ORTHOGONAL MATRICES IN FOUR-SPACE
C. C. MAcDUFFEE

Every proper orthogonal matrix 4 can be written
A =¢
where Q is a skew matrix [6], and conversely every such matrix 4 is orthogonal.
It is also known that every proper orthogonal transformation in real Euclidean
four-space may be characterized in term of quaternions [1, 3] by the equation
x' = axb, Na = Nb = 1.
Here the quaternion
X =xo+x1i—|—x2j+x3k
determines with the origin a vector having the coordinates (xq, x1, X2, X3).
The relationship between these two representations was clearly shown by
Murnaghan [5].

The present paper employs the first and second regular representations of
quaternions by matrices in place of Murnaghan’s ‘‘special matrices,” with the
result that known properties of the regular representations can be applied
directly to this problem. Incidentally an easy method not using infinite
series is found for finding the skew matrix Q when the orthogonal matrix 4
is given.

1. The first and second regular representations of the real quaternion

a =ao+ali+a2j+aak
are, respectively,

R(a) = aol + a1R; + @:R; + asR;,  S(a) = aol + 0151 + a2S: + asSs

where _ ~ _ _
C 0—-1 0 0 0 0—1 0 0 0 0-17]
1000 000 1 0 0—1 0
R=1 900-1 PR 1000 %] 0100/
| 001 0 | 0-1 0 0 100 0
® - ~
0100 0010 000 17
-1.0 0 0 000 1 0 0—-1 0
Si=1 g0 o0-1 ¥ [=1000/5=| 010 0
00 1 0| | 0-1 0 0 1 0 0 0|

Let ST denote the transpose of S. The six matrices Ry, Ry, Rs, Si7, o7, S5
are all skew and are linearly independent. The most general 4 by 4 skew
matrix
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0 qor qo2 Qo3
—{o1 0 q12 —dg3

2 =
( ) Q —qo2 —{q12 0 @23

—qo3 ds @23 0
is therefore a linear combination of them. In fact
Q = — 3(qu + @3)R:i — 3(goz + gs)R: — 3(gos + g12)Rs

*%(901 - 923)S1T - % qo2z — 931)52T - %(903 - (hz)SzT-

Note the analogy of the ¢'s to Pliicker line coordinates [2].
If we let — 3(qu + q23) = 1, —3(qon — @23) = s1 etc., we may write

p =11+ rj + 73k, o = s+ 527 + 53k

That is, every skew matrix can be written
Q = R(p) + S(a),

where p and o are pure quaternions. Therefore p satisfies the quadratic
equation

3) x? 4+ Np = 0, Np =r® 4+ r® + 13,
and similarly for o.

The matrix €? is defined as a power series which converges for every matrix
Q. Inevery associative algebra, every matrix of the first regular representation
is commutative with the transpose of every matrix of the second regular
representation [4]. It follows upon multiplying power series that

eQ = R®,ST@ _ ,ST(@) Re)

Write R for R(p). Then
1 1 ) 1
R _ - - Ce R4 ce
e =T+ R +R[I+3SR+5!R4+ ]
From (3), R? = —v%] where 9> = Np, v= 0. Hence

R .
e® = cos v-] + — sin 7.
7

If we define the quaternion
4) a =cosv+£sinv,
v

then clearly
R(a) = *®), Na = 1.

By means of (4) every pure quaternion p determines a unit quaternion a
and vice versa. Similarly

'@ = 57(g), Ng = 1.
We have proved

THEOREM 1. FEuvery real proper 4 by 4 orthogonal matrix can be wrilten

A = R(a)-ST(8) = ST(B) - R(a)

where o and B are unit quaternions. Every such product is orthogonal and proper.
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Let us assume a second such representation,
A = R(y)-57(s), Ny = Né = 1.
Then
R7(y)-R(a) = ST(9)-S77(8), R(y'a) = ST(87%).
The skew components of these matrices vanish, since the skew matrices
in (1) are linearly independent. Thus
R(y~ta) = ST(8~15) = &I, k real,
sothata = ky,8 = k8. Since Na = Ny = 1,NEk = k2 = 1,k = 1. We have

THEOREM 2. The pair of quaternions a, 8 of Theorem 1 is unique except that
it may be replaced by —a, —p.

2. The unit quaternion

(5) o = ao + art + ax7 + ask, Na =1,
satisfies the quadratic equation
(6) x2—2ax +1 =0,

whose roots are the characteristic roots of R(a). Since the discriminant is
~4(a,® + a.? + a;?), these characteristicroots are real only if « = &= 1. That
is, unless the orthogonal matrix R(a) is = I, the orthogonal transformation
which it defines leaves no vector through the origin invariant. But if v is
any vector through the origin, the plane of vectors kw + k3R (a)- v is invariant.
For by (6) ‘
R(a)[kﬂ) + sz(a) “U] = — kv + (kl + 2aok2)R(a) - 0.
Thus R(a) is the matrix of a left Clifford translation.
Coxeter [1] has shown that in quaternion coordinates the left Clifford
translation is given by
% = ax, Na =1,
where a is given by (5), and
= X + xﬂ' + xzj + xgk.
Upon multiplying out and equating the coefficients of 1, 7, j and &, we have
x'o = Goxo — Q1X1 — AoXs — A3X3,
%'y = aXo + aexr — asx: + aaxs,
®'s = axxo + a1 + aoxe — a1xs3,
x's = agxo — azx1 + awez + aoxs.
If we denote by v the column vector with components xq, x1, X2, %3, this may
be written

" = R(a) - 7, Na = 1.
In the same notation the right Clifford translations may be written
v = ST v, NB = 1.

3. It has been shown that if 4 is proper orthogonal,
A = R(a)- S7(g),
where a is given by (5) and g is given similarly. We shall show how a and 8
can be determined from 4. From (1)
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3 3 3
(7) A =ahd + B adiRST + a0 B b:ST + b0 T aiR;.

,7=1 i=1 i=1
Since R; and S;T are both skew and commutative, their product is symmetric.
Thus the first ten terms above are symmetric and the last six are skew. Hence
the unique skew part of 4 is

LA — A7) = a[b:SiT + 52527 + 83S5T] + bolaaR: + asR; + asRa).

Since the R; and S;T are linearly independent, we can determine uniquely the
numerical values of

dobl, aobz, aoba, boal, boaz, boag.
With the aid of the relations

ao® + a2 + a? +as? = 1, bo + by% 4 b 4 b5 = 1,
we obtain quadratic equations for a,®> and b¢* and hence the values of the
eight a; and ;. It is known from Theorem 2 that just two sets of values can
satisfy (7).
When « and 8 are known, p and ¢ can be found from (4), and then Q from (2).
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