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CIRCULANT GRAPHS AND 4-RANKS
OF IDEAL CLASS GROUPS

JURGEN HURRELBRINK

ABSTRACT.  This is about results on certain regular graphs that yield information
about the structure of the ideal class group of quadratic number fields associated with
these graphs. Some of the results can be formulated in terms of the quadratic forms
X2+ 27y% X2+ 3232, 4% + 64y2

I. Introduction. For a real quadratic field £ = Qd), d being a product of 7 dis-
tinct prime numbers incongruent to 3 mod 4, the 4-rank of the narrow ideal class group of
E can be computed via Eulerian yertex decompositions (EVD’s) of the graph I' attached
to E. We study the situation# = p, p an odd prime number, and 'z a circulant graph on p
vertices, where the relevant data can be obtained from the arithmetic of the cyclotomic
field Q(&).

Section 2 presents the reformulation of the Rédei-Reichardt Theorem on the 4-rank
of the narrow ideal class group of E in terms of the number of EVD’s of the graph T'y as
it can be found in [12].

Section 3 studies circulant graphs and introduces P. E. Conner’s Theorem about their
number of EVD’s in arithmetic terms.

Section 4 makes the results explicit e.g. for Paley graphs and Cayley graphs corre-
sponding to the subgroups of cubes and fourth powers of (7 /pZ)*.

These connections between combinatorics and arithmetic provide us with number
fields £ whose graph I'g is connected, regular, and has an arbitrarily large number of
EVD’s, which in particular implies that the 4-rank of the ideal class group of E is arbi-
trarily large. It should be noted—compare (2.9)—that those graphs are extremely rare
among all graphs.

An extension of the results for more general circulant graphs on ¢ vertices by using
the arithmetic of Q(¢,) would be interesting and will encounter new obstacles. One might
wish to investigate the case of f being a prime power.

2. Rédei-Reichardt revisited. We will consider real quadratic number fields £ =
Q(\/E) withd = py - -+ - p;, a product of ¢ > 1 distinct prime numbers p; Z 3 mod 4.
These are the quadratic number fields E for which —1 is a field norm from E over Q. Let
C(E) be the narrow ideal class group of E and let 2-rank C(E) and 4-rank C(E) denote
the number of cyclic factors of C(E) of order divisible by 2 and 4, respectively.
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By Gauss’ genus theory we have the well known 2-rank formula

2.1 2-rank C(E) =t — 1.
With E = Q(,/p1 - -~ - p;) as above we associate the ¢ X  matrix Mg = (a;) over >
given by
1 ifi#jand (&)= —1
(2.2) ay = U
0 ifi #]and(pj) = +1
t
a; = Z ajj.
j=1
J#i

Here, for p; = 2 and p; = 1 mod 4, it is understood that (%) = (%) = +1 if and only
if p; = 1 mod 8.

We call Mg the Rédei matrix of E and notice that Mg is a symmetric matrix over [
whose rows sum up to the zero row. In particular, the rank of Mg over F; is at most
t — 1. What Rédei and Reichardt have set up in terms of “d-splittings of the second type”
amounts to the 4-rank formula

2.3) 4-rank C(E) =t — 1 — ranky, ME;

compare [5], [7] through [16], and [18], [20].
With the Rédei matrix Mg we now associate a graph I'r given by

2.4) set of vertices V = {1,2,... ,t}; two distinct vertices i and j are
adjacent if and only if a; = 1.

In other words, vertices i and j are linked by an edge if and only if (%) = —1. In this
way we have obtained from E a graph I'x having a finite set of vertices, no loops, and no
multiple edges. Moreover, by Dirichlet’s theorem on primes in arithmetic progressions,
every such graph I' is a graph I';; for some quadratic number field E (in fact, for infinitely
many quadratic number fields E).

An Eulerian vertex decomposition (EVD) of a graph T with set of vertices V is an
unordered pair

(2.5) {Vi,Va} suchthat V=V, UV,, VNV, =10

and every vertex in V is adjacent to an even number of vertices in the subset V| or V, to
which it does not belong.

By this definition, for an EVD {V|, V,}, the subgraph of T" consisting of all edges
between V| and V; is an Eulerian graph. We refer to {(}, V} as the trivial EVD.

The 4-rank formula (2.3) for C(E) in terms of the Rédei matrix Mg becomes in terms
of the corresponding graph I'y; a formula on the number of EVD’s of I'x. Namely:
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THEOREM 2.6 (REDEI-REICHARDT). For a quadratic number field E as above with
associated graph Uy, the 4-rank of the narrow class group C(E) is given by

241ankE) — % of Eulerian vertex decompositions of Tk.

See [12] for this formulation of the Rédei-Reichardt theorem. In particular we have
by Theorem 2.6: 4-rank C(E) = 0; that is, the 2-Sylow subgroup of C(E) is elementary
abelian if and only if I'z does not admit a non-trivial EVD.

Considera graph I" on vertices and any quadratic number field E = Q(,/p1 - -~ 1)
such that I" = T'z. We then say, for0 < ¢ <r—1,

I" has property P, if and only if I has 2° EVD’s; that is,
2.7 if and only if 4-rank C(E) = c; that is,
if and only if co-rankg, Mg = c + 1.
Extreme cases: I has property Py if and only if 2-Sylow C(E) is elementary abelian, and

I" has property P,_; if and only if M is the zero-matrix; that is, if and only if T is totally
disconnected. Property Py is what is called property (P) in [11].

ILLUSTRATION 2.8.

E QH/5-13-37) QH/5-13-17-41) Q+/13-17-101)
2-rank C(F) 2 3 2
0 1 1 (1) (1) ? (1) 0 00
Rédei matrix Mg 1 0 1 000
1 10 0 101 0 00
1 010
rankg, Mg 2 2 0
co-ranky, Mg 1 2 3
graphrE A I:I e o
#of EVD’s 20 2! 22
4-rank C(E) 0 1 2

It follows from [16] that the graphs with property P, for ¢ large are extremely rare
among all graphs (having finitely many vertices, no loops, and no multiple edges). For

example:

2.9 More than 41.94% of all graphs have property Py, the same percent-
age of graphs have property P, and more than 99.85% of all graphs
have property P, for some ¢ < 3.

We will exhibit families of connected, regular graphs having property P, with ¢ arbitrarily
large.
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3. Circulant graphs. A circulant graph is a graph whose adjacency matrix, for
some ordering of the vertices, is a circulant matrix; compare [2]. In this paper we consider
only circulant graphs on p vertices, where p is an odd prime number.

By a graph set we mean a subset S of the group of units (Z/pZ)" =
{£1,+2,.. :t%'} of Z/pZ satisfying (—1)S = S. In particular, a graph set has an
even number of elements.

DEFINITION 3.1.  For an odd prime p and a graph set S C (Z/pZ)*, the circulant
graph I'(S) is given by:
set of vertices Z/pZ = {0} U(Z/pZ)*;
two vertices i,j € Z/pZ are adjacent if and only if i —j € S.

These are the graphs on p vertices with a circulant adjacency matrix. In Illustration 2.8
we have seen two circulant graphs on p = 3 vertices. For p = 5, § = {£2} we obtain

I'(S) to be 0

001 10

\ Q ) 000 1 1
with circulant matrix 1 00 0 1

1 4 1 1.0 00
01 1 00

In general, a circulant graph T'(S) is regular of degree # S. So, for S = () we obtain
the totally disconnected graph, for § = {=i} the p-cycle, for S = (Z /pZ)* the complete
graph on p vertices.

The totally disconnected graph on p vertices has property P, |, the p-cycle and the
complete graph on p vertices both have property Py. For S # () the graphs I'(S) are
connected. In fact, they are Cayley graphs, defined in terms of the additive group Z /pZ;
compare [3], [4].

REMARK 3.2. The adjacency matrix of a circulant graph I'(S) = TI'r is the Rédei
matrix Mg as defined in (2.2).

Reason: since I'(S) is regular of even degree, all diagonal entries of the Rédei matrix
of E are 0.

Thus, in view of (2.3), (2.7), in order to determine property P, in case of circulant
graphs, it suffices to know the rank over [ of their adjacency matrices. In turn, this will
yield information about the 4-rank of ideal class groups.

For a graph set S C (Z/pZ)* we put

G=G©S)={ue(Z/pL) :uS =S}

In particular, G(¢) = G((Z/pZ)*) = (Z/pZ)*. Clearly, G is a group of even order
dividing p — 1 that contains {£1}. The reader will notice that G can be viewed as a
subgroup of the group of automorphisms of the graph I'(S).

The complete graph on p vertices turns out to be the only circulant graph on p ver-
tices with 2 € G that has property Py. Namely we prove in terms of Eulerian vertex
decompositions:
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THEOREM 3.3.  Let I'(S) be a circulant graph that is not complete. If 2 € G(S), then
I'(S) does not have property P,,.

PROOE. Assume 2 € G(S); consider a vertex i §é S. Let j € S be a vertex that is
adjacent to i; thatis, i —j € S. Then i —j is also adjacent to i.

-j_ej€S
SHi <
J i—j€eSs
Now, j # i —j since 2j # iinview of 2 € G(S),j € Sand i ¢ S. Thus, the vertices
in S that are adjacent to a vertex not in S come in pairs. Since the vertex 0 is adjacent to
exactly the vertices in S we can state:

Every vertex i ¢ SU {0} is adjacent to an even number of vertices in S U {0}.

We continue to assume 2 € G(S); consider a vertex i € S. Let j € S be a vertex that is
adjacent to i. Then, as above, j and i — j € S are adjacent to i. This time, j # i — j if and
only if j # 27!'i € S. So, every vertex i € S is adjacent to an odd number of vertices in
S. In view of I'(S) being regular of even degree we can state:

Every vertex i € SU {0} is adjacent to an even number of vertices not in S U {0}.

Put V; = SU{0}, V» = (Z/pZ) \ Vi. We have proved: every vertex in V; is adjacent
to an even number of vertices in V; and every vertex in V| is adjacent to an even number
of vertices in V5. Thus, {V|, V2 } is an EVD of I'(S); see (2.5). Since I'(S) is not complete;
that is, § # (Z/pZ)*, we have found a non-trivial EVD. Consequently, by (2.7), ['(S) has
property P, withc > 1. [

The converse of Theorem 3.3 does not hold in general as will follow from results like
Theorem 4.8 in the next section.

Let £ = £, be a primitive p-th root of unity. It is natural to associate with a graph set
S C(Z/pZ)" = {1,2,...,p — 1} an element s in the ring of integers Z[{] of the p-th
cyclotomic field Q(§). We put

Ys = p‘s ajﬁ-f where a; = { Lifje S,
= 0 otherwise.
Let F be the fixed field of the subgroup G = G(S) of Gal(Q(ﬁ)/Q). Clearly, 75 lies in
the ring O of integers of F. We define:

a = a(S) > 0 is the number of distinct dyadic primes of O that divide (7).

b = b(S) > 1 is the smallest natural number satisfying 2° € G(S).

f is the order of 2 modulo p.

Then (2°)*¢ = 1 mod p and [;L;g— is the total number of dyadic primes of F. Thus we can
say

(3.4) flo-#G|p—1.

It might be a bit of a surprise that, for a circulant graph I'(S), our problem of deter-
mining its property P, essentially amounts to being able to compute a = a(S); namely:
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THEOREM 3.5 (P. E. CONNER).  Let I'(S) be a circulant graph. Then T'(s) has property
P. with
c=a-b-#G.

ADDENDUM. IfS = (Z/pZ)™ and2 € S, thena =n — 1 mod?2.
For the proofs we refer to the appendix.

COROLLARY 3.6. [If 2 is a primitive root modulo p, then every circulant graph T'(S)
with S # () on p vertices has property Py.

PROOFE. The totally disconnected graph has been excluded. So, by (2.7) witht = p,
I'(S) has property P, for some c¢ satisfying

0<c<p-—1

The assumption of 2 being a primitive root modulo p means f = p — 1. By (3.4) we
obtain b - #G = p — | and conclude by Theorem 3.5 that

p—1lc¢

soc = 0. n
A Sophie-Germain prime is a prime number p for which %‘ is also a prime. It is still
open if there are infinitely many such primes.

COROLLARY 3.7. If p is a Sophie-Germain prime, then every circulant graph T'(S)
with S # () on p vertices has property Py.

PROOF.  For a Sophie-Germain prime p, the only possibilities for f are % andp—1.
As in the proof of Corollary 3.6 we conclude that ¢ is a multiple of f and ¢ is even, so
p—1]c, implyingc = 0. "

4. Applications. We are going to exhibit infinite families of connected, regular
graphs whose property P, can be determined effectively in number theoretic terms. These
graphs will be circulant graphs on p vertices where p denotes an odd prime number.

For any odd n satisfying 1 < n < p — 2 we consider the graph set

s

n+1 . n+1
S/isr—— }

Sn = {J € (Z/PZ)* : D >

SO

|
S) = (Z/ply, #S,=p—n. Sy= {i—’%}

PROPOSITION 4.1. Let p be an odd prime. Then every circulant graph T'(S,) with a
graph set S,, C (Z/pZ)* as above has property Py.

PROOF. The integer Vs, € Z[£] associated with S, is given by

Ys, = Nuet F Nz + -+ 03 + 1) pt
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where
=£+¢"
Thus
Vs, = —(L+m+m+-+1.1)
i gn —1
= _€ 7. —,
£€—1

a cyclotomic unit. Consequently the norm of ¥g, from Q(€) to Q is 1, hence odd. So,
a = a(8) is 0 in Theorem 3.5 and I'(S,) has property Py. [

We have seen how to obtain in a systematic way circulant graphs having property Py.
Now our main concern is to determine connected graphs having property P, with ¢ large;
recall (2.9).

Let us consider Paley graphs, the “quintessential example of concrete random graphs
on p = 1 mod4 vertices for which the edges are chosen independently and with proba-
bility 5 L. compare [4]. They are defined, for primes p = 1 mod4, as the circulant graphs
I(S) w1th

=@ /p1y? = {je @/pl) : <1_7):+l}'

We notice that S is a graph set since we have arranged for (‘—') = +1. Since S is the group

of quadratic residues modulo p, we have G(S) = S, I'(S) is regular of degree =1 and
. o2
2 € G(S) if and only if (-) = +1.
p

So, by Theorem 3.3 we know already: If p = 1 mod 8, then the Paley graph on p vertices
does not have property Py. Specifically:

THEOREM 4.2. Let p be a prime, p = 1 mod4, S = (Z/[JZ)*Z. Then we have for the
Paley graph:
[°(S) has property Py if and only if p = Smod 8
I°(S) has property P,;. if and only if p = 1 mod 8.

PROOF The group G(S) has & L elements, so I'(S) has property P, for some multiple
¢ of 5= byTheorem 3.5;thusc = ”2' orc=0since0 <c¢c<p—1.Forp=Imod8
we have already concluded by Theorem 3.3 that I'(S) does not have property Py, so I'(S)

has property P, 1. For p = 5mod 8 we obtain b = 2 in Theorem 3.5 since 2 ¢ G(S);

consequently ¢ is a multiple of 2 - ”T" =p—1,50c=0. =
We can rephrase the above result as follows:

COROLLARY 4.3. The Paley graph does not have property Py if and only if 2 is a
square modulo p.

It will pay off later to reprove this in terms of Gaussian sums. For S = (Z/pZ)*, Vs

is given by
’;) —11r!

Z -5 +52(2)e

https://doi.org/10.4153/CJM-1994-005-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1994-005-2

176 JURGEN HURRELBRINK

an integer in Q(,/p). Namely:

p—1

4.4) Z(i)gf - /P
j=1P

and hence 75 = —i . The norm of Yg from @(\/') over Q is —£ which is odd if and
onlyifp =5 m0d8 So, we have a = 0 with ¢ = O in Theorem 3.5 if and only if

_5mod8anda:1w1thc:%1fand0nlyifp£lmod8. n

It seems to be natural to look at the following generalization of Paley graphs. Choose
an odd prime g and consider

= (Z/pL)~.

Clearly, S is a graph set since —1 is a ¢-th power and G(S) = S. If p # 1 mod ¢, then
S = (Z/pZ)*. Thus I'(S) is the complete graph on p vertices and has property Py. We
exclude this easy case and assume p = 1 mod q. Then Theorem 4.2 and Corollary 4.3
generalize to:

THEOREM 4.5.  Let p be a prime, p = 1 mod g with an odd prime g; S = (Z/pZ)*.
Then T'(S) does not have property Py if and only if 2 is a g-th power modulo p.

PROOE. If 2 is a g-th power mod p, then T'(S) does not have property Py, by Theo-
rem 3.3. If 2 is not a g-th power mod p, then b - #G = ¢ - ]
in Theorem 3.5. u

For g = 3 thisresult can be made specific in terms of p being represented by a positive
definite binary quadratic form over Z. Namely for primes p = 1 mod 3, even Gauss
observed

=p—landhence c =0

(4.6) 2 is a cube modulo p if and only if p = x> + 27y for some x,y € Z;
compare for example [20]. Thus

COROLLARY 4.7. Let p be aprime,p = 1 mod3, § = (Z/pZ)*3. Then T'(S) does not
have property Py if and only if p = x> + 27y* for some x,y € 1.

This tells us that for p = 31,43, 109, ... the circulant graphs I'(S) with S = (Z/pZ)*?
have property P, with ¢ = L orc = 2 [’— . One can be even more specific. By the
addendum to Theorem 3.5 w1th n=3we conclude that @ = O mod 2, so a = 2. Hence,
for all primes p = x? + 27y?, the graph I'(S) has property P, with ¢ = 2 - %

Here we would like to express our thanks to the referee for the natural question
whether it is always possible to give the precise value of ¢ in the situation of Theo-
rem 4.5. We can announce that the answer will be yes forg = 5 and ¢ = 7 also. Namely,
withp = I mod g and 2 € S, we have in Theorem 4.5:

If S = (Z/pZ)*>, then T(S) has property P, with ¢ = 4 - ?
If S = (Z/pZ)”", then T(S) has property P, withc = 6 - 1.

Thus, for g = 3,5,7, we obtainc = (¢ — 1) - ”;—', a result which one however is

not allowed to expect for all p if ¢ > 7. Already for ¢ = 11, the circulant graph on
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p = 331 vertices given by S = (Z/pZ)*" has 2" EVD’s; that is, it has property P, with
c=6" ’—’%

We turn to another analogue of Paley graphs, namely circulant graphs on p vertices
defined in terms of fourth powers modulo p.

Let p be a prime, p = | mod 8, and denote by [;]4 the fourth power symbol modulo

p. Put .
S =(Z/pD)* = {j €Z/ply [éL - +1}.

Because of p = 1 mod 8, —1 is a fourth power modulo p and S is a graph set. Clearly,
G(S) = S and #G(S) = ";—l. Moreover, 2 is a square modulo p; if 2 is a fourth power
modulo p, then 2 € G(S) and the circulant graph I'(S) does not have property Py, by
Theorem 3.3. Hence, if I'(S) has property Py, then [ %]4 = —1, and we prove:

THEOREM 4.8.  Let p be a prime, p = 1 mod8; S = (Z /pZ)**. 1f[§ la = —1, then:
I'(S) has property Py if and only if p = 1 mod 16.
T°(S) has property P,_. if and only if p = 9 mod 16.

PrROOE. The group G(S) = S has %1 elements, 2 is a square modulo p, but not
a fourth power, so b = 2 and c¢ is a multiple of ”%l, by Theorem 3.5. Thus, I'(S) has
property P. with
p—1

:0 = —,
C or ¢ 3

in which case @ = 0 or a = 1 in Theorem 3.5, respectively.
The fixed field F of G C Gal(@(ﬁ)/@) is of degree 4 over Q, and we have a tower of
cyclic subfields of the p-th cyclotomic field Q(&) with relative degrees as indicated:

p—1

Q < Qp) —— F < QE+E) < Q.

Consider the integer Vs € F that is associated with the graph set S = (Z/pZ)™. It is
given by

1

p—1 3
Vs = > ¢ = 2 nj
Jjfourth pozv\}er modp Jj fourth ];():\Jer modp
where 7, = & + 7. Let us determine the norm of g from F to Q(,/p). The Galois
group of F over Q(,/p) is generated by the automorphism é, induced by §{ — £2. Here
we use [%]4 = —1 again. The n’s multiply according to 0;1; = Nisj + Ni—j, SO Ny gy =
Mty T 120
Since —1 is a fourth power modulo p, this identity yields:

NejacpYs = Vs 62(V) = s E' +n-X°

with
p—1 ) p—1
+ _
r= > & = >
J=1 J=1
Jsquare mod p Jnon-square mod p
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s=#xXrhesxsv=x" +2rY)
n=#XrhesxSs:w=x'+2r"},

where v denotes any quadratic residue and w denotes any quadratic non-residue modulo
p.
We stress again that the values of s and n do not depend on the particular choice of
the non-zero square v and the non-square w, respectively.
In particular,
s=#{XrHesxSs:1=x"+2r}
=#{XLrhesxSs:2=x"+Y'},

and we conclude that s is odd.

There are L;' summands in £* and X~ each, thus

y
Z

S.pfl p—1 (pfl)

+n- = ;
2 T 4
S0,
p—1
s +n = ———.
s+n A
Once again we can use the Gaussian sum (4.4) in order to find £* and £~. From
Z4+X =—1 and X' -X =,p
we obtain | |
J— + — —
I —\/ﬁ’ o __\/_ﬁ
2 2
Hence,
—1+./p —1—\/p
N[:/O(\/ﬁ)’)s:s. 2\/7_'_”' 2\/—,
that is,

I+/p
2

This norm computation will make explicit the circulant graph’s property P.. Namely:
If p = 1 mod 16, then %‘ is even and thus s — n = O mod 2. Since s is odd, we obtain

1+\/13
2

NF/Q(\/ﬁ)’YS =—=s5+ (S - n)

k)

SO NF/@WS odd, so @ = 0 in Theorem 3.5 and hence ¢ = 0.
Similarly, if p = 9 mod 16, then %‘ is odd and thus s — n = 1 mod 2. Since s is odd

we obtain
1+,/p
> )

NF/@(\/,—,ﬂS S 22{

s0 N /g7s even, so a # 0 in Theorem 3.5 and hence ¢ = ”%‘ .
We notice from Theorem 4.8 that the converse of Theorem 3.3 does not hold. The

analogue of Theorem 4.2 for 2 € G(§) is given by:
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THEOREM 4.9. Let p be a prime, p = I mod§; S = (Z/pZ)*“. [f[l%]4 = +1, then:
T°(S) has property P, 1 if and only if p = 9 mod 16.
I'(S) has property P , 1 if and only if p = 1 mod 16.

PROOF. We try to follow the proof of Theorem 4.8 and point out the different fea-

tures. This time, 2 is a fourth power modulo p, so b = 1 and c is a non-zero multiple of
22! by Theorems 3.3 and 3.5. Thus I'(S) has property P, with

in which case @ = 1 ora = 2 or a = 3, respectively.
The Galois group of F' over Q(,/p) is generated by an automorphism ¢, induced by
& — &%, where g denotes any square modulo p that is not a fourth power. Again we obtain

Nf./@(\/ﬁ)/ys = SZ+ +nX .,

this time with

s=#HXNTHeSxSv=X +gr"
and

n=#X"YHeSxS:w=X"+gr}.
with v and w as before. In particular,

s=#{XNrHYesxS: 1 =X +gr'}
=#{XYhesSxS:g=x" +1'}
Since g does not differ from 2 by a fourth power, we conclude that—differently from

Theorem 4.8—s is even.
As before, we have s +n = ’771 and

l+\/ﬁ

2

NF/Q(\/[;),YS = —5+ (S — n)

which now yields:
if p = 1 mod 16, then Ne /o s € 2252 ;

if p = 9mod 16, then NF/D(ﬁ)Ws cl+ ZZ[ |+2\/,7].
The fixed field F has four dyadic primes. By the addendum to Theorem 3.5 we can

eliminate the possibility of @ = 2. Namely withn = 4 we havea = I mod2,s0a = 1

ora=3.
Hence
ifNF/Q(\/ﬁ)’yS & 2Z[lj‘2@], thena = 3,

if Npjorp s ¢ 22] 20 | thena = 1.
Thus, p = 1 mod 16 implies ¢ = 3 - 27 and p = 9 mod 16 implies ¢ = 2. .
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As before for cubes, we can characterize the property of 2 being a fourth power mod-
ulo p in terms of p being represented by a positive definite binary quadratic form over Z.
For primes p = 1 mod 8, the result we can attribute to Dirichlet is:

2
(4. 10) H4 — +1 if and only if p = x* + 64y? for some x, y € Z;
p

compare for example the exercise in [17, p. 70].
Thus, given any fourth power circulant graph on p = 1 mod 8 vertices, one can readily
determine its property P, by:

COROLLARY 4.11.  Let p be a prime, p = 1 mod8; S = (Z/pZ)**. Then:
[°(S) has property Py ifand only ifp = 1 mod 16 and p # x*+64y” forallx,y € 7
T(S) has property P,., if and only if p = 9mod 16 and p = x* + 64y’ for some
P

x,yel

I(S) has property P, if and only if p = 9mod 16 and p # x> + 64y> for all
2

x,ye”Z

I(S) has property P, , 1 if and only if p = 1 mod 16 and p = x>+ 64y* for some
P

x,y € 7.

PROOF. Combine Theorem 4.8, Theorem 4.9 and statement (4.10). n

Each of the four classes of primes listed in Corollary 4.11 has a density % in the set of
all primes p = 1 mod 8. We see that for p = 17,73,41, and 113 the fourth power circulant
graphs have property Py, Pp,-1 = Pig, Pp.1 = Py, and P, , 1 = Pgq, respectively.

4 2 4

Concerning the fourth power symbol -[%]4, we would like to point out the following
analogy. For a prime p = 1 mod 8, the 2-Sylow subgroup of the ideal class group of both
imaginary quadratic number fields

Q(,/=p) and Q(/—2p)

is known to be cyclic of order divisible by 4, see e.g. [6, (18.6) and (19.2)]. So, both class

numbers h(@(1 /—p)) and h(@(\/ —2p)) are multiples of 4.
It has been proved in [1] that

(4.12)  h(Q(/=p)) = 0mod8 if and only if p = x* + 32)” for some x,y € Z.

Now it is known that (Q(y/=2p)) is a multiple of 8 if and only if | 2], = +1. Hence,
by (4.10), we have analogously to (4.12):

(4.13) h(@(\/izﬁ)) = O mod 8 if and only if p = x* + 64y” for some x,y € Z.

There is a vast literature on the divisibility of h(@(ﬁ)) and h(@(\/f—2p)> by 8.
For some further references we just point out the recent paper [19]. For a reformula-
tion of (4.13) in terms of the quadratic form 2+ 32y? we refer to [6; 24.6]. Thus also
Corollary 4.11 can be expressed in terms of x> + 327,
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A final remark on 4-ranks of narrow ideal class groups: we can choose primes p; =
1 mod4 fori = 1,...,257 such that the graph I'r associated with the real quadratic field

E=Q(/pip2- - pas1)

is the circulant graph I'(S) with § = (Z/257Z)*4. Then we have obtained a connected
graph with 2!92 Eulerian vertex decompositions and can conclude that

2-rank C(E) = 256

4-rank C(E) = 192.
This is the result of Corollary 4.11 for the prime p = 257 = 1 mod 16,257 = 12 +64-22,

about property P3 i = Pjos.

o7

5. Appendix. Here is a proof of Theorem 3.5. As before, p is an odd prime number,
¢ = &p, and I'(S) denotes the circulant graph associated with a graph set S C (Z/pZ)*.
We want to deduce that I'(S) has property P. where

c=a-b-#G

with a = a(§), b = b(S), G = G(S) defined as before in Theorem 3.5.
Let C, be a cyclic group of order p with generator f and consider the group ring F>[C,,].
There isa 1 : 1 correspondence between the set of subsets L of (Z / pZ)* and

p—1
(> 2f €FalCyl 70 = 0]

j=0

givenby L — v, = Zj’:'ol X.(j)¥ with characteristic function X;(j) = 1ifj € L and
X1.(j) = 0 otherwise.
Every EVD of I'(S) is an unordered pair {L,(Z/pZ) \ L} for some L C (Z/pZ)*. In
F,[C,] we have
p—l p—l )
Vs = o X Y0 X (HY
5=0 =0
p—1

= Z( > XS(S)XL(I.)>7"

i=0 “s+=i(p)

p—1 p—1 .
= (3 Xsti = pXu ()1

i=0 \j=0

Since I'(S) is Eulerian, a subset L of (Z /pZ)* yields an EVD if and only if every vertex
i=0,1,...,p — 1 of I'(S) is adjacent to an even number of vertices in L; that is, if and
only if Zf;”ol Xs(i — ))X.(j) is even for all i, 0 < i < p — 1. The last condition means
Y.-Vs = 0inF,[C,]. So: the number of EVD’s of I'(S) is equal to the number of elements
in

p—1
{Z”J‘"G[lecpl:%:Oandw-wszo},
=0
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We map F»[C,] onto Z[£]/(2) by t — £. Every element of Z[£]/(2) can be writ-
ten uniquely as 25:01 v;¢ withy; € {0,1} and 79 = 0. The only relation between
1,£,€%,...,6"7" to consider is 1+ £ + --- + &~ = 0. For all ¥ € F,[C,] we have
Y- # l+t+---+ ¢ ! since the augmentation of s is even and p is odd. Thus we

obtain: the number of EVD’s of I'(S) is equal to the number of elements in
{rezigl/2):v-vs =0},

where Y now stands for Zf;(; Xs(s)&* € Z[£]/(2), of course. What is the number of
elements in the annihilating ideal of Y5 in Z[£] /(2)? The ideal (2) is a product of distinct
prime ideals in Z[£], so the ring Z[{]/(Z) is a direct sum of fields, with one direct sum-
mand each for every dyadic prime of Q(&). Hence: the number of EVD’s of I'(S) is equal
to the number of elements in

Z[€1/(2.79).

In other words, by (2.7), we have concluded that I'(S) has property P, if and only if
the ideal norm from Q(¢) to Q of the greatest common divisor of (Ys) and (2) is 2Z; i.e.

Each dyadic ideal of Q(¢) has absolute norm 2/Z, where f is the order of 2 modulo p.
Thus I'(S) has property P, means:

¢ = f - # of distinct dyadic primes of Q(£) that divide (7s).

The total number of dyadic primes of Q(§) is %’ The degree of the fixed field F of

G(S) over Q is %’; each dyadic prime of F has inertial degree b, so, the total number of
dyadic primes of F is 5—15.
b#G

This tells us that each dyadic prime of F splits in Q(€) into a product of ”%‘ i

b'fic distinct dyadic primes. Thus, if a is the number of distinct dyadic primes of F di-
viding (7s), then a - b}*_G is the number of distinct dyadic primes of Q(§) that divide (7).
So,c=a-b-#G. n

Here is a proof of the addendum to Theorem 3.5. We may assume S = G(S) with
#S = %1 and 2 € S. The fixed field F of S has degree n over Q. As an element of the

ring Op of integers F, we have Vs = traceg(g,/F(ﬁ) and hence
tracep /o Vs = —1.

Since 2 € G(S), we conclude that F is contained in the fixed field of the subgroup of
(Z/pZ)* generated by 2. Therefore the rational prime 2 splits completely in F. So, F has
n dyadic primes, D;, ..., D,, say. Consider the n residue homomorphisms

r,*ZOF—> Op/Dlg |F2.

We have r;(7s) = 1 if and only if D; does not divide (7s), and r;(Vs) = O for each of the
a distinct dyadic primes of F that divide (Vs). Thus: —1 = tracep o Vs = 2L ri(0s) =
n—ainZ/2Z;son— aisodd; thatis,a = n — 1 mod 2. .
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