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Existence of Solutions for Abstract
Non-Autonomous Neutral
Differential Equations

Eduardo Herndndez and Donal O’Regan

Abstract. In this paper we discuss the existence of mild and classical solutions for a class of abstract
non-autonomous neutral functional differential equations. An application to partial neutral differen-
tial equations is considered.

1 Introduction

In this paper we study the existence of mild and classical solutions for a neutral func-
tional differential equation of the form

d
(1.1) a["“) +g(t,x(t —n))] = A)x(t) + f(t,x), t€[0,al,
(1.2) xo = € C=C([-r,0;X),
where (X, || - ||) is an abstract Banach space, (A(t)):c[0,q] is @ family of sectorial oper-

ators defined on a common domain D which is dense in X, 0 < r; < min{r,a} and
g:[0,a] x X = X, f:[0,a] x € — X are continuous functions.

This paper is the continuation of our development in [20]], where we discussed
the existence of solutions for (ILI)—(1.2)) when A(t) = A for allt € [0,a]. Sim-
ilar to [20], our purpose in this paper is to establish the existence of solutions for
neutral systems without many of the strong restrictions considered in the literature.
To clarify our remarks, we need to make some comments on several papers treating
the problem of the existence of solutions for abstract neutral functional differential
equations described in the form

(1.3) % (x(t) +g(t,x)) = Ax(t) + f(t,x), t€I=][0,al,

(1.4) X0 = ¥,

where A: D(A) C X — X is a closed linear operator.

In Datko [9] and Adimy and Ezzinbi [[I] some linear neutral systems similar to
([L3)-(T4) were studied under the strong assumption that the range of g is con-
tained in D(A). If A is the generator of a Cy-semigroup of bounded linear operators
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(T(t))s>0 (the case studied by Datko), this assumption arises from the treatment of
the associated integral equation

u(t) = T()[¢(0) + g(0, u(t — )] — gt ult —r1))

- / AT(t — s)g(s,u(s —ry)) ds + / T(t —s)f(s, us) ds,
0 0

since, except in trivial cases, the operator function AT(-) is not integrable in the
operator topology on [0, b], for b > 0. The same reason explains the use of a similar
assumption in Adimy and Ezzinbi [1]], where the case in which A is a Hille-Yosida
type operator is studied.

In the papers [19,22,23], the system (L.3)—(T.4) was studied under the following
more general assumption on g.

(Hg) There exists a Banach space (Y, || - ||y), continuously included in X and H €
L'([0,a]) such that g € C([0,a] x B,Y) and ||AT(t)| cvx) < H(t) for every
t € [0,al.

The condition (Hy) is verified in several situations, for example, in the case when
(T(t))s>0 is an analytic semigroup and Y is an interpolation space between X and
D(A). However, it remains an important restriction on the system.

In [2H5)10] (among others) an alternative assumption has been used to treat neu-
tral systems. In these works, A is the generator of a compact Cy-semigroup (T(t));>o
and the set {AT(¢): t € (0,b]} is bounded in the operator topology. However,
as was pointed out in [23], these conditions are valid if and only if A is bounded
and dim X < oo, which restricts the applications to ordinary differential equations.
Moreover, if the compactness assumption is removed, it follows that A is bounded
which remains a strong restriction.

Abstract non-autonomous neutral differential systems have been studied under
similar restrictions, and related to this matter we only cite [13}[18]]

Our purpose in this paper is to establish the existence of mild and classical so-
lutions without the above cited restrictions. Briefly, we observe that our results are
proved assuming some “temporal” and “spatial” regularity type conditions on the
function t — g(t, o(t — r1)). This simple method permits us to study some neutral
systems that have not been considered in the literature.

We now give motivations for the study of abstract neutral differential equations.
For related ordinary neutral differential equations we refer the reader to Hale and
Lunel [17] and the references therein. Partial neutral differential equations arise, for
instance, in the theory of heat conduction in fading memory material. In the classical
theory of heat conduction, it is assumed that the internal energy and the heat flux de-
pends linearly on the temperature » and on its gradient Vu. Under these conditions,
the classical heat equation describes sufficiently well the evolution of the temperature
in different types of materials. However, this description is not satisfactory in materi-
als with fading memory. In the theory developed in [[15,28]], the internal energy and
the heat flux are described as functionals of # and u,. The next system (see [6H8,26]))
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has been frequently used to describe this phenomenon,

t

%[u(t,x)+/ ki (£ — )u(s, x) ds] :cAu(t,x)+/ ko(t — $)Auls, x) ds,

u(t,x) =0, xe¢€ .

In this system, {2 C R" is open, bounded and has smooth boundary, (¢, x) € [0, 00) X
Q, u(t, x) represents the temperature in x at the time ¢, ¢ is a physical constant, and
ki: R — R, i = 1,2, are the internal energy and the heat flux relaxation, respectively.
By assuming the solution u is known on (—o0, 0] and k, = 0, we can transform this
system into the abstract form (L3)—(L4).

We also find abstract neutral systems in the theory of population dynamics; see
[1112124)25]) and their references. Looking at these papers, it is natural to think that
the abstract system (Z.I)—(2.2) can be used to describe spatial diffusion phenomena,
which arise from the natural tendency of biological populations to migrate from high
population density regions to regions with lesser density.

There is an extensive literature on ordinary neutral differential equations in the
theory of population dynamics; see, for instance, [11}[12,24,25]]. If in these works
we consider the spatial diffusion phenomena which arise in the natural tendency of
biological populations to migrate from a high population density region to a region
with lesser density, then it is possible to obtain partial neutral differential systems of
the form

D, + 8 utt — 1, )] = D, )+ St — 1, 6)),
which can be described in the abstract form (L.1J).

Partial differential neutral systems also appear in transmission line theory. Wu
and Xia showed that a ring array of identical resistively coupled lossless transmission
lines leads to a system of neutral functional differential equations with discrete diffu-
sive coupling which exhibit various types of discrete waves [29]. By taking a natural
limit, they obtained from this system of neutral equations a scalar partial neutral dif-
ferential equation defined on the unit circle. Hale [16] also investigated such a partial
neutral differential equation under the more general form

dD = & D >0
o ut(X)—@ u(x) + f(u)(x), t=>0,

uy = ¢ € C([—r,0];C(S};R)),

where 0

D(h)(s) :=1(0)(s) —/ [dn(0)]4(0)(s)

—r

fors € S', 49 € C([—r,0];C(S';R)), and 7 is a function of bounded variation.
We now consider some notations and technicalities used in the rest of this paper.
Let (W, || - [lw), (Z, || - || z) be Banach spaces. In this paper, C is the space C([—r, 0]; X)
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with the sup-norm ||[¢)[[c = supye;_,o) [[¥(O)], L(W,Z) represents the space of
bounded linear operators from W into Z endowed with the uniform operator norm
Il - |l cow,2)> and we write simply £(W) and || - || cw) when Z = W. The notation
Z — W is used to indicate that Z C W and that the inclusion from Z into W is
continuous. For a closed linear operator S: D(S) C Z — Z, we denote by [S] the
domain of S endowed with the graph norm || - ||(s) If S is injective, we use the norm
sy = 1S

As usual, C([0, b]; Z) is the space of continuous functions from [0, b] into Z with
the sup-norm denoted by || - ||c(jo.5;z) and C7([0, b]; Z), v € (0, 1), represents the
space formed for all the v-Holder Z-valued continuous functions from [0, b] into
Z with the norm [|¢[|cv(jop12) = €llcqonz) + L€llcnosiz) where [[€]]caop12) =
SUP; s (0.b]st4s W In addition, C'*7([0, b]; Z) is the space formed for all the
C! functions £ € C7([0, b]; Z) for which ¢’ € C([0, b]; Z) endowed with the norm
1€llcrosz) = €llerqopiz + 1€ lerqonz-

2 Existence of Solutions

In this section we discuss the existence of solutions for the abstract system

(2.1) %[x(t) +g(t, x(t —n))] = A)x(t) + f(t,x), t€[o,0+Db],
(2.2) X, = € C=C([-n0};X),

where A(t): D(A(t)) C X — X are closed linear operators and g: [0,4] X X — X,
f:10,a] x € = X are continuous functions.

To establish our results, we always assume that the following conditions are veri-
fied.

(H;) There are C > 0, ¥ € (w/2,7) and a neighborhood of zero ¥, such that
PA®) > Ay = {A € C: arg(N)| < 9} U and [ROA®)] < CIA™
forall (\,t) € Ay x [0,a].

(H,) There exists a Banach space (D, || - ||p) and a € (0, 1) such that D is dense in
X, D = D(A(t)) forallt € [0,a] and A(-) € C*([0,4a]; £L(D, X)).

Under condition Hy, each operator A(t) is the infinitesimal generator of an ana-
lytic semigroup on X. Moreover, from Lunardi [27, Chapter VI] we know that if H;
and H, are verified, then there exists an evolution operator U ( - ) associated with the
non-autonomous abstract Cauchy problem

(2.3) x'(t) = A(t)x(t), t>s,t,5€0,al,

(2.4) x(s) = x.

Definition 2.1 A family of linear operators {U(¢,s) : t,s € [0,a],t > s} C L(X)
is an evolution operator for Z3)-Z.4) if U(s,s)x = x for all (s,x) € [0,a] X X,

U(t,r)U(r,s) = U(t,s)fora>t>r>s>0,U(-,s)x € C((s,al; X)NC((s,al; D)
and %U(t, s)x = A)U(¢t,s)x for all x € X and every t > s.
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We now introduce the following concept of mild solution for the system 2.1)-

2.

Definition 2.2 A functionu € C([—r+0,0+b];X),b > 0,0 € R, is called a mild
solution of ZI)-2.2) if u, = ¢ and

u(t) = U(t,0)[p(0) + g(o, p(—=r))] — g(t, u(t — 1))

—/ U(t,s)A(s)g(s, u(s—rl))ds+/ Ul(t,s)f(s, us) ds,

a

for everyt € [o,0 + b].

We can now establish our first existence result.

Theorem 2.3 Assume the following conditions are satisfied.

(i)  There are Banach spaces (Y, |- |ly,), i = 0,...,2n, n > 2, such that Y, <
Yi—>Yo=X g€ C([0,a] XYi1,Y;) foralli=1,...,2n—1,and A(-)g(-) €
C([0,a] x Yj11,Y;_y) foreach j =2,...,2n — 1.

(ii) There are Banach spaces (Z;, || ||z )ien and natural numbers py, . . ., pa, satisfying
pir1 — pi > 2 such that

Yi=Zy =2y YooY 2y o 2y 5 Zy =X,

foralli=1,....2n;U(t, -) € L'([0,1),£(Z;, Zj12)) N L' ([0, 1), £(Zp, -5, Y;))
forallt € [0,a], j € {0,...,pan —2}andi = 1,...,2m; and U(¢, -) €
C([0,1),£(Z;)) and U(t, -) € C([0,1), L(Y;)) for all j < p,, and everyi < 2n.

(iii) f € C([0,a] x C([—r,0];Z,4+1);Y;) N C([—1,0];Yy), Zp,) foralli = 1,...,
2n— l,andk = 1,...,2n, f € C([0,a] x C([—r,0];Zj11);Z;) for all j, and
exits Ly > 0 such that

£t 00 = f(E, )]l < Lyl = valle, £ €[0,a],¢; € C.

If o € C([—1,0];Yy,), then there exists a unique mild solution of the neutral system

@TID-@2) on [—r,nry A al.

Proof To simplify, we assume nr; < a. The other case can be proved arguing as in
the rest of this proof. Let M > 0 such that |[U(¢,s)|| < M forallt > s, t,s € [0, 4a].
LetI': C([—r,71]; X) — C([—r,11]; X) be the map given by (I'u)y = ¢ and

(2.5) Tu(t) =U(t,0)[¢(0) + g(0, p(—r1))] — g(t, p(t —11))
—/ U(t,s)A(s)g(s,ap(s—rl))ds-i-/ Ul(t,s)f(s,us)ds, t€[0,r].
0 0

From (i) it follows that the function s — A(s)g(s, ¢(s — 1)) belongs to C([0,11];Y>)
which permits us to affirm that s — U (t, s)A(s)g(s, (s — r1))ds € L'([0,¢); X) for all
t € [0,r1]. Now it is easy to show that T'u € C([—r, 1 ]; X) forall u € C([—r, 1 ]; X).
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On the other hand, from the inequality

ML k t
sup ||rku(9)—rkv(9)\|g( 'f) / sup [[u(@) —v(0)||ds, t€[0,r],
0E(0.4] kb Jo eeros)

it follows that I'*( - ) is a contraction for k large enough and there exits a unique fixed
point u!(-) of I'. Obviously, u!(-) is the unique mild solution of (LI)—(L2) on
[—rn]

Next, we show that u! € C([—r, r]; Y2,_»). From the assumptions it is easy to see
that s — g(s, (s — 1)) and s — A(s)g(s, p(s — r1)) are functions in C([0, r]; Y1).
From this fact and the inequality

[l ()|, < [U(£,0)((0) + g0, p(=r))|lz + [lg(t, 0t = 11))]|,

" / U, )A)g(s, (s — 1)) |1z, ds
0

t
v / 109 ez | fs. )] ds.
0

we infer u' € C([—r,1];Z;) ands — f(s,ul) € C([0,r];Z)).
If p; = 2, then

Hul(t)Hyl S ||U(t,0)§0(0) +g(07 QO(*T‘]))”YI + ||g(t7 @(t - rl))”Yl

" / 1U G, )AG)g(s, o — )|y, ds
0

t
v / 109 Loz | fs, 1) 1z d,
0

and hence, u' € C([—r,71];Y;). On the other hand, if p; > 2 we get

Hul(t)||Z3 S HU(ta 0)(80(0) +g(07 So(frl)))”23 + ||g(ta gﬂ(t - rl))“Z}

+/ |U(t,5)A(s)g(s, (s — 11)) ||z, ds
0

t
+ [ N0 etz
0
which implies that u' € C([—r,r];Z5) ands — f(s,u!) € C([0,7];Z,). Continu-
ing as above, we infer that u' € C([—r,]; Ya,_2).
We can now repeat the above process with (u!),, and Y,_, in place of ¢ and Y5,

and prove the existence of a unique mild solution u> € C([r; — r,2r,]; Y2,_4) for the
neutral system

%[x(t) +8(t,x(t — )] = Ax(t) + f(£, %), € [n,2n],

1
Xr, = (u )rl-

https://doi.org/10.4153/CMB-2011-111-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-111-1

742 E. Hernandez and D. O’'Regan

From the above steps, for each i = 1,...,n there exists a unique mild solution
u' € C([(i — 1)ry — r,ir1]; Y2,—2;) of the neutral system

d
E[X(t) +g(t, x(t — )] = Ax(t) + f(t,x), t€[(i— Dry,inl,
Xi—nn = W i1

Finally, by defining the function u: [—r,nr] — X by u(t) = ¢(t) fort < 0 and
u(t) = u'(t) fort € [(i — 1)ry,in], i = 1,2,...,n, we obtain a mild solution of

(CLID-(@2) on [—r,nr]. n

Assuming that U (¢, s) is compact for t > s, we can also prove the existence of a

mild solutions for (LI)—(T.2)).

Theorem 2.4 Assume the conditions (1)—(ii) in Theorem 23] are satisfied, U (t,s) is
compact for every t > sand U(t, -) € C([0,t),L(X)) for allt € [0,a]. Suppose
f € C([0,a] x C([~1,0];Z,,41);Yi) N C([0,a] x C([—~r,0];Zj11);Z;) forall j € N
andeveryi =1,...,2n—1, and there are m € C([0, a]; [0, 00)) and a non-decreasing
function W : [0, 00) — (0, 00) such that || f (¢, )| < m(t)W (||1]|e), foreach (t,v) €
[0,a] x C.Ifp € C([—1,0];Yy) and

* ds

cp) W(s)'

M/ m(s)ds <
0
where M = sup{||U(¢,s)|;t > s, t,s € [0,a]} and

C(p) = M([|(0) + g(0, o(—r))|| + 08}110 | g0, (0 — )| + |lelle
€[0,n

+Mr, sup ||A(0)g(0, (0 —1))]|.
0e[0,r]

Then there exists a mild solution of (LI)-(L2)) on [—r, b] for somer, < b < a.

Proof LetI'(-)be the map defined by (2.3). From [21, Lemma 3.1] we infer that I" is
completely continuous. In order to use the Leray—Schauder alternative theorem ([[14}
Theorem 6.5.4]), we next establish a priori estimates for the solutions of z = AI'z,
A € (0,1). Let A € (0,1), z* be a solution of z = Az and a’: [0,7,] — R be
defined by o (t) = [|p||e + SUPge [0.] |2(0)||. Then for t € [0, ] we get

122 ()]] < M||p(0) + g(0, o(—r1))|| + ||g(t, o(t — r1))]|

t t
+M/ ||A(€))g(0,g0(0—rl))||d€+M/ m(s )W (||22||e) ds,
0 0
which implies that

(2.6) aMt) <Clp)+ M / m(s)W (o \(s)) ds.
0
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If B, (¢) represents the right-hand side of (2.6)), then 5} () < Mm(t)W (8, (¢)) and

Ba(t) r 0
/ ds SM/ m(s)ds < ids,
cpy W) 0 ctp) W(s)
which shows that {3\(-) : A € (0,1)} is bounded in C([0,7,]), and as a conse-
quence, that {z’\( )+ A €(0,1)} is bounded in C([—r, 1 ]; X).

From [14] Theorem 6.5.4] there exists a fixed point u! (- ) of I'( - ). Moreover, from
the proof of Theorem 23] it follows that u! € C([0,r,];Y2), s — g(s,ul(s — 1)) €
C([r,2n]; Y1), and s = A(s)g(s, u' (s — r)) € C([r1,2n]; X).

Let r; < b < 2r; be such that

*  ds

b
M | m(s)ds < —,
[; ( C(ul) W(S)

where

C(u') = M|ju'(r) + g(r, u" (0)|| + sup ||g(0,u' (6 — 1))
0€(r,2n]

+ [, |le + Mb  sup || A(0)g(0,u' (6 — 1))]|.

0€(r,2r]

Arguing as in the first part of this proof, we infer the existence of a mild solution
> € C([r —1,b];X) of

d
a[x(t) +g(t,x(t —r))] = Ax(t) + f(t,%), € [r,b],

1
Xr, = (M )r1~

To finish, we note that the function obtained by pasting the functions u!(-) and

#?(-) is a mild solution (TI)—(T2) on [—r, b]. [ ]

Remark 2.5 1t is relevant to observe that the assumptions in the above results are
not restrictive. Assume, for instance, A(t) = A for all t € [0,a]. In this case, A is
the generator of a analytic semigroup (T(¢));>o on X, U(t,s) = T(t —s) fort > s
and we can consider, among several alternatives, the spaces Y; = [D(AD)], i € N,
and Z; = [D((—A)/*5)], Bj € (0,1), j € N, where (—A)? denotes a fractional
power of A. We note that Y; — Z;ifi > j, U(¢t, ) € L'([o, t;L(Z;,,Z;,)) when
lji1 + 61 — j» — B2] < 1, and U(-) is a strongly continuous operator family on
each one of these spaces. The assumptions on f and g, are verified, for instance, by
functions which are continuously invariant on these spaces; consider, for example,
g € C([0,a] x C([—r,0];Y;);Y;) and f € C([0,a] x C([-r,0];Z;); Z;) forall i, j.

In the non-autonomous case, we can think in the interpolation spaces (X, D)q, p,
a € (0,1) and p > 1, defined as in Lunardi [27]. We remark that (X, D)z, —
(X, D)g,p for 5 > 0,

Ult, -) € L'([0,t]; £((X, D)y, p, D)) and U(t, -) € L'([0,1]; £(X, (X, D)y, )
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for 6 € (0,1), and U(t, -) € L'([0,1]; £L((X, D)y, p, (X,D)s, ) when 0 < 0 <
B < 1. The assumptions on g, f, are satisfied by functions continuously invariant on
these spaces.

2.1 Existence of Classical Solutions.

We complete this section by studying the existence of classical solutions in
C*([0, b]; D) for the neutral system

d
(2.7) 2 X0 +8(t,x(t —r))] = AWx(®) + f(1)x, 1 €[0,a],

(2.8) x9 = € Cp = C([-r,0; D),

where f € C*([0,a]; £(Cp, X)).

For simplicity, in the rest of this paper we assume A = A(0), D is the space [D(A)]
with the norm ||x||p = [|Ax|, and Cqp is the space C([—r,0]; D) with the norm
¥lles = supge(_ro) [[AY(0)]|. In addition, (T(¢)):>o represents the semigroup gen-
erated by A and C;, i € N, are positive constants such that ||A'T(¢)|| < C;t~* for
every t > 0. To obtain our results, we need consider some interpolation spaces. The
notation (X, D), ., n € (0, 1) stands for the space

(X, D)yoo = {x € X : [x]00 = sup [[t'TTAT(t)x]| < oo},
te(0,1)
endowed with the norm ||x||; 00 = [%].00 + ||]|. Next, we assume that the numbers
Ck = Supse(o.a] ||5kAkT(S)H and Cf]oo = SupsE(O,a] Sl_"HAkT(S)”ﬁ((X,’D),,.oo,X) are finite
for all k € NU {0}; see [27] for additional details.
We introduce now the following concept of a classical solution.

Definition 2.6 A function u € C([—r,b];X), 0 < b < a, is called a classical
solution of Z7)—(2.8) in C*([0, b]; D) if u|;o5 € C*([0, b]; D) and u verifies 27—
2-8) on [0, b].

To prove the main result of this section, we need some preliminary lemmas. The
proof of Lemma 2.7 follows from the steps in the proof of [27, Theorem 4.3.1]. We
omit the proof.

Lemma 2.7 Let& € C*([0,0];X), x € D and u: [0,b] — X be the function given
by
t
u(t) = T(t)x + / T(t — 9E(s) s
0

IfAx+£(0) € (X, D)q 00, thenu € C([0,b]; D)NC*([0, b]; X), u'(t) € (X, D)oo
forallt € [0,b], u'(t) = Au(t) + £(¢) for every t € [0,b] and

Cl
[u|lceqopm) < Arll€]lceopx) + %HAJH' £00) |00

Clba
€N oo + 2Coll€ llc0.61%)s

lullcopsp) < CollAx|| + o
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where A; = %+3C0+1+ G

a(l—a)*
Lemma 2.8 Let the assumptions in Lemma[27 hold and assume £(0) € (X, D)q, 00
Then

Cl
lullcqopim) < CollAx|| + Aal|€]]ce 0,610 6" + ——11€(0) || a,00 b,
@]

where A, = (Cy + % +1).

Proof By re-writing the function u in the form

u(t) = T(t)x +/ T(t —s)(E(s) — &(t)) ds + / T(t — s)&(t) ds,
0 0
we obtain
Au(t) = AT(t)x + / AT(t — s)(&(s) — &(t)) ds+ T(£)E(t) — £(¢).
0

Consequently,

Jauto] < colaxl + [ S geass o) - o)
0

+ H /OtAT(s)f(O)dsH + ]| T() () — £0))]|

C
< Col|Ax|| + gl[|§|]ca<[o.b1;x>b“ + [1€llca(op1x0 0"

/t Ca00ll€(0)la,00
+ —
0

C_sia ds + Col|€]ce 0,010

which permits us to finish the proof. ]

Remark 2.9 In what follows, for u € C([—r, b]; D) we denote by F,, and P, the
functions F,: [0,b] — X and P,,: [0,b] — Cop defined by F,(¢) = (A(t) — A)u(t) +
f(®)u; and P, (t) = u;. The notation CF,(b), 0 < b < g, is used for the space

D) ={u e C([-nb;D): P, € C*([0,b];Cp)}

with the norm |ulleg ) = [|Pullcoobyer). In addition, y: [-r,a] — X is the
function defined by yo = ¢ and y(t) = T(t)p(0) for t € [0,a], A;, A, are the
constants introduced in Lemmas[2.7]and 2.8} respectively, and g;: [0, 7] — X is the
function defined by g1 (t) = g(¢t, p(t — r1)).

Lemma 2.10 Letu,v € C%,(b) with ug = vo. Then F,, € C*([0, b]; X) and
[Fu

coeo < ([JA[ler e (.x0) (20" + 1) + || fllcocecen. o) ulleg, @),
[Fu—nllcacy < lA[lcoce,0)0" + || fllcoeen x0) (26" + D)[[u —v

Cce([0,b;2) forZ = X, L(D,X) arde = L(GD,X)

e, (b)s

where || -

coz) = -1
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Proof We only prove the second inequality. Let w = u — v. Using that w =
(u— v)|op € C*([0,b];D) and wy = 0, for £, s € [0, b] we find that

||Fw(t) - FW(S)H
< |IA) — A) | e 0w ||D + [|AGS) — A)|| oo x)[[wE) — w(s)||p
+ £ = fOlleenxlwdles + 1 fOleenxllwe —wsles

< (AN eexp wlleeyt® + [Allca s x)s* [Iwlleapy ) (8 = )*

+ ( HfHC“(L(C’D-X))HPW ]cu(eﬂ)ba + ”fHC(L(GD,X))[|PW|]C"(€«D)) (t - 5)(17

so that
[1Ewllcomn < ClIA[Tco (e xnb™ + (| flleecen x) (6 + I[Puwllce(en)-
A similar procedure permits us to prove that
IFuwllcco < [[Alcoexnb1Pulles + | flleceen xnb® [IPwllceen)-
From these estimates we obtain

[[Fu

CLk(L(e,D’X))(zba + 1)) HW|

cooo < (2lAleo e xnb™ + I f ey M

In the next result, D;g(t, 1) denotes the derivative of g(¢, 1)) with respect to t and
D,g(t, 1) denotes the Fréchet derivative of g(t, ) with respect to ). We can now
prove the main result of this section.

Theorem 2.11 Assumey € Cf,(a), Ap(0) € (X, D), o0 and the following conditions
hold.

(i) geCY[0,a] xX,X),gis diﬁ‘ere_ntiablefrom [0,a] X (X, D)g,00 iito (X, D)q,00
and there are positive constants L,i=1,2, such that

”Dig(tvx) - Dig(svy)Hﬁ(X) < L;(|t - $|a + ”x - y”)v 5,1 € [Oa a]vxvy € X.

(i) f e C([0,a] x Cp;(X,D)a,00)) g1 € CH([0,r1];X)NCH[0, 1115 (X, D)0
f(0)p — %gl(t)h:o € (X, D)q,00 and thereis 1y < § < a such that

A3(5)[A1 +A2] max{ri", 1} < 1,

where A3(8) = (2[|Allce(t0.51. (0 x)0" + [ fllceqro.s1. (e %) (26 + 1)) .
Then there exists a classical solution of Z7)-2.8lin C*([0, b]; D) for somer; < b < a.

Proof On the space C3 (¢, 1) = {u € CH(r) : uy = ¢} endowed with the metric
d(u,v) = ||u — v|leg () we define the map I': €4, (¢, 1) — €, (¢, ) by (T'u)o = ¢
and

Fu(t):T(t)cp(O)+/ T(t—s)[—digl(s)+1:,,(s)} ds, t€[0,n]
o s

https://doi.org/10.4153/CMB-2011-111-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-111-1

Non-Autonomous Neutral Differential Equations 747

From Lemmas2.7land 2.10] we have that Tu € C*([0, r1]; D). In order to prove that
I is a contraction in €, (¢, 1), we introduce the decomposition I'u = I''u + y. For
t € [0,r1) and h > O such thatt + h € [0, ], we get

|Pru(t +h) — Pru(t)|lep, = [[T)iny — (Tu)|ley,

< | Twy, — ¢lley, + sup ||Tu(s+h) — Tu(s)||o
s€[0,m]

<lyn = elley + 1T wlley + [Tullceqo.ngmh

< Py [ceqonpen)h® + [T wnlles, + [Tullce(o.n)m)h®

To estimate ||(I'' ), ]| e,, we use Lemma[Z8 with x = 0. For 6 € [—h, 0] we see that

I'u@ + 1> < Aaf | %gl‘

+ || Fy]|ca ; )h"
P [[Fullce o)

Caoo 1 (0 d o
+7Hf( Jp — agl(t”t:OHa,oo )

from which we infer that
[Prullceqon); en) < [IPyllcaqonsen)

d
+A2(HE}§1 + ||Fy

C ([0, ]:X)

C([0,n ];X))

Ch oo d
+— H FO)p + Egl(f)h:oHam + [|Tullca(o.n15m),5

and I'u € €%, (p,r1). Moreover, from this estimate and Lemmas [2.7] and 2.10, for
u,v € C3 (¢, ) we find that
[|Pru — Prvlleeqion], en) < A2||Fuzvllceonx) + [T — v)|lcagon o)
< M As()][u = vlley o) + Ar[[Fu—sllcaonix

< M A50)[Ju = vey oy + ArA3 () [|u — v

€5 (n);
and hence,

HPFu - PFVHC“([OJI];(?D) < A3(5) [AZ + Al] ||u - V|

€Y, (1)

|Pru — Pryllconges) < As(0) [Az + Al [|Py — Pyllceqon)ien)s
since Pr,(0) = Pp,(0). From these estimates it follows that
d(T'u,I'v) < A3(0) [Ar + Az max{r{, 1}d(u,v),

and I has a unique fixed point u' € €%, (¢, 11).
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To continue, we remark on some properties of u'( - ). From Lemmal2Z.Z u!(-)isa
classical solution of (Z.2)-2.8) in C*([0, r,]; D), u' € C'**([0,r;];X) and %ul(t) =
A ul(t) — %gl(t) + f(t)uy € (X, D) g0 forall £ € [0,71]. This implies A(t)u'(t) €
(X, D)a,00 forallt € [0, 1], since —%gl(t)-f—f(t)ut € (X,D)g,00 foreacht € [0,r].
Moreover, if g: [r1,2r;] — X is the function given by g(t) = g(¢, u'(t — r1)), then
fr)h), — Le(t)=, € (X,D)a,co and 4g, € C([ry,2r1];X). In addition,
if y': [r; — r,a] — X is the function defined by (y'),, = (u'), and y'(t) =
T(t — r)ul(r) fort € [r,al, a straightforward estimation permits us to show
thatt — (y'); € C*([r1,al; Cp).

Let r; < b < ¢ be such that 7\\; [A; + Ayl max{(b — )%, 1} < 1, where

As = 2[|Allca(in pie.x) (0 = )" + || fllca(n bloep X)) (26 — 1)* + 1).

Considering the above remarks and proceeding as in the first part of this proof, we
see that there exists a unique solution u?* € C%([r; — r, b]; D) of the delayed integral
equation

x(t) = T(t — r)u'(0) +/ T(t —s) {—%gz(s) + F(s)| ds,t € [r1, D],

1

Xpy = Uy,

1

which from Lemma[2.7] is a classical solution in C*([r{, b]; D) of the neutral system

%[x(t) +g(t, x(t — )] = AO)x(t) + f()x, ¢ € [r,b],

:ul

Xr ne

Finally, by defining u: [—r,b] — X by u(t) = u'(t) fort € [—r,r1] and u(t) =
u*(t) for t € [r, b], we obtain a classical solution of (Z.Z)—(Z.8) in C*([0, b]; D). W

3 Applications

In this section we study the existence of solutions for a concrete partial differential
equation. Consider the neutral differential system

62

7]
G.1) o (ut, &) + Fr(t)u(t —r1,§)) = (1) a¢2

ut, )+ Bit)ult —r;,€)
i=2

+alt) /t n(s — t)us, &) ds,

(3.2) u(t,0) = u(t,7) =0, te€[0,a],
(33) u(s,f) = 50(575)7 s€ [7730]; 5 € [Oaﬂ-]a

for (t,€) € [0,a] x [0,7]. For simplicity, we assume «, 3; € C([0,a];R), n €
L2([0,a];R), vy € C*([0,a]; (0,00)),and 0 < r; < r < aforalli=1,...,m.
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To treat this system we consider the space X = L*([0, 7]) and the linear operators
A,A(s): D C X — X defined by Ax = x”’ and A(s)x = 7(s)Ax on the domain D =
{x € X :x" € X,x(0) = x(m) = 0}. The operator A is the infinitesimal generator of
an analytic semigroup (T'(¢));>o on X, and A has a discrete spectrum with eigenvalues
of the form —n?,n € N with corresponding normalized eigenfunctions given by

z,(8) = (%) 1/2 sin(n€). The set of functions {z, : n € N} is an orthonormal
basis for X, T(t)x = > 2, e~ (x,2,)z, for x € X and Ax = — o2 nx, zu)z,
for x € D(A). Moreover, it us possible to define fractional powers of A; see [27,
Chapter 2]. In particular, for x € Xand o > 0, (—A) " “x = Y2, n~**(x,z,)z, and
(—A)*: D((=A)*) C X — X is given by (—A)*x = > n**(x, z,)z,, for

x€D((—A)) = {x€X: > nw(x 2}z, € X
n=1
To represent the system (B.I)—(3.3) in the abstract form (2.7)—(2.8), we introduce
the functions g: [0,a] x X — X and f: [0,a] — £(C,X) defined by g(t,x)(§) =
B1(t)x(§) and

0

FOUE) = > A0 +a) [ nuis.ds
i=2

—-r

It is easy to see that f € C([0,a];L(Cp,X)), g € C([0,b] x X,X), g(t,-) is a
bounded linear operator for all t € [0, al, ||g|lcqo.p1xxx) < I81llco.a1).m)> and

m
1/2
I fllcosscesxy < > lIBilcqossm + HaHC/([o,b];lR{)rl/z||77||L2([0,b];R)7
i=2

forall 0 < b < a. Moreover, A(-) € C“([O, a],L(D,X)) and [|A|]C“([O,b];L(D,X)) <
||'Y||C“([0A,b];IR) forall0 < b < a.

In what follows, we say that a function u € C([—r, b]; X), b > 0, is a mild solution
(resp. a classical solution in C*([0, b]; X)) of (B.I)—(33) if u is a mild solution (resp.
a classical solution in C([0, b]; X)) of the associated abstract neutral system (LI)-

(2.

Proposition 3.1 Assume € C([—r,0]; [D(A?")]) for some n € N. Then there exists
a mild solution of BI)-BA) in C([—r, nr; A al; X).

Proof The assertion follows directly from Theorem[2.3]and Remark2.51by consider-
ing the spaces Y; = [D(A")] and Z; = [D(—=A)/*i]fori=1,...,2nand j € Nand
7v; € (0,1). We omit the additional details.

To finish our paper we consider the problem of the existence of classical solutions.
In the next result, y, g1(-), A;, and A, are as in Remark In addition to the
above assumptions, we will assume that 3; € C'**([0,a];R), «, 3; € C*([0, a]; R),
i=2,...,mIf[D(A)] — Z — X and the above conditions are verified, it is easy to
see that f € C%([0,a]; £L(Cp, Z)),g € C'([0,a] x Z, Z),

|Dg(t,x) — Dg(s, )|l ey < |81

coqoppm ([£ = s|* + [lx = yl[D),
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foralls,t € [0,b],0 < b < a,and everyx, y € D, and

1]

C([0,b};£(Cp 2y

1/2 1
cotoa + [llliosm + 10l osm] ™2 Inl2osm

<o) =>_ |8

i=1

forall0 < b < a. [ |
The next result follows directly from Theorem 2.1}

Proposition 3.2 Assume ¢ € C'"([—1,0];(X, D)a.00) Ap(0) € (X, D)a.oor Bi €
C**([0,a;R), o, B;i € C*([0,al;R), i = 2,...,m, y € C%(a) and there exists
0 > ry such that

[2]|Y]lca(ro.51)0" + ©(0) (20 + )[A; + A J{r{', 1} < 1.

Then there exists a classical solution u of G.I)-B.3) in C*([0, b]; D) for somer; < b <
a. Equivalently, there exits u € C*([0, b]; W2([0,7]) N W{([0,7])) N C([—r, b; X),
such that u verifies BID—B.2) a.e. for (t,£) € [0,b] x [0, 7] and u satisfies (B3) a.e.
for (575) € [77‘3 O] X [Oaﬂ-]'
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