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Asymptotics and sign patterns of Hecke
polynomial coefficients
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Abstract. We determine the asymptotic behavior of the coefficients of Hecke polynomials. In
particular, this allows us to determine signs of these coefficients when the level or the weight is
sufficiently large. In all but finitely many cases, this also verifies a conjecture on the nanvanishing of
the coefficients of Hecke polynomials.

1 Introduction

For integers m > 1, N coprime to m, and k > 2 even, let Sx(I'o(N)) denote the space
of cuspforms of level N and weight k. Let T}, (N, k) := —1575 T, (N, k) denote the
normalized mth Hecke operator on S (I'g(N) ). For each integer r > 0,1et ¢, (m, N, k)
denote the rth coefficient of the characteristic polynomial T, (N, k)(x) associated
with T}, (N, k) as follows:

d
T (N, k) (x) = Y e (m, N, k)x?,
r=0

where d = dim S;(Io(N)). Hecke operators are of central importance in the theory
of modular forms, and are completely characterized by the Hecke polynomials. We
would like to study the coefficients of these Hecke polynomials in order to understand
their structure. In particular, for any fixed m and r, the main goal of this article is to
determine the asymptotic behavior of ¢,(m, N, k) as N + k — co. This will also show
that ¢, (m, N, k) is nonvanishing and further determine its sign in all but finitely many
cases.

We give an outline of this article. In Section 2, we apply the Girard-Newton
formula to the coefficients ¢,(m, N, k), and state the asymptotic behavior of
TrT,,(N,k). In Section 3, we consider the case when m is a perfect square and
prove the following result determining the asymptotic behavior of the ¢,(m, N, k).
In the following, all big-O notation is with respect to N and k. Additionally, we use
the notation “O(N*¢)”, for example, to mean “O(N°¢) for all ¢ > 0”.

Theorem 1.1  Fix an integer r > 0 and a perfect square m > 1. Then for N coprime to
mand k > 2 even,
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_(_l)r LE ' r—1a7r—1/2+¢
¢,(m,N,k) = o (\/m 5 w(N)) +O(k"™N ).

Here, y(N') denotes the multiplicative function y(N) = N [T,y (1 + %)

In Section 4, we consider the case when m is not a perfect square and establish
the following asymptotics of ¢,(m, N, k). Recall here that ¢1(m) denotes the sum
of divisors function 0y(m) := ¥, d, and that (2r)!! denotes the double factorial
(2r):=2r(2r-2)(2r - 4)---2.

Theorem 1.2 Fix an integer r > 0 and a non-square m > 1. Then for N coprime to m
and k > 2 even,

Czr(m, N,k) = gz_rl))'r' (OIEnM) kl;llll(N)) + O(krlerfl/ZJrS) and

(_1)r al(m)k_l ' r—1pn7r—1/2+¢
cz,+1(m,N,k)=c1(m,N,k)~(zr)”( — w(N)) + O(K"INTT2re,

In Section 5, we extend Theorems 1.1 and 1.2 to the new subspace SV (T'o(N)).

Finally, in Sections 6 and 7, we discuss these results. In Section 6, we discuss how
the arguments given in Theorems 1.1 and 1.2 for the Hecke polynomials can also be
applied to other polynomials. In particular, these arguments reveal a coefficient sign
pattern for a wide class of polynomials. Then in Section 7, we discuss a conjecture
on the nonvanishing of the Hecke polynomial coeflicients and survey its current
progress.

2 Preliminary calculations

For simplicity, we write ¢, for the coefficients ¢,(m, N, k). Let d = dim Sx(T'y(N))
and Ay, ..., A, denote the eigenvalues of T, (N, k). Observe that (-1)"¢, is just the
rth elementary symmetric polynomial of these eigenvalues:

Co = 1, —C = Z /\,‘ 5 Cy = Z A,AJ , —C3 = Z /li/\jlg N

1<i<d I<i<j<d 1<i<j<b<d
We also write p, for the sum of rth powers of these eigenvalues:
d
1) pr= DA
i=1
Then the Girard—-Newton identities yield the following relation between the ¢, and
the p,.
Lemma 2.1[13, p.38]  Let ¢, and p, be defined as above. Then for r > 1,

-1 r
Cr = *Zcr—jpf
r 3
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We also give estimates on the traces of Hecke operators. These estimates will be
needed shortly when we express the p, in terms of traces of certain Hecke operators.
In a previous paper [11], we proved the following result by analyzing the various terms
of the Eichler-Selberg trace formula.

Lemma 2.2 [11, Lemmas 4.1 and 4.2]  Fix an integer m > 1. Then for N coprime to m
and k > 2 even,

T T (N, k) = f Ely(N) + O(NY?*¢), ifm is a perfect square,
O(N?®), if m is not a perfect square.

To gauge the growth of the terms in this formula, note that ¢(N) > N and
w(N) = O(N'™¢) [7, Sections 18.1 and 22.13].

3 When m is a perfect square

In this section, we consider the case when m is a perfect square. We then have the
following estimates on the p; (1).

Lemma 3.1 Fix an integer r > 1 and a perfect square m > 1. Then for N coprime to m
and k > 2 even,

1 k-1

pl\/_12

= O(kN"®), oralll1<j<r.
( j

y(N) + O(NY**),  and

Proof  The first claim follows immediately from Lemma 2.2.
For the second claim, note from Lemma 2.2 and the fact that (N) = O(N'*¢),

d :=dim Sx(Ty(N)) = Tr T] = O(kN'*).
Then utilizing Deligne’s bound |;| < go(m) = ¥4, 1, we obtain
d

lpil = 204

i=1

d
oo(m)’ = O(kN'®),

i=1

as desired. ]

For m and r fixed, we now determine the asymptotic behavior of ¢,(m, N, k)
as N +k — oo. Note ¢,(m,N,k) is not technically defined for N,k such that
dim S;(To(N)) < r. However, there are only finitely many such pairs (N, k) [10,
Theorem 1.1], so it is well-defined here to ask about c,(m, N, k) as N + k — oo.

Theorem 1.1  Fix an integer r > 0 and a perfect square m > 1. Then for N coprime to
mand k > 2 even,

Cr(m, N,k) = (_rl')r (\/1_k12 (N)) + O(kr—lNr—l/z-hs).
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Proof = We proceed by strong induction on r. The base case of r = 0 is immediate

since ¢g = 1.
For r > 1, we have by Lemma 2.1 that
-1 l
(2) r=— Z Cr-jPj = Cr-1Pp1+ Z Cr-jPj |-
T j=2

Then by the induction hypothesis,
r—1
(D71 k- —2 pr=3/2+
r—1= N O(kK"™“N" ),
T eo\Vm 12 | ol )

¢roj = O(K"2N"72*%), for2<j<r,

and by Lemma 3.1,

1 k-
pi= = s 0w,
pj=O(kN™), for2<j<r.

Applying these estimates to (2), we obtain

-1
Cr lC, 1p1 + ZCr Jp]l

j=2

Sl ) e

(\/_klz 1//(N)+O(N1/2+£ )+iO(kr_er_3/2+£)'O(kN1+£)]
j=2

l n™~ 1 1 k- (N))V+O(kr_1Nr_l/2+e)‘|

(r—l)' \/a 12

1 r
N 0 kr—lNr—l/2+s )
r! ( \/_ 12 ( )) +O( )
This completes the proof. ]

Theorem 1.1 allows us in particular to determine the sign of ¢,(m, N, k) for all but
finitely many pairs (N, k).

Corollary 3.2 Fix an integer r > 0 and a perfect square m > 1. Then c,(m, N, k) has
sign (=1)" for all but finitely pairs (N, k).

Proof Since y(N) > N, we can write the asymptotic formula from Theorem 1.1 as

¢ (m, N, k) = ('\/1)_ (7 (N))r[l-rO(krIN’1/2+E)(k1;11//(N))_r]

('\/1)_ (— (N)) [1+0 (k7'NT2+e)].
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Then since the O (k_lN_m”) term tends to 0 as N — oo or k — oo, it will have
magnitude less than 1 for all but finitely many pairs (N, k). This then yields the desired
result. u

4 When m is not a perfect square

In this section, we consider the remaining case when m is not a perfect square. First,
we have the following estimates on the p; (1).

Lemma 4.1  Fix an integer r > 0 and a non-square m > 1. Then

pr=-ca= (Ne)

Ul(m)k (N) O(N1/2+s)

2=

ps= O(NS))
=O(kN'),  foralll<j<r.

Proof  The first claim follows immediately from Lemma 2.2.

For the second claim, observe that p, = Tr T/,>. Then by the Hecke operator
composition formula [6, Theorem 10.2.9] and Lemma 2.2,

p2= TrTI’”2 = ZTTT,;Z/dz = Z %LW(N) 4 O(N1/2+s)
dlm d|m
= O'lfnm) k- (N) + O(N1/2+8)

For the third claim, we similarly have by the Hecke operator composition formula
and Lemma 2.2,

pr=Te T, =Tr Y Ty Tw=2 Y Tl pe
d|m d|m 8|(m?/d?,m)

=2 X o)
d|m 6|(m?/d?,m)

= O(N*®).
Finally, the fourth claim follows from an identical argument as in Lemma 3.1. =

For m and r fixed, we now determine the asymptotic behavior of ¢,(m, N, k) as
N +k — oo.

Theorem 1.2 Fix an integer r > 0 and a non-square m > 1. Then for N coprime to m
and k > 2 even,

o - (-1 (al(m) k-
& @\ m

Care1 = C1° ((2_:))': (Olmm) k- (N)) +O(KINT2rey,

I//(N)) O(kr—lNr—l/2+5) and

https://doi.org/10.4153/50008439525000190 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439525000190

6 E. Ross and H. Xue
Proof = We proceed by strong induction on r. The base case of r = 0 is immediate

since cg =1and ¢; = ¢;.
Then for r > 1, we have from Lemma 2.1 that

(3) - ZCZr jPj = [Czr 11+ Cor2p2 ZCZr JPJl

Then by the induction hypotheses,
Coroq = O(kr—lNr—lJrE))

() (almy k-1 T e
2= gl m o YW FORTNTE,

Camj = O(K'2N"72%%), for3<j<2r,

and by Lemma 4.1,

p1=O(N°),
, = Gl(m) kl (N)+O(N1/2+8)
= O(kN'), for3<j<2r.

Applying these estimates to (3), we obtain

-1 2r
Cor = > Cor—1P1 + Cor—2P2 + Z Cor—jPj

j=3

_ _1|‘O(kr_1Nr_1+£) . O(NS)

2r
+( (_1)r—1 (0‘1(71’1) k- (N)) - 4 O(kr—ZNV—3/2+5))

Qr-2)\ m

y (O’l(m) I//(N)+O(N1/2+s))+20(kr INT- 2+e) O(kN1+e)l

m =3

_ ;:lo(kr—lNr—1+£)+ (_1)r—1 (al(m) k_lw(N))r

@r-2)\ m 12

" O(kr—lNr—1/2+5) i O(kr—lNr—1+£)l

_ (—1)" (O’](m) k- l//(N)) O(kr_lNr_1/2+£),

@rit\ m

verifying the first claim of the inductive step.
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For the second claim of the inductive step, we similarly have from Lemma 2.1 that

1 2r+l 1 2r+1
(4) car1 = a1 ]Z:; Cor+1-jpPj = 2r+1|:62rP1 + Cop-1P2 + Cor2P3 t+ ]; Cor+1-jPj |-
Then by the induction hypotheses and the proof for c,,,
_ G (01("0 k-

= nn

11//(N)) + O(kr—lNr—1/2+s)’

m 12
r—1
(_1)"71 o-l(m) k-1 r— r— £
=0 i T Y|+ ORI,
Capon = O(kr—lNr—HS),
Cor+l-j = O(kr_er_2+£), for4 < ] <2r+1,

and by Lemma 4.1,

pl:_cla
o(m) k-1 1/2+¢
= —y(N)+ O(N ,
= LISy () + O(NY)
ps = O(N%),
pj=O(kN"™), for4<j<2r+1.

Applying these estimates to (4), we obtain

j=4

-1 2r+1
C2r+1 = a1 CarP1+ C2r—1P2 + Cor—2P3 + Z C2r+1-jPj

(e ) o
(- [oy(m) k-1
+(Cl'(zr—z)u( m 12

y oa(m) k-1
m 12

1!/(1\]))r_ 4 O(erNr3/2+8))

Y(N) + o<N1/2+f>)

2r+l1
+ O(kr—lNr—HS) . O(NS) + Z O(kr—ZNr—2+e) . O(kN1+8)]

j=4

1 l_ (-1y’ (Jl(m) k-1

= . N 0 krler71/2+s
el VemlTm 2 ¥ )) +O( )

+c

(_1)r—1 (ol(m) k-

1 ' r— r— &
Voer-onlm 2 I//(N)) +O(KTINTI)

+ O(kr—lNr—lJrs) + O(krlNr1+€)]
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_ ¢ 1 ((—l)r (—1)771 ).(015:1) k—lw(N))r+O(kr—lNr—1/2+s)

e\ 200 (2r-2) 12

(=D (o1(m) k-1 ' —1nyr-1/2
_ . N 0 kr Nr [2+¢ ,
“ @rHt\ m 12 yN) |+ O )
verifying the second claim of the inductive step.
This completes the proof. [ ]

Theorem 1.2 allows us in particular to determine the sign of the even-indexed
coefficients for all but finitely many pairs (N, k). The following corollary can be shown
using an identical argument as in Corollary 3.2.

Corollary 4.2 Fix an integer r > 0 and a non-square m > 1. Then c,,(m, N, k) has
sign (=1)" for all but finitely pairs (N, k).

The behavior of the odd-indexed coefficients, on the other hand, is determined by
the behavior of the trace.

Corollary 4.3 Fix an integer r>0, a non-square m >1, and an even inte-
ger k>2. Consider N such that Tr T,,(N,k) #0. Then cy.1(m,N, k) has sign
(-1)"*'sgn(Tr T.,(N, k)) for all but finitely many N.

Proof  Since y(N) > N, we can write the asymptotic formula from Theorem 1.2 as

—-r

e ) (S hvan) [ -0 (kN () ]

() () [ o)

Then observe that since Tr T,, € Zand ¢; = = Tr T}, = —m~ (D2 T, + 0, we must
have |¢;| = |Tr Tj,| > m~(*"D/2_ And because the O (k"'N7/*¢) term tends to 0 as
N — oo, it will have magnitude less than m~(*"1/2 for all but finitely many N. This
yields the desired result. ]

We note that the condition Tr T;, (N, k) # 0 here is not overly restrictive. Rouse
[12, Theorem 1.6] showed that there are only finitely many k for which we could
possibly have Tr T, (N, k) = 0 for some N. And even for these finitely many remaining
k, he showed in [12, Theorem 1.7] that Tr T, (N, k) # 0 for 100% of N. He further con-
jectured in [12, Conjecture 1.5] that Tr T, (N, k) # 0 for all N > 1 and k = 12 or > 16.

We also note that there are various ways one could try to improve this result
to where N and k both vary. The only reason we fixed k was to guarantee that
c1=-Tr T, (N, k) was bounded away from 0. If we relax the condition of k being
fixed to just that k < (1-§)log,, (N) for some & > 0, then we have the same result
for all but finitely many pairs (N, k). One could also try to bound Tr T, (N, k) away
from 0 using some sort of vertical Atkin-Serre type result for the trace (e.g., along the
lines of [8, Theorem 2.2]).
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Extending to the new subspace

All of our results extend to the Hecke polynomial over the new subspace. Let
T,V (N, k) denote the restriction of T, (N, k) to the new subspace S3¥(I'g(N)).
Let ¢;*(m,N,k) denote the rth coeflicient of the characteristic polynomial
T, ""(N, k)(x) as follows:

gnew

TIPY(N k) (x) = Y ™ (m, N, k)x® "
r=0

Here, d"V = dim §}¢"(Iy(N)). Just like before, we can then determine the asymp-
totic behavior of ¢}V (m, N, k) as N + k — co. Note c?*¥(m, N, k) is not technically
defined for N, k such that dim S}*¥(I"g(N)) < r. However, there are only finitely
many such pairs (N, k) [10, Theorem 1.3], so it is perfectly well-defined here to ask
about ¢}V (m, N, k) as N + k — oo.

Let

( %) ifr=1,
v TLP(-3). e
PN pr(l_%_#w), if r >3,

and note that y™"(N) < N and y"*V(N) = Q(N'"¢) [7, Sections 18.1 and 22.13].
In [1, Lemmas 4.2 and 4.3], Cason et al. showed that for fixed m,
TE T/ (N ) = f 12 E-lynew(N) + O(NY?), if m is a perfect square,
O(N?9), if m is not a perfect square.
The following two theorems then follow by an identical argument as in

Theorems 1.1 and 1.2. The details are omitted.

Theorem 5.1  Fix an integer r > 0 and a perfect square m > 1. Then for N coprime to
m and k > 2 even,

chew _(_l)r 1 k- new ' r—1x7r—1/2
(m, N k) = *— (f 5 (N))+O(k NV,

Theorem 5.2 Fix an integer r > 0 and a non-square m > 1. Then

new -1)" (o k-1 new ' r=1n\yr—
e (m,N,k):((zr))”( lfn’”) v (N)) +O(KINTY?Y and

L Om N ) = (N, 1)),:(

Then just like in Corollaries 3.2, 4.2, and 4.3, this tells us the sign of the ¢} in all
but finitely many cases.

U](m) k-1
m 12

lllnew(N)) i O(kr—lNr—1/2+8).

Corollary 5.3  Fix an integer r > 0 and a perfect square m > 1. Then ¢}V (m, N, k)
has sign (-1)" for all but finitely pairs (N, k).
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Corollary 5.4  Fix an integer r > 0 and a non-square m > 1. Then ¢33 (m, N, k) has
sign (—1)" for all but finitely pairs (N, k).

Corollary 5.5 Fix an integer r >0, a non-square m >1, and an even integer
k> 2. Consider N such that TrT,""V(N,k) #0. Then 3 (m,N,k) has sign
(1) sgn(Tr T, Y (N, k)) for all but finitely many N.

6 Sign patterns for more general polynomials

In response to our previous paper showing that ¢, tends to be negative [11], Kimball
Martin suggested to us that ¢, might display a similar bias more generally for
polynomials with totally real roots. In fact, the sign tendencies for all the coefficients
given in Corollaries 4.2 and 4.3 hold more generally for a wide class of polynomials
with totally real roots. Essentially the only two conditions we need to impose are that
the roots are distributed over an interval [—A, A] in a roughly symmetric way about
the origin, and that the roots are not all clustered at the origin.

More precisely, for A > 0 and r fixed, consider a sequence of polynomials f, with
totally real roots lying in the interval [-A, A]. Let d,, denote the degree of f,,, and let
the cj(n) and p;(n) be defined as above in Section 2. We assume that p;(n) = o(d}/3)
and p3(n) = o(d,) (which will occur if the roots xy, ..., x4, of f, are distributed in
a roughly symmetric way about the origin). Also note that p,(n) = a2d,, where a,,
denotes the quadratic mean of the roots of f,. We assume that «,, is bounded away
from 0 (which will occur as long as the roots are not all clustered at the origin). Finally,
observe that |pj(n)| <A'd, = 0(d,) for each 1< j < r. These estimates

pi(n) = —a(n) = o(d)>),

Pz(”) = ‘xf;dn)

p3(n) =o(dn),

pj(n) =0(d,) foreach1<j<r,

are essentially the content of Lemma 4.1 (except that Lemma 4.1 has much stronger
error bounds, and where in that case, ay  tends to \/o(m)/m as N+k — oo
[2, Theorem 1.1]).

Then using an identical argument as in Theorem 1.2, one can show that

(D" 5y r-1/3
cr(n) = (20! (ardy) +o(dy, /) and

C2r+1(7’l) = C](l’l) ((2_:)):' ((Xﬁdﬂ)r + O(d:;)

In particular, this means that as d, - oo, the coefficients of f, will tend to the sign
pattern

=+t ——++——FF if ¢; is bounded below 0,

===t if ¢; is bounded above 0.
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For example, browsing the polynomials with totally real roots of degree 10 in
LMFDB, almost all of them follow this sign pattern; see [9] (such polynomials given
by LMFDB are shifted so that their roots are roughly symmetric about the origin).

If the roots of a polynomial are perfectly symmetric about the origin, then we will
have ¢; = 0, and the sign pattern becomes

+0-0+0-0+0-0+---.

For example, the roots of the Chebyshev polynomials are distributed in [-1,1] in a
perfectly symmetric way, and their coeflicients follow precisely this pattern.

We also note what happens when the roots of a polynomial are not distributed
symmetrically about the origin. If all the roots have the same sign, then the coeflicients
¢, follow the sign pattern

-+t —+—... if all the roots are positive,

e+ if all the roots are negative.

When m is a perfect square, most of the roots of T,,(N,k)(x) are positive, and
Corollary 3.2 shows that the coefficients of T,, (N, k)(x) tend to this first pattern.

7 A conjecture on Hecke polynomial coefficients

In [12, Conjecture 1.5], Rouse gave the generalized Lehmer conjecture: that for all
m >1, N coprime to m, and k =12 or > 16, Tr T,,,(N, k) # 0. More recently, Clayton
et al. [5, Conjecture 5.1] similarly conjectured that none of the Hecke polynomial
coeflicients vanish in the level one case. We propose the following conjecture that
further extends both the generalized Lehmer conjecture, and [5, Conjecture 5.1]. The
results in this article verify Conjecture 7.1 in all but finitely many cases.

Conjecture 7.1  Fix integers m > 1 and r > 1. Then the rth coefficient of the Hecke
polynomial T, (N, k)(x) is nonvanishing for all N > 1 coprime to m, and k = 12r or
> 12r + 4 even.

We note that these lower bounds on k are the minimum possible. For any k less than
these bounds, we will have dim Si(I'¢(1)) < r, and hence ¢,(m,1, k) = 0, trivially.
Even relaxing the lower bound on k to just requiring that dim S (T'g(N)) > r will not
work; Rouse [12, Theorem 1.2] showed that for any given m and k € {4,6, 8,10,14},
Tr T,, (N, k) = 0 for infinitely many N.

We now survey all the relevant previous results through the lens of Conjecture 7.1
(although they were not explicitly stated in these terms).

o When r > 1, m =1, Conjecture 71 follows from the fact that dim Sx (I'o(N)) > r for
k =12r and k > 12r + 4.

« In 2006, when r =1 and m is a non-square, Rouse [12] showed Conjecture 7.1 for
all but finitely many k, and for 100% of N. When r = 1, m = 2, he also completely
verified Conjecture 7.1.

« In 2022, when r = 1, m = 2, Chiriac and Jorza [3] verified Conjecture 7.1 in the case
of N=1.
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o In 2023, when r = 2, m > 2, Clayton et al. [5] showed Conjecture 7.1 in the case of
N =1 for all but finitely many k. When r = 2, m = 2, they also completely verified
Conjecture 7.1.

o In 2023, when r =1, m = 3, Chiriac et al. [4] verified Conjecture 7.1 in the case of
N=1

o In 2024, when r = 2, m > 2, we [11] showed Conjecture 7.1 for all but finitely many
pairs (N, k). When r = 2, m = 3, 4, we also completely verified Conjecture 7.1.

o In 2024, when r = 2, m > 2, Cason et al. [1] showed a corresponding conjecture on
the newspace S;*"(I'g(N)) for all but finitely many pairs (N, k). When r =2,
m = 2,4, they also completely verified the corresponding conjecture on the
newspace.

o In this article, when r>1 and m is a square, Corollary 3.2 proves
Conjecture 7.1 for all but finitely many pairs (N, k).

o In this article, when r is even and m is a non-square, Corollary 4.2 proves
Conjecture 7.1 for all but finitely many pairs (N, k).

« In this article, when r is odd and m is a non-square, Corollary 4.3 shows that for k
fixed, if Conjecture 71 holds for r = 1, then it also holds for each odd r for all but
finitely many N. In particular, combining with Rouse’s result, this means that there
exists a finite set K such that: (1) for all k ¢ K, Conjecture 7.1 holds for all but finitely
many N, and (2) even for k € K, Conjecture 7.1 holds for 100% of N.

We observe that the last result listed here essentially reduces the problem of studying
odd-indexed coefficients ¢, to just studying the trace, —c;.
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