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Transference of Vector-valued Multipliers
on Weighted LP-spaces

Oscar Blasco and Paco Villarroya

Abstract. New transference results for Fourier multiplier operators defined by regulated symbols are
presented. We prove restriction and extension of multipliers between weighted Lebesgue spaces with
two different weights, which belong to a class more general than periodic weights, and two different
exponents of integrability that can be below one.

We also develop some ad-hoc methods that apply to weights defined by the product of periodic
weights with functions of power type. Our vector-valued approach allows us to extend our results to
transference of maximal multipliers and provide transference of Littlewood—Paley inequalities.

1 Introduction

This paper is devoted to the study of various methods for transference of Fourier
multipliers between the groups R"” and T”. For that reason, we start by giving a
unified definition of Fourier multiplier operators over both groups.

Let X" denote either the n-dimensional euclidean space R" or the n-dimensional
torus T" = II}_, [—1/2, 1/2). We will call a weight any measurable, nonnegative, and
locally integrable function defined in X". For each 0 < p < oo and w a weight in X",

we denote by L? (X", w) the space of measurable functions defined in X" such that

» 1/p
[ f 1z ony = (/ | ()] w(x)dx) < o0.
X”

As usual, when w(x) = 1, the notation is abbreviated to L? (X").
The Fourier /t\ransform of af function in L'(X") is the function defined in X" (cor-
responding to R” = R” and T" = Z") by

fly) = / e f(x)d.

Given a bounded measurable function ¢ with domain in X", we define the opera-
tor

T,(NG) =6 Fy), yeXx
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with f in a suitable dense subset of L?(X" w) for which ]? is defined. Then, we
say that ¢ is a Fourier multiplier on LP (X", w) if T, extends to a bounded opera-
tor on LP (X", w). The space of multipliers on L” (X", w) will be denoted by M,, ,,(X")
equipped with the norm ||@||a,,, = | To|lze e w)— 1o @7 0)-

Sometimes we will call the operator just defined a multiplier, while using the term
symbol for the function ¢.

The first transference result was the celebrated restriction theorem of K. De Leeuw
in 1965 [12]. See also Jodeit’s paper [9] for an alternative proof that develops many
of the ideas we employ in this paper. The result reads as follows.

Theorem A Let1 < p < oo and ¢ be a function defined in R which is continuous at
the integers Z.. If ¢ defines a bounded multiplier in M,(R) then, ¢|z defines a multiplier
in M,(T). Moreover the p-multiplier norm of ¢|z does not exceed that of ¢.

In the 1980s, C. Kenig and P. Tomas (see [10]) extended this result to maximal
operators associated with a family of multipliers defined by dilations of a given func-
tion.

More recently, the interest in transference shifted to the setting of weighted spaces
with weights given by periodic functions. The first result in this setting was obtained
by E. Berkson and A. T. Gillespie (see [2]) in 2003 by means of the well-known A ,-
theory. We recall that for any 1 < p < oo, a weight W is in the Muckenhoupt A, (R)
class if its characteristic [W ] , 18 finite, where,

_ 1 1 /-1 g, ) "
(Wla, = Slé)p ( Q) /Qw(x)dx> ( Q) /Qw(x) p dx)

with the supremum taken over all cubes in R with sides parallel to the axes. This
way, their result can be stated as follows.

Theorem B (see [2, Theorem 1.2]) Let1 < p < co. Let W be a 1-periodic function
in A,(R) and let w be its restriction to T. Let ¢ be a continuous function. If ¢ is a
multiplier in LP(R, W), then its restriction to the integers, ¢|z, defines a multiplier in
LP(T,w).

In 2009, K. E. Andersen and P. Mohanty (see [1]) showed that this transference
result can be proved without the A,-theory, and therefore, it holds for any periodic
weight.

Theorem C (see [1, Theorem 1.1]) Letl < p < oo and W be a nonnegative function
of period one defined in R" such that its restriction to T", say w, belongs to L*(T"). Let
@ be a continuous function defined in R". If ¢ is a Fourier multiplier for LP (R", W),
then ¢|zn defines a multiplier in LP (T" w).

Notice that, even though the A, theory is not used, their result does not hold for
the endpoints p = 1 or p = oo.

Recently, M. J. Carro and S. Rodriguez (see [5]) have extended this result to the
setting of maximal Fourier multipliers, to normalized symbols ¢, and to weak type
inequalities for 1 < p < co. In particular, they have shown the following result.
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Theorem D (see [5, Theorem 3.11]) Let1 < p < oo and let W be a nonnegative
function of period one defined in R" such that its restriction w to T" belongs to L'(T").
Let (¢;) ; be a sequence of continuous functions in R" and denote

T3(f) = sup [Ty, ()],
jEN
defined in a suitable dense subspace of LP (R", W). If T} is bounded on L? (R", W), then

T2 (f) = sup [T, (f)]
jeN

is also bounded on L (T", w).

Furthermore, the same cited papers point out generalizations of the transference
results in two new directions: to the setting of nonperiodic weights and to transfer-
ence between multipliers not necessarily related by the restriction/extension relation-
ship. We first mention the following recent result by K. Andersen and P. Mohanty.

Theorem E Let1 < p < oo and w(x) = |x|" for —n <y < n(p — 1).

(i) Ife¢ € M, (R"), then ¢ |z-€ M,(T") ([1, Theorem 1.2]).
(i) If¢ € My, (R"), then ¢ € M,(R") ([1, Corollary 1.3]).

Moreover, Carro and Rodriguez managed to adapt the Coifman—Weiss transfer-
ence method to the weighted case and thus provide new conditions that guarantee
restriction results with nonperiodic weights.

Theorem F (see [5, Theorem 3.13]) Let1 < p < oco. Let V = UW, where W isa
nonnegative locally integrable function of period one whose restriction to T" is denoted
by w and U is a nonnegative weight that satisfies

U(x)
1/C< —=_<C, xeR", yeT,
/ T Ulx+y) x Y

and

lim ( /{xlgm} U(x)dx) ( /{xgs} U(x)dx) T o

Let ¢ be a continuous function. If ¢ defines a Fourier multiplier in LF (R", V'), then
@|zn, its restriction to 7", defines a multiplier in LP (T" w).

We recall the standard notation D’; flx) = A—n/p f(A"1x), for A > 0. This satisfies
1D fllzeeny = || fllze @y, 7y f(x) = flx—y),and M, f(x) = e*™™ f(x). Throughout
the paper we write |x| and || for the ¢, and £, norms of x € R", and we say that
a function f: R” — C is co-radial if it satisfies f(x) = f(|x|c0). We also note that
|I| denotes the Lebesgue measure of I C R",W(I) = fI W (x)dx, \I = {)x:x €I},
1/p+1/p’ = 1for1 < p < o0, and C denotes a constant whose value may vary
from line to line.
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2 Main Results

The purpose of this paper is to present a systematic treatment of transference for
Fourier multipliers in the double-weighted setting with nonperiodic weights. Our
results hold for continuous and regulated symbols; vector-valued symbols; nonho-
mogenous transference (that is, the transference of multipliers between weighted Le-
besgue spaces with two different exponents of integrability) and the case of quasi
Banach spaces, in particular Lebesgue spaces with exponents 0 < p < 1.

With this work, we improve all theorems mentioned in the introduction by in-
creasing the range of applicability to new exponents and new weights and by obtain-
ing smaller constants of transference, which in many instances are optimal.

Because of our interest in transference of maximal multipliers, we have chosen an
approach different from those in [1] and [5], which is based on the use of vector-
valued multipliers. So, we shall work in the setting of vector-valued Lebesgue spaces
with multipliers given by vector-valued functions ¢: X" — E, where E is a Banach
space.

Let (E, | - ||) be a complex Banach space. We denote by L7 (X", w) the space of
E-valued measurable functions defined in X" such that

1 lligenmy = € / 1P P < .
X)‘l

Throughout the paper we use the notation W for weights defined in R", which
are always assumed to be locally integrable and w for weights defined in T”. We
write C2°(R", E) for the space of E-valued functions in C°°(R") that are compactly
supported, while P(T") (respectively P(T", E)) stands for the space of trigonomet-
ric polynomials (respectively E-valued trigonometric polynomials) in T". We recall
that an E-valued trigonometric polynomial is a trigonometric polynomial with coef-
ficients in the Banach space E.

The property of W being locally integrable implies that w belongs to L!'(T").
Therefore, one has that P(T") C L?(T",w) and C*(R", E) C LE(R”, W) for any
0 < p < 0o0. Moreover, the E-valued polynomials, P(T", E), are dense in Lg(T”, w)
for any 0 < p < oo. This follows from the scalar-valued result combined with the
fact that the subspace L?(T", w) ® E given by finite combinations ;" | xx¢x where
xx € Eand ¢, € LP(T", w) is dense in Lg(']I‘”, w). A similar argument shows that
C(R", E) is dense in LE(R”7 w).

Since we extend our results to regulated symbols, we rephrase their definition in
the vector-valued setting. We shall say that a locally integrable function ¢: R* — E
is regulated if

i~ [ 6y = o, xR
€ x+eT"

Or equivalently,
lim ¢ « Dlp(x) = 6(x), x€ R,
e—

where p € C°(R"), ¢ > 0and ||¢|p@n = 1.

We now define the Fourier multiplier operators in the vector-valued nonhomo-
geneous double-weighted settting:
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Definition 2.1 Letp = (pi, p2) be a pair of positive/\numbers and w = (wy, w)
a pair of weights. A bounded measurable function ¢: X" — E is called a multiplier
from LP' (X", wy) into ng (X", wy) if the operator

T ) =),  yeXx

defined on a suitable dense subset of L' (X", w;), extends to a bounded operator
from L' (X", w;) to LEZ(X”, wy).

We will denote by M55(X", E) the space of multipliers from LP'(X", w;) to
LP* (X", wy) and write

||¢HME.W(X”:E) = ||Td)HLm(xn,leng(xnm)'

Whenever p; = p, = p and w; = w, = w, we will drop the vectorial notation,
writing M,, ., (X", E); M, ,,(X") for E = C and M,,(X") forw = 1 and E = C.

Our main concern here is to determine conditions over the weight functions
Wi: R" — [0,00) and w;: T" — [0,00) for i = 1,2 so that functions ¢ belong-
ing to MﬁW(R") satisfy that ¢|z € M55(T") and vice versa.

We divide the theorems in the paper into three different groups: restriction, ex-
tension, and ad-hoc methods. In the first group, we find Theorem 2.4 and its several
applications to transference of maximal multipliers (Corollary 3.1) and Littlewood—
Paley (Corollary 3.2).

The main result related to extension of multipliers is Theorem 2.5, together with
Corollaries 3.4 and 3.5, which describe the periodic and power extensions respec-
tively. We also state a characterization result showing when a multiplier can be re-
stricted and then recovered by extension (Corollary 2.6).

The third set of results contains two different ad-hoc methods stated in Theo-
rems 2.10 and 2.12 together with several applications given in Corollaries 3.6, 3.7,
and 3.9 among others.

We now explain in detail the main contributions in each group of results.

2.1 Restriction

Concerning restriction of multipliers over weighted Lebesgue spaces, we shall con-
sider a new class of weights including not only periodic functions but also the class
of almost periodic functions introduced by Bohr and also its generalization given by
Besicovitch.

We introduce some of the notions defining the weights that arise naturally when
dealing with transference of Fourier multipliers in the weighted setting. Given a lo-
cally integrable function f: R" — C we will assume that there exists M(f) € C such
that

2.1) lim / f()dx = M(f),
AT
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and furthermore, that there exists a sequence of values My (f) € C, k € Z", such that

1 .
(2.2) lim — Fx)e ™ *dx = Mi(f).
A—oo A" AT

In both cases we will also assume that

(2.3) lim sup(—/ |f(x)|Pdx)V/? = B < o0
AT

A— 00

for some 1 < p < oo.
Any locally integrable periodic function f (not necessarily bounded) with period 1
trivially satisfies conditions (2.2) and (2.3) with

(2.4) Mi(f) = / Fe T dx = (Fom)(K)
']I‘}'l

for all k € Z". We will also show that many other nonperiodic functions belong to
this class, for instance, almost periodic functions in the Bohr and Besicovitch senses.

For our restriction theorems we shall use weights so that W (x)e™2"** satisfy the
above conditions for any k € Z. Let us give a name to such a class where the restric-
tion of multipliers can be extended. We shall denote this class by RW(R").

Definition 2.2 Let W be a weight. We say W € RW(R") if there exists a sequence
(Apkez» C R such that

forallk € Z.

Note that for such weights, (2.3) holds for p = 1 with B = A,.
Let W € RW(R") with assocjgted sequence (Ag). Then, for any trigonometric
polynomial P(x) = 37, avje’™* defined in T", we have

/ W(x)( > aje2”if'X> dx‘ < B||P|| oo (-
)\’]I‘n

lil<N

| e = im

[iI<N

Then, using that trigonometric polynomials in T" are dense in C(T") and
(C(T™))* = M(T"), we have that there is a Borel measure u € M(T") (which we
will later show is positive) such that

(25) A= / e () = k),

Definition 2.3 Foreach W € RW(R") with associated sequence (Ay), the measure
satisfying (2.5) is said to be a restriction measure of W and is sometimes denoted by

Hw .
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Given 1 = (p1, ft2), where y; are nonnegative measures in M(X"), the nota-
tion ¢ € M5 ;(X", E) means that the operator T is bounded from LP' (X", 1;) into
LE (X", o).

Theorem 2.4 (Restriction) Let0 < p < 0o, p = (p, p) and let E be a Banach space.
Let Wy, W, € RW(R") and let iy, iy, be their restrictions to T" as defined in (2.5).

Let ¢: R" — E be a bounded regulated function. If ¢ € M; w(R", E), then ¢
M5 5(T", E). Moreover, there exists K, for which

on €

16

7n (T",E) < Kp||¢||Mpw R".E)

[’ /l
and the constant K, = 1 whenever p > 1 or ¢ is continuous at Z.".

We notice that Theorem 2.4 deals only with the homogeneous case p; = p,.

2.2 Extension

We also study the converse of Theorem 2.4. The reader is referred to [ 14, Thm. 3.18]
for the unweighted case.
If we denote D, f(x) = f(A™'x), then, by using Fourier transform, we have that

(2.6) Tp,o(f) = D1/)\T¢(D)\f)

for smooth functions f. Moreover, it is immediate to show that

||D1/A TyDy ”LPl (R" W)= L2 (R W) — H T@”Lm (R, DA\W)—LE? (R".DLW,)?

which implies

(2.7) 1D llaty 7 e,y = 1Dt 1 (e
and so,
||DA¢||M701 (R = = ||llr, ey
Therefore, ¢ € 7f(R” E) if and only if Dy¢ € M5 f(]R”,E). This and

Theorem 2.4 imply that if ¢ € M w(R", E), then (DA¢)|Z” E M 5.1, (T", E) for all A
where [z, are the restriction measures corresponding to D] / \W. In this section, we
analyze a possible converse statement of the last fact.

For the statement of the next theorem, we remind the reader that f denotes the

periodization of a function. Despite this notation being standard, we give the formal
definition in Section 5.1.

Theorem 2.5 (Extension) Let0 < pi,p, < oo. Let W; be weights fori = 1,2.
We define the following family of periodic weights in T": w,,; = ((D{/mW,»)XTn ) for
allm € Nandi = 1,2. Let ¢: R" — E be a bounded regulated function such that
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(Dm®)|z0 € Mgz, (T", E), where Wy, = (Wp1, Win2), uniformly for m € N, that is,
satisfying

sup | (D)

zr || Mz, (T".E)- < 00

Then ¢ € Mz w (R, E) with

[llnt, e py < sup | (Dm®) |z |ty 5, (7.

D Win

2.3 Characterization

By combining Theorems 2.4 and 2.5, we get the following characterization of trans-
ferable multipliers for periodic weights and p; = p,. The reader should note that

1 Jm Wi are also periodic, and using (2.4) one has that du; = (D, /,,W;)xt») dx for
i=1,2.

Corollary 2.6 (Characterization) Let0 < p < oo, p = (p,p) and let E be a
Banach space. Let W, W, be periodic weights, and let the family of weights w,,; =
((Dl/mWi)XTn)Nin T, meN,i=12.
Let ¢: R" — E be a bounded regulated function. Then ¢ € My (R", E) if and only
if Dyp|zn € Mg, (T", E) with
sup (D) |z || 5

7 (T,E) < 0.
Moreover,
Mt e py = sup | (D) |z ||t

PWm

TY’E).

2.4 Other Transference Results

In this section we develop other methods for transference of multipliers between
weighted Lebesgue spaces. As in Theorems E and F, the basic idea of these new meth-
ods is the use of known boundedness of multipliers with respect the product of two
weights to deduce the analogue boundedness of the same multiplier with respect only
one of the weight factors.

Our results hold for nonhomogeneous transference (p; # p,) including expo-
nents below one. In both cases we cover power weights and improve Theorems E
and F.

Because of the proof methods employed, the notion that plays a relevant role for
this type of transference is the norm of the dilation operator D) f(x) = f(x/\), for
A>0,x € R"on LF(R", W).

Here is a basic notion on weights to be used in this section to handle the action of
the dilation operator. We call this class DW(R").

Definition 2.7 Let W be a weight. We say that W € DW(R") if for any A > 0
there exists C = C(A) > 0 such that

(2.8) W) < COOW (D)
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for any interval I C R".

Let us denote by [|Dillp,w = [[Dall 2w 12 (rrw)» -6

supf ([ rermirweds) s 1l = 1}

Notice that in || Dy ||, w we will not denote the dependence on the Banach space E.
It is clear that

1
HDAHp,W = ||Id||L§(R",W)HL‘E’(R",D§MW) and ||D>\||p7W = HDA”L/‘%

for all p > 0, and so, everything reduces to ||Dy||1,w.

Proposition 2.8 A weight W satisfies (2.8) if and only if Dy is bounded in LL(R", W)
forany A > 0, p > 0 and any Banach space E.

Proof It follows from the following formula

W(AI)
D =
[ Dallw SUp oy

where the supremum is taken over all intervals in R”. One implication follows se-
lecting f = x;. For the converse, assume condition (2.8). Now given a step function

f= Z?:l XjX1;» one has

IDAH v = D I IWAL) < C Y Il lIW ) = Cl -

j=1 j=1

The result now follows using that step functions supported over rectangles are dense
in LP(R", W). ]

Definition 2.9 Let W = (W;,W;) a couple of weights in DW(R") and let p =
(p1, p2). For each A > 0 we denote

D(>\a ﬁ? W) = HDI/)\”Pl-,Wl HD)\”PLWZ
and

1

_ — R I
Dl(AapaW) = HDi//\HP]-,WI HDi\”Pz,Wz =A "(pz n )D()\7P’W)

As seen, we have

Wi (1) ) 1 ( Wz()\I)> Ve

D\, p,W) = ( sup 51;p W,

r Wi(AD)

In particular, for power weights W(x) = |x|” (including v = 0), one has that
IDAllpw = Nm0/P and for W = (W, W) with Wi(x) = |x|7, one has that

D()\, ﬁ’ W) — )\(11*72)/}72*(”*’71)/171 .
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For W1 (x) = W,(x) = 1, we have DO\, p, W) = ,\"(1/1’2—1/1?1) and D'\, p, W) = 1.
Moreover, if Wi(AI) > C; A% Wi (I) and W (AI) < Ci AW, (I) for some C;, 6; >
0 fori = 1,2, then D(\, p, W) < C,/C \%/P2=01/p1,

Theorem 2.10 Let0 < py, p; < oo. Let W; € RW(R") N DW(R") with restriction
measures (1;. Let U; be weight functions and we define V; = U;W,. Let ¢: R" — E be
a bounded regulated function such that ¢ € ME-,DW(Rn’ E) forall A > 1 and
A(¢) = sup Dl()‘vﬁa W)H¢||M;D17(R”~,E) < 0.
A>1 A

(i) Ifthereexist0 < 6 < p < 1 such that

(29) sup Ui(y) <K __inf  Us(y),
Geen T iz 2
then ¢|z» € Myz(T", E).

(ii) If we further assume that W; are periodic weights and

Supy,, o U1(y)
(2.10) sup - Pim<iyi<omy 1V < o0,
meN 1nf{m§\y|§2m} UZ()’)

then ¢ € ME,W(Rn’E)'

We would like to get assumptions on U; for i = 1,2 weaker than (2.9) and (2.10)
to be able to cover more examples in Theorem 2.10. This can be done, at least for
pi > 1, by imposing a little extra assumption on W; for i = 1, 2, and so considering
a subclass in RW(IR").

Definition 2.11 Let1 < q < co. We say that a weight W € RW(R") if there
exists a sequence (Ay)rez such that

and

1
lim sup(ﬁ W(x)qu)l/q = B, < 0.
A—o00 AT

With this, we state the following theorem.

Theorem 2.12 Let1 < p1,p, < oo. Let1 < q; < oo and W; € RWT(R") N DW
and y; are their restriction measures fori = 1, 2.

Let U; be oco-radial weight functions in R" for i = 1,2 such that U, € LZ}’;(R") and
Uzl_le € L?jC(R”). Let V1,V be weights in R" defined by V; = U;W,.

Let ¢: R" — E be a bounded regulated function such that ¢ € Mg (R, E) for
all A\ > 1 and

(211) A((b) = Sup Dl()\,ﬁ, W)Hd)”MEDlV(R"vE) < 00.
A>1 A
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(i) Then ¢

2n€ M5 5(T" E) and ||¢

20 ||, pcmn ) < CA(9), where

1 —1
C = 11U g1y <1y lam @105 P X113 ot oy

(ii) IfW; are periodic weights and there exists C > 0 such that for allm € N

G [ o) ™ (5 [ i)™ <

then ¢ € M5 w(R", E) and Hq§||M?W(Rn,E) < CA(9).

3 Applications

The applications hereby provided are organized in the same three groups as before.
Since most of them are a direct consequence of the results above, we do not include
any proofs in this section.

3.1 Restriction

We shall consider particular examples of Banach spaces E to get different applications.
For instance, given the family of multipliers (¢;(x)) jen described in Theorem D, we

can take E = /*° and ¢: X7 — ¢ defined by ¢(x) = (¢;(x)) jen for which we have

[Ts()®)lee = TG()(x)  and || Typ,, (Nl = T5,, ().

Then, by Theorem 2.4, we automatically obtain the following extension to maximal
multipliers. The result improves Theorem D, since it covers the remaining cases of
exponents, enlarges the class of weight, and in some cases provides a smaller constant
of transference.

Corollary 3.1 Let0 < p < oo, Wi, W, € RW(R"), and let i, 1, be their restric-
tions to T".
Let (¢;) be a sequence of functions uniformly regulated in R", i.e.,

lim e " sup | (¢j(x+)/)—¢j(x)) dy| = 0.

=0 jeN Jen

If T} is bounded from LP(R", W) to LP(R",W,), then T$|Z" is also bounded on
LP(Tna,ul) to LP(THMLLZ)'

On the other hand, we could also select E = ¢ with 1 < g < o0, ¢: Xt —s (P
given by ¢(x) = (¢;(x)) jen and define

1/q
SP(f)x) = (Z |T<>j<f><x>|Q) = ITo(N)0)|ar
jEN

This way, we can apply Theorem 2.4 to get the following corollary.
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Corollary 3.2 Let0 < p < ocoandl < g < oco. Let W; € RW(R") and let 1; be its
restriction to T".
Let (¢); be a sequence of regulated functions such that

(3.1) lim ™"
e—0 ( ]%1;]

for which S;)q) is bounded from LF(R" W) into LP(R", W,). Then Siﬁ)z,, is bounded
from LP(T", py) into LP(T", ).

/ (pj(x+y) — ij(x))dy‘ q) v -0
T

The reader is referred to [2] for similar result in the casesq = 2and 1 < p < oo,
where W; = W € A,(R") and it is periodic.
Finally, let us also recall the particular case ¢;(x) = xa,(x), where

Aj =KD D) x o [P k)  and k)

»
i ki i in/ki =«

with o > 1foralll € {1,...,n}. For ¢ = 2 one obtains that Sif) corresponds to
the classical Littlewood—Paley square function Sa ( f). This operator was shown to be
bounded on LP(R", W) for 1 < p < coand W € A,(R") by D. Kurtz (see [11]).

We can now consider the case n = 1, k; = 2/, and I; = (27,27%1). Notice that the
mapping ¢: R — ¢2(N) given by

P(x) = ZXIJ_I(x)ej for x # 42771,

=0
. 1
P27 = E(ej +ei_1),

j € N, is not continuous but satisfies (3.1). Then we have the following corollary.

Corollary 3.3 Let1 < p < oo, let W € A,(R) be a periodic weight, and let w be its
restriction to T. Let

sorw=(Y| X Fwe)", reraw.
j

2i< [k <21

Then there exists C, > 0 such that HgA(f)HLp(’H‘n,W) < Cpll fllzocrr w)-

3.2 Extension

We now see applications of Theorem 2.5 when considering particular cases. The first
one essentially states the fact that any multiplier in M5 5(T") is also a multiplier in
M5 5(R™).

Given w € L'(T") we define its periodic extension as W(x) = w(x — [x]) for
x € R", where [x] stands for the unique value k € Z" such that x € k+T". Note that
for the periodic extension of w one has that

D}/mW(x)ern (x) = m"W(mx) = m"w(x), m € N,x € T",
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and so,

11l

p.D}/meTn (

g < m" PV ).
This allows us to state the following corollary.

Corollary 3.4 (Periodic extension) Let0 < p1, p; < 00. Let w = (wy, wy) be two
weight functions in T" and let W = (W, W,) be their periodic extensions to R".

Let ¢: R" — E be a bounded regulated function. If (D, $)|z: € Mz(T", E) for all
m € Nand

sup "1/ p2=1/p1) (D)
meN

then ¢ € MEW(RH7 E) with

2 || My (T E) , < OO

H¢||M§.W(R"75) < sup mn(l/szl/Pl)”(Dm(;s) 2 ||ty .-
meN

Notice that in this case there is no need of a family of weights in T". A single
function is enough.

Furthermore, in the case of weights given by power functions W (x) = |x|? with
v > 0, we note that w) = ((Di/AW)XTH ) = A" (W), and so, given two power

weights W;(x) = |x|" we have

” (D/\¢)|Z" (v2tn)/ p2—(n+n)/p1 ” (D,\¢)|Z"

My, (T"E) = A My 5(T" )
As before, this allows us to state the extension result without the need of a whole
family of weights in T".

Corollary 3.5 (Power extension) Let 0 < p;, pp < oo. Let Wi, W, be two power
weight functions in R" and let wy, w; be their restrictions to T".

Let ¢: R" — E be a bounded regulated function. If (Dx¢)|z» € Mz 5(T", E) for all
A > 1 such that

sup )\(’y’2+n)/P2—(’71+n)/Pl ||(D)\¢)|Zn ||M§,W(TH7E) < 00,
A>T

then ¢ € ME,W(Rn’ E) with
H(b”Mp_W(R”,E) < ilili A2t/ pr—(m+n)/pr (DA |z || (0 5 -

3.3 Other Transferences

In this section, we first simplify the transference criteria of Theorems 2.12 and 2.10
by using conditions that allow us to remove the dependence on the dilations of the
symbol. Then we apply the result in different scenarios.
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3.3.1 Removing the Dilations over the Symbol

We remind the reader that the conditions for transference in Theorems 2.12 and 2.10
above were that ¢ € MﬁDiV(Rn’ E) for all A > 1 and the criterium (2.11):

sup D'(A\, D, W)l () < 00
A>1 A

This last inequality depends strongly on the dilations of the multiplier ¢.
However, whenever a weight W' is such that the dilation operator D, is bounded
on LP(R", W), we can use (2.6) and (2.7) to deduce that

19113, 1 2y = IDAPvt; ey < D1/l po e DAl 1 i | Bl .
= DL, 2, W)l gy -

For this reason, in Theorems 2.10 and 2.12, if we add the hypothesis that the dila-
tion operators associated with the weights V; are also bounded, then we can remove
the dependence of the previous criteria upon ¢, and so replace the previous condi-
tions by ¢ € Mﬁv(R’ﬂ E) and

sup D'(\, p, W)D(A™!,p,V) < cc.
A>1

Although Theorem 2.10 can be simplified in such a case, we only state the corollary
of Theorem 2.12.

Corollary 3.6 Let1 < py, py < ooandletp = (p1, p2). Let W; € RWE(R")NDW
and let w; be their restrictions to T".

Let U; be co-radial weights U; € LZ)‘C(R”) and U21
assume that V; = U;W; € DW(R") fori = 1,2 and

—-p; c qul

loc

(R"™). We further

A =supD'(\,p,W)D(A!, D, V) < oo.
A>1

Let ¢: R" — E be a regulated function. If ¢ € M7 (R", E), then

¢ |zv€ Mp5(T" E) and 9|z || s cmep) < CA[@m e ),

1 —1
where C = ||U1/plx{|x\<1}||m(w) U, /pZX{\x|<1}||Lpz’(Rn)'

3.3.2 Improving Theorem E

Applying Corollary 3.6 for p; = p,, W, = W, = land U, = U, = U, we can obtain
the following corollary, which recovers Theorem E.
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Corollary 3.7 Letl < p < oo and let U be a co-radial weight in DW(R"),

1 1/p Lo\ e
(32) C=sup— (/ U(x)dx) (/ Ux)—? dx) < o0
meN M |x|<m |x|<m

and

(3.3) sup D(A, (p, p), (U,U)) < oo.

Let ¢: R" — E be a bounded regulated function. If ¢ € M, y(R",E), then ¢ €
M,(R",E) and ¢|z» € M,(T", E) with

max{ ||¢|lu, @), 6]zl py} < C sup DX, p,U) M|l uy 0 () -

>1
Remark 3.8 Observe that Theorem E follows from Corollary 3.7, by selecting
U(x) = |x|”. Notice that the condition (3.2) holds if —n < v < n(p — 1) and

the obvious condition D(X, (p, p), (U,U)) = 1.

When W, = W, = 1, the statement of Theorem 2.10 reads as follows.

Corollary 3.9 Letp = (p1, p2) with0 < py, p < 0.
Let U; be nonnegative locally integrable functions with U,(x) > 0 if x > 0 and

(3.4) sup Ui(y) <K inf  Us(y).
{mglywzzm} Y (m<lyl<amy 2

Let ¢: R" — E be a bounded regulated function such that ¢ € My 1, 5(R", E) for
allm € Nand

(3.5) A = sup [|§][a, , e p) < 00,
meN "
then ¢|z» € M5(T", E) and ¢ € M5(R", E).
Moreover, max{||||s &= k), [|¢] 22 || a5y} < KA.
This last result shows that the family of power weights and the values of p in

Theorem E can be improved. Note that if U(x) = |x|7, then D}, U (x) = m~""U (x)
and forallm € N,

zn

H¢||M§-,D},,U(R"’E) — =)/ P2+ (ntn)/ ||¢||MW(R&E).

Notice that conditions (3.4) and (3.5) hold for power weights if v; = 7, and

p1 = p2. In particular, only the local integrability of the weight is required for the
result, and so we obtain the following improvement.

Corollary 3.10 Let0 < p < co and U(x) = |x|? for —n < 7.

() If¢ € Myy(R"), then ¢ |z My(T").
(i) If¢ € M,y (R"), then ¢ € M,(R").
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3.3.3 Other Applications

Note that we can use Corollary 3.7 to conclude some results about multipliers on
weighted L? spaces. Using Fefferman’s result on the ball multiplier, one obtains the
following consequence.

Corollary 3.11 Letl < p < 0o, n > 2 and let U be a locally integrable weight in R"
that satisfies (3.2) and (3.3). Then ¢ = Xx{|x|<1} ¢ M, u(R") for p # 2. In particular
X{lxj<1} & Mp |« (R") for p # 2 and —n <y < (p — Dn.

Recalling that ME-W(RH) = {0} when and W; = W, = 1 and p; > p,, we can
now also apply Corollary 3.6 and Theorem 3.9 for p, < p;yand W; = W, = 1to
obtain the following result.

Corollary 3.12 Letp = (p1, p2) with 0 < py, pa < oo and let Uy, U, be co-radial
weight functions with

(3.6) sup DO\, p,U) >0,

0<A<1

which satisfy that either 1 < p, < p; < 0o and

1 1/171 1 1—p/ I/Pz/
(3.7) sup(n/ Ul(x)dx> (n/ U, ‘Dz(x)dx) < 00
meN \ M |x|<m m |x|<m

or0 < py < p1 < 00 and

(3.8) SUP,,< 4| <2m U1(x)dx g
' sup - 0.
’”E% inf,, < |y <om Ua(x)dx

Then M5 5(R") = {0}.
The last corollary is an application of the previous result.

Corollary 3.13 There is no nonzero multiplier from LP'(R", |x|") to LP2(R", |x|7?)
whenever either

p1>py and —n<m<m
or

l<py<pi,—n<v<n(py—1) and ,n<%<%§%%.
2

In this case, W; = 1, U;i(x) = |x|, V; = U, and so we have D(A,p,U) =

n+",2 Yl+",l
A2 T,
Moreover, the local integrability means min{~v;,7,} > —n, while condition (3.7)
becomes + N
2 1
— > —,m>-n y<n(p,—1)
j2) j4 4
and condition (3.8) becomes v; < +,. In both cases condition (3.6), corresponding
to ”;% > %, automatically holds.
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4 Restriction of Multipliers
4.1 A New Class of Weights

We start this section by showing that the new class of weights RW(R") presented
in Definition 2.2 contains the classical classes of periodic functions and Bohr and
Besicovich almost periodic functions.

We recall that an almost periodic function in the real line has been shown to co-
incide with uniform limits of trigonometric polynomials, F(x) = Z?]:l eV,
where A\; € R (see for instance [11]). It is easy to show that almost periodic func-
tions are uniformly continuous, bounded, and that the limit

exists.

Therefore, we say that a locally integrable function f: R” — C is almost periodic
(in the sense of Bohr), f € AP(R"), if f can be approximated by trigonometric
polynomials fy(x) = le\r:l a;e*™ %, where aj € C and \; € R” under the norm
in L*°(R").

Somewhat later Besicovitch considered the space of functions that can be approx-
imated by trigonometric polynomials under the norm

1 T
Il = timsup o [ |

and described them in more intrinsic way (see [3,4,6]).
We then say that a locally integrable function f: R” — C belongs to B'(R") if f
can be approximated by almost periodic functions under the norm

1
ey = limsup —— / (x)|dx.

Condition (2.3) is trivial to check either for almost periodic functions and for
functions in the Besicovitch class B!(R”). Let us show that weights belonging to
these classes are included in RW(R").

Theorem 4.1 (i) If f € AP(R"), then there exists a sequence (Ag)kez such that for
any interval I C R", |I| # 0,

lim f(x)efzmlkxdx = Ay.

A—ro0 W M

(ii) If f € BY(R"), then there exists a sequence (Ay)rez» such that

1
lim

—2mikx
_— dx = Ay.
A—o0 |>\T”| AT f(x)e ~ k
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Proof (i) We first notice that for a < b and a real number ~y # 0 one has that

T
27r1fyx
S T~>oo T(b— a)/ dx =

Hence for a trigonometric polynomial f(x) = Z;\]:o o} jeZWi“/]x, where a; € C and

v/ € R", one concludes that for any interval I = [["_, I,,any j € {0,--- ,N}, and
any given k € Z",

1 _
lim eme Xo 27r1kxdx —

271'1( —k)x,
e dx.
A—00 ‘)\I' A\ r=1 A—00 ‘)\I,| AL

Therefore, from (4.1) one obtains

1 —2mikx _
Ahango | AIf(x),e dx = Ay(f)

where Ax(f) = a;; whenever v} = k, and 0 otherwise.
For a general almost periodic f, given € > 0, take fy polynomial with

If = Ml < e/4

and )\ such that if A > )\ one has that
1 .
|Ak(fv) — By /M fu(x)e 7 dx| < /4.

Therefore, if A;, A, > Ao, then

. 1 )
’m A f(x)e—kaxdx_ ‘)\21| f(x)e—Z'/rlkxdx‘
I I
1 1
Wil 160~ fColder o [ 1£ — o

1 . 1 .
+ ‘ — / (x)e™ 2k dx — (x)e_zmk"dx‘
] Sy ™ el S ™

<L2|f = fullio@n +€/2 < e

This shows that ( ﬁ f AL f(x)e~ "k dx),, is Cauchy sequence for any sequence \,, —
00, and hence lim)_, oo ﬁ N f(x)e 2k dx exists.

Part (ii) follows the same argument as (i) using only I = T”" and replacing the
L>°(R") by the B!'(R") norm. [ ]

We also remark that not only do almost periodic functions (and in particular con-
tinuous and periodic functions) but also the periodic weights (which are just as-
sumed to be locally integrable) belong to B!(R").
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Remark 4.2 Givenw € L'(T") and (o4 )rez» one can define
W(x) = agw(x — [x]),

where [x] stands for the unique value k € Z" such that x — k € T". The argument
above shows that W € RW(R") whenever there exist the limit

. 1 1
rjgngow z aj=A and sup Z || < o0.
il <m " Ksm

In such a case,

1 .
1' - w —2mikx — A’\
Jlim s (x)e dx w(k),

where w(k) denotes the k-th Fourier coefficient of w.
In particular, selecting o = 1 for k € Z" one gets that if W is a periodic weight
then W € RW(R"). Moreover, duy (x) = W (x)x (x)dx, because for every m € N,

1

lim — e RW (x)dx :/ e R w(x)dx = w(k).
m—oo (2m + 1)" Jome1yre

n

We now prove now the main property of this new class of functions to be used in
the sequel.

Lemma 4.3 Let W € RW(R") with restriction to T", pw, as defined in (2.5). Then
for any g € C(T") we have

A—00 A"

. 1
Iim — / )W (x)dx = / g(x)dpw (x).
)\’]I‘Yl "
In particular, gW € RW(R") for any g nonnegative continuous and periodic func-
tion. Moreover, dpigyw = gdpuw.
Proof Assume first that g is a trigonometric polynomial; that is,

g(x) — Z ajeZm‘jx.

ljI<N

Then

gEOW (x)dx = Z og% W (x)e*™ *dx

A
AT# ‘ ATn
[j/I<N

and, by definition,

Al;ngo % /w" gXOW(x)dx = Z ajA_; = /T” g(x)dp(x).

liI<N
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For the general case, we take, for any € > 0, a trigonometric polynomial P such that
llg — P||1®n) < €B~!, where B is the constant appearing in (2.3). Then

3 [ sowwas— [ geodu] < |55 [ @ - W]
A"\ " A"

T

+ 5 A | POOW () — / Py )] +| | (P~ g)dp ().

T

The second term tends to zero when A tends to infinity by the previous case. So,
it only remains to prove that the limit of the first and third terms when A tends to
infinity can be made as small as needed. But this is trivial, since

. 1
I\ (g(x) = Px))W (x)e " dx| < ||g = Plloeirny— [ W(x)dx <ce,

AT A AT

and the proof is finished. ]

Remark 4.4 It follows from Lemma 4.3 that uy is a nonnegative measure.

4.2 Lemmata

Now we develop a lemma to replace the use of x» by a more general approxima-
tion of the identity. For this, we first prove the following property of functions in
RW(R").

Lemma 4.5 Let W € RW(R") with the associated sequence (Ax)kczn. Then, for
every interval I = [a,b] C R with a < b, we have that

lim — [ W(x)e 7 dx = Ay,
=00 M)y, () ¢

where ] = H?:l(l U (=1I)).

n

i1 [—a, a]. In such a case, the

Proof We first prove the same property when J = []
result is trivial as we see:

1

— W (x)e ™ dx — Ay
RISV

- —2mikx
= i M(W(x)e Ay)dx.

Since ] = 2aT", we have that previous expression can be rewritten as
_— W (x)e 2™k — Ap)dx
2V S g

which tends to zero by the definition of Ay.
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Now, for every I = [a,b] C R, let r; = max(|al, |b|) and r, = min(|al, |b|) Then
we have that I U (—I) is either [—ry, r]\[—72, 7] if a and b have the same sign or
[—r1, 1] otherwise. Therefore, ] = 2r;T"\2r, T". This implies

1 - |21’1T”| 1 s
- W 27ikx —A d — W 2mikx _A d
|AJ] /\]( (e K [J| [2r AT"| 2r|X[F”( (e i
. |21’2T”| 1

S — (W (x)e™ 2™ — A)dx,
[JI 20 AT Jap s ¢

and both terms tend to zero when m tends to infinity.

Remark 4.6 Assume that f satisfies (2.3) for some 1 < p < oco. For any rectangle
I C R" with |I| # 0 there is k € N such that I C kT", and so

IAKT"| 1

1
limsup—/ f(x)|Pdx < lim sup —_— f(x)|Pdx
Ao A >\I| | Asoo M| |AKT?] AkT”‘ |
|kT™] . 1/ |KT™|
= lim sup — (x)]Pdx < BP.
T PSP g T <

Lemma 4.7 Let f: R" — R satisfying (2.1), (2.3) for some 1 < p < oo. Let
@: R" = R belonging to LP (R") be co-radial with compact support (and continuous
in the case p = 1). Then,

lim [ f(x)Dip(x)dx=M(f) [ p(x)dx.
A—00 R R»

Proof We first assume that ¢ is a oo-radial step function, ¢ = ZI k<N PEXA with
AV H?:l (It U (=It)). In this case the proof is trivial, since

[ rwnkewis = Y v [ o s

[k|<N

1
- 3 oy [, o

[k|<N
and so by the same arguments as in the previous lemma
1
li Dj = Ayl li
Jim [ feopheis = 3 il fim s [ s

[k|<N

= (/ w(x)dx> M(f).
Rn

For the general case, we argue as follows. Let K = [—a,a]” C R” rectangle such
that supp(¢) C K. For any € > 0 let ¢, be a co-radial step function as previously
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described with support in K such that [|¢ — ¢l gs) < (|K|'/?B)~'e. Notice that
the step functions ¢, have domain defined by a finite union of bounded intervals.
Therefore, when p = 1, the approximation is only possible if ¢ is assumed to be
continuous. Then

/f(x)Ditp(x)dx:/ f(x)DigaE(x)dx+/ f(x)(Dyg(x) — Dyge(x)) dx.
Rﬂ n Rﬂ

The first term tends to the expected limit because ¢, is a step function. So we just
need to prove that the limit of the second term when A tends to infinity can be done
as small as needed. This second term can be rewritten and bounded in the following
way:

| / f)(Dhplx) — Dhpc(x))da
AK

1/p
< D)@ = )l e ( /. f(x)|de)

1 1/p
S Sy eI

) 1 1/p
— o = ol K “’(mq /| f<x>|de>

Taking limit in A we have

lim | [ f0Dypx) — Die)dx| < llp = @l KB <. m
AK

A—00

Finally, we prove the following corollary, which will be the usual way in which we
will use the previous result:

Corollary 4.8 LetW € RW(R") and let pu be its restriction to T". Let f: R” — E be
a vector-valued trigonometric polynomial and let @ be a co-radial continuous function
with compact support. Then

: Y4 _
lim /R DR W () = ( A ||f(x)|"du(x)> ( /R n |so<x>|f’dx).

Proof Since | f]|? is a periodic continuous function, we have by Lemma 4.3 that
I FIPW € RW(R"), and we then obtain the result by Lemma 4.7 applied to || f||PW
and |p|P. [ |

4.3 Proof of Theorem 2.4

Proof in the case of symbols continuous at Z" Now we give two basic lemmata that

describe the way we can compare T and Ty, for continuous symbols.
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Lemma 4.9 Let ¢p: R" — E be a bounded function continuous in 7" and let & €
LY(R™) such that ® € L'(R"). Then

Alirgo|y Ty(PDA®) — Ty, (PIDAD|| e gy = O

forany P € P(T").

Proof Let us first assume that P(x) = 2™k for k € Z". Notice that PD\® € LY(R™),
50 Ty(PD,®) is well defined. Moreover, since Dy® = Di / L\ @,

Ty(PDy\®)(x) — Ty, (P)(x)DP(x)

/R ¢(;,)D%//\&\)(y _ k)eZ‘/rixydy _ ¢(k)€2mkx/R D%/)\(/I;(y)ekrixydy

=™ [ (¢(y + k) — ¢(K))D} ), B(y)e™ dy.
R?

Therefore, by linearity, for a polynomial P(x) = Z‘ k<N e’k

Ty(PDA®)(x) — Ty),, (P)(x)Dr®(x) =

Z ak( /]R" (¢(}’ +k) — ¢(k)) D%//\(f)(y)e%ixydy) 2mikx

k| <N

This shows that

| To(PDA®)(x) = Ty, (PY)DAPX) || | e ) <

S faud [ 1160 +8) = 600 g DLy

k| <N

Therefore we conclude the result by using Lebesgue’s Dominated Convergence The-
orem and the continuity of ¢ at k € Z". ]

Lemma 4.10 Let0 < p < oo, W € RW(R") with restriction measure . Let

® € C.(R"), co-radial and such that || ®|| o = 1. Let ¢: R" — E be continuous in
Z". Then

1/p 1/p
(/ | Ty, (P)(x)pd,uw(x)) :Alim (//\ ||TO(PD§<I>)(x)||PW(x)dx>
Tn - K

o0

forany P € P(T"), where K = H';:l [—a, a] such that supp & C K.
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Proof Let P be a polynomial and ® € C.(R") co-radial such that supp(®) C K =
H;-l:l[—a, a] with ||(I)||LP(R;«) =1.

Since f = Ty, (P) is a trigonometric polynomial and ¢ = |®[? is continuous,
oo-radial and compactly supported, we have from Corollary 4.8

/ 1 Ty, (P)(20)||Pdpu(x) = lim / 1 Ty, (P)(x)D§<I>(x)||PW(x)dx.
T A—o00 K
Now, when 1 < p < oo we use Minkowski’s inequalities

| flle@ewy = llglle @ wy < I f + gllee@ew) < || flleo@sw) + lIgllze@ew) s

while when 0 < p < 1, we use the pointwise estimates

[FEOP = llgGlIP < [[f(x) + gP < (I FEF + (g o) [|?
to obtain for s = max(p, 1),

1/s 1/s
([ 1T @entewiwed) " < ([ |T.eotem|eweds)
AK AK

1/s
4 (A*” / 1T, (P)(X)DAB(x) — TQ(PD,\CI>)(x)||PW(x)dx)
AK
and

/s 1/s
( / HTW(P)(x)D§<I>(x)||PW(x)dx) > ( / ||T¢(PD§<I>)(x)||pW(x)dx)
AK AK

1/s
- ()\‘" /A \|TQ>‘Z,1(P)(x)DAQ>(x)—Td,(PDA@)(x)HpW(x)dx)
K

In both cases we just need to prove that the second term tends to zero when A tends
to infinity. This second term can be bounded by

p/s —n s
Tt (PYDAR() — Ty (PDABY L2 (A AKW(x)dx) ,

so the result follows by taking lim as A — oo and invoking Lemma 4.9 and that
limsup, , [A7" [\ W(x)dx| < CIKIM(W) < oc. [

Proof of Theorem 2.4 for symbols continuous at 7"
Select & € C.(R") co-radial with ||®||, = 1. From Lemma 4.10 one has

1/p
( / ||To|z,,<P><x>||Pduz<x))

1/p
= /\lim (/ ||T@(PD§<I’)(x)||PW2(x)dx>
— 00 R~

IN

1/p
I, 5 cr ) Jim ( / |P(x)P|D§(I’(x)|PW1(x)dx> :
oo Rn
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By using Corollary 4.8 again for f = Pand ¢ = |®|?, we get

1/p 1/p
Alirn (/ |P(x)P|Di|<I>P(x)W1(x)dx) = (/ P(x)|Pd,u1(x)> )
—o00 \ Jpn Tn

Therefore,
1 To10 P i) < Bl @y Pl g

and, by the density of polynomials in L?(T", ), the proof is complete. ]

Remark 4.11 The argument above shows that if ¢ is continuous at Z" and ¢ €
Mﬁ,W(R”7 E) for p = (p1, p2) for p, < py, then ¢(k) = 0 for any k € Z".

Proof in the case of regulated symbols We now prove the same result in the setting
of regulated symbols. The main idea in the following lemma appears in [5, 13] when
handling weak-type inequalities. Despite the fact that the restriction theorem proven
so far is truly meaningful only when both integration exponents coincide, we state
and prove the result about restriction of regulated symbols for two different expo-
nents. We do so because the same method can be applied for other type of restriction
theorems in the nonhomogeneous setting.

Lemma 4.12 Let0 < py, ps < 0o. Let Wi, W, be weights in R" and let p € L'(R").
Let ¢: R" — E be a bounded measurable function. If ¢ € Mgw(R",E), then
¢ * ¢ € My (R", E). Moreover, there exist K > 0 such that

¢ * el @) < Kgllollnwn |l 5@ b,

where K = 1 for py > 1.

Proof Denoting M, f(x) = e*™* f(x) we have that

Tous(F)(0) = /R M, T,M_ (F) (o) dy

for functions f € C>°(R").
Then, for p, > 1, Minkowski’s inequality shows that

I Tons DMizser < | ITMy Dl gy

< 116l e / 1My (Pl v [0y

= [|llpt, @) 2l 12 Ry [ f 1|20 2w -

For 0 < p, < 1 we write

Ty F)(x) = /R TM ()Ml

https://doi.org/10.4153/CJM-2012-041-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2012-041-0

Transference of Vector-valued Multipliers on Weighted LP-spaces 535

Now for each x € R”, f € C°(R") and e* € E’, where E’ is the topological dual
of E, we have

(Toep (D) < [ [T () [0y

On the other hand, for any x € R",

My (169 = T (D] = | [ 67,710 = 7- Frenereae|

<ol @nllr—y f = 7y fllnrwe)-

Hence, given € > 0 there is 6 = d(¢) > 0 such that

sup | ToM_, () (x) — ToM_y (f)(x)||e < € whenever |y — y'| < 4.
x€R"

Hence,

(Toup(f) (), €7)]

<Y [l ne.e)

kezr

lo(y)|dy

< Sl [ ey

kezn

+Z/ [(ToM_si( )(x), €%) — (ToM_si( £)(x), %) ()] dy
kezr Ok+oT"

Therefore, denoting yx = yi(¢) = dkand X\{ = [}, , s
| <To*¢(f)(x)7 €*>
< ST UMTMoy, (H), )| Mete Y AR

kezZn kezn

N\ 12 1/2
) (Z)\k2> +ellelln@n

kezn

©(y)|dy, one gets

= (Z\ (To M, (), €7)

kezr

1 P2 1/p2
sc( [ ot (e, eno) dt) 1ol + el
0

kezr

! 1/p
= [T Z Mo om0 ey ) el + el

kezn

where (14)rez denotes the Rademacher system and the last estimate follows from
Khinchine’s inequalites.
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Hence,

1/p2
ITous A < Cllipl hg;igf( / | 7. ( 3 A () | dt) :

keZn

and by Fatou’s lemma one concludes that || Ty, ()] 122 (R, w,) is bounded by

1
Cllwlli{fmhgonf(/o /

1/2 . .
= Cllolljftan) 11151351f(

T, <;§ MM, (f )m(t)) (x) H pZWZ(x)dxdt> "

1/2
dt>
L2 (R W)

1/p2
dt>
LP1(R" W)
for any function f € C>°(R").
Now Kahane’s inequalities (see [7, page 211]) allow us to write

1/p2
(LI ol ., )

kezn
1/p1
dt)
LP1(R7, W)

<o [ wanom \
LP1(R", W)

(3 My (pne)) ||

kezn

< Cllgll!Gan 19l (/ |2 My (finte ]

kezr

kezZr

<c| (2w, r) |

kezn

/
= (X IP) Il

kezn

= Cll@lly! Gy 1 s o s

This, combined with the above estimate, implies the result using the density of
C>*(R") in LP*(R", W7). [ |

Proof of Theorem 2.4 for regulated symbols Since ¢ is regulated, we take ¢ €
L'(R") with compact support such that ||¢||;1®:) = 1 and lim._0 ¢ * pc(x) = @(x)
for all x € R", where ¢, = D!¢.

From Lemma 4.12 we conclude that ¢ * ¢, € MEW(R”, E) with

¢ el wrrpy < Kpll@llags )

Now, since ¢ * ¢, is continuous in R”, we can apply the previous case and obtain that
(¢ * )|z € Myp5(T", E) with

(@ * )

o8 < 6% el @ r) < Kplllla gy @ )

n
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Finally, for any P € P(T") we have Ty, (P)(x) = limc o T(gx,
by Fatou’s lemma

(P)(x) and so

)z

T (P2 1y < BN [ Ty (P 22 1
< Kpll ol o @ py [ Pller (z o)

which ends the proof in this case. ]

5 Extension of Multipliers
5.1 Notation and Lemmata

Recall that for f € L'(R") the periodization of f, denoted by f (see [14, pp. 250—
253]), is the integrable function in T” defined by

f) =" flx+k),

keZnr

where the convergence of the series is understood in L!(T").
In particular, for a continuous integrable function f defined in R” satisfying

|f ()| + \]?(x)| <A/(1+ |x|2)a/2

for some A > 0 and a > n (which imply that f and fare uniformly continuous in

R") it turns out that fis the well-defined periodic function given by any of the two
following formulae

fo =3 fer k=3 flkems,

kezr kezZn

The second equality is the expression of Poisson’s summation formula.

5.2 Proof of Theorem 2.5

Let f € C°(R"). Then, by using vector-valued Riemann integration,

To(f)(x) = /]R SN (@™ dy

— mlgnoc m" Z ¢(k/m)f(k/m)627rixk/m'

kezZn

By the Poisson summation formula, we have

51-/\;,/]"()6) —m " Z f(k/m)eZWikx’

keznr
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and so R o
m=" > Gk/m) f(k/m)e™ /™ = DT, )10 (Dij f) ().
kezr
We select 0 < v, < 1 supported in T” continuous at the origin with 1,(0) = 1
and v; = 7. Then we have for every x € R",

(5.1) To(f)() = lim Dy (T, Dy fvd ™) ().

Using that D, /,,, f is supported in T" for m big enough, we obtain

Dy f(x) = (Dy f) (%), x € T

Therefore,

/ 1D (T (Dr e I 7)) |2 Wi )
RYI

< N T0,6) 10 (PrymH)@P212(x)Dy , Wi (x)dx
RH

=/ 1 T(D,16) 0 (D1 /o £ ()| P2 Wi 2 (x) dx
']rn
o p2/p1
< ||(Dm¢)\Z"||§%W (W,E)(/ |D1/mf(x)plwm,l(x)dx)
W Tn

p2/p1
= (D)2 m( / |D1/mf<x>le(x)D}/mwl(x)dx)
) .

2
DWm

< N(Dm)lzs I3,

p2/p1
py (X
p.wmmr",m( /R el Vl(m) W, (x)dx)

Now, by Fatou’s lemma in (5.1) we obtain

1T 22 @en )

, x 1/p1
< n [ n i 1 —
< sup [|Dnd)lzr i, v ml;m@( /R Afelr (2w (x)dx)

= sup ||(Dud)|z vz, 0,8y || f Il @ewr)-
meN

The result now follows from the density of C2°(R") in L' (R", W). [ |

6 Other Transference Results

As previously stated, the restriction methods presented so far do not work for all
types of weights. This is the case in particular of power weights. In this section, we
will proceed in a different way to obtain new restriction theorems that are valid for
power weights.

The basic idea is to adapt the restriction procedure we used before to weights for
which the dilation operator is bounded (which can be of power type).
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6.1 Proof of Theorem 2.10

We write the proof only when ¢ is continuous at the integers. The extension to the
case when ¢ is regulated can be done following the same ideas as in Theorem 2.4.
Let us show that ¢|z: € M5 5(Z",E). We take v > 0 and ® continuous such
that ® > 0, co-radial and with supportin {6 < |x| < p}, || @]l (ge) = 1 + 7, and
1D ]| Lr: wry = 1. Also let P € P(T").
We first apply Lemma 4.10 to get

/p2
([ 1ol dio) ™ =
T

. —n 1/p2
tim (A / | T(PDA®) [P Waw)dx)
{OAZ x| <pA}

A—00

Now, we denote Cz_1 = infi5<)v<py Ua(x),C1 = SUP 5< x| <p} Ui (x), and use
(2.6) to obtain the following estimates: S

_n 1/p
(A / I T5(PDA®) ()| W(x)dx)
{OA<IxI<pA}

1/p2
<xrey( [ T4 (PDA®)(x) DA U ()W ()
(AI<pA}
—n/p p2 Ve
< AC Dallpaws (| 1D A To(PDA®) )7 Us ()W ()
]Rn
—n/p, p2 Ve
= NGy |Dllpaaws ([ 1 T0,6(D1 7 (PDAR) ()] Va(x)dx )
]Rn
—n/pa b1 1/p1
<A C2||DAsz,w2||DA¢||M§,7(R",E)( |D1/A(PD5®)(x)| Vl(x)dx>
RH
< )‘_H/PZC2||D/\HP2~,W2HD)\¢||M;5(R”A,E)”Dl/)\”Pqu
1/p1
( / |P(x)D,\<I>(x)\PlDAUl(x)Wl(x)dx)
{AA<Ixl<pA}
< ATMWRUPIC,C D, B, W) | Dad ||, o ey
n » 1/p
()\ / P(x)|? Dy ® ()| lwl(x)dx)
RYI
< C,CD'(\, P, WIIlPllasg 221

_ 1/p)
()\ n / IP(x)[? [ DA® ()| W, (x)dx) 0
Rﬂ
Applying Corollary 4.8 for f = |P|""W; and ¢ = ||, one gets

1/p1

1/p2
([ 1Pl die) ™ < Cllon e ([ 1P dineo) ",
T T
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where the constant is given by

CiCy sup D'(N, 2, W[ a1 v -
A>1 A

Since ||®||ze1 gy = 1 + -y making limits as y — 0, one gets the desired estimate for

6

Zn || M5 (T" E) -

Part (Pii) follows combining (i) with Theorem 2.5. Consider the weights D{ /mV,- =
(D, /mUi)(Di / .»Wi) and the multipliers D,,¢ for a given m € N. Note first that the
assumption (2.10) gives that the weights D, /,,U; satisfy (2.9) with uniform bound.
On the other hand, it is elementary to show that

D'(\,p,Dy;sW) = DN, p, W), A > 1,6 >0
and

IDsllnt, e o®ry = [lDllnt, iy epys A > 1,6 > 0.
DADP1s Dy
Hence A(D,,¢) = A(¢). Using that W; are periodic and also that
dp; = (D}, Wi)x (x)dx,

and applying Theorem 2.5 and part (i), one gets

@11, 5@ £y < sup [|(Dm@) |z llaa, HT7.E)
meN

1 V'
DY, Wi

< sug} Cy(m)C1(m)A(¢) < CA(9). u
me

To obtain the proof of Theorem 2.12 we considered the class RW(R") in the
introduction. We can now use Lemma 4.7 to obtain the following analogue of Corol-
lary 4.8 whose proof is left to the interested reader.

Proposition 6.1 Let1l < q < coand W € RWI(R") and let p be its restriction to
T".

Let f: R" — E be a vector-valued trigonometric polynomial and let © be a co-radial
function in LP9 (R") with compact support.

Then

jim [ drwntewieweds = ([ irwia ) ([ o)

6.2 Proof of Theorem 2.12

(1) As in the previous case, we will write the proof only in the case when ¢ is assumed
to be continuous at the integers.
We recall that for 1 < p < coand F € LE(T", 1), IF|l 2 (p»,,,) coincides with

sup{ ‘ / (F(x), Q(x))du,(x)| : Q € P(T",E), ||Q||Lf;f(1r".,uz) = 1},
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where E’ denotes the topological dual of E. Hence, it suffices to show that

[ 1T P Qb < CIPscenmn1Ql
T E/ sH2

for all trigonometric polynomials P € P(T") and Q € P(T", E’).

We fix § > 0 and choose ® € §(R"), & > 0, co-radial with support in {|x| < 1},
[[@[|zoe@r) =1+ 6 and ||| gs) = 1.

Using Lemma 4.10 for W = ||Q||W; and ¢ = ® and p = 1, we have

lim | T (PDy®) (x) || Q(x) [ W3 (x)dx.
A=00 J{1x| <A}

[ 1T P 1000 o) =
’H‘n
Now, using Holder inequality one obtains that
[ en@@ e Waeds
{Ix|<A}
is bounded by I, 1,, where

— 1/p2
W)= (A7 [ T DB W P DU Wa s
{lxl<A}

and

/ / 1/p;
)= (X7 [ QDU W x)ds)
{Ixl<A}

To estimate I}, we use the fact that D,y Ty(f) = Tp,¢(Dy/r f) to get
—n 1/p2
n<(a / |75 (PDA®) (5) |7 DU (0) W ()
Rn
—n/pa p2 Vp:
<A Dl (|10 To(PDA®) ) [P Us ()W ()
]Rn
—n/pa p2 VP2
= A2 Dol (] 1 T0,0(D1 A (PDA®) )7 V2(x)dx)
Rn
—n/pa p1 Vp
< AP Dyl D16ty (| 1D A (PDA®)Y I V1 (x)dx)
: 8

1/p1
:)\_”/pzHD)\”pz,Wz”D/\(ZSHM;V(R“,E)(/ \Dl/,\(PDAq))(x)|P1Ul(x)Wl(x)dx>
: .
< AT DA s [ DAGl vt ) [ Dl oy w

1/p
( |P(x)DA<I>(x)|P1D,\U1(x)W1(x)dx)
Rﬂ
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< )\_n(l/Pz_l/pl)D()Hf’W)HD/\(bHMﬁ (R".E)

v

_ 1/p
()\ n |P(x)D,\<I>(x)|p‘DAU1(x)Wl(x)dx)
R"
1 . — _n 1/p1
= D' 5, W) llar ()\ / |P(x)Dy®(x)|P DUy ()W) (x)dx)
A R»

Now, we apply Proposition 6.1 for Wy, p;, P, and ¢; = \<I>|U11/pl (note that ¢ €
L4171 (R") is co-radial with compact support) to conclude

lim sup L < sup l)1 ()\, ﬁ, W) ”d)HMﬁDiV(R”*E)
>1

A—00 A

. _ 1/p1
lim ()\ n \P(x)D,\<I>(x)|P1DAU1(x)W1(x)dx)

A—00 Rn
/p /p1
<a@)( [ 1o viwas) " ([ peoledi )
RYI ']TVI
1/py
<a@+0)( [ vieodx) " Pl .
{lxl<1}

On the other hand, to bound I, we use Proposition 6.1 again for W5, p;, Q, and
py = U;l/pzx{‘xkl} (note note that ¢, € qu’PZI(R”) is co-radial with compact
support) to get

lim I = lim [ [|Q)|7DL(U; /") (x)W,(x)dx
A—00 A—00 Rr

( / U2<x>Pz’/P2dx> < / ||Q<x>||Pz’du2(x>).
{lx[<1} T

Finally applying the two previous estimates we get

[ 1T YO Q@ ias) < P2 @l
where the constant equals

1/p1 —1/p2
ADNUP X (g ey i@ U5 P X{Ixl<1} 1 oy (1 £ 6)-

Now taking limits as § — 0 the proof of (i) is complete.
Part (ii) follows the same argument as the proof of Theorem 2.10(ii) and is left to
the interested reader. [ |

Acknowledgment Finally, both authors would like to thank the referee for sugges-
tions and comments that led to a significant improvement of this work.

https://doi.org/10.4153/CJM-2012-041-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2012-041-0

Transference of Vector-valued Multipliers on Weighted LP-spaces 543

References

(1]

(2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]
(10]
(11]
[12]

(13]
(14]

K. E Andersen and P. Mohanty, Restriction and extension of Fourier multipliers between weighted LP
spaces on R" and T". Proc. Amer. Math. Soc. 137(2009), no. 5, 1689-1697.
http://dx.doi.org/10.1090/50002-9939-08-09774-8

E. Berkson and T. A. Gillespie, On restriction of multipliers in weighted settings. Indiana Univ. Math.
J. 52(2003), no. 4, 927-961.

A. S. Besicovitch, Analysis of conditions of almost periodicity. Acta Math. 58(1932), no. 1, 217-230.
http://dx.doi.org/10.1007/BF02547778

A. S. Besicovitch and H. Bohr, Almost periodicity and generalized trigonometric series. Acta Math.
57(1931), no. 1,203-292.  http:/dx.doi.org/10.1007/BF02403047

, On restriction of maximal multipliers on weighted settings. Trans. Amer. Math. Soc., to

appear.

A. N. Dabboucy and H. W. Davis, A new characterization of Besicovitch almost periodic functions.
Math. Scand. 28(1971), 341-354.

J. Diestel, H. Jarchow, and A. Tonge, Absolutely summing operators. Cambrigde Studies in Advanced
Mathematics, 43, Cambrigde University Press, Cambridge, 1995.

J. Garcia-Cuerva and J. L Rubio de Francia, Weighted norm inequalities and related topics.
North-Holland Mathematical Studies, 116, Notas de Matematica, 104, North-Holland,
Amsterdam, 1985.

M. Jodeit Jr., Restriction and extension of Fourier multipliers. Studia Math. 34(1970), 215-226.

C. E. Kenig and P. A. Tomas, Maximal operators defined by Fourier multipliers. Studia Math.
68(1980), no. 1, 79-83.

D. S. Kurz, Littlewood-Paley and multipliers theorems on weighted LP spaces. Trans. Amer. Math.
Soc. 259(1980), no. 1, 235-254.

K. de Leeuw, On L? multipliers. Ann. of Math. (2) 81(1965), 364-379.
http://dx.doi.org/10.2307/1970621

J. A. Raposo, Weak type (1, 1) multipliers on LCA groups. Studia Math. 122(1997), no. 2, 123-130.
E. M. Stein and G. Weiss, Introduction to Fourier analysis on Euclidean spaces. Princeton
Mathematical Series, 32, Princeton University Press, Princeton, NJ, 1971.

Departamento de Andlisis Matematico, Universidad de Valencia, 46100 Burjassot, Valencia, Spain
e-mail: oscar.blasco@uv.es

Centre for Mathematical Sciences, University of Lund, Lund, 22100, Sweden
e-mail: paco.villarroya@maths.lth.se

https://doi.org/10.4153/CJM-2012-041-0 Published online by Cambridge University Press


http://dx.doi.org/10.1090/S0002-9939-08-09774-8
http://dx.doi.org/10.1007/BF02547778
http://dx.doi.org/10.1007/BF02403047
http://dx.doi.org/10.2307/1970621
https://doi.org/10.4153/CJM-2012-041-0

