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Abstract. In this Note we study perturbed isotropic harmonic oscillators in
1-1-1 resonance, which is one of the typical cases of galactic potential models.
We focus on cubic and quartic axial symmetric potentials giving explicitly their
normal form. The 3D normalized Hénon and Heiles case, which requires to reach
fourth order, is studied showing its relative equilibria and bifurcations.

1. Introduction

We deal with 3D cubic and quartic potentials with axial and discrete
symmetries proposed, among others, by de Zeeuw (1985). As far as we
know, only first order studies have been done. One of the most typical ca-
ses is the Hénon and Heiles dynamical system in two dimensions (Hénon
and Heiles, 1964). It has generally been viewed as the paradigm for va-
rious problems in mechanics, galactic dynamics (Hénon and Heiles, 1964;
Verhulst, 1979) and for more theoretical studies such as integrability con-
ditions (Churchill et al., 1983) and chaos.
We consider the family of Hamiltonians given by

H = Ho+ew?[a1 2% +ag(z? +y?) 2]+ 2w [by (22 4+ y?) 2+ by 2t + b3 (22 4+ y?) 27,

(1)
where Ho = (X2 + Y2+ 2% + w?(2? + y? + 2?)), the variables (X,Y, Z) refer
to the conjugate momenta of (z,y,2), w is a frequency and € means that
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second and third terms of Eq. (1) are small perturbations of #g. Note that
this dynamical system is axially symmetric. Among the cubics (b; = b, =
bz = 0), the most relevant case is the Hénon and Heiles Hamiltonian, which
corresponds to the coefficients a; = —1/3 and a; = 1.

In Section 2 we normalize the Hamiltonian #, while the reduced Hénon
and Heiles Hamiltonian is presented with more detail in Section 3.

2. Normalization

Typically, several studies with polynomial potentials in 1-1-1 resonance
have been made. While some have attacked the problem by numerical inte-
gration (Robe, 1985), other authors (Verhulst, 1979; de Zeeuw, 1985) have
formulated it in terms of action—angle variables and applied the averaging
method.

What we do here is to reduce the system by normalization. First, we
define a set of complex variables derived from the Cartesians. If ¢ stands
for the imaginary unit +/=1 then

\/-(:v—zX/w), v—\/-( —iY/w), w—ﬁ(z—iZ/w),
U“\/i( —iwz), V_Vi'( - iwy), W=71§(Z—iwz).

The Lie derivative Lg of a function F associated to H is the Poisson bracket
{F,#o}, which in the complex becomes the differential operator
fomie (s2-0 8 v vl )
Ou

vt Vv e Yaw

because the unperturbed Hamiltonian in the complex reads as #o = iw(ulU+
vV + wW).

Yet, as the perturbation remains polynomial in complex variables, for
a given monomial m = u®tweU?VeW/its Lie derivative yields Lo(m) =
iw(a+bdb+ec—d—e— f)m. The kernel of Lgis the vector subspace generated
by the monomials m such that their corresponding exponents verify the
relation

a+b+c—-d—e- f=0. (2)
Hence, the normalization for a potential in complex variables is as follows.
On the one hand, a term m of the perturbing potential which verifies Eq. (2)
adds nothing to the generator and remains in the normalized potential.
If, on the other hand, it does not verify Eq. (2) its contribution to the
normalized potential is zero and the term im/w/(a+b+c—d —e— f) must
be added to the generator.

From a practical point of view, by means of the Lie-Deprit method one
constructs a canonical transformation (', v’, w’, U’, V!, W';¢) = (u,v,w, U,
V,W) such that in each step of the process one deals with the partial
differential identity Lo(W,)+Ky, = H,. While W, stands for the generator,
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K, refers to the transformed Hamiltonian, both of order n and the terms H,,
are computed by the recursive relations given in the Lie triangle algorithm
proposed by Deprit (1969).

The process of the normalization is obviously independent of the set of
variables one chooses. Moreover, we have also performed the algorithm in
the so called nodal-Lissajous (¢,¢,v,L,G,N) (Ferrer and Gérate, 1996),
an extension of the planar Lissajous variables (Deprit, 1991), obtaining the
same results. The reason to use complex variables in the normalization is
that the algorithm is rather suitable to be coded with an algebraic mani-
pulator. Besides, the total number of terms appearing in the intermediate
calculations, when one carries out the normalization up to a high order,
is much smaller in complex variables than in Lissajous. Let us remark the
equivalence between Eq. (2) and the elimination of the variable £. In other
words, normalizing the initial Hamiltonian in complex variables is the same
as reducing in one the number of degrees of freedom in Lissajous. Further-
more we have made use of the Lissajous variables to write the reduced
Hamiltonian and take advantage of their well defined physical and geome-
trical meaning, see (Ferrer et al., 1996a): N is the third component of the
angular momentum, G its modulus, L = Hp/w, g measures the position
of the semi-minor axis reckonned from the nodal line, while v stands for
the argument of the node and ¢ gives the position on the ellipse from the
semi-minor axis. The case G = 0 must be excluded from our study.

The application of the normalization in complex variables to Eq. (1),
up to an order 2n, yields that K = 35, €% K2:/(26)! + O(2**?), where Ko =
Ho and each Hamiltonian Ko;, ¢ = 1,2,.--,n,is a polynomial in complex, of
degree 2i+2 and all the terms verify Eq. (2). Notice that odd Hamiltonians
are zero because in the original potential, cubic terms appear at first order
while quartic terms are placed at second order.

Thus, in Lissajous variables, the normalized Hamiltonian K = K(—, g, —,
L,G, N)defines a one degree of freedom system (because of the axial sym-
metry) and, up to second order, reads

272
K=wL+ 8—9%(00 + C3 cos2g + Cy cos 49) + O(e?),

where
((Co = —48a?+ 96b; + 8e%(a3 + 6b1)
+ 1682[—9(11(12 + a% —6by +3b3 + 362(3a1a2 - 7a§ —6b1 + 3b3)]
+ 334[10(—30% + 2aja9 + a%) + 12(b1 + by — b3)
4 + 62(5(—3af + 2a1a2 + a%) -+ 6(61 + by — 63))],
C, = 4es*[—30ajaz — 10a3 — 36b; + 18b3
+ 352(5(-—3a% + 2a1a2 + a%) + 6(b1 + by — ba))],
L Cy, = 36284[5(——30% + 2a a2 + a%) + 6(b1 + by — b3)],
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e? =1-n? with n = G/L and s? = 1 - ¢? with ¢ = N/G . Primes have been
dropped in order to simplify the notation.

In particular, for the Hénon and Heiles the second order is trivial (C, =
C4 = 0), thus the fourth order has to be calculated. It is

K -—wL+€2L2( 5+7 2—802)+€4L323:C ; cos 2ig + O(e®)
HH = 1 1 1320 2 a,2i cos 2ig + O(e”),
where
Cio = —67—2640% 2172+ 56(9+ 2002)c?

— 1008(2 + 02)c* + 1680¢",
Cs2 = b56c%es?[9(2+ o?) —29? — 45¢7),
Csa = 1008c2e?st,
Css = —168¢e3s5,

such that ¢ = ¢cp = N/L. Indeed, we have reached order six so as to use it
in forthcoming work to make estimations of the convergence of the series
associated to the reduced problem. Nevertheless, the studies we present
in this work, concerning the equilibria and bifurcations of the reduced sy-
stem, are focused on the Hamiltonian Kgygy truncated at order four. The
normalization has been implemented with Mathematica and PSPC (Abad
and San Juan, 1993), an algebraic processor specifically designed to handle
problems in the frame of the Theory of Perturbations. We have checked
that the results obtained by the two ways are exactly the same.

3. Equilibria and Bifurcations

When fixing the integrals (L, N) the reduced space is topologically equi-
valent to an S? sphere. Hence, we choose the coordinates I; = enscos?2g,
I = enssin2g, Is = n? — (1 + 02) /2, verifying I? + I + I? = (1 — 0%)%/4.
Moreover, with these variables we include the study of circular (g is not
defined) and polar (v not defined) trajectories.

The equilibria in the reduced space are the roots of the differential
system I; =0,i=1,2,3. They depend on the parameters ¢ and g, where
£ = ¢2L/(36w). We limit our study to a domain such that (o,%) € (0,1) x
(0,0.05). Here we only show the results. For details on the process we refer
to (Ferrer et al., 1996b; Yanguas, 1996).

We obtain only three valid solutions of the system I;=0:

(i) The poles I = I; = 0. The south pole is always an equilibrium,
whereas the north pole is an equilibrium only for ¢ equal to 2/3.
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Figure 1. Equilibria and their stability. Black squares represent the equilibria. NP means
that the picture shows a view of the sphere from its north pole, whereas SP is a view
from the south pole. In regions III and VI two different views of the same configuration
are shown in order to remark the evolution of the bifurcations and equilibria in the plane
of bifurcations. In the figure of the centre the number of equilibria and type of stability
(s stable, u unstable and c cusp) are shown in each of the six regions.

(ii) The meridian I, # 0,13 = 0. We find equilibria in this meridian
verifying a system of two polynomial equations of degree six in e whose
coefficients are functions of ¢ and Z.

(iii) Points I # 0, I; # 0. We obtain explicit expressions for Iy, I; and
I3, corresponding to symmetric points with respect to the axis .

The study of the bifurcation lines is accomplished by imposing the fol-
lowing conditions to the equations coming from the three previous cases:
the existence of double roots, a root that reaches the north or south pole
of the sphere, or two roots on a parallel of the sphere that coalesce in the
equidistant meridian. The results are shown in Figure (1), which is a por-
trait (north and south views) of the flow in the six zones determined by the
bifurcation lines. We list now the type of bifurcation corresponding to each
line. It is worth to say that we have found analytical expressions for them.
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(1) Line EgE 1 E2E3Ey is a cusp-centre bifurcation at the south pole.

(2) Lines F2Es and EqEgFg are centre-saddle bifurcations coming from
the discussion of the existence of double roots of the system of two equations
in e, mentioned in (ii).

(3) Line E4FEgE oE7 is a pitchfork bifurcation of a saddle point at I;.

(4) For the points E; and E3 two bifurcations occur in two different
points of S2, while for Es and Ejo a double bifurcation takes place at the
same point of the sphere.

At present our research is devoted to the study of the stability of the
reduced equilibria and to the analysis of the periodic orbits of the system.
We refer the reader to (Ferrer et al., 1996b; Yanguas, 1996).
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