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Lagrange’s Theorem for Hopf Monoids in
Species

Marcelo Aguiar and Aaron Lauve

Abstract. Following Radford’s proof of Lagrange’s theorem for pointed Hopf algebras, we prove La-
grange’s theorem for Hopf monoids in the category of connected species. As a corollary, we obtain
necessary conditions for a given subspecies k of a Hopf monoid h to be a Hopf submonoid: the quo-
tient of any one of the generating series of h by the corresponding generating series of k must have
nonnegative coefficients. Other corollaries include a necessary condition for a sequence of nonnegative
integers to be the dimension sequence of a Hopf monoid in the form of certain polynomial inequalities
and of a set-theoretic Hopf monoid in the form of certain linear inequalities. The latter express that
the binomial transform of the sequence must be nonnegative.

Introduction

Lagrange’s theorem states that for any subgroup K of a group H, H = K x Q as (left)
K-sets, where Q = H/K. In particular, if H is finite, then |K| divides |H|. Passing to
group algebras over a field k, we have that kH = kK ® kQ as (left) kK-modules, or
that kH is free as a kK-module. Kaplansky [10] conjectured that the same statement
holds for Hopf algebras, group algebras being principal examples. It turns out that
the result does not hold in general, as shown by Oberst and Schneider [21}, Proposi-
tion 10] and [18, Example 3.5.2]. On the other hand, the result does hold for certain
large classes of Hopf algebras, including the finite dimensional ones by a theorem
of Nichols and Zoeller [20], and the pointed ones by a theorem of Radford [22].
Further (and finer) results of this nature were developed by Schneider [27,28]. Ad-
ditional work on the conjecture includes that of Masuoka [16] and Takeuchi [32[;
more information can be found in Sommerhiuser’s survey [30].

The main result of this paper (Theorem[2.2)) is a version of Lagrange’s theorem for
Hopf monoids in the category of connected species: if h is a connected Hopf monoid
and k is a Hopf submonoid, there exists a species q such thath = k- q. An im-
mediate application is a test for Hopf submonoids (Corollary[3.1): if any one of the
generating series for a species k does not divide in Q)>¢[[x]] the corresponding gen-
erating series for the Hopf monoid h (in the sense that the quotient has at least one
negative coefficient), then k is not a Hopf submonoid of h. A similar test also holds
for connected graded Hopf algebras (Corollary[[4]). The proof of Theorem 2.2l for
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Hopf monoids in species parallels Radford’s proof for Hopf algebras. (Hopf algebras
are Hopf monoids in the category of vector spaces.)

The paper is organized as follows. In Section[I} we recall Lagrange’s theorem for
Hopf algebras, focusing on the case of connected graded Hopf algebras. In Section[2}
we recall the basics of Hopf monoids in species and prove Lagrange’s theorem in this
setting. Examples and applications are given in Section[3l Among these, we derive
certain polynomial inequalities that a sequence of nonnegative integers must satisfy
in order to be the dimension sequence of a connected Hopf monoid in species. In the
case of a set-theoretic Hopf monoid structure, we obtain additional necessary con-
ditions in the form of linear inequalities which express that the binomial transform
of the enumerating sequence must be nonnegative. In Section [ we provide infor-
mation on the growth and support of the dimension sequence of a connected Hopf
monoid. The latter must be an additive submonoid of the natural numbers. We con-
clude in Section B with information on the species q entering in Lagrange’s theorem.
In the dual setting, q is the Hopf kernel of a morphism, and for cocommutative Hopf
monoids it can be described in terms of Lie kernels and primitive elements via the
Poincaré-Birkhoff-Witt theorem.

All vector spaces are over a fixed field k of characteristic 0, except in Section [4
where the characteristic is arbitrary.

1 Lagrange’s Theorem for Hopf Algebras
We begin by recalling a couple of versions of this theorem.

Theorem 1.1 Let H be a finite dimensional Hopf algebra over a field k. If K C H is
any Hopf subalgebra, then H is a free left (and right) K-module.

This is the Nichols—Zoeller theorem [20]; see also [18, Theorem 3.1.5]. We will
not make direct use of this result, but instead of the related results discussed below.

A Hopf algebra H is pointed if all its simple subcoalgebras are one-dimensional.
Equivalently, the group-like elements of H linearly span the coradical of H.

Given a subspace K of H, set

K, := KNker(e),

where €: H — k is the counit of H. Let K, H denote the right H-ideal generated by
K.

Theorem 1.2 Let H be a pointed Hopf algebra. If K C H is any Hopf subalgebra,
then H is a free left (and right) K-module. Moreover,

H~K® (H/K.H)

as left K-modules.

The first statement is due to Radford [22} Section 4] and the second (stronger)
statement to Schneider [27, Remark 4.14], [28} Corollary 4.3]. Various generaliza-
tions can be found in these references as well as in Masuoka [[16] and Takeuchi [32]];
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see also Sommerhaiiser [30]]. We are interested in the particular variant given in The-
orem
A Hopf algebra H is graded if there is given a decomposition

H:@Hn

n>0

into linear subspaces that is preserved by all operations. It is connected graded if in
addition Hj is linearly spanned by the unit element.

Theorem 1.3 Let H be a connected graded Hopf algebra. If K C H is a graded Hopf
subalgebra, then H is a free left (and right) K-module. Moreover,

H~K® (H/K.H)

as left K-modules and as graded vector spaces.

Proof Since H is connected graded, its coradical is Hy = k, so H is pointed and
Theorem[L.2]applies. Radford’s proof shows that there exists a graded vector space Q
such that H = K ® Q as left K-modules and as graded vector spaces. (The argument
we give in the parallel setting of Theorem [2.2] makes this clear.) Note that K, =
@D, Ki, hence K, H and H/K, H inherit the grading of H. To complete the proof,
it suffices to show that Q = H/K, H as graded vector spaces.

Let ¢: K ® Q — H be an isomorphism of left K-modules and of graded vector
spaces. We claim that

p(Ky ® Q) =K H.
In fact, since @ is a morphism of left K-modules,
p(K: ®Q) = Kip(1® Q) C KiH.
Conversely, if k € K, and h € H, writingh = ), ¢(k; ® q;) with k; € Kand g; € Q,

we obtain

k=" plkki @ ;) € oKy ® Q),

since K, is an ideal of K.
Now, since K = Ky ® K, we have

K®Q=(K®Q @ (K:®Q),

and therefore

H/K:H = p(K ® Q)/p(Ky ® Q) = (Ko ® Q) = Q

as graded vector spaces. ]
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Given a graded Hopf algebra H, let Oy (x) € N[[x]] denote its Poincaré series—the
ordinary generating function for the sequence of dimensions of its graded compo-
nents,

Og(x) := Z dimH, x".

n>0

Suppose H is connected graded and K is a graded Hopf subalgebra. In this case, their
Poincaré series are of the form

1+ax+ax* +- -

with a; € N, and the quotient Oy (x) /O (x) is a well-defined power series in Z[[x]].

Corollary 1.4 Let H be a connected graded Hopf algebra. If K C H is any graded
Hopf subalgebra, then the quotient Oy (x)/Ok (x) of Poincaré series is nonnegative, i.e.,
belongs to N[[x]].

Proof By Theorem[L3] H = K ® Q as graded vector spaces, where Q = H/K,H.
Hence Oy (x) = Ok (x) Oq(x), and the result follows. [ |

Example 1.5 Consider the Hopf algebra QSym of quasisymmetric functions in
countably many variables, and the Hopf subalgebra Sym of symmetric functions.
They are connected graded, so by Theorem [I.3] QSym is a free module over Sym.
Garsia and Wallach prove this same fact for the algebras QSym, and Sym,, of (quasi)
symmetric functions in #n variables (where # is a finite number) [7]. While QSym,,
and Sym,, are quotient algebras of QSym and Sym, they are not quotient coalgebras.
Since a Hopf algebra structure is needed in order to apply Theorem we cannot
derive the result of Garsia and Wallach in this manner. See [7]] and [12] for informa-
tion on the space Q, entering in the decomposition QSym, = Sym, ®Q,,.

2 Lagrange’s Theorem for Hopf Monoids in Species

We first review the notion of Hopf monoid in the category of species, following [2],
and then prove Lagrange’s theorem in this setting. We restrict attention to the case of
connected Hopf monoids.

2.1 Hopf Monoids in Species

The notion of species was introduced by Joyal [9]. It formalizes the notion of com-
binatorial structure and provides a framework for studying the generating functions
that enumerate these structures. The book [4] by Bergeron, Labelle, and Leroux ex-
pounds the theory of set species.

Joyal’s work indicates that species may also be regarded as algebraic objects; this
is the point of view adopted in [2] and in this work. To this end, it is convenient to
work with vector species.

A (vector) species is a functor q from finite sets and bijections to vector spaces and
linear maps. Specifically, it is a family of vector spaces q[I], one for each finite set
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I, together with linear maps q[o]: q[I] — q[J], one for each bijection o: I — ],
satisfying
qlid;] =idg; and gqlooT] = q[o]oq[7]

whenever ¢ and 7 are composable bijections.

The notation q[a, b, c, . . .] is shorthand for q[{a, b, c, . . . }], and q[n] is shorthand
for q[1,2,...,n]. The space q[n] is an S,-module via o - v = q[o](v) for v € q[n]
ando € §,.

A species q is finite dimensional if each vector space q[!] is finite dimensional. In
this paper, all species are finite dimensional.

A morphism of species is a natural transformation of functors. Let Sp denote the
category of (finite dimensional) species.

We give two elementary examples that will be useful later.

Example 2.1 Let E be the exponential species, defined by E[I] = k{x} forall I. The
symbol #; denotes an element canonically associated with the set I (for definiteness,
we may take %; = I). Thus, E[I] is a one-dimensional space with a distinguished
basis element. A richer example is provided by the species L of linear orders, defined
by L[I] = k{linear orders on I'} for all I (a space of dimension n! when |I| = n).

We use - to denote the Cauchy product of two species. Specifically,

(p-a) 1= P plSI®q[T] forall finite sets I.

SuT=I

The notation S U T = I indicates that SU T = I and SN T = &. The sum runs over
all such ordered decompositions of I, or equivalently over all subsets S of I: there is one
term for SU T and another for T'LIS. The Cauchy product turns Sp into a symmetric
monoidal category. The braiding simply switches the tensor factors. The unit object
is the species 1 defined by

1[I = k iflis eI-npty,
0 otherwise.
A monoid in the category (Sp, -) is a species m together with a morphism of species
(:m-m — m, ie, a family of maps

ps,r: m[S] @ m[T] — m[I],

one for each ordered decomposition I = S U T, satisfying appropriate associativ-
ity and unital conditions, and naturality with respect to bijections. Briefly, to each
m-structure on S and m-structure on T, there is assigned an m-structure on S U T.
The analogous object in the category of graded vector spaces is a graded algebra.

For the species E, a monoid structure is defined by sending the basis element x5 ®
7 to the basis element #;. For L, a monoid structure is provided by concatenation of
linear orders: ps (41 ® £5) = (£1,45).
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A comonoid in the category (Sp,-) is a species ¢ together with a morphism of
species A: ¢ — ¢ - ¢, i.e., a family of maps

Agr:c[I] = c[S]® c[T],

one for each ordered decomposition I = SU T, which are natural, coassociative, and
counital.

For the species E, a comonoid structure is defined by sending the basis vector *;
to the basis vector s @ *r. For L, a comonoid structure is provided by restricting a
total order £ on I to total orders on S and T: Ag r(€) = £|s @ ¢|7.

We assume that our species q are connected, i.e., q[&] = k. In this case, the
(co)unital conditions for a (co)monoid force the maps pis 1 (Ag, 1) to be the canonical
identifications if either S or T is empty. Thus, in defining a connected (co)monoid
structure one only needs to specify the maps psr (Agr) when both S and T are
nonempty.

A Hopfmonoid in the category (Sp, -) is a monoid and comonoid whose two struc-
tures are compatible in an appropriate sense, and which carries an antipode. In this
paper we only consider connected Hopf monoids. For such Hopf monoids, the exis-
tence of the antipode is guaranteed. The species E and L, with the structures outlined
above, are two important examples of connected Hopf monoids.

For further details on Hopf monoids in species, see [2, Chapter 8]. The theory of
Hopf monoids in species is developed in Part II of this reference; several examples are
discussed in Chapters 12 and 13.

2.2 Lagrange’s Theorem for Connected Hopf Monoids

Given a connected Hopf monoid k in species, we let k, denote the species defined by

(1] — {k[l] %fI 40,
0 ifl = &.

Ifk is a submonoid of a monoid h, then k, h denotes the right ideal of h generated by
k,. In other words,

(b)) = Y psr(kIS]@h[T]).
SUT=I
S4o
Theorem 2.2 Let h be a connected Hopf monoid in the category of species. If k is a
Hopf submonoid of h, then h is a free left k-module. Moreover, h = k - (h/k.h) as left
k-modules (and as species).

The proof is given after a series of preparatory results. Our argument parallels
Radford’s proof of the first statement in Theorem [1.2] [22} Section 4]. The main
ingredient is a result of Larson and Sweedler [11]] known as the fundamental theorem
of Hopf modules [[18) Theorem 1.9.4]. It states that if (M, p) is a left Hopf module
over K, then M is free as a left K-module and in fact is isomorphic to the Hopf module
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K®Q, where Q is the space of coinvariants for the coaction p: M — K® M. Takeuchi
extends this result to the context of Hopf monoids in a braided monoidal category
with equalizers (33, Theorem 3.4]; a similar result (in a more restrictive setting) is
given by Lyubashenko [14, Theorem 1.1]. As a special case of Takeuchi’s result, we
have the following proposition.

Proposition 2.3 Let m be a left Hopf module over a connected Hopf monoid k in
species. There is an isomorphism m =2 k - q of left Hopf modules, where

q(I] := {mém[[] | ps.r(m) :0forSI_IT:I,T7$I}.

In particular, m is free as a left k-module.

Here p: m — k - m denotes the comodule structure, which consists of maps
ps,r: m[I] — k[S] @ m[T],

one for each ordered decomposition I = SU T.

Given a comonoid h and two subspecies u,v C h, the wedge of u and v is the
subspecies u A v of h defined by

uAv:=A"Y(u-h+h-v).

The remaining ingredients needed for the proof are supplied by the following lem-
mas.

Lemma 2.4 Let h be a comonoid in species. If u and v are subcomonoids of h, then:

(i) uwAvisasubcomonoid ofhandu+v CuAv;
(i) uAv=A""(u-(UAV)+(@AV)- V).

Proof (i) The proofs of the analogous statements for coalgebras given in [I} Sec-
tion 3.3] extend to this setting.

(ii) From the definition, A ! (u c(UAV)+ (uAV) - v) C uAv. Now, sinceuAv
is a subcomonoid,

A(u/\v)g((u/\v)-(u/\v)) Nu-h+h:-v)=u:-(uAV)+(uAV)-vV,

since u,v C u A v. This proves the converse inclusion. [ ]

Lemma 2.5 Leth be a Hopf monoid in species and let k be a submonoid. Letu,v C h
be subspecies that are left k-submodules of h. Then u A v is a left k-submodule of h.

Proof Since h is a Hopf monoid, the coproduct A: h — h - h is a morphism of left
h-modules, where h acts on h-h via A. Hence it is also a morphism of left k-modules.
By hypothesis, u-h+h-visaleft k-submodule of h-h. Hence, uAv = A~ (u-h+h-v)
is a left k-submodule of h. [ ]
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Lemma 2.6 Let h be a Hopf monoid in species and let k be a Hopf submonoid. Let
¢ be a subcomonoid of h and a left k-submodule of h. Then (k A ¢)/c is a left k-Hopf
module.

Proof By Lemma [2.5] k A c is a left k-submodule of h. Therefore, the quotient
(k A ¢)/c by the left k-submodule c is a left k-module.
We next argue that (k A ¢)/c is a k-comodule. Consider the composite

A
knc—k-(kAc)+(kAc)-c—=k- (k/\c)/c,

where the first map is granted by Lemma[2.4land the second is the projection modulo
c on the second coordinate. Since ¢ is a subcomonoid, the composite factors through
c and induces

(kAhc)/ce = k- (k/\ o)/c.

This defines a left k-comodule structure on (k A ¢)/c.
Finally, the compatibility between the module and comodule structures on

(k A ¢)/c is inherited from the compatibility between the product and coproduct
of h. ]

We are nearly ready for the proof of the main result. First, recall the coradical
filtration of a connected comonoid in species [2} Section 8.10]. Given a connected
comonoid c, define subspecies c(,) by

cop=1 and ¢ =c@) Ay foralln > 1.
We then have

o) Cey S Cepy S and c= Uc(n).
n>0

Proof of Theorem[2.2] We show that there is a species q such thath = k - q as left
k-modules. As in the proof of Theorem[I3} it then follows that q = h/k,h.
Define a sequence k™ of subspecies of h by

k9 =k and k" =kAKk" D foralln > 1.

Each k™ is a subcomonoid and a left k-submodule of h. This follows from Lem-
mas[2.4land 2.5 by induction on n. Then Lemma 2.6 provides a left k-Hopf module
structure on the quotient species k™ /k"~V for all n > 1. Hence k™ /K"~ is a free
left k-module, by Proposition

We claim that there exists a sequence of species q,, such that k™ = k - q,, as left
k-modules for all n > 0; that is, each k™ is a free left k-module. Moreover, we claim
that the q, can be chosen so that
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and the above isomorphisms are compatible with the inclusions q,—; € q, and
k=D C k™,

We prove the claims by induction on n > 0. We start by letting qo = 1. Forn > 1,
we have

K"V ~k.q,; and k"/k"V=k.q]

for some species q,, (the former by induction hypothesis and the latter by the above
argument). Let q, = q,—1 @ q,,. By choosing an arbitrary k-module section of the
map k™ — k" /k"=1) = k. q/ (possible by freeness), we obtain an isomorphism
k" = k . q, extending the isomorphism k" ~! = k - q,,_,. This proves the claims.

We utilize the coradical filtration of h to finish the proof. Since h is connected,
h() =1 C k =k, and by induction,

hi,) Ck™  foralln > 0.

Hence,
h = Uh(n) = Uk(n) = Uk'qngk'%
n>0 n>0 n>0

where q = Unzo qn- Thus h is free as a left k-module. [ ]

Let 7: h — k be a morphism of Hopf monoids. The right Hopf kernel of 7 is the
species defined by

A e id

(2.1) Hker(r) = ker(h — h-h —— k,-h),

where 7, : h — k; is 7 followed by the canonical projection k — k.
For the following result, we employ duality for Hopf monoids [2} Section 8.6.2].
(We assume all species are finite dimensional.)

Theorem 2.7 Let h be a connected Hopf monoid in the category of species and let k be
a quotient Hopf monoid via a morphism m: h — k. Then h is a cofree left k-comodule.
Moreover, h = k - Hker(7) as left k-comodules (and as species).

Proof By duality, k* is a Hopf submonoid of h*, so h* 2 k* - (h*/k*h*) by Theo-

rem[2.2] Dualizing again we obtain the result, since

wy-id A*

h*/kih* = coker(k} -h* —— h*-h* — h*). [ |
3 Applications and Examples
3.1 A Test for Hopf Submonoids

Two invariants associated with a (finite dimensional) species q are the exponential
generating series &q(x) and the type generating series T¢(x). They are given by
1
Eqx) = dimg(n] > and Te(0) =Y dimqlnls, ",

n!
n>0 n>0
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where
qlnls, = q[nl/k{v —o-v|veq[n], o € S,}.

Both are specializations of the cycle index series Zq(x1, %2, . . . ); see [4} Section 1.2] for
the definition. Specifically,

Eq(x) = 24(x,0,0,...) and Ty(x) = Zq(x, x50, 0).

The cycle index series is multiplicative under Cauchy product [4, Section 1.3]: if
h = k- q, then Zp(x1, %, ...) = Zi(x1, %2, . .. ) Lq(x1, X2, . . . ). By specialization, the
same is true for the exponential and type generating series.

Let Q> denote the nonnegative rational numbers. An immediate consequence of
Theorems2.2]land 271is the following corollary.

Corollary 3.1 Leth and k be connected Hopf monoids in species. Suppose k is either
a Hopf submonoid or a quotient Hopf monoid of h. Then the quotient of cycle index
series Zn(x1,%2, ... )/ Zi(x1, %2, ... ) is nonnegative, i.e., belongs to Q¢ [[x1, %2, . . .]I.
In particular, the quotients Ep(x)/Ex(x) and Tn(x) /T (x) are also nonnegative.

Given a connected Hopf monoid h in species, we may use Corollary[B.I]to deter-
mine if a given species k may be a Hopf submonoid (or a quotient Hopf monoid).

Example 3.2 A partition of a set I is an unordered collection of disjoint nonempty
subsets of I whose union is I. The notation ab.c is shorthand for the partition
{{a, b}, {c}} of {a,b,c}.

Let I be the species of set partitions, i.e., II[I] is the vector space with basis the set
of all partitions of I. Let II" denote the subspecies linearly spanned by set partitions
with distinct block sizes. For example,

Il[a,b,c] = lk{ abc, a.bc, ab.c, a.bc, a.b.c}, II'[a,b,c] = ]k{ abc,a.be,ab.c, a.bc} .

The sequences (dim II[#]),>0 and (dim l'I'[n]),,ZO appear in [29]] as A000110 and
A007837, respectively. We have

5 5
En(x) = exp(exp(x) —1) = 1+x+x" + ng + §x4 -

and
n

x 1 2 5
e (x) = 1+=) =l4+x+-x+0+—x+-0.
w (%) nl;[l( ) 20 T3 24

A Hopf monoid structure on Il is defined in [2} Section 12.6]. There are many lin-
ear bases of IT indexed by set partitions, and many ways to embed II” as a subspecies
of IL. Is it possible to embed IT" as a Hopf submonoid of IT? We have

1 1 1 11
& Ep(x)=1+-x>—X+-xt——x+---
n(x)/ & (x) SX =X X - o ,

so the answer is negative by Corollary[3.1] In fact, it is not possible to embed IT’ as a
Hopf submonoid of II for any potential Hopf monoid structure on II.
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We remark that the type generating series quotient for the pair of species in Ex-
ample[3.2]is nonnegative:

Ta(x) = 1+x+2x% +3x° +5x* + 75 + 11a® + 156 + - - -,
Tox) = T+x+x2+2 +2x  +3° + x5 + 56" +-- -,
Tnx) /T (x) = 1+ +2x* + 328 +5x° + 7x'0 + -

This can be understood by appealing to the Hopf algebra Sym of symmetric func-
tions. A basis for its homogenous component of degree n is indexed by integer par-
titions of 1, so Ogym(x) = JTm(x). Moreover, Jq-(x) enumerates the integer par-
titions with odd part sizes and Sym does indeed contain a Hopf subalgebra with
this Poincaré series. It is the algebra of Schur Q-functions. See [15, III.8]. Thus
T (x) / Tm (x) is nonnegative by Corollary[L4

3.2 Tests for Hopf Monoids

Let (a,)n>0 be a sequence of nonnegative integers with a, = 1. Does there exist a
connected Hopf monoid h with dimh[n] = a, for all #? The next result provides
conditions that the sequence (a,),>¢ must satisfy in order for this to be the case.
The proof makes use of the Hadamard product of Hopf monoids [2}, Sections 8.1
and 8.13]. If h and k are Hopf monoids, so is h x k, with (h x k)[I] = h[I] ® k[I]
for each finite set I. The exponential species E is the unit element for the Hadamard
product.

Corollary 3.3 (The (ord/exp)-test) For any connected Hopf monoid in species h,

(Zdimh[n] x”)/(Z%x") € Q>ollx]l.
n>0 n>0 '

Proof Consider the canonical morphism of Hopf monoids L — E [22} Section 8.5];
it maps any linear order ¢ € L[I] to the basis element x; € E[I]. The Hadamard
product then yields a morphism of Hopf monoids

Lxh—-Exh=h.

By Corollary B} Epxn(x)/En(x) € Q>ollx]l. Since Exxn(x) = >, dimh[n]x",
the result follows. a |

Let a, = dimh[n]. Corollary[3.3]states that the ratio of the ordinary to the ex-
ponential generating function of the sequence (a,),>o must be nonnegative. This
translates into a sequence of polynomial inequalities, the first of which are as follows:

(3.1) 5a; > 3aya;, 23a4 + 12a;a0 > 20asa, + 6a;.

In particular, not every nonnegative sequence arises as the dimension sequence of a
Hopf monoid.

The following test is of a similar nature, but involves the type instead of the expo-
nential generating function. The conditions then depend not just on the dimension
sequence of h, but also on its species structure.
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Corollary 3.4 (The (ord/type)-test) For any connected Hopf monoid in species h,
(3" dimbin)x) /(" dimhinls, x") € Nl
n>0 n>0

Proof We argue as in the proof of Corollary B3] using type generating functions
instead. Since we have Ty «n(x) = ano dim h[n] x", the result follows. [ |

Remark The previous result may also be derived as follows. According to [2} Chap-
ter 15], associated with the Hopf monoid h there are two graded Hopf algebras K(h)
and K (h), as well as a surjective morphism

K(h) — K(h).
Moreover, the Poincaré series for these Hopf algebras are
Og(x) = > _dimh[n]x" and Oggy(x) = dimh(n]s, x".
n>0 n>0

Corollary[3.4 now follows from (the dual form of) Corollary[T.4]

3.3 Additional Tests for Hopf Monoids

The method of Section [3.2] can be applied in multiple situations in order to deduce
additional inequalities that the dimension sequence of a connected Hopf monoid
must satisfy. We illustrate this next.

Let k be a fixed nonnegative integer. Let E'* denote the k-th Cauchy power of the
exponential species E. The space E**[I] has a basis consisting of functions f: I — [k].
The species E'* carries a Hopf monoid structure [2, Examples 8.17 and 8.18] and any
fixed inclusion [k] <> [k+1] gives rise to an injective morphism of Hopf monoids
E* — E®V_ Employing the Hadamard product as in Section 3.2} we obtain an
injective morphism of Hopf monoids

E¥ xh < E®D x h,

where h is an arbitrary connected Hopf monoid. From the nonnegativity of the first
coefficients of Eg.wr) Xh(x)/ Egkxn(x) we obtain

(2k + 1)a, > 2ka? and  (3K* + 3k + 1)az > 3(3k* + k)a,a, — 6k*a;.
These inequalities hold for every k € N. Letting k — oo we deduce
(3.2) a, > af and as; > 3aya; — 2a?.

Example 3.5 Consider the species e of elements. The set I is a basis of the space
e[I], so the dimension sequence of e is a, = n. This sequence does not satisfy the
second inequality in (3.2]). Therefore, the species e does not carry any Hopf monoid
structure.
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3.4 A Test for Hopf Monoids over E

Our next result is a necessary condition for a Hopf monoid in species to contain or
surject onto the exponential species E.
Given a sequence (a,) >0, its binomial transform (b,),>o is defined by

n i
by = ; (i>( 1) a,_;.
Corollary 3.6 (The E-test)  Suppose his a connected Hopf monoid that either contains
the species E or surjects onto E (in both cases as a Hopf monoid). Let a,, = dim h[n] and
a, = dimh(n]s,. Then the binomial transform of (a,),>¢ must be nonnegative and
(@n)n>0 must be nondecreasing.

More plainly, in this setting, we must have the following inequalities:
alzao, [1222[11*00, [1323(12*3611‘1‘6!0,
anda, > a,_; foralln > 1.

Proof By Corollary 3.1} the quotient &, (x)/Eg(x) is nonnegative. But Eg(x) =
exp(x), so the quotient is given by

x? X
b0+b1x+b2?+b3§+--~ s

where (b,),>¢ is the binomial transform of (a,),>o. Replacing exponential for type
generating functions yields the result for (a,),>¢, since Tg(x) = ﬁ [ |
Remark  Myhill’s theory of combinatorial functions [6,[19] provides necessary and
sufficient conditions that a sequence (a,),>¢ must satisfy in order for its binomial
transform to be nonnegative: the sequence must arise from a particular type of oper-
ator defined on finite sets. Menni [17] expands on this from a categorical perspective.
It would be interesting to relate these ideas to the ones in this paper.

We make a further remark regarding connected linearized Hopf monoids H. These
are Hopf monoids of a set theoretic nature. See [2 Section 8.7] for details. Briefly,
there are set maps s 7: H[S] x H[T] — H[I] and Agr: H[I] — H[S] x H[T] that
produce a Hopf monoid in (vector) species when the set species H is linearized. It fol-
lows that if h is a linearized Hopf monoid, then there is a morphism of Hopf monoids
from h onto E. Thus, Corollary[3.6] provides a test for existence of a linearized Hopf
monoid structure on h.

Example 3.7 We return to the species IT" of set partitions into distinct block sizes.
We might ask if this can be made into a linearized Hopf monoid in some way (after
Example[3.2] this would not be as a Hopf submonoid of IT). With a, and b, as above,
we have

(an)wso = 1, 1, 1, 4, 5, 16, 82, 169, 541,...

(bu)uso = 1,0, 0, 3, =8, 25, =9, —119, 736, ... .
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Thus IT' fails the E-test and the answer to the above question is negative.

3.5 A Test for Hopf Monoids over L

Let h be a connected Hopf monoid in species. Let a, = dimh([n] and @, =
dimh[n]s,. Note that the analogous integers for the species L of linear orders are
b, = n! and b, = 1. Now suppose that h contains L or surjects onto L as a Hopf
monoid. An obvious necessary condition for this situation is thata, > n!anda, > 1.
Our next result provides stronger conditions.

Corollary 3.8 (The L-test) Suppose his a connected Hopf monoid that either contains
the species L or surjects onto L (in both cases as a Hopf monoid). If a, = dimh[n] and
a, = dimh[n]s,, then

a, > na,_, and a,>a,—, (Vn>1).

Proof It follows from Corollary[3.dlthat both &y, (x)/Er(x) and Ty (x) /TL(x) are non-
negative. These yield the first and second set of inequalities, respectively. u

Before giving an application of the corollary, we introduce a new Hopf monoid
in species. A composition of a set I is an ordered collection of disjoint nonempty
subsets of I whose union is I. The notation ab|c is shorthand for the composition
({a,b}, {c}) of {a,b,c}.

Let Pal denote the species of set compositions whose sequence of block sizes is
palindromic. So, for instance,

Pal(a, b] = k{ah alb, b|a}
and

Pal[a,b,c,d, e] = k{abcde, albcd|e, ablc|de, a|b|c|dle, }

The latter space has dimension 171 = 1 + 5(;1) + (;)3 + 5!, while dim Pal[5]s, = 4
(accounting for the four types of palindromic set compositions shown above).

Given a palindromic set composition F = Fy| - - - |F,, we view it as a triple F =
(F~,F° F%), where F~ is the initial sequence of blocks, F° is the central block if this
exists (if the number of blocks is odd) and otherwise it is the empty set, and F* is the
final sequence of blocks. That is,

FLr/2J+1 if ris Odd,

F~ =Fi|---|F,p), FO:{ F" = Fp 4] - - |Fre

o if r is even,

Given S C I, let
F|5::F1ﬂS|FzﬂS| |F,OS,
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where empty intersections are deleted. Then F|s is a composition of S. Let us say that
S is admissible for F if

#(Fi N S) = #(Fr+1_1' N S) foralli=1,...,r.
In this case, both F|s and F|p g are palindromic.

We employ the above notation to define product and coproduct operations on
Pal. Fix a decomposition ] = SU T.

Product. Given palindromic set compositions F € Pal[S] and G € Pal[T], we put
ps7(F® G) :== (F7|G~,FPUG’,G'|F").
In other words, we concatenate the initial sequences of blocks of F and G in that or-

der, merge their central blocks, and concatenate their final sequences in the opposite

order. The result is a palindromic composition of I. For example, with § = {a, b}
and T = {c,d,e, f},
(a|lb) @ (c|de|f) — a|c|de|f]|b.

Coproduct. Given a palindromic set composition F € Pal[I], we put

F|s ® F|r if S is admissible for F,
0 otherwise.

Agr(F) == {
For example, with S and T as above,

ad|blelcf — 0 and e|abcd|f — (ab) @ (e|cd|f).

These operations endow Pal with the structure of Hopf monoid, as may be easily
checked.

Example 3.9 A linear order may be seen as a palindromic set composition (with

singleton blocks). Both Hopf monoids Pal and L are cocommutative and not com-

mutative. We may then ask if Pal contains (or surjects onto) L as a Hopf monoid.
Writing a, = dim Pal[n], we have

(@)n>o = 1, 1, 3, 7, 43, 171, 1581, 8793, 108347, ... .
However,
(ay —nay_1)p>1 = 0, 1, =2, 15, —44, 555, —2274, 38003, ...,

so Pal fails the L-test and the answer to the above question is negative.
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3.6 Examples of Nonnegative Quotients

We comment on a few examples where the quotient power series £, (x)/Ex(x) is not
only nonnegative but is known to have a combinatorial interpretation as a generating
function.

Example 3.10 Consider the Hopf monoid II of set partitions. It contains E as a
Hopf submonoid via the map that sends *; to the partition of I into singletons. We
have

En(x)/Ee(x) = exp(exp(x) —x— 1) ,

which is the exponential generating function for the number of set partitions into
blocks of size strictly bigger than 1. This fact may also be understood with the aid of
Theorem[2.2] as follows.

Given I = S U T, the product of a partition 7 € II[S] and a partition p € II[T]
is the partition 7 - p € II[I] each of whose blocks is either a block of 7 or a block
of p. (In the notation of [2 Section 12.6], we are employing the h-basis of II.) Now,
the I-component of the right ideal E,II is linearly spanned by elements of the form
*s - m where I = SU T and 7 is a partition of T. Then, since x5 = *(;} - *g\ (i} (for
any i € S), we have that E,II[I] is linearly spanned by elements of the form x;, -
where i € I and 7 is a partition of I \ {i}. But the above description of the product
shows that these are precisely the partitions with at least one singleton block.

Example 3.11 Consider the Hopf monoids L and E and the surjective morphism
7 : L — E (as in the proof of Corollary[3.3). We have

SL(x):i and  Ex(x) = exp(x).

It is well known [4] Example 1.3.9] that

exp(—x)_ dn
1—x _;n!x’

where d, is the number of derangements of [n]. Together with Theorem 2.7} this

suggests the existence of a basis for the Hopf kernel of 7 indexed by derangements.
We construct such a basis and expand on this discussion in Section

Example 3.12 Let ¥ be the Hopf monoid of set compositions defined in [2, Sec-
tion 12.4]. It contains L as a Hopf submonoid via the map that views a linear order as
a composition into singletons. (In the notation of |2} Section 12.4], we are employing
the H-basis of X.) This and other morphisms relating E, L, IT, and ¥, as well as other
Hopf monoids, are discussed in [2, Section 12.8].

The sequence (dim X[n]),>¢ is A000670 in [29]. We have

1

EE(X) = m
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Moreover, it is known from [31} Exercise 5.4.(a)] that
1—x Z Sn g
- =r 2
_ [
2 — exp(x) = n!

where s, is the number of threshold graphs with vertex set [#] and no isolated vertices.
Together with Theorem 2.2] this suggests the existence of a basis for ¥ /L. ¥ indexed
by such graphs. We do not pursue this possibility in this paper.

4 The Dimension Sequence of a Connected Hopf Monoid

Let h be a connected Hopf monoid and a, = dimh[n] for n € N. The results of
Sections[3.2]land[3.3] derived from Theorem[2.2] impose restrictions on the sequence
a, in the form of polynomial inequalities. The results of this section are neither
weaker nor stronger than those of Section[3, but provide supplementary information
on the dimension sequence a,. They do not make use of Theorem[2.2] In this section,
the base field k is of arbitrary characteristic.

Proposition 4.1 Forany n, i, and j such thatn =i+ j,
(4-1) a, 2 a,‘a]‘.

Proof Since h is connected, the compatibility axiom for Hopf monoids (diagram
(8.18) in [2} Section 8.3.1]) implies that the composite

h(S] @ h(T] 25 b1 2% h(s] @ h(T]

is the identity. The result follows by choosing any decomposition I = S U T with
|I| =n, |S| =1i,and |T| = j. [ |

Remark The second inequality in (3.2) may be combined with (4] to obtain
as — aya; > 2a;(a; — ay) > 0.

Considerations of this type show that neither set of inequalities (3.1)), (3.2 or (4.1))
follows from the others.

As a first consequence of Proposition 4.l we derive a result on the growth of the
dimension sequence.

Corollary 4.2 Ifa, > 1, then the sequence a, is weakly increasing. If, moreover, there
exists k > 1 such that

ax>2 and a; >1Vi=0,...,k—1,

then a, = O(2"%).
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Proof The first statement follows from a,, > a;a,_;. Now fix k as in the second
statement. Given n > k, write n = gk + r withg € Nand 0 < r < k — 1. From ([@.I)
we obtain

a, > ala, > 29 = 27"/kpn/k,

Thus a, = O(2"/%). [ ]

Define the support of h to be the support of its dimension sequence; namely,
supp(h) = {n € N| a, # 0}.
We turn to consequences of Proposition[4.Ilon the support.

Corollary 4.3 The set supp(h) is a submonoid of (N, +).

Proof By (co)unitality of h, 0 € supp(h). (In fact, ap = 1 by connectedness.) By
Proposition[4.] the set supp(h) is closed under addition. ]

We mention that, conversely, given any submonoid S of (N, +), there exists a con-
nected Hopf monoid h such that supp(h) = S. Indeed, let IIg[I] be the space spanned
by the set of partitions of I whose block sizes belong to S \ {0}. Then II; is a quo-
tient Hopf monoid of IT and supp(Ils) = S. (The former follows from the formulas
in [2, Section 12.6.2]; we employ the h-basis of I1.)

Example 4.4 Consider the special case of the previous paragraph in which S is the
submonoid of even numbers. Then Il is the species of set partitions into blocks of
even size. In particular, a, = 0 for all odd n, so the dimension sequence is neither
increasing nor of exponential growth. This example shows that the hypotheses of
Corollary[4.2] cannot be removed.

Corollary 4.5 The set supp(h) is either {0} or infinite. The set N \ supp(h) is finite
if and only if gcd(supp(h)) = 1.

Proof These statements hold for all submonoids of N, hence for supp(h) by Corol-
lary[4.3] For the second statement, see [26} Lemma 2.1]. [ ]

Remark We comment on counterparts for connected graded Hopf algebras of the
results of this section.

Consider the polynomial Hopf algebra H = k[xi, ..., xx], in which the genera-
tors x; are primitive and of degree 1. The dimension sequence is a, = ("Zf_ll) In
contrast to Corollary[4.2] this sequence is polynomial even if a; > 1. It follows that
Proposition ATl has no counterpart for connected graded Hopf algebras H, and that
the multiplication map H; ® H; — H;,; is not injective in general.

Corollaries and fail for connected Hopf algebras over a field of positive
characteristic. In characteristic p, a counterexample is provided by H = k[x]/(x?)
with x primitive and of degree 1.

On the other hand, if the field characteristic is 0, then the set S = {n € N | H, #
0} is a submonoid of (I, +). This follows from the fact that in this case any connected
Hopf algebra is a domain. We expand on this point in the Appendix.
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5 Hopf Kernels for Cocommutative Hopf Monoids

Hopf kernels enter in the decomposition of Theorem[2.7] (and in dual form, in Theo-
rem[2.2). For cocommutative Hopf monoids, Hopf kernels and Lie kernels are closely
related, as discussed in this section. We provide a simple result that allows us to de-
scribe the Hopf kernel in certain situations, and we illustrate it with the case of the
canonical morphism L — E.

5.1 Hopf and Lie Kernels
The species P(h) of primitive elements of a connected Hopf monoid h is defined by
Ph)Il={xehlI] | Ax) =1Q®@x+x® 1}

for each nonempty finite set I, and P(h)[@] = 0. Equivalently,

P)[I] = () ker(Asz:h[I] = h[S]@h[T]).
SUT=I
S, T#D

It is a Lie submonoid of h under the commutator bracket. See [2, Sections 8.10
and 11.9] for more information on primitive elements.

Let 7: h — k be a morphism of connected Hopf monoids. It restricts to a mor-
phism of Lie monoids P(h) — P(k), which we still denote by 7. We define the Lie
kernel of m as the species

Lker(m) = ker(7: P(h) — P(k)).
It is a Lie ideal of P(h). The Hopf kernel Hker(7) is defined in (2.1).
Lemma 5.1 Letm:h — k be a morphism of connected Hopf monoids. Then
Lker(m) C Hker().
Proof Letx € Lker(w). Then
(my - id)AX) = (my - 1d) (1 ®x+x®1) =0,
since 4 (1) = 0 and w(x) = 0. Thus x € Hker (). [ |

Lemma 5.2 Letw: h — k be a morphism of connected Hopf monoids. Then Hker ()
is a submonoid of h.

Proof By definition,
Hker(7) = A™! (Eq(7r -id, e - id)) ,

where ¢: 1 — k is the unit of k, ¢: h — 1 is the counit of h, and Eq denotes the
equalizer of two maps. Since 7 and e are morphisms of monoids h — k, the above
equalizer is a submonoid of h - h. Since A is a morphism of monoids, Hker () is a
submonoid of h. ]
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The following result provides the announced connection between Lie and Hopf
kernels for cocommutative Hopf monoids. It makes use of the Poincaré-Birkhoff-
Witt and Cartier—-Milnor—Moore theorems for species, which are discussed in [2, Sec-
tion 11.9.3].

Proposition 5.3 Let w: h — k be a surjective morphism of connected cocommutative
Hopf monoids. Then Hker(7) is the submonoid of h generated by Lker(r).

Proof Lemmas[5.J]and[5.2limply one inclusion. To conclude the equality, it suffices
to check that the dimensions agree, or equivalently, that the exponential generating
series are the same. (We are assuming finite dimensionality throughout.)

First of all, from Theorem 2.7} we have

Eker(m) (%) = En(x)/Ex(x).

Now, since h is cocommutative, we have
h2 U(fP(h)) o S(T(h)) = EoP(h).

The first is an isomorphism of Hopf monoids (the Cartier—Milnor—Moore theorem);
the second is an isomorphism of comonoids (the Poincaré-Birkhoff-Witt theorem),
and the third is the definition of the species underlying & ( iP(h)) [2} Section 11.3]. It
follows that

Eh(x) = exp(&p(h) (x)) .
For the same reason,

Ex(x) = exp(Epu (1)) ,
and therefore

Ettker(m) (%) = exp(Epmy (%) — Epa (%)) -
On the other hand, since the functors U and P define an adjoint equivalence, they

preserve surjectivity of maps. Thus, the induced map 7: P(h) — P(k) is surjective,
and we have an exact sequence

0 — Lker(w) — P(h) — P(k) — 0.
Hence,
Elker(m) (X) = Epmy (%) — Epqo (x).

Since Lker(7) is a Lie submonoid of P(h), the submonoid of h generated by Lker ()
identifies with U(Lker(7)). Therefore, as above, the generating series for the latter
submonoid is

exp( Eker(m) (%)) = exp(Epmy(x) — Ep(ig (%)) = Ettker(m) (%),
which is the desired equality. ]

Remark  The results of this section also hold for connected (not necessarily graded
or finite dimensional) Hopf algebras. See [5, Example 4.20] for a proof of Proposi-
tion [5.3]in this setting. The proof above used finite dimensionality of the (compo-
nents of the) species, but this hypothesis is not necessary. The proof in [5] may be
adapted to yield the result for arbitrary species.
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5.2 The Lie Kernel of 7: L — E

We return to the discussion in Example 3.1l The primitive elements of the Hopf
monoids E and L are described in [2, Example 11.44]. We have that

P(E)=X and P(L) = Lie,

where X is the species of singletons,

XUl — {]k if 1] = 1,

0 otherwise,

and Lie is the species underlying the Lie operad. It follows that the Lie kernel of the
canonical morphism 7 : L — E is given by

Lie(I] if|I| > 2,
0 otherwise.

(5.1) Lker(m)[I] = {

Before moving on to the Hopf kernel of 7, we provide more information on the
species Lie.

Let I be a finite nonempty set and n = |I|. It is known that the space Lie[] is of
dimension (n — 1)!. We proceed to describe a linear basis indexed by cyclic orders on
I. A cyclic order on I is an equivalence class of linear orders on I modulo the action

i1| Tt |in71|in — ln|11| tee |in71

of the cyclic group of order n. Each class has n elements so there are (n — 1)! cyclic
orders on I. We use (b, a, ¢) to denote the equivalence class of the linear order b|a|c.
We fix a finite nonempty set I and choose a linear order ¢, on I, say

by = iy]ia| -+ |in.

The basis of Lie[I] will depend on this choice. Given a cyclic order y on I, let S be the
subset of I consisting of the elements encountered when traversing the cycle from 7,
to 1, clockwise, including i; but excluding i, (these are the first and second elements
in £, respectively). Let T consist of the remaining elements (from i, to ;). Note that
iy € Sand i, € T, so both S and T are nonempty. The cyclic order « on I induces
cyclic orders on S and T. We denote them by v|s and v|7. An element p, € L[I] is
defined recursively by

P’y = [p’)’|sap’y|r] = pﬂs : p’ﬂr - p'YIT : pﬂs'

The elements p,|; € L[S] and p,|, € L[T] are themselves defined with respect to the
induced linear orders (¢y)|s and (¢y)|7. The recursion starts with the case when I is a
singleton {a}. In this case, we set

P =a € Lla]

(the unique linear order).

Clearly a € Ll[a] is a primitive element. Since the primitive elements are closed
under commutators, we have p, € Lie[I]. Moreover, we have the following proposi-
tion.
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Proposition 5.4 For fixed I and {y as above, the set
{ P~ | v is a cyclic order on I}

is a linear basis of Lie[I].

Proof The construction of the elements p, is a reformulation of the familiar con-
struction of the Lyndon basis of a free Lie algebra [13,[24}[25]. Reading the elements
of the cyclic order v clockwise starting at the minimum of ¢, gives rise to a Lyndon
word on I (without repeated letters). The cyclic orders 7|s and 7|7 give rise to the
Lyndon words in the canonical factorization of this Lyndon word. ]

For example, suppose that I = {a, b, c,d}, £y = a|b|c|d, and v = (b, a, ¢, d). Then

DPwa,c,d
= [Placay ] = [[P@)> Pica], Py

= [ [p(ub [p(C)up(d)H 7P(b)} = [ [a7 [C7 d]] 7b]
= a|c|d|b — a|d|c|b — c|d|a|b + d|c|a|b — bla|c|d + bla|d|c + b|c|d|a — bld|c|a.

Remark The vector species Lie is not the linearization of the set species of cycles.
Note also that, for a general bijection o: I — ], the p-basis of Lie[I] will not map to
the p-basis of Lie[ J] under L[o].

5.3 The Hopf Kernel of 7: L — E

The above description (5.I) of the Lie kernel of w: L — E together with Proposi-
tion[5.3]imply that the Hopf kernel of 7 is given by

Hker(m)[I] = > Y Lie[S]---Lie[S].

k>1 S LSe=T
|S,|>2 Vr

An element in Lie[S;] - - - Lie[Sk] is a k-fold product of primitive elements x, €
Lie[S,]; each S, must have at least 2 elements. We proceed to describe a linear ba-
sis for Hker(7)[I].

As in Section we fix a linear order ¢y = i,]i5| - - |i, on I. The basis will be
indexed by derangements of £y. A derangement of ¢, is a linear order £ = jy|j,| - - - | jn
on I such thati, # j, forallr=1,...,n.

View linear orders as bijections [#] — I and define o0 := £ o ¢;'. Then o is a
permutation of I and ¢ is a derangement of ¢, precisely when ¢ has no fixed points.

Let ¢ be a derangement of ¢, and o the associated permutation. Let Sy, ..., Sk be
the orbits of o on I labeled so that

minS; < --- < min S according to o,

and let v, be the cyclic order on S, induced by o. In other words, o = v; - - - v is the
factorization of ¢ into cycles, ordered in this specific manner.
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Employing the p-basis of Lie from Section[5.2] (defined with respect to ¢y and the
orders induced by ¢, on subsets of I), we define an element p, € L[I] by

Pe = Pyt Py

By assumption, |S,| > 2 for all r. Hence p,, € Lker(m)[S,] and p, € Hker(m)[I].
For example, let I = {e,i,m,s,t}, £y = s|mli|t|e, and £ = i|t|e|m]|s. Then

g = (s,i,e)(m,t), Sl = {i,€75}, SZ = {mat}7

and

Pr = PeiaPinn = (P> Pie] Ponny = [ [i,el] [m,t].
Proposition 5.5 For fixed I and ¢y as above, the set

{ pe | € is a derangement of (o }

is a linear basis of Hker () [I].

Proof This follows from Proposition 5.4 and the Poincaré-Birkhoff-Witt theorem.
|

Example 5.6 We describe the p-basis of Hker(7)[I] in low cardinalities. Through-
out, we choose o = a|b|c| - - - . The space Hker(r)[a, b] is one-dimensional, linearly
spanned by

Pbla = Plab) = [a,b].

The space Hker(r)[a, b, c] is two-dimensional, linearly spanned by
Pblcla = Plabe) = [Py o) = [a, [b,cl],
Pelalp = Plack) = [Plac, Pwy] = [la,c], b].

The space Hker(7)[a, b, ¢, d] is nine-dimensional. There are six basis elements cor-
responding to 4-cycles, such as

Pelaldlp = Placdb) = [[a, [c,d]] JJ} :
and three basis elements corresponding to products of two 2-cycles, such as

Polaldlc = Plab)Pied) = [a,b] - [c,d].

Appendix
The following fact was referred to in the last remark in Section 4]

Proposition 5.7 Let H be a connected (not necessarily graded) Hopf algebra over a
field of characteristic 0. Then H is a domain.
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This result is proven in [34, Lemma 1.8(a)], where it is attributed to Le Bruyn. We
provide a different proof here.

Proof Let K denote the associated graded Hopf algebra with respect to the coradi-
cal filtration of H. Since H is connected, K is commutative [3} Remark 1.7]. Now
by [23} Proposition 1.2.3], K embeds in a shuffle Hopf algebra. The latter is a free
commutative algebra [23, Corollary 3.1.2], hence a domain. It follows that K and
hence also H are domains. [ |

Over a field of positive characteristic, the restricted universal enveloping algebra
u(g) of a finite dimensional nonzero Lie algebra g is a connected Hopf algebra that is
not a domain. Indeed, in this case u(g) is finite dimensional 8, Theorem V.12] and so
has a nontrivial idempotent, being a Hopf algebra with integrals [18, Theorem 2.1.3].
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