) < Ae B forallx e 7% and alln > 0. (17)
Thanks to our tools for dependent oriented percolation, Lemma 9 is a consequence of
Proposition 2. Before presenting its proof, we show now it can be used to prove Theorem 2.

Proof of Theorem 2. Let E C Z¢ \ {0}, fix x € Z¢, and define T = 0, and fori > 1,

T; = T; (x) = inf{t > Ti/_l; there exists y € x + [—a, a]d; yE 77(1):;E}
T/ =T +a+1.

d
Consider the event B = {for all y € x + [—a, a]d; there exists t < a; x € n“lv”tZ \{y}} and also,
forn > 1

n
A, = ﬂ{n < +o0, 67T (BY)).
i=0

Note that, by construction, o Ti (B) is ¥r;,,-measurable, so

Pp»q,a(An | F1,) = 14, 0T, <+o0} Pp,q,a(Bc)-

It is easy to see that P(B) > ¢ for some ¢ does not depend on x. It follows that P, ;, o (Ay) <
(1 — ¢)" for each n > 1. Note that the sequence (T;(x))x>1 does not consider all infections

around x, but it is not difficult to see that T, (x) < R?a ) (x). So, Lemma 9 gives

Py ga(tlE = 400, t(x) > Cillx| + Cala + Dn +a+1) < Ae™B@HDn L (1 ¢y,

completing the proof.

Proof of Lemma 9. Note that the events in (17) and Corollary 3 control the density of times
where a point (or a neighborhood of a point) is occupied.

Using the events described in Proposition 2, we exhibit (after a restart procedure) a macro-
scopic percolation that satisfies the assumptions of Corollary 3. This will prove (17) and, hence,
the lemma.
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Assume that T?’E = +o00. Take M = 2, and choose g9 < 1, 8, B8 such that g (go) > ﬁzalt
and go,0,B satisfies the conclusion of Corollary 3 with M = 2. By Lemma 8§, we can choose
the parameters a, b, and n in Proposition 2 to ensure that the distribution of the macroscopic
oriented percolationisin C4(M, go). Then, using the events of Proposition 2, the construction of
Subsection 5.4.2, and Theorem 3, arestart argument gives the existence of some (¥, T') € 79 xN
such that

o ¥ +[-2a,2a) c '}
e forevery k > 1, ||Y|| < T < k with probability at least 1 — Ae_Bk;

e a macroscopic oriented percolation (¥ Wi 1)n=0, 2z, ul <1 © Or Which almost surely
survives starts from Y + [—2a, 2a]d at ti_me T. More precisely, the distribution of the

field (¥ (e n=0, 7ezd, July <1 © 07 is x¥ (- | Ty = +00). Recall that x"0 is the law of
the field (" W(’}; ,,))nzO., kezd, u|l, <1 under P, 4 o, which was defined in Subsection 5.4.2.

Then, Lemma 3 says that y (6, Y,X) < BlIx — Y| + kwith probability at least 1—Ae Bk where
x and Y respectively stand for the coordinates of macroscopic blocks containing x and Y.
By the very definition of y (-), we have

6b -
Ri(x) <T+ 3 max(y (0, Y, x) o0r, k).
This leads to
a 6b = —Bk
Ppg.a(Ri(x) <k + 7(ﬁ(llxll +k)+k)=1-24e"7,
which completes the proof.
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