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BEST TRIGONOMETRIC APPROXIMATION,
FRACTIONAL ORDER DERIVATIVES AND
LIPSCHITZ CLASSES

P. L. BUTZER, H. DYCKHOFF, E. GORLICH, AND R. L. STENS

1. Introduction. Let C;, denote the space of 2r-periodic continuous func-
tions and II, the set of trigonometric polynomials of degree =< #, where
n € P =1{0,1,...}. Given § > 0, the well-known theorem of SteCkin and its
converse state that the best approximation of an f € C,, with respect to the
max-norm satisfies

(1) B Co) = inf If = talles = 0"y (n—o)

if and only if, for some r < 6, r € N (= naturals),
() [[fO = (&)l = O (n— ),

where t,* = t,*(f) € II, denotes the polynomial of best approximation to f.
Moreover, assertion (1) is, by Zamansky's theorem and its converse (due to
P. L. Butzer, S. Pawelke and G. Sunouchi), equivalent to

3) H@F (D) lere = 00%)  (n—0),

for every s € N, s > 6.

One purpose of this paper is to extend these results to derivatives of frac-
tional order (see Section 3). Furthermore, the classical Jackson and Bernstein
theorems, stating that (1) is equivalent to the smoothness condition

(4) ws(f;0; Cor) = 0@%), (6 —0+),

for every s € N, s > 6, can be extended to moduli of continuity of fractional
index s. The resulting characterization has the advantage that the continuous
scale of § now has as its counterpart a continuous scale of s, which can be used
to extend to the fractional situation several results on Lipschitz classes, such
as identity theorems for different indices and a reduction theorem (Theorem 3
and Remark 7). For example, denoting by DFff the fractional derivative of
order 8 > 0 of f (see Definition 1), the reduction theorem implies that

wa(f;0; Cor) = 0%, (6—0+4)
for @ > 6, if and only if

D ¢ {Lipl(o ~ B Cu), 0<0—p<1
Lips(@ — 8; Cor), 0< 6 — 8 <2.
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Basic properties of moduli of continuity of fractional index, including their
relation to the K-functional (Proposition 2) and Mlarchaud’s inequality
(Corollary 2), will be studied in Section 4.

For the proofs, we employ the results of Butzer—Scherer [3;4] on the equiva-
lence of the fundamental theorems (i)—(iv) of best approximation (Lemma 5
in Section 3), extend the results of Westphal [16] and Butzer—-Westphal [5] on
the fractional difference approach to fractional derivatives, as well as use
recent inequalities of Taberski (see [14]) and Nessel-Wilmes [13]. Basic in
our approach is Proposition 2 connecting the moduli of continuity of fractional
index with the K-functional. In our proofs we do not make use of the cor-
responding results in the classical integral case; in particular, we supply a
self-contained proof of the fractional analog of Jackson’s inequality (I’roposi-
tion 1 in Section 3).

2. Preliminaries. Let X, be one of the spaces Cy,, Lo”, 1 £ p < 00, with
norms

Ullew = sup 17, N1l = {17200 [ trepas}”
The finite Fourier transform of f € Xqr is denoted by

(k) = (1/27) :rf(u)e—”“du, ke Z
and the convolution of f € Le,!, g € X», by

(Fre)@) = (/20 [ fle = wg)du.

As in [5], we define the (right) difference of f € X, of fractional order
a > 0 with respect to the increment 2 € R by

(2.1) m%@=§<&%jhwwﬂ@em

For convenience we assemble some basic properties of the fractional difference.

Lemma 1. Let f, g € Xor,a, 8> 0, x, b € R. Then

(%))

lIA
B

0) 118 e S M@l M) = 3

where {a} = inf {k € P; k = «}, i
(it) [Af] (k) = (1 — e=™")=f"(k) (k € Z),
(i) (A (f* g))(x) = ((Af) *x g)(x) (a.e.),
(iv) (A (A1) (x) = (Aptef) (x)  (a.e.),
) [[awf]| = 29| afl],

(vi) lim |||, = 0.
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The proof is essentially contained in [5]: Property (i), which is simple,
yields (ii) (see [5, p. 126]), which in turn gives (iii) and (iv). Part (v) follows
by (iv) and (i). Concerning (vi), since the operator A, is uniformly bounded
in & by (i), it suffices to establish (vi) for the fundamental set {e¢™**},c; which
is trivial in view of (ii).

Definition 1. (a) If for f € Xa, there exists g € X, such that

(2.2) lim |h=df — g

s 04

Xor = Ov

then g is called the Liouville-Griinwald derivative of order a > 0 of f in the
Xor-norm, denoted by g = D9f.
(b) The integral of f € Xo, of order @ > 0 is defined by

23) N = (o6 = o= | 1l = wpatodn,

Vo being the Lo, !-function given by

@) W = |7 RELEZO

From [5, p. 129, 130] we cite:
LeEmma 2. (a) The following assertions are equivalent for f € Xop, and o > 0:
(1) Def exists as an element in X or.
(i1) There exists g1 € Xor: (th)2f (k) = ¢1"(k), k € Z,k #~ 0.
(iii) There exists go € Xop: f(x) = (I%g2) (x) 4+ f7(0) (a.e.).
In this event, the functions g, 1 = 1, 2, are uniquely determined (a.e.) apart from
an additive constant, and
(Df) (&) = gi(x) — g7 (0) (a.e.).
(b) Set Wy = {f € Xon; Df exists as element in X or}.
(iv) The operator D*: Wy,.* — Xor 1s closed.
W) Iff € Xor, g € Wiy, thenfx g € Wy, *and
(2.5)  De(fxg)(x) = (f* D) (x) (ae).
(vi) DeDff = Det8f whenever one of the two sides is meaning ful.
(vii) D(I*f) (x) = f(x) — f7(0) = (I*(D*f)) (x) (a.e.),
the latter equality holding provided f € Wi, >

For the proof, one makes use of the existence of a function x.(x; %) € Lo,!,
k > 0 having the properties

26)  AxaC- ;W zam = Cl@) (B> 0),

(2.7) lim Ixa(ut; B)|du =0 (0 <6 < ),

150+ Y s<lul<r

@8 lihre = {FTAZ T ES0 )
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This function will also play an essential role in this paper. Throughout, C(«)
denotes the same constant at each occurrence, depending only on a. The same
applies to the constants B(a), J(a), J' (a), F(a).

Lemma 2 (ii) shows, in view of [2, p. 172], that D*f coincides with the
classical derivative f@, provided « is integral.

Definition 2. The integral or Steklov means of f € X of order a > 0 are
given by

(2.9)  Arf)x) = (f*x«(-5R))(x) (2> 0;x € R).

The 4, define a family of operators on X,,, coinciding in case a« = r € N
with the classical integral means

(2.10) AN ) =hT j;h - fohf(x — (4 ... 4 w,))duy . . . du,,

and having the following properties.

LeMMA 3. Letf € Xopanda > 0.
@) [ fllxer = C@)[fllxer (B > 0),

(i) lim |47 = fllx.r = O,
(ifi) 4,8f € Wy forall0 < 8 < a,h > 0, and

(2.11) DAy f) (x) = b (4,2 (8Ff)) (x)  (ae.) (0 < B < a),

(212)  (D*(4pf)) (x) = h=(Af) (x)  (a.e.).

Proof. Part (i) follows by [|f* Xa(+ 5 B)l[x0r = [Ixa(+ 3 B[ 1 «[[fllx2rr and

(2.6). Part (ii) is a consequence of (2.6)-(2.8) (see [5, Proposition 3.2]).
Concerning (iii), one has for 0 < 8 < «

AN —a ke
(ik)ﬁmhafr(k):{uk) 0 = F @, k0

= AT WINT(R) (k€ Z).
By Lemma 2, this implies that f € Wx,,? together with (2.11). The casea = 8

follows analogously.

3. The fundamental theorem: First half. In the proof of the funda-
mental theorem of best approximation, Jackson and Bernstein inequalities
play the basic role. Bernstein’s inequality, in the fractional case due to . Civin
[6] (see the review paper [8], also [9; 12]), reads

LeMMA 4. One has, for t, € I, n € P,a >0
B.1)  |ID%|xsr = Bla)n|[t] x50
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The Jackson inequality for fractional @ may derived from the integral case
(cf. Remark 1). A self-contained proof, extending that in [2, p. 97], is given
below.

ProrpositioN 1. If f € Wx,,*, then
(3.2)  L,(f; Xu) = J(@)n™|[D*f||x,, (n € N).

Proof. Let (K,f)(x) = (f*«,)(x) be the convolution integral of Fejér-
Korovkin (see [2, p. 79]), the kernel «, being essentially defined by «,"(1) =
cos (w/(n + 2)). We first show

3.3) MK = fllxer = Fle)n™{|D*f||x,,

for 0 < o < 1. This will give (3.2) for 0 < @ =< 1 since K, f € II,.
By Lemma 1 (iv), (v),

||Au1f“4\'27r = HAul-a(Auaf)HXﬁr é 2(1—01)||Auaf||X“”

thus it follows by (2.12), (2.5) and Lemma 3 (i), using the fact that «, is even,

{1~a} .
NEof = fllx,r < 2 - fo AP () e () e
{1—a) ™
- 2 T j‘o I|(A“Q(Daf))(')||X2,,1/taKn<%)du

{l—a} 0
< 270 pep, [t nan,

By a recent result of Taberski (cf. [14, Proposition 5]),

1 N T \° N
= o < | 1 _ a/2 <9
- fo 1k, ()du < (\/Q) (1 —«, (1) 0<ac=s2).
This implies (3.3) for 0 < a £ 1, since 1 — «,"(1) < (#2/2)n~2.
Ifa>1lseta=r+8,7r€N0<B=1,and
r+1
U7+1,nf = Z ("1)j+1(7’—-{7~_ I)Kn]fy

=1

where K,! = K,, K,’' = K,(K,?). Clearly U,.1,f € II, for each f € X,
r € N. U,y1,.f again is a convolution integral with kernel

(3.4) ;%3 (_1)j+1(7’—f.— 1) (Kn % Kn % . . *An)(x)

=1 J j-fold
Since Ui,/ — = (=1)(K, — I)"Y, it follows by applying (3.3) to
(Kn - [)7 € VV_\'HH that

(35) En(f; X‘-’ﬂ') § ||(Uf+1,11 - I)f”’s’hr = H(Krl - [)[<Kn - I)Tf]HX”
é F(B)n_ﬁHD6<I{n - I)TfHXw = F(Ig)n_ﬂH(Iin - I)rDﬂflan
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in view of (2.5) and (3.4). Repeating this procedure one has

1K, = DDl = ([(K, = DUK, = DD,
< P(Dn~[(K, = D) =D |y, < [F()] 7| [D#7f]

Xor
which, together with (3.5), yields (3.2) with
J(@) = F@)IFW)]" = 2(r/2)*C(B).

To establish the first part of our main result, namely Theorems 1 and 3,
we apply a general approximation theorem in a normed linear space setting
due to Butzer-Scherer [3; 4; 11]. The necessary facts are briefly summarized in
a form needed here.

Let X be a normed linear space with norm || - ||x and {M,},cp a sequence of
linear subspaces such that M, C M,;, n € P,and lim,_, E,(f; X) = 0, where
E,(f; X) = inf,eanllf — ¢llx. Moreover, it is assumed that for each [ € X,
n € P there exists g,* = g,*(f) € M, such that E,(f; X) = ||f — &.*||x

The smoothness properties of functions f € X are expressed here by means
of the K-functional: Given a linear subspace ¥V of X with seminorm |- |y,

it is defined by
K(tyf;Xv Y) = i?f {Hf— gHX + t1g|l’} t>0,fcX).
geY
The orders of approximation ¢ are chosen from the set ® of positive, non-
decreasing functions ¢ on (0, 1] for which ¢(1) < o and lim o, ¢(t) = 0.

Lesya 5. Let X, YV, {M,} satisfy the above assumptions as well s M, C YV’
1 € P, a generalized Jackson inequality of order a > O with respect to YV :

Jy) E,(f; X) £ Ty(@)n=|fly (f€ ¥Y,ncN)
and a generalized Bernstein inequality of order o > 0
(B Y) lgn‘)' § B}'(a)na‘ !gnHX (grz E ‘?l[m " 6 P)

Assume further that Z 1s a second subspace of X with M, C Z and seminorm
| « |z such that Z is a Banach space under the norm || - ||z = || - ||lx + | - |z, and
that corresponding Jackson- and Bernstein inequalities (J ;) and (B ;) of order
B8 = 0 with respect to Z are valid.

If ¢ € ®is such thai

(3.8) fol e ()dn = 0o (1)) (t— 0 +),

(3.9) f[ e (w)du = 09 () (t—04),

then the following are equivalent for each f € X:
(i) E,(f; X) = O(o(n71)) (n— ).
(i) g*(Dly = Onp(n™")) (n—0).
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(iii) f€ Z and [f = g*(f)lz = OnPo(n™")) (n—o0).
(iv) K@= f; X, V) = 0(e(1)) (1 —0+).

If condition (3.8) is not satisfied, assertion (iii) connected with the space Z
must be dropped, and one has:

COROLLARY 1. Under the assumption of Lemma 5 for X, YV, and {M,}, the
following are equivalent for each ¢ € ® satisfying (3.9), « > 0, and (3.8) for
some 3 =0, and f € X:

(i) E,(f; X) = 0(¢(n™")) (n—0),

(i1) [&* (N)]r = O (n=1))  (n—0),

(iii) K(t, f; X, Y) = 0(¢(#)) (t—0+).

In order to apply Lemma 5 to X = Xo, we take M, = II,, ¥V = Wy, @ for
an « > 0 with |f|y = ||D*f||x... Then g,*(f) = t,*(f) exists. In view of Pro-
position 1 and Lemma 4, the Jackson and Bernstein inequalities of order «
are valid for Wy,,*. For Z take Wy, ?, 0 £ 8 < a, with |f|z = ||D?f||x.,, S0
that (J,), (B) are satisfied with order 8 = 0. Finally take ¢(¢) = ¢%; then
(3.8), (3.9) are satisfied, provided 8 < 6 < a.

THEOREM 1. The following assertions are equivalent for f ¢ Xor, 0 < 8 < 0 <
a, 8,60 € R*:
(i) E,(f; Xor) = O(n™")  (n—0),
(i) [|Dt* (N[ x0r = O(*=*)  (n— 0),
(i) f € Wi and |\D% — D3t,*(f)|[x2r = O(P~*)  (n— ),
(iv) K@=, f; Xom, Wxpp®) = O(1") (1 > 04).

For functions ¢ that increase rather rapidly, such as ¢(/) = exp 4, a > 0,
one has the counterpart of Theorem 1 only under additional assumptions (see
[7]). If ¢ increases slowly, such as ¢(¢) = (1 + log (1/¢))~!, one does not have
assertions of type (ii), (iii). Indeed, Corollary 1 yields:

THEOREM 2. The following are equivalent for f € X, a > 0:
(i) E,(f; Xor) = O(1/logn)  (n— ),
(iv) K@=, f; Xox, Wxyr®) = O(1/log (1/1)) (¢ = 0+).

Since previous results of this type only deal with integral «, our next interest
lies in making concrete conditions (iv) in Theorems 1 and 2 for arbitrary « > 0.
This leads to the second half of the main theorem, namely Theorem 3. Theorem
1 will also be useful to give a short proof for a reduction theorem for Lipschitz
classes of fractional index (see Theorem 3, (v) < (vii) and Remark 7).

4. Moduli of continuity of fractional index. The purpose here is to
express assertions (iv) in Theorems 1 and 2 in terms of a modulus of continuity
of fractional index, just as is the case for natural @. Also, most of the familiar
properties of the classical moduli of continuity will be transferred to the frac-
tional case. The present approach is made possible by the fact that the frac-
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tional derivative is defined by the same fractional difference as is the modulus
of continuity of fractional index.

Definition 3. The modulus of continuity of f € X of index a > 0 is defined by
4.1)  we(f30; Xor) = wa(f;8) = sup ||ArS|lxr (6> 0),
0<ngs
and the associated Lipschitz class of index a and order ¢ > 0 by

(4.2)  Lipa(o; Xox) = {f € Xor; wa(f;8) = 0(5%),6 — 0+,

Some elementary properties of these two concepts are collected in the
following lemma.

LeEmMMA 6. Let f, ¢ € Xop and a, 8 > 0.
(1) wa(f; 8) s « mom-megative, increasing function of § on (0, ©) with
lims o we(f;6) = 0.
(il) wa(f; 8) < 2 Play(f;8) (6> 0;0< B =L a).
(i) wa(f + £ 8) = wa(f38) + walg;8) (6> 0).
(iv) we(f;8) = 0(6%) (6 = 0+) if and only if { = constant (a.e.).
Iff € Wx,,®, then
(V) wa(f;8) = Cla)o*||D*fl[xo, (6> 0),

(Vi) wars(f;8) = Cla)d*ws(Df;0) (6 > 0).

Proof. In (i), the convergence to zero for § — 0+ follows by Lemma 1 (vi);
(if) is an obvious consequence of Lemma 1 (iv), (i), and (iii) follows readily
by definition. Concerning (iv), w.(f; ) = 0(6*), § —» 0+, implies D = 0 by
Definition 1, hence f = constant (a.e.) by Lemma 2; the converse is trivial.
For (vi) one has by (2.12), (2.5), Lemma 1 (iii), Lemma 3 (i), and (4.1)

(A8 f ] x0r = B[ AP (D (A ) xar = 7| A (A2 (D) || x0r
= heC@)| AP (Df) || xor £ 8°C(@)wp(Df;8) (0 < h £35,f € X),

and (v) is proved similarly.

Remark 1. Lemma 6 enables one to give a short proof of the Jackson in-
equality (Proposition 1) provided onc assumes the validity of the classical
Jackson theorem for natural a:

4.3)  E,(f; Xo) £ J (@)oo (f;m/n) (n € N, f € Xor).
Indeed, if « ¢ N, apply (4.3) and use Lemma 6 (ii) to deduce

(44)  E,(f; Xor) £ T ({a})2'% 2w (f5 7 /7).

This yields Proposition 1 by Lemma 6(v).

ProrosiTioN 2. For ewch f € Xar, a0 > 0, there exist constants n(a), N(a) > 0,
such that for 0 < t < o0

4.5)  n@w(fit; Xor) £ K@t f; Xow, Wxyr®) £ N(@)wo(f5 15 Xor).
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Proof. Setting f = (f — g) 4+ g for an arbitrary g € Wy,,*, we have by
Lemma 6(iii), (v) and Lemma 1(i),

wa(fit) S walf — g11) + walgs ) = 29| — gllxor + Cl@)t]| D] xos-

Taking the infimum over all g € Wy, * establishes the left hand side of (4.5)
with [#(a)]™* = max {2'9¢, C(«)}.
Setting

T

gx) = — 2 (—l)j(;)(A,j,,’f)(x) for some » > «, 7 € N,

J=1

we have g, € Wy,,* for all t > 0 by Lemma 3(iii). By (2.11),

DA 4 P ]xse £ Clr — @) GZ_)E A | xon

< ct—a5) Lagin
for 1 < j =< r. Hence it follows that

(4.6)  t||D%¢u)lxer < Clr — a)r®we ([ 1) ]z; j‘“(;) = C*(@)wa(f; t)
0 <t < ).
In view of (2.10) and (2.1) one has

”f_ gz”xz,r = l’f+ ; (_1)j

X(]r) fol...j;lf(x—éri(ZL1+...-i—u,))dul...du,l

1 1
j:) te ﬁ ”Ar(t/r) (u1+-.-+ur)f| [dul oo dug

sup ||Af|lx,, = @ (f;8) < 2" an(f; 1),
0<n< 1

Xor

I\

I\

the latter inequality following by Lemma 6(ii). Combining this with (4.6),
it follows that

K(t2, f; Xor, Wxy®) S |If — gllxar + 1Dl [x0r = N(@)wa(f; 1),
where N(a) = max {C*(«), 2}, which is the right-hand side of (4.3).

Remark 2. 1f one assumes the validity of (4.3), one can give a very different
proof of the right-hand side of (4.5). Here we make use of the fractional M.
Riesz inequality (a generalization of Bernstein’s inequality) established re-
cently by Nessel-Wilmes [13].

LeEMMA 7. For each t, € T,, n € N,a > 0
HDatnllen é (n/Q)aHAW/nather
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With regard to this proof, let 0 < ¢t < 27. Then there is # € N such that
(r/n) < t £ 2(x/n). Setting E,(f; X2) = ||f — £,*|/xs., one has for each
a > 0, by (4.6),

Hf - tn*Hszr = J/({a})Z(aI_awa(f; w/n).
On the other hand, by Lemma 7 and Lemma 1(i),
1Dt x0r = (1/2)][Anpn® £2*]| x21
< (/029 f — tXxpe + 11 A0 fllx00)

< (229 =J (fa}) 4+ D)iwa(f; 7/n).
This yields, by Lemma 6 (i), that

K(f",f;Xg,r, VVXz#) é Hf - ['n*“Xz:r + taHDatn*Hsz é N/(a)wa(.f; f)
with N’ (@) = (22—J" ({a}) + 1)

Remark 3. A simple corollary of Proposition 2 and of a property of the
K-functional is a corresponding property of the modulus of continuity, namely

(4.7)  w(fiN) = (N(@)/n(@))\wa(f;8) (A Z 1;6> 050 > 0).
For arbitrarya > 8> 0,¢ € (0,1),f € X2, one has

K, f; Xon, Weor') < Gla, B)F

X {HfHXn + f u_ﬂ—lK(‘ltayf;in, WXz,,“)du} .

This is a by-product of the proof of Lemma 5 (cf. [1; 7, Theorem 3]). Com-
bining this with Proposition 2 one has the following fractional analog of
Marchaud’s inequality (for the integer case cf. [10] and the literature cited
there).

COROLLARY 2. For each f € Xor,aa > 3> 0,1 € (0, 1):
ws(f;8; X2x) < Gla, B)[N(@)/n(a))

X {Hf”-"?wr + fl 0w (f u;sz)du} .

5. Lipschitz classes of fractional index.

THEOREM 3. (a) Let f € Xop. Assertions (v)-(viii) are equivalent to assertions
(1)-(iv) of Theorem 1 for0 = B <0 < a,,B,0, 7 € R*:
V) wa(fit; Xor) = O (1t —>0+), ie. f € Lip(0; Xor),
(vi) Dff € Lip.(60 — 8; Xor) (6 — B < 7),
(vii) D*f € Lipa—s(8 — B8; Xar),
Lipi(6 — 8; X2r), 0<0—8<1,
Wm”WE{Um@"&Xm,O<0—B<Z
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(b) Assertions (i), (iv) of Theorem 2 for arbitrary a > O are equivalent to
(V') wa(fi t; Xon) = O(1/log (1/1)) (¢t — 0+).

Proof. (a) The fact that (v) is equivalent to (iv) and so also to (i)-(iii)
of Theorem 2 follows by Proposition 2. If (v) holds, then one has by (iii)
that f € Wx,.® and

En(DBf; XQW) = HDBf - Dﬁtn*(f)”.‘k'zvr = 0<n6-9) (n — © )v
that is, (i) is satisfied for D?f and § — 8. In view of the equivalence of (i)
with (v) there holds w.(D?f; {; Xo,) = O(t*#), (t - 0+) for any 7>6— 8.
Thus (vi) follows. Then (vii) follows by setting 7 = « — 8 in (vi). Finally, if
(vii) holds, then

wa(fi8) = C(B)Pua-p(DFf;t) = O(t9)

by Lemma 6 (vi), whichis (v). f0 < 6§ —-8<1lor0 <6 — < 2, onecan
choose 7 = 1 and 7 = 2 in (vi), which shows that (viii) is equivalent to the
other assertions.

(b) Proposition 2 again yields the equivalence of (iv) with (v').

Remark 4. The cases a = 1, 2 of Theorem 3 for the fractional Weyl derivative
f® are due to Hardy-Littlewood and Zygmund (see [17, p. 136]). They
showed, in the case « = 1, that

f € Lipi(8, Cor) = f® € Lip1(8 — B; Car)
fo0< <0<l andfora =2, 0< B <1 that
f € Lipa(1; Cor) = f® € Lipa(1 — B85 Cor).

The corresponding converse directions are known for arbitrary integral e and
the space X, (see [2, p. 427]).

Remark 5. The assertions (i) and (vi) of Theorems 1 and 3, respectively,

yield the generalization of the theorems of Jackson and Bernstein to the frac-
tional instance, namely that

E,(fi Xow) = 0(n™*) (n—c0) & DFf € Lip.(6 — B; Xon)

provided 0 = B < fandrt >0 — B, f € Xo..

In particular, this gives the existence of the derivatives D?f of order g < 6
arbitrarily close to 8. In the classical integral case, 8 can only be chosen as [6]
atmostif 8 ¢ N,andas8 =6 — 11if 6§ € N.

Remark 6. Assertion (viii) of Theorem 3 can be used if one wishes to charac-
terize Lipschitz classes with fractional index and fractional order derivatives
by integral ones. For, to any 6 > 0 there is always 8 € P such that0 < 6§ — 8
<1

Remark 7. Clearly Theorem 3 implies that assertion (v) is independent of «
for all > 6, i.e.

Lipal(o;XZﬂ') = Lipaz (0;X'21r) (al, o > 0).

https://doi.org/10.4153/CJM-1977-081-6 Published online by Cambridge University Press


file:////Dff
https://doi.org/10.4153/CJM-1977-081-6

792 P. L. BUTZER, H. DYCKHOFF, E, GORLICH, AND R. L, STENS

If a; > ay = 6 then, by Lemma 6(ii), generally only
(5.1)  Lipe;(8; Xor) D Lipa, (6; Xor).
A similar remark applies to (2').

Remark 8. The authors would like to thank the referee for calling their
attention to the question of whether the inclusion (5.1) is strict in case a; = 6.
Let us sketch a proof for the case Xs, = Cy, (setting a; = «). The Cor-function
flx) = Yoo 37% cos 3*x satisfies E,(f; Cor) = 255 3% = O(n~?), n —> o
where % is chosen such that 3* < n < 3% (cf. 15, p. 77; 17, p. 73]), whence
f € Lips(8; Cor), for each a > 6 in view of Theorem 3. On the other hand, if
f would be in Lips (8, Cor), by [5, Theorem 7.1] there would exist g € La,” such
that (ik)°f"(k) = ¢"(k) for each & € Z. However, for n = 3*, k. =1,2,...,
one easily verifies that |(in)®f"(n)| = 1/2, which is a contradiction to
lim,,, g"(n) = 0. By the same arguments, using the same function f, one can
also show that (5.1) is strict for L%,, 1 < p < 0.
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