J. Aust. Math. Soc. 103 (2017), 250-267
doi:10.1017/S1446788716000562

LITTLEWOOD-PALEY CHARACTERIZATION OF
WEIGHTED HARDY SPACES ASSOCIATED WITH
OPERATORS

GUORONG HU

(Received 6 October 2015; accepted 30 September 2016; first published online 10 November 2016)

Communicated by C. Meaney

Abstract

Let (X, d, u) be a metric measure space endowed with a distance d and a nonnegative, Borel, doubling
measure u. Let L be a nonnegative self-adjoint operator on L*(X). Assume that the (heat) kernel associated
to the semigroup e ™' satisfies a Gaussian upper bound. In this paper, we prove that for any p € (0, o) and
W € A, the weighted Hardy space H? . (X) associated with L in terms of the Lusin (area) function and

LS.w
the weighted Hardy space HZ.G,w (X) associated with L in terms of the Littlewood—Paley function coincide

and their norms are equivalent. This improves a recent result of Duong et al. [‘A Littlewood—Paley type
decomposition and weighted Hardy spaces associated with operators’, J. Geom. Anal. 26 (2016), 1617—
1646], who proved that HZS,W(X) = HZG’W(X) for p € (0,1] and w € A, by imposing an extra assumption
of a Moser-type boundedness condition on L. Our result is new even in the unweighted setting, that is,
when w = 1.
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Keywords and phrases: Hardy spaces, weights, nonnegative self-adjoint operators, heat semigroup, Lusin
and Littlewood—Paley functions, space of homogeneous type.

1. Introduction

In recent years the study of Hardy spaces associated with operators has attracted
a lot of attention. This topic was initiated by Auscher et al. [1], who introduced
the Hardy space H](R") associated with an operator L whose heat kernel satisfies a
pointwise Poisson upper bound. Later, Duong and Yan [11, 12] introduced BMO-type
spaces (spaces of functions of bounded mean oscillation) associated with operators
and investigated the duality between H}‘(R”) and BMO;-(R"), where L* denotes
the adjoint of L in L*(R"). Recently, Auscher et al. [2] studied the Hardy space
H' associated with the Hodge Laplacian on a Riemannian manifold. Meanwhile
Hofmann and Mayboroda [21] investigated Hardy spaces associated with a second-
order divergence form elliptic operator L on R” with complex coefficients. The theory
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of the Hardy spaces Hz(X), 1 < p < o0, on a metric measure space (X, d, u) associated
with a nonnegative self-adjoint operator L satisfying Davies—Gaffney estimates was
developed in [20]. For more developments of the theory of Hardy spaces associated
with operators, we refer to [3, 8, 13, 22, 23, 30] and the references therein. Although
the assumptions on the operators L may vary from one paper to another, mostly the
considered operators are of three types: (a) operators satisfying pointwise Gaussian (or
Poisson) heat kernel bounds, (b) operators satisfying Davies—Gaffney-type estimates
and (c) operators satisfying bounded H. functional calculus. In the case where
L =-A+V is a Schrodinger operator with a locally integrable nonnegative potential
V, the H? and BMO spaces associated with L were investigated by Dziubarski and
Zienkiewicz [15, 16]. Note that such a Schrodinger operator L is a special example of
nonnegative self-adjoint operators satisfying Gaussian heat kernel upper bounds. But
it should be mentioned that the theory of Hardy spaces associated with such a special L
is more satisfactory. For instance, H' A+v(R") can be characterized by the generalized
Riesz transform V(—=A + V)™V/2; see [14].

It is also natural to consider weighted Hardy spaces HZW associated with an
operator L with an appropriate weight w. This was first done by Song and Yan [26],
who introduced the weighted Hardy spaces H LW(R”) associated with a Schrodinger
operator L = —A + V and proved that the generalized Riesz transform VL~!/? is
bounded from H LW(R”) to HVIV(R”), where H}V(R”) is the classical weighted Hardy
space introduced by Garcia-Cuerva [17]. Recently, Bui and Duong [4] studied
weighted Hardy spaces H,’iw(X), 0 < p <1, on a metric measure space (X, d, u)
associated with a nonnegative self-adjoint operator L satisfying Davies—Gaffney
estimates. The spaces HZW(X) in [4] were defined by means of the Lusin (area)
function associated with the heat semigroup generated by L. In a more recent paper
[9], Duong et al. considered two kinds of weighted Hardy spaces on a metric measure
space (X, d, i) associated with an operator L whose heat kernel satisfies the Gaussian
upper bound. One kind is defined by means of the Lusin (area) function associated
with the heat semigroup generated by L, while the other kind is defined by means of
the Littlewood—Paley function associated with the heat semigroup generated by L. A
main contribution in [9] is to establish the equivalence between these two kinds of
weighted spaces. However, to achieve this goal, Duong et al. in [9] needed to impose
an extra assumption of a Moser-type boundedness condition on the operator L.

Our aim in the present paper is to prove that the two kinds of weighted Hardy
spaces associated with operators introduced in [9] are equivalent, without assuming
the Moser-type boundedness condition on the operator L. Before we state our main
result, let us fix our setting. Let (X, d, u) be a metric measure space, that is, d is a
distance on a set X and yu is a Borel measure with respect to the topology induced by
the distance d. We always assume that u(X) = co. Let B(x, r) denote the open ball with
center x € X and radius r > 0, and set V(x, r) = u(B(x, r)), the volume of B(x,r). We
often just use B instead of B(x, r). We assume that the metric measure space (X, p, u)
satisfies the doubling condition, that is, there exists a constant C > 0 such that

V(x,2r) < CV(x,r) (1.1)
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for all x € X and r > 0. Recall that a weight w > 0 on X is said to belong to the
Muckenhoupt class A, for a given p, 1 < p < oo, if

p—1

1 L [y
(ﬂ(B) fB W(X)du(x))(ﬂ(B) fB Wl (x)du(x)) <C

with the constant C independent of the ball B. The class A is defined by letting p — 1,
that is, for every ball B C X,

1
(@ fB w(x)du<x>)||w‘1||m>sc

with the constant C independent of the ball B. Let A := Uj<p<e Ap and, for any
w € A, define

gw :=inf{g € [1,00) 1 w € A},

the critical index of w. For 1 < p < oo, the weighted Lebesgue space L} (X) is defined
to be the space of all Lebesgue measurable functions f for which

il = fx FCOPW() dua(x) < oo,

In the present paper, we assume that L is a densely defined operator on L*(X)
satisfying the following two properties:

(H1) L is a nonnegative self-adjoint operator on L*(X);
(H2) the kernel of e~, denoted by p,(x,), is a measurable function on X x X and
satisfies a Gaussian upper bound, that is,

(1.2)

2
i y)] < dx.y )

€ exg-
V(x, V1) ct
for all t > 0 and x,y € X, where C and c are positive constants.

Given an operator L satisfying (H1)—(H2) and a function f € L?*(X), consider the
following Lusin (area) function S ;. (f) and Littlewood—Paley function G (f) associated
with the heat semigroup generated by L:

2 d dr\'?
supe=([ [ et
V,X)<t

x, 1)t
and

™ oy g dr\1?
GL(f)(x) = ( fo Lo Lf(x)F{) .

We shall be concerned with the weighted Hardy spaces H S (X) and H S (X) for
0 < p <ooand w € Ay, which we define by means of the Lusin (area) function and the
Littlewood—Paley function as follows.
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DerintTION 1.1. Let L be an operator satisfying (H1)—-(H2) and w € A,
(i) The Hardy space H L swX), 0 < p < oo, is defined as the complet10n of {f e

LX(X): IS 21l 2 x) < oo} with norm
WAlEr ) = IS Lfllerx)-

LS.w
(i) The Hardy space Hj ; ,(X), 0 < p < oo, is defined as the completion of {f €
L*(X) : IG LAz x) < o0} with norm

“f”H”G @ =GL Al x)-

Under the assumptions (H1)-(H2) of L, Duong et al. [9] proved that H s X c
(X) for p €(0,1] and w € A,,. However, in order to show the converse inclusion

L G,w (X) cH
operator L:

LGw

L s »(X), they needed to impose the following extra assumption on the

(H3) there exists some 0 < g < 1 such that every solution u(x, 7) to the equation
Lu = Uy +Lu=0
on X X (0, o) satisfies the following estimate for each ball B(Yy, r) C XX:

1 1/q
swp W< (g [ urpay)
YeB()l/Z,r) V3o, Nr Jseyy2n

for any Yy = (yo, %) € X X (0,00) and 0 < 7 < 1o/2.

In [9], the assumption (H3) is called the Moser-type boundedness condition Under
the assumptions (H1)—(H3) of L, Duong et al. [9] showed that H{ G. SX)CcH L S X
for p € (0,1] and w € Aw. However, as mentioned in [9], it was not clear whether or
not H]’j G. w(X) CcCH L s, W(X) when L merely satisfies (H1)—(H2). The aim of the present
paper is to give an affirmative answer to this question. Our main result can be stated

as follows.

THEOREM 1. 2 Assume that L satisfies (H1)—(H2). Let 0 < p < oo and w € As. Then

the spaces H (X) and H (X) coincide and their norms are equivalent.

LSw LGw

As noted in [9], under the assumptions (H1)-(H2), the Lusin function S ;(f) and
the Littlewood—Paley function G, (f) do not satisfy the standard regularity of the so-
called Calder6n—Zygmund operators; thus, standard techniques of Calder6n—Zygmund
theory [7, 29] are not applicable. The lack of smoothness of the kernel was indeed
the main difficulty of our problem. To overcome this obstacle, we shall establish a
generalized sub-mean-value inequality (see Lemma 3.4 below), which is inspired by
the ideas of Bui et al. [5, 6].

The layout of the paper is as follows. In Section 2, we recall some basic facts and
known results. In Section 3, we give the proof of Theorem 1.2.

Throughout, the letters ‘c’ and ‘C’ will denote positive constants which are
independent of the essential variables involved, but whose values may vary from one
occurrence to the next. By writing a = b, we mean that the variables a and b are
equivalent, that is, there exist two positive constants C; and C; independent of a and b
such that Cia < b < Caa.
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2. Preliminaries

In this section we recall some basic facts and known results which will be needed
in the next section.

First note that the doubling condition (1.1) implies that there exist constants C and
nsuchthatforallxe X, r>0and 1> 1,

V(x,Ar) < CA"V(x,r). 2.1

The constant n plays the role of a dimension, though it need not even be an integer. In
the sequel we want to consider # as small as possible. Note that in general one cannot
take the infimum over such exponents z in (2.1). There also exist constants C and D,
0 < D < n, so that

d(x,y)\P
r

Vv, r) < C(l + ) Vix.r) 2.2)

uniformly for all x,y € X and r > 0. Indeed, property (2.2) with D = n is a direct
consequence of (2.1) and the triangle inequality for the metric d. In the cases of the
Euclidean spaces and Lie groups of polynomial growth, D can be chosen to be 0.
Using the doubling condition (1.1), it is easy to show that for any N > n, there exists a
constant C (depending on N) such that for all x € X and ¢ > 0,

f (1 + 7' d(x, y) ™Y du(y) < CV(x, 1). (2.3)
X

The following lemma is standard and thus we skip the proof.

Lemma 2.1. Suppose that N > n + D. Then there exists a constant C > O such that for
all measurable functions f on X, t > 0 and x € X,

Al
fx V@, (1 + r1d(x, y))V du(y) < CM() (),

where M is the Hardy—Littlewood maximal operator on (X, d, 1) defined by

1
M) 5= sup —s fB O du).

xeB

Given a weight w on X, 0 < p < o0 and 0 < g < oo, we denote by L% (£9) the space
of all sequences {f;}; of measurable functions on X such that

||{fj}j||L{:,((q) = ||||{fj(')}j||fq||L{1,(X) < ©o.

Lemma 2.2 [18, Section 6.6]. Suppose that 1 < p < oo, 1 <g<ocoandw €A, Then
there exists a constant C > 0 such that

IEMUDY Lz oy < CI 3 lle gy
Given f € LZ(X), a > 0and x € X, we define

. e t " ag L d,u(y) dr\'?
Gan (N = fo fx (g d(x,y)) Py =)
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Lemmva 2.3. Assume that L satisfies (H1)—(H2). Let w € Aw, 0 < p <00 and a >
2g,,/ min{p, 2}. Then there exists a constant C > 0 such that for all f € L*(X),

G L (DNl < CUS LOHN 2z x)-
Proor. The proof is standard; we refer the reader to [28, Theorem 4 in Ch. 4] and [19,
Lemma 3.2]. O

Let E(1) be the spectral resolution of L. For any bounded Borel measurable function
F : [0, 00) — C, by the spectral theory we can define the operator

F(L)= foo F(A)dE),
0

which is bounded on L?(X). The following result will be important to us.

Lemwma 2.4 [10, Lemma 4.3]. Assume that L satisfies (H1)-(H2). Let R > 0 and s > 0.
For any € > O, there exists a constant C = C(s, €) such that

C
2 s 2
fx Krp s VP + RAG ) i) < G IO s, s

for all even functions F € W(";’/z) +«(R) such that supp F C [-R, R], where K F( VD (% y)

is the kernel of the operator F(t\/z), OrF(A) := F(RA) and ||Fllwew) =
(I — d*/dA%)** F| ).

Note that Lemma 2.4 is slightly different from [10, Lemma 4.3], in which the
function F is required to be supported in [R/4, R]. But a careful examination of the
proof of [10, Lemma 4.3] shows that the assertion is still true if we assume that F' is
even and supp F' C [-R, R]. See also [24, Theorem 7.18].

We will also need the following two fundamental results.

Lemma 2.5 [25, Lemma 2]. Let w be an arbitrary weight on X, 0 < p,q < oo and § > 0.
Let (g}, be a sequence of nonnegative measurable functions on X and put

j=—

hx)= Y 20 gix), xeX.LeZ

j:—oo

Then there exists a constant C = C(p, q,0) such that

||{h€};°:_oo||L{L(fq) < C||{gj}ji_oo||L{;(fq).

Lemma 2.6 [25, Lemma 3]. Let 0 <r <1, and let {b;}._ . and {d;};.__ be two
sequences taking values in respectively (0, ] and (0, ). Assume that there exists
No > 0 such that d, = O2™) as € — oo, and that for every N > 0 there exists a finite

constant Cy such that

d<Cy Y 20 Nbid), (e
=
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Then, for every N > Ny,
dj<Cy Y 270Ny, tez,
j=t

with the same constants Cy.

3. Proof of Theorem 1.2
Denote by S(R) the Schwartz class on R. For M € N and ® € S(R), we set

®lls, @) := sup sup(l + AP+ D),
0<v<M A€R

where ®) is the vth-order derivative of ®. We have the following smooth functional
calculus.

Lemma 3.1. Assume that L satisfies (H1)-(H2). Then, for any N > 0, there exists a
constant C > 0 such that for every even function ® € S(R), the kernel Ky, \@(x, y) of

the operator ®(t VL) satisfies the estimate
K g v VI < ClIDlls, ) VO, 7 (1 + 17 d (e, y) 77,
where M is the smallest even integer that satisfies M > N +n + 1.

Proor. First we show that, for any N > 0 and m > n/2, there exists a constant C =
C(N, m) such that

K seny» (e )] < CV 0™ (1 + 1 d(x,y) ™. 3.1
Indeed, by the formula

1 (oe]
I+7L)™"= Tom f e LTy du
m) Jo

and the Gaussian upper bound (1.2),

|K([+t2L)—m(.x, V)| < Cf |Ke—m2L(x, y)|e—uum—1 du
0

* 1 d?(x,y)
<C (— ’ ) 1 g
L V(x, ul/2t) P\ ) "

* 1 A y\ ™
SCf(; V(x,ul/zt)(1+ ul/zt) e "u" du.

From this, the fundamental inequality
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and the fact that
V(0 = Vix,u  Pulr) < CA +u YV (x, u )
(which is a consequence of (2.1)),

|K (1420 (x, Y
Cc dox, N e
(1 + (); )7)) f (1 + u—1/2)n(1 + ul/Z)Ne—uum—l dl/l
0

RYCN))]
C dx, )N
- V(x,t)(1+ t ) ’

which verifies (3.1).
Since d(1 VL) = (I + 2L)"®(t VL) + AL)™,
Kooy (Y = fx K 1, e pymauvn s DKaeny-»(2, y) du(z).
Hence, for any N > 0, by (3.1) and the fundamental inequality
1+ dey)V (1 + 7' d(z )™ < A+ 17d(x, ),
V(1 + 17 d0, )Y K g vy (5. 9))
<C f K 112y DI+ 171 d(x,2)" du(2). (3.2)
X

Let o € C(R) be an even function such that ¢o(1) = 1 on {|4] < 1/2} and ¢o(1) =0
on {|A] > 1}. Define ¢(1) = ¢o(d) — ¢o(22), L € R. Then suppp C {1/4 < |4] < 1},
and o(1) + 252, 9272 = 1 for 1 € R. Let m € (n/2,3n/4), and set F*(1) = @o(A)
(1 + 22"®(A) and FY(A) = 27D + 22)"DA), £ =1,2,.... Then supp F'(t) C
[, 1], supp Fi(t-) ¢ [=2(17", 20071, FO(r VL) = ot VL)(1 + ALY ®(t VL),

F'aVL) = o2~ VL)(1 + PLy" 0 VL), €=1,2,...

and .
K(I+t2L)"’(D(t \/Z)(x’ Z) = Z KF[(t \/Z)(x, Z) (33)
=0
By the Cauchy—Schwartz inequality, (2.3), Lemma 2.4 and (2.1), we have, for £ =
1,2,...,

fx IK o vy (6 DI+ 17 d(x, 20V ()

1/2
<c( f K (6 DR+ 2071 22 V@) Vi 2
X
<OV, 2707 PV 0 P I62n IRy gy
< C2" P16y [F (e my
= C2"PA - @)1 + 22 )" O DG g (3.4)

N+n+l+e
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Recall that if s is an even integer, then ||Fllw=my = X, ld*F /d/lklle(R); see, for
example, [27, Ch. V, Section 6.6]. Since M is the smallest even integer that satisfies
M > N + n + 1, by taking ¢ sufficiently small we have M > N + n + 1 + ¢ and thus

12 @1 + 22 22" D)l

N+n+1 +€(R)

<[4 - (DA + 22 )" D Dl )

S C”(D”SM(R)ZeM Sup (1 + 2l’|/1|)2m—(M+2n+1)
1/4<AI<1

< C||®||SM(R)2€(ZM7ZH71)'

Substituting this into (3.4) yields

f K ey vy (6 DI+ 17 dl(x, 2))V du(2)
X
< Cll@lls, @2~ 122, (3.5)

Analogously,

f 1K ooy (0 DL+ 17 d(x,2) V(@) < Cl@ll - (3.6)
X

Since m € (n/2,3n/4), we have (3n/2) + 1 —2m > 0. Hence, combining (3.2), (3.3),
(3.5) and (3.6),

VO D1+ 7' d0 )Y K g v, (0]

<C Z f IK e yp (5 DI + 17 d(x, )N du(2) < ClIDlls,,m),
=0 VX

which readily implies the desired estimate. O

Lemma 3.2. Assume that L satisfies (H1)-(H2). Suppose that ©,¥ € S(R) are even
functions, and that
¥I0)=0, v=0,1,...,2 (3.7)

for some positive integer k. Then, for any N > 0, there exists a constant C such that
forall j,€ € Zwith j>¢,

K -ty vy (5 V) S CILL o 2O s, ol 1> A (D,
X 27200 (2,277 (1 + 2d (e ),

where My (respectively M) is the smallest even integer that satisfies My > N +n + 1
(respectively My > N +2n + D + 2).

Proor. Since

Q2 VL)Y I VL) = 272002~ X Ly o2~ VD)2 ¥ L) P2~/ VL)),
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Koa-cviyva-ivn (5:Y)
— 7—2(-0«
=2 f); K(z-th)K(D(z—f \/Z)(X, Z)K(g—sz)—x\y(z—j \E)(Z’ y) dﬂ(Z)-

The condition (3.7) implies that the function A — A72*¥(1) is smooth at 0 and belongs
to S(R). Hence, by Lemma 3.1,

|K(2—21L)K¢(2—l ﬁ) (X, Z)|
< Clld - *O)ls,, @ V(x, 277 (1 +2%d(x, )7

and

|K(2*2!'L)*’<‘P(2*/’ ﬁ)(L I
<ClA- /1_2'(‘1’(/1)||SM2(R)V(Z, 270N+ 27d(z, y))y VDD,

where M) (respectively M) is the smallest even integer that satisfies M| > N +n + 1
(respectively M, > N + 2n + D + 2). From all above and the inequality V(z,27/)"! <
(1 +2/d(z,y))PV(y,27/)~! (which is a consequence of (2.2)),

IK o2 vyr-i vi) (%> VI
< C272 M1 s P D)ls,,, @)l = K D)ls,, @ V(X 27

x V(y, 277! f (1 +2%d(x, 2) ™A + 27d(z, y)) M Vau(z). (3.8)
X

By the inequality
(1+2%4(x, )™ (1 +27d(z, )™ < (1 +2%d(x, )™ (j20)
and (2.3),

f (1+2°d(x, 2)™M(1 + 27 d(z, )™V du(z) < CV(y, 27)(1 +2° d(x,y) ™.
X

Substituting this into (3.8) yields the desired estimate. O

For our purpose we introduce a Fefferman—Stein-type maximal function. Given
feL*X), @>0and (x,1) € X X (0, ), define

* - 2Le L f(y)
M, (F)e. 1) 1= ess sup o =i

Lemma 3.3. Let w be an arbitrary weight on X, 0 < p < oo and a > 0. Then there exists
a constant C > 0 such that for all f € L*(X),

2
2@)1/
t

1.0z < || fo ML (D)

L)
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Proor. Observe that for all @ > 0, ¢ > 0 and x € X,

27 L 2
Ve Jae lt"Le™ " f(WI” du(y)

<esssup|PLe LI < 2" M (f)(x, DT,
yeB(x,t)

Applying the norm fooo | - |dt/t on both sides gives the pointwise estimate

< dt
SuNWP <2 [, (w0,
0
which readily yields the desired estimate. O

Lemma 3.4. Assume that L satisfies (H1)—(H2). Then, forany u >0, r > 0and a > D/2,
there exists a positive constant C such that for all f € LZ(X), teZ xeXandte|l,2],

M, (H)x. 27D

i~ L |(27jt)2L€7(27"’)2Lf(Z)|r
(j=Our
<C ; 2=(=0u £ V(z, 2701 + 20 d(x, 7)) du(z). (3.9)

Proor. We follow the ideas developed by Bui et al. [5, 6], which were simplified by
Rychkov [25]. Let @o(A) := e, (1) := A2~ for 1 € R. Then

Qi) Le™ 0L f = 27t VL) f.

Let 9, 7 € S(R) be nonnegative even functions such that |7y(2)| # 0 & || < 2 and
(D] #0 & 1/2 < |1 <2. Then set w(d) :=no(D)Po(d) + Y52, n2~ D)D),
A €R. Finally, let Yo(2) := no(1)/w(), ¥(A) := n(D)/w(), 1 € R. Then ¥y, ¥ are
even Schwartz functions on R, supp ¥y € [-2,2], supp¥ c [-2,—-1/2] U [1/2,2] and

Do()W(A) + Z OQRIDPQ ) =1, VAeR. (3.10)
j=1

Replacing A with 274 in (3.10), we see that for all £ € Z and ¢ € [1,2],
Q27D Y27 12) + Z O )P U0t =1, VaeR.
j=1

It then follows from the spectral theory that for all f € L>(X), £ € Zand t € [1,2],

f =02t VD) P2t VL) f + Z DR IONLPQ O VL) f
j=1
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with convergence in the sense of L>(X) norm. Hence, for almost every y € X,
o2tV f()
= Oy2 1 VD)W 2t VD)2t VL) f(y)
+ Z O VLYY 0 VL) d2 U0 VL) f(y)

J=1

~ [ Kooz 0@ VD@ dutc)

+ Z ﬁ( Kq)(z—it ﬁ)\y(z—(j#),\/Z)(.Va Z)®(2_(j+[)t \/Z)f(Z) du(z). (3.11)
=1

Let N > a and let « be an integer such that 2« — @ — n/r > u. Since ¥ vanishes near
the origin, (3.7) is valid for all k € N. Hence, by Lemma 3.2, there exists a constant
C=C(x,N)suchthatforall£e€Z, je{l1,2,...}and t € [1,2],
IK oot yEyw-+01y1) 05 2
< Clld - D), @lId = P @ls,,, @)
X 27V (2,271 + 2d(y, 2))"™*P,

where M (respectively M>) is the smallest even integer that satisfies M| > N + n +
D + 1 (respectively My > N + 2n + 2D + 2). Obviously, for fixed M; and M5, there
exists a constant C = C(®, ¥, M, M) such that

sup 4 > D)5, @l = A*ED)|s,, @) < C.
te[1,2]

Hence,
|Kq>(2—(’l VL) ®(2-U+0; \E)(y’ 2)|
< C277*V(y, 275711 + 2d(y, 2))" VD
< C27HV(z,279711 + 2%y, 2) 7V, (3.12)

where the constant C depends on ®,¥ and N, but does not depend on ¢ € Z,
je{l,2,...}and r € [1,2]. Analogously,

IK%(TQ@)\&(}Q«E)(Y’Z)| <CV(, 2_5)_1(1 + 2€d(y, )N, (3.13)
Putting (3.12) and (3.13) into (3.11),

102~ e VL) ()
© —(j+0)
Sczz_zjkf |20 VL) f(2)| ()
=0 X

V(z, 2791 + 20 d(y, )N

— ks “2(j-0 |(D(2_jt \/E)f(ZN
-c ; 2 fX V(z, 2= + 20 d(y, z))V du(2). (3.14)
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To prove (3.9), we first consider the case 0 < r < 1. Dividing both sides of (3.14)
by (1 + 2 'd(x,y))?, in the left-hand side taking the supremum over y € X, in the
right-hand side making use of the inequalities V(z,27¢) > V(z,27/) (for all j > ¢) and
(1 + 27 1d(x, v))(1 + 2%d(v, 2)) > C(1 + 2%d(x, 7)) (for all ¢ € [1,2]), we obtain, for all
te[l,2]and x € X,

M, (f)(x, 27
<Y o0 f 0271 VL) f(2)| e (3.15)
=t X

V(z,27)(1 + 2¢ d(x, 2))*
To proceed, we further observe that
@21 VD f(2)
< [0t VL) fF@I' M, (H(x, 27017 (1 + 2717 d(x, 2))* . (3.16)
From (3.15), (3.16) and the inequality
(1+2/ (e, )"0 20=0a
(A +2%d(x, 2~ (1 +2d(x,2))*"

M (F)x 2 )
<C Z 2‘(}-[’)(2K—a) f |(D(2_Jt \/Z)f(z)lr dM(Z)
=t X

(j=¢, te]l,2]),

V(z,27)(1 + 27 d(x,2))*"

X [M;, ()% 27 D] (3.17)
We claim that for any fixed @ > D/2, f € L*(X), x € X and ¢ > 0, there exists Ny > 0
such that
M., ()(x,27 ) <o, VlLEZ (3.18)
and
M., (H)(x,27) = 02™) (£ - o). (3.19)

To see this, we first note that the Gaussian upper bound (1.2) for p,(x,y) is further
inherited by the time derivatives of p;(x, y); in particular,

C x ( d*(x,y)
Ve VoV
for almost every x,y € X; see, for example, [24, Theorem 6.18]. This implies that

0
|KM2L€—u2L(y’ Z)l = ‘[—tapt(y’ Z):| 2

Hence, by the Cauchy—Schwartz inequality and (2.3), for almost every y € X,

WPLe ()] < f FOIK 2y, (3 D] du2)
X

<

0
‘EPI(X,)’) )’ vi>0

<CV(y,uw) ' +u"d(y,z)) "2,

12
< I llao VO, u)*‘( fx (1 +u™ d(y,2)) D dﬂ(z))

< Cllfllza Vo, w2
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This along with (2.2) yields that for @ > D/2,

M, (f)(x,u) < Cess zup[(l +u”tdu ) N llze Vi, w2
yE

< Cllfllzon V™2,
Hence, (3.18) is true. Moreover, if ¢ > 0, by (2.1),
MZ () 270 < Cllfllza Vi 270712 < C2012V(x, 1712,
which shows (3.19) with Ny = n/2. From (3.17), (3.18), (3.19) and Lemma 2.6,
(M, (/) (x 27D

<c iz-o-mk_a)r f eeNDI@r
=t X

V(z,27))(1 + 2/ d(x, )"
<c i o-G-DX2k-a-nir f eeINDr@r
=t X

V(z,279(1 + 20 d(x, 2))*"

where we used V(z,27/)~! < 20-9"y(z, 276! (for all j > ¢). This implies the desired
estimate (3.9), since 2« — @ — n/r > p and ®(L) = 2.

The proof of (3.9) for r > 1 is much easier. Indeed, from (3.14) with u + £ instead
of 2« (since we can take « arbitrarily large), and with a + (D + n + 1)/r" instead of N,
where 1/r+1/r =1,

102~ e VL) ()

N -G-Oe) |02/t VL) £ (2)|
=¢ ,Z:,; ? fx Vi(z, 270)(1 + 2 d(y, 2))@+P+n+ D ()

20 |02/t VD) f )" 1r
(j=O)(u+e)

S eow [ 10QTINDIQE ur
SC(Zz ]# f VG20 1 2 dey. oy (Z)) :

j=t
where we applied Holder’s inequality for the integrals and the sums, and used (2.2) and
(2.3). Raising both sides to the power r, dividing both sides by (1 + 2/~ 'd(x, y))*", in
the left-hand side taking the supremum over y € X and in the right-hand side using the
inequality (1 + 2¢7'd(x, y))* (1 + 2%d(y, 2))*" > C(1 + 2%d(x, 2))* (for all ¢ € [1,2]),
we obtain the desired estimate (3.9) for r > 1. O

Lemma 3.5. Assume that L satisfies (H1)—(H2). Let w € Aw, 0 < p <00 and a >
(n + D)q,,/ min{p, 2}. Then there exists a constant C > 0 such that for all f € L*(X),

([} wsaneors) Y,

t

< CIGLNNzpx)-
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Proor. Let ®(1) := /128—12’ AeR. Since a > (n+ D)g,/ min{p,2}, there exists a
number r such that 0 < r < min{p, 2}/q,, and ar > n + D. From Lemma 3.4, we see
that for any u > 0 there exists a constant C such that for all f € L*(X), £ € Z, x € X and
re[l,2],

[M* L(f)(x - t)] < CZ 2 (j— [)prf P27t \/Z)f(Z)lr d'u(z)

x V(2701 + 2d(x,2)*"

Taking the norm ( flz | - 1%/7(dt/t))"/> on both sides and applying the Minkowski
inequality and Lemma 2.1,

f (M, (F)x. 2 0P )

i o | ([ 0 VD foPLy "
- V(z,279(1 + 28 d(x, 2))"

<C

du(z)

8

<C Z <f*f)"’M[( f1 2 |02t ‘/Z)f(-)lszt)r/z](X)

Jj=

<c 3 rton( e i) o

j*—oo

Applying Lemma 2.5 in the space L’/ (£*/") and Lemma 2.2,

H f (Mo (P t)]zd )1 2 L)

H f M, ()2 r)]Zdt)r/z}[__m

<cH M[ f |02t VL) f(- )Izd[)r/z]}

5CH f |02t VL) £(-)| dt)r/z}jz_m

= C||GL(f)||L{j,(X)’

1/r

LP/'(g2/r)
1/r

LP/V([Z/r)

J——OO

1/r

Ly

where we used the fact that p/r > ¢,, and 2/r > 1. O

Lemma 3.6. Assume that L satisfies (H1)—(H2). Let w € Aw, 0 < p < o0 and a > 0.
Then there exists a constant C > 0 such that for all f € L*(X) and t € [1,2],

I f M020 V0P | < OGPz
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Proor. Let ®(1) := /lze‘/lz, AeR. Letu>a+ D/2. By Lemma 3.4 with r = 2, we see
that there exists a constant C > 0 such that for all f € L>(X), £ € Z and t € [1,2],

[M;+D/2,L(f)(x’ Z_Zt)]Q
(o] -7 2
<y aon f [0t VL) f(2)| o)
J=t X

V(z,277t)(1 + 27 d(x, 7))2e+D

N A0 027t VL) f(DP  du(z)
|j—€(Qu—2a-D)
<C Z 2 L (1+2/t1d(x,2))% V(x,277t)’ (3.20)

Jj=—00
where for the last line we used (2.2) and
1427 d(x,2) > 279791 + 277 'd(x, 2)), Vj=¢.

Taking the norm flz | - [(dt/t) on both sides of (3.20) gives
: —eppdt
[M(H.D/z,L(f)(x,z 3] 7
1

S o ictouzaeny [ 1@QUND QP duz) dt
|j=t(2u—2a-D) =
<€ Z 2 f; j;; (1 + 2/ d(x,2))% V(x,2771) t

j:—oo

Since 2u — 2a — D > 0, applying Lemma 2.5 in Lﬁ/z(t’l),
00 . zdl‘ 1/2
H(f (M p2r (D] —)
0 t LX)
2
y _ dt
- f M a2 0P|
1 t L)

<CH{ fz f @@ VDf@P  du() g}“’
- L Jx (L+2070d(, 2))%2 V(x, 2791 1) jo—oo

= C“g(*z/n)a,L(f)HL{f,(X)-
This completes the proof. o

(o]

1/2

{=—00

172

LA

Proor oF THEOREM 1.2. From the definition of G, (f) and M:;, () (x, 1), we see that for
any & > 0 and f € L*(X),

o 1/2
GL(f)(x)s( fo [M:;’L(f)(x,t)]z%) , ae xeX (3.21)

Fix two numbers @, @’ such that a > ng,,/ min{p,2} and o’ > (n + D)g,,/ min{p, 2}.
Then, for all f € L*>(X), by (3.21) and Lemmas 3.6, 2.3, 3.3 and 3.5,

* dr\'?
NGL(ONrx) < CH(f [MZ+D/2,L(f)(‘,l)]2—)
0 t LP(X)
< ClG o ma L Mz < CUS LAz x)
. Ldn\'/?
( fo (M (NG 0P) < CIGLDlzen.

) oo
Hence, IS L(N)ll2x) = IGL(lz2(x)- The proof of Theorem 1.2 is complete. ]

<C
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