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Genericity of supercuspidal representations of
p-adic Sp,

Corinne Blondel and Shaun Stevens

ABSTRACT

We describe the supercuspidal representations of Sp,(F), for F' a non-archimedean local
field of residual characteristic different from two, and determine which are generic.

Introduction

Let F' be a locally compact non-archimedean local field, with ring of integers o, maximal
ideal pp, and residue field kp. Whereas every smooth irreducible supercuspidal (complex)
representation of GLy(F') is generic, i.e. has a Whittaker model, this is no longer true for
classical groups over F. The existence of non-generic supercuspidal representations of classical
groups is significant and has many consequences; let us cite a few of them in local representation
theory (global consequences are heavy as well, see for instance [HP79]). First, of course, is the fact
that the definition of the L-function attached to a representation of a classical group is available
only for generic representations, thanks to the work of Shahidi; in particular, a characterisation
through local factors of the local Langlands correspondence for a classical group is not fully
available. Also, reducibility of parabolic induction is completely understood for GLy (F') while
in classical groups results are complete only in the case of generic inducing representations.

The most celebrated example of a non-generic supercuspidal representation is the
representation 019 of Sp,(F'), induced from the inflation to Sp,(or) of the cuspidal unipotent
representation 619 of Sp,(kr) constructed by Srinivasan (see [HP79] again). To the best of
our knowledge, until recently, most known non-generic supercuspidal representations were level
zero, in particular level-zero representations induced from the inflation of a cuspidal unipotent
representation of the reductive quotient of a maximal special parahoric subgroup. Our purpose in
this paper is to exhaust the non-generic supercuspidal representations of Sp,(F’) in odd residual
characteristic.

It is certainly no surprise, and part of the folklore in the subject, that level-zero supercuspidal
representations of Sp,(F) coming from cuspidal representations of Sp,(kr) are generic if and
only if the corresponding cuspidal representation is, and that the only non-generic cuspidal
representation of Sp, (k) is Srinivasan’s 1. For the sake of completeness (indeed a classification
of level-zero non-generic supercuspidal representations in much greater generality may be found
in the work of DeBacker and Reeder [DR]), we include proofs of these results in §§2.3 and 2.4.
Actually we prove in Proposition 2.2 that generic level-zero supercuspidal representations of
Spon (F') are obtained by inducing the inflation of a generic cuspidal representation of the
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reductive quotient of a maximal parahoric subgroup of Spyy(F), on the condition that this
parahoric subgroup is special.

For positive-level supercuspidal representations, the situation is not as simple. Our point
of view is to use the exhaustive construction given by the second author in [Ste08]: those
representations are induced from a set of types, generalising Bushnell-Kutzko types for GLy (F).
We give necessary and sufficient conditions on those types for the induced representation to be
generic. We obtain surprisingly many (at least with respect to our starting point) non-generic
representations.

Let us be more precise and sketch the result (Theorem 2.1 and Proposition 3.4). Positive-level
supercuspidal representations of Sp,(F') fall into four categories, according to the nature of the
skew semi-simple stratum [A, n, 0, 3] at the bottom level of the construction (§2.1).

(I) The first category starts with a skew simple stratum with corresponding field extension F'[f]
of dimension four over F. Here non-generic representations are obtained only when F[5]/F
is the biquadratic extension, and when a binary condition involving 3 and the symplectic
form is fulfilled.

(IT) The second category starts with a skew simple stratum with corresponding field extension
F[f] of dimension two over F. Non-generic representations are obtained whenever the F[3]-
skew hermitian form attached to the symplectic form is anisotropic (or, equivalently, when
the quotient group J/J' involved in the construction, which is a reductive group over kg,
is anisotropic).

(ITI) In the third category, the stratum is the orthogonal sum of two two-dimensional skew simple
strata [A;, n;, 0, 5;], i = 1, 2. Non-genericity occurs only when F[3] is isomorphic to F[3s]
and again a binary condition involving (12 and the symplectic form is fulfilled.

(IV) All representations in the fourth category, when the stratum is the orthogonal sum of a
skew simple stratum and a null stratum, both two-dimensional, are non-generic.

The main character in the proof is indeed a would-be character: to a stratum as above is
attached a function 13 on Sp,(F') and the crucial question is whether there exists a maximal
unipotent subgroup U of Sp,(F') on which 13 actually defines a character (see [BH98]); this
question is easily solved in § 3, where Proposition 3.4 lists the exact conditions alluded to above.
Whenever there is no such subgroup U, we prove in §5 that the corresponding representations
are not generic, using a criterion of non-genericity given in §1.2 (this states essentially that if
a cuspidal representation C—Ind§p4(F) A is generic, then A contains the trivial character of some
long root subgroup).

Now assume that there is a maximal unipotent subgroup U on which g is a character. A
type attached to our stratum is a representation k ® o of a compact open subgroup J, where k
is a suitable (-extension attached to the stratum and o is a cuspidal representation of the finite
reductive group J/J! attached to the stratum (see §2.1). The fundamental step is Theorem 4.3,
stating that the representation x contains the character 13 of J N U. This implies genericity in
cases (I) and (IIT), where o is just a character of an anisotropic group. However, for cases (II)
and (IV) (in which, we should add, 13 defines a degenerate character of U) we have to deal with
the component o, with opposite effects. In case (II), the inflation of o contains the restriction to
J N U of a character of U and genericity follows. In contrast, in case (IV), the inflation of o does
not contain the restriction to J N U of a character of U and the resulting cuspidal representation
is not generic.
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The paper is organised as follows: after setting notation, we recall some relevant facts about
genericity in § 1.1 and give our criterion for non-genericity in §1.2.

In § 2 we first explain (in § 2.1) the construction of positive-level supercuspidal representations
of Sp,(F’) taken from [Ste08]. Following this, we can state in § 2.2 our main theorem, Theorem 2.1,
describing the non-generic supercuspidal representations of Sp,(F"). The rest of § 2 gives the proof
of the theorem in the level-zero case, while the remaining sections of the paper are the steps in
the proof for positive-level representations.

Section 3 addresses the question of whether there is a maximal unipotent subgroup U on
which g is a character and the possible degeneracy of this character; this study is summarised
in Proposition 3.4 and Remark 3.5. In §4 we deal with the case where there is a maximal
unipotent subgroup U on which 93 is a character and show genericity under this assumption
(Theorem 4.5), except for representations in the fourth category (case (IV)), for which we only
take a step towards a later proof of non-genericity (Proposition 4.6).

At this point we have proved that all positive-level supercuspidal representations that are
not in the list of non-generic representations in Theorem 2.1, are indeed generic. The last part
of the proof of the main theorem is thus to prove non-genericity for representations in that list,
which we do in §5 (case (I) in §5.2, cases (II) and (III) in §5.3 and case (IV) in §5.4).

Finally, we have grouped in Appendix Appendix A several easy but useful technical
statements about relevant self-dual lattice sequences (Appendices A.1 and A.2) and a number of
technical lemmas dealing with the intersection of our familiar open compact subgroups with
maximal unipotent subgroups (Appendix A.3), allowing us eventually to prove the crucial
Proposition 4.1 (Appendix A.4).

We have several remarks to add concerning these results. First, genericity for positive level
supercuspidal representations of Sp,(F') only depends on the stratum itself and on the symplectic
form. It does not depend on the choice of a semi-simple character attached to the stratum.

The second remark is that the proofs are quite technical, often on a case-by-case basis. The
present work can of course be regarded as a first step towards understanding non-genericity
in classical groups, but even the case of Spyx(F) might not be just an easy generalisation. In
particular, the precise conditions for genericity are surprisingly complicated but it seems to us
that they do not admit a simple unified description, as for level-zero representations. For example,
non-generic positive-level supercuspidal representations can be induced from either special or
non-special maximal compact subgroups of Sp,(F’), and likewise for generic representations.

Finally, we have deliberately stuck to the construction of supercuspidal representations of
Sp4(F') via types. Another very fruitful point of view uses Howe’s correspondence. Indeed, in a
very recent work ([GT07]), Gan and Takeda study the Langlands correspondence for GSp,(F)
and obtain in the process a classification of non-generic supercuspidal representations of GSp,(F)
in terms of Howe’s correspondence; they also have a sequel dealing with Sp,(F) (see [GT08]).
A dictionary between these two points of view would of course be very interesting, especially
if it can provide some insight into the way non-generic supercuspidal representations of Sp,(F")
fit into L-packets. For example, in case (I), the genericity of the supercuspidal representation
depends on the embedding of 3 in the symplectic Lie algebra: up to the adjoint action of Sp,(F),
there are two such embeddings, precisely one of which gives rise to non-generic representations.
This suggests that representations in these two sets might be paired to form L-packets. A closer
investigation of such phenomena would certainly deserve some effort.
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Notation

Let F' be a locally compact non-archimedean local field, with ring of integers o, maximal
ideal pp, residue field kr and odd residual characteristic p = Hkpr. On occasion wr will denote
a uniformising element of F. Similar notation will be used for field extensions of F. We let vp
denote the additive valuation of F', normalised so that vp(F*) = Z. We fix, once and for all, an
additive character ¥ of F' with conductor pr.

Let V be a 2N-dimensional F-vector space, equipped with a non-degenerate alternating
form h. By a symplectic basis for V', we mean an ordered basis {e_n,...,e_1,e1,...,ex} such
that, for 1 <i,j5 < N,

h(ei, 6j) = h(e_i, 6_]‘) = 0, h(e_l-, €j) = 5ij7
where ¢;; is the Kronecker delta.
Let A=Endr(V) and let ~ denote the adjoint anti-involution on A associated to h, so

h(av, w) = h(v,aw) foraec A, v,weV.

We let G be the corresponding symplectic group G =Spp(V)={g€ GLp(V)/g=g"'}, or
G = Spyn (F') whenever a symplectic basis is fixed. For most of the paper N will be two.
Similarly G' denotes either GLg(V) or GLay (F).

Skew semi-simple strata in A are the basic objects in what follows. We recall briefly the
essential notation attached to those objects and refer to [Ste05] for definitions.

Let [A,n,0, 3] be a skew semisimple stratum in A. Then A is a self-dual lattice sequence
in V and defines a decreasing filtration {a;(A),7 € Z} of A by op-lattices a;(A) ={z € A/VEk
€Z,xA(k) CA(k+1i)}. We put a(A) =ap(A), a self-dual op-order in A. We also need P(A)
=a(A)* NG and Pj(A) = (14 a;(A)) NG for i > 1. Note that the lattice sequence A gives rise
to a valuation vy on V' (Appendix A.1) and the filtration {a;(A), 7 € Z} gives rise to a valuation
on A, also denoted by vy.

Next, 3 is a skew element in A: 3= —f, and n is a positive integer with n = —v,(8).
Furthermore the algebra F = F|[3] is a sum of fields E = @2:1 E;, corresponding to a
decomposition V :Lézl Vi of V as an orthogonal direct sum, and accordingly of A: A = Zlizl A’
with A%(k)=A(k)NV? and of 3: 3= Zi‘:l Bi. The centraliser B of 8 in A is B = @2:1 B;
where B; is the centraliser of 3; in Endp(V?).

Last, for § a skew element of A we define 1g as the following function on G: g(x)
=¢(tr(B(z —1))), z€G.

1. Generalities on genericity

1.1 Genericity

The results of this section are valid in a much more general setting than the remainder of this
paper so we temporarily suspend our usual notation.

Let G = G(F) be the group of F-rational points of a connected reductive algebraic group G
defined over F. Let S be a maximal F-split torus in G with G-centraliser T, let B be an
F-parabolic subgroup of G with Levi component T, and let U be the unipotent radical of B.

Let x be a smooth (unitary) character of U = U(F). The torus S = S(F') acts on the set of
such characters by conjugation. We say that y is non-degenerate if its stabiliser for this action
is just the centre Z of G.
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Ezample 1.1. Let G = Sp,(F'), which we write as a group of matrices with respect to some
symplectic basis, let T' be the torus of diagonal matrices, and let U be the subgroup of upper
triangular unipotent matrices in G. Any character x of U is given by

1 v o y
01 v =z

X1o 0 1 —y|=¥rlautbo),
0 0 0 1

for some a,b € F, and it is easy to see that x is non-degenerate if and only if a,b are both
non-zero. Moreover, there are four orbits of non-degenerate characters of U, given by the class
of bin F*/(F*)2,

Returning to a general connected reductive group G, let m be a smooth irreducible (complex)
representation of G. We say that 7 is generic if there exist U = U(F) as above and a non-
degenerate character y of U such that

Homg (7, Ind§ x) # 0.

Note that, since all such subgroups U are conjugate in G we may choose to fix one. Moreover,
we need only consider non-degenerate characters y up to T-conjugacy. A basic result here is
the following.

THEOREM 1.2 (Rodier [Rod73, Theorem 3]). Assume G is split over F. Let m be a smooth
irreducible representation of G and let x be a non-degenerate character of a maximal unipotent
subgroup U of G. Then

dime Homg(m, Ind$ x) < 1.

On the other hand, and again in a general G, when dealing with supercuspidal representations
we may not bother about the non-degeneracy of the character in the definition of genericity, a
fact that will be useful in the sequel. Indeed we have the following.

LEMMA 1.3. Assume G is split over F. Let m be a smooth irreducible supercuspidal
representation of G. Let U be a maximal connected unipotent subgroup of G and let x be
a character of U = U(F') such that

Homg (m, Ind§ x) # 0.
Then the character x is non-degenerate.

Proof. Assume x is degenerate and use the definition of non-degeneracy in [BHO03, §1.2], as well
as the corresponding notation: there is a simple root « such that the restriction of x to Uy is
trivial. The character x is then trivial on the subgroup (U,), Uder) of U (Uger being the derived
subgroup of U).

We claim that this subgroup contains the unipotent radical N of a proper parabolic
subgroup P of G. The assumption Homg (7, Indg X) # 0 provides us, by Frobenius reciprocity,
with a non-zero linear form A on the space V of m which satisfies A o w(u) = x(u) for any v € U.
Since A is in particular N-invariant, we obtain that the space Vi of N-coinvariants is non-zero,
which contradicts cuspidality.

We now prove the claim. Let A be the set of simple roots as in [BHO03]. From [Bor91, §21.11],
the unipotent radical of the standard F-parabolic subgroup P; of G attached to the subset
I'=A —{a} is Uy(;) where W(I) is the set of positive roots that can be written o + 3 with 3
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either zero or a positive root. Hence, the elements in W(I) other than « are positive roots =
of length at least two, and Uy is directly spanned by U(,) and the U(,) for non-divisible
such roots . From [BHO02, Theorem 4.1], for any such v we have U(,)(F) C Uger (recall the
characteristic of I is not two), hence N = Uy (F) is contained in (U(y), Uder) as asserted. O

Now let 7 be an irreducible supercuspidal representation of G. We suppose, as is the case for
all known supercuspidal representations, that 7 is irreducibly compact-induced from some open
compact mod centre subgroup of G. Then (the proof of) [BHI8, Proposition 1.6] immediately
gives us the following.

ProPOSITION 1.4. Let K be an open compact mod centre subgroup of G and p an irreducible
representation of K such that = c—Ind[G( p is an irreducible, so supercuspidal, representation
of G. Then 7 is generic if and only if there exist a maximal connected unipotent subgroup U
of G and a character x of U =U(F') such that p|K NU contains x|K NU. Moreover, if this is
the case then Homg(, Indg X) # 0 so x is non-degenerate, and the character x| K NU occurs in
p|K N U with multiplicity one.

1.2 A criterion for non-genericity

Now we look more closely at the situation for symplectic groups so we return to our usual
notation: G = Spyx (F). In particular, using Proposition 1.4 and a decomposition of G, we obtain
a criterion to determine when an irreducible representation of G is not generic.

Let T' denote the standard (diagonal) maximal split torus of G, let U be the subgroup of
all upper triangular unipotent matrices in G, and put B =TU, the Borel subgroup of all upper
triangular matrices in G. Let ® = ®(G, T') be the root system and, for v € ®, let U, denote the
corresponding root subgroup. Let W denote the Weyl group Ng(T')/T'; by abuse of notation, we
also use W for a set of representatives in the compact maximal subgroup Ky = Spyy(0F) of G.

We write K7 for the pro-unipotent radical of Ky, so that Ky/Kj ~ Spyy(kr). We note that
BN Ky/BN K is the standard Borel subgroup (of upper triangular matrices) of Ky/Kj, that
T N Ky/T N K; is the diagonal torus, and that W is the Weyl group.

Let I denote the inverse image of the maximal unipotent subgroup U N Ky/U N K; of
Ky/K;, that is, the pro-unipotent radical of the standard Iwahori subgroup I consisting of
matrices which are upper triangular modulo pz. Then the Bruhat decomposition for Ko/ K gives

Ko/Kl = (Bﬂ K())WIl/Kl

Since K C I1, we obtain Ky = (BN Ky)W ;. Finally, using the Iwasawa decomposition G = BK)
(since K is a good maximal compact subgroup of G), we obtain

G=BWI,. (1.5)

Now we can use this decomposition to translate Proposition 1.4 into a sufficient condition
for non-genericity of compactly induced supercuspidal representations of G.

PropoSITION 1.6. Let J be a compact open subgroup of G and A\ an irreducible representation
of J such that m = c—Ind§ A Is an irreducible supercuspidal representation of G. Let U be the
subgroup of all upper triangular unipotent matrices in G and we also use the other notation
from above. Then 7 is generic if and only if there exist w € W, p € I1 and a character x of U
such that P contains the character x* of PJ NU"Y. In particular,
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if m is generic then there are p € Iy and a long root v € ® such that P\ contains the
trivial character of PJ NU,.

We remark that, in our symplectic basis, the long roots correspond to the entries on the
anti-diagonal.

Proof. Since all maximal unipotent subgroups of G are conjugate to U, Proposition 1.4 implies
that 7 is generic if and only if there exist g € G and a character y of U such that A contains
the character x9 of JNUY. Now we use the decomposition (1.5) to write g = bwp, with b € B,
weW and p € I;. Since U® = U and x? is another character of U, we can absorb the b and the
result follows on conjugating by p.

The final assertion follows since the derived subgroup UJ, contains U, for some long root . O

2. The supercuspidal representations of Sp,(F)

What we seek is a complete list of which supercuspidal representations of Sp,(F') are generic,
which are not. So we start with a description of positive-level supercuspidal representations
of Sp,(F); level-zero supercuspidal representations are obtained by inducing from a maximal
parahoric subgroup P the inflation of a cuspidal representation of the (finite) quotient of P by
its pro-p-radical. We are then in a position to state our main theorem, identifying non-generic
representations from our list. We end the section with a proof of the theorem for level-zero
representations. The proof for positive level occupies the remaining sections.

2.1 The positive-level supercuspidal representations

In this section we describe the construction of the positive-level supercuspidal representations of
Sp4(F). We refer to [Ste08] for more details and for proofs of the results stated here.

The construction begins with a skew semisimple stratum [A, n, 0, 5] in A such that a(A) N B
is a mazimal self-dual order normalised by E* in B. There are essentially four cases here. In the
first two, the stratum is actually simple:

(I) ‘maximal case’: [A, n,0, ] is a skew simple stratum and E = F[f] is an extension of F

of degree four;

(IT) ‘two then zero case’: [A, n, 0, 5] is a skew simple stratum, E = F[] is an extension of F' of
degree zero and ag(A) is maximal amongst (self-dual) op-orders in A normalised by E*.

Otherwise, we have a splitting V = V! 1 V2 of [A,n,0, 8] into two two-dimensional F-vector

spaces, and we write: A’ for the lattice sequence in V* given by A%(k) = A(k) NV, for k € Z;

B; = 1'31°, where 1° is the projection onto V* with kernel V3~%; if 3; # 0, then n; = —vpi(5;),

otherwise n; = 0. Then n = max{n1, n2}. The last two cases are as follows:

(IIT) “two plus two case™ for i = 1,2, [A%, n;, 0, 3] is a skew simple stratum and E; = F[3;] is an
extension of F' of degree two;

(IV) ‘two plus zero case’: [A, nq, 0, £1] is a skew simple stratum and F; = F[3;] is an extension
of F of degree 2; 32 =0, so that in V2 we have the null stratum [A2, 0,0, 0], and ag(A?) is
maximal amongst (self-dual) og-orders in A2 = Endp(V?).

We often think of (IV) as a degenerate case of (III) by thinking of a null stratum as a degenerate
simple stratum.
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In each case, we have the subgroups H'= H'(8,A), J'=JYB,A) and J=J(B,A) of
G (see [Ste05, §3.2]). We write H' = H' NG, and similarly for the other groups. There
is a family C(8,A) of rather special characters of H', called semisimple characters; one
of their properties is the fact that their restriction to P;(A) for suitable ¢ is equal to
tg. For each 6 €C(B3, A), there is a unique irreducible representation 7 of J I containing 6
(see [Ste05, §3.6]). In each case, there is a ‘suitable’ extension x of 1 to a representation of
J, which we call a B-extension; further details of this step are given in the following.

The extensions F, F; in each case come equipped with a non-trivial Galois involution
(the restriction of the adjoint anti-involution on A), which we write ~ as usual. We use the
same notation for the induced involution on the residue fields kg, k;; note that this involution
may be trivial. Then the quotient .J/J' has one of the following forms:

() ki ={x€kg:ax=1};

(I) U(1,1)(kg/kr) or ki, x ki, if E/F is unramified; SLao(kp) or Oz(kp) if E/F is ramified;
(II1) ki x ki;
(IV) ki x SLa(kp).
Let o be the inflation to J of an irreducible cuspidal representation of J/J'. (Note that, in the
case of Og(kp) in (II), this just means any irreducible representation of the (anisotropic) dihedral
group Oz (kr).)

Now we put A=k ® 0o and m = c—Ind? A is an irreducible supercuspidal representation of G.
All irreducible supercuspidal representations of G of positive level can be constructed in this

way (although we remark that often we cannot, as yet, tell when two such representations
are equivalent).

Finally in this section, we recall briefly some properties of the G-extensions which we require,
especially in the cases (IT) and (IV) where their construction is somewhat more involved. Indeed,
in cases (I) and (IIT), J/J* has no unipotent elements so there is never any problem here.

We define another skew semisimple stratum [A,,, ny,, 0, 5] as follows:
e in cases (I) and (III), we have A, = A, n,, = n;

e in case (II), A,, is a self-dual og-lattice sequence in V' with ag(Ay,) C ag(A) minimal amongst
(self-dual) op-orders normalised by E*, and n,, = —va,, (8);

e in case (IV), we take A2, a self-dual op-lattice sequence in V with ag(A2,) C ap(A?) minimal
amongst (self-dual) og-orders, A, = A! L A2, and n,, = —vy,, (5).

In each case, we have the subgroups HY = HY(B, An), JL =JYB, Ay) of G, and we put
H! = H}! NG etc. Let 0y, € C(B, App) be the transfer of 0, that is 6,, = Ta a,, g0 in the notation
of [Ste05, §3.6], and let 7,, be the unique irreducible representation of J! containing 6,,. We
form the group

J' = (Pi(A) N B)JL.
Then (see [Ste08, Proposition 3.7]) there is a unique irreducible representation 7 of J' which

extends 7 and such that 7 and 7,, induce equivalent irreducible representations of Pj(A;,).
Moreover, if I,4(7) denotes the g-intertwining space of 7, we have

1 ifge JY(BNG)J;

0 otherwise.

dim I, (i]) = {
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A B-extension of 1 is an irreducible representation x of J such that k|7 =17 (see [Ste08,
Theorem 4.1]).

2.2 The main theorem

THEOREM 2.1. The non-generic supercuspidal representations of Sp,(F) are the following.

(i) The positive-level supercuspidal representations attached to a skew semisimple stratum
[A, n, 0, 3] as above and such that either:

e [A,n,0, ] is a sum of non-zero simple strata (cases (I), (II) and (III)) and there is no
maximal unipotent subgroup of G' on which g is a character; or
e [A,n,0, ] is the sum of a non-zero simple stratum and a null stratum in dimension two
(case (IV)).
(ii) The level-zero supercuspidal representations induced from the inflation to a maximal
parahoric subgroup P of a cuspidal representation o of P/P!, where P! is the pro-p-radical
of P, satisfying one of the following:

(a) P is attached to a non-connected subset of the extended Dynkin diagram of G, that is,
P /P is isomorphic to Spy(kr) x Sps(kr);
(b) P is isomorphic to Sp,(oF) and o is a non-regular cuspidal representation of Sp,(kr).

For positive-level representations the theorem will follow from Proposition 3.4, which
establishes the conditions on 3 for there to exist a maximal unipotent subgroup of G’ on which 13
is a character, and from Theorem 4.5 and §5. The proof for level-zero representations is given
below, with a more detailed list.

2.3 The generic level zero representations of Spqn (F')

Note that for finite reductive groups, the notion equivalent to genericity is called regularity:
a representation of Spon(krp) is called regular if it contains a non-degenerate character of a
maximal unipotent subgroup. Part (ii) of the above theorem, i.e. the level-zero case, actually
holds for Spyn (F'), as a consequence of Propositions 1.4 and 1.6.

PROPOSITION 2.2. Let P be a maximal parahoric subgroup of Spyy (F) with pro-p-radical P*
and let o be a cuspidal representation of P/P'. The representation 7 of Spyy (F) induced from
the inflation of o to P is irreducible supercuspidal. It is generic if and only if the quotient P /P*
is isomorphic to Spon(kr) and o identifies to a regular cuspidal representation of Spyn(kr).

Proof. Up to conjugacy, we may assume that P is standard; in particular, using the notation
in 1.2, P contains I. Then our standard P is the group of invertible and symplectic elements in
the order
M;(or) M; an—2i(oF) M;(pg')
A = MQN_ 21, z(pF) MQN_Qi(UF) MQN_ 21, i(UF) for some integer i, 0 <1< N,
M;(pr) M; on—2i(pF) M;(or)

where M; j(op) denotes the set of ¢ by j matrices with entries in op (similarly with pr) and M;
stands for M;,. Assume first that P/P! is isomorphic to Spyy(kr), i.e. i=0 or N, and use
Proposition 1.4. If ¢ is regular, then 7 is generic. Conversely if 7 is generic, there is a maximal
unipotent subgroup U’ and a character x’ of U’ such that o contains x|pnys. The subgroup
U’ is conjugate to the subgroup U of all upper triangular unipotent matrices so, using the
Iwasawa decomposition G =PB as in §1.2, we may replace U’ by U. Since o is cuspidal,
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Lemma 1.3, applied to Spyy (kr), tells us that xpny is identified with a non-degenerate character
of PNU/P' N U, a maximal unipotent subgroup of Spyy (kr), hence o is regular.

Assume now that 1 <i< N — 1: then P/P! is isomorphic to Spy;(kr) X Span_qi(kr), the
relevant entries being those in ( 690 ) in the above description of 2. Assume for a contradiction
* *

that m is generic: from Proposition 1.6, plus the inclusion Iy C P, there exist w € W and a
character x of U such that ¢ contains the character x* of P NUY. Let U¥ =P NUY/P'NUY
and let Y@ be the character of U¥ defined by x*. The group U¥ is a maximal unipotent subgroup
of P/P! (a simple combinatoric argument suffices here). We show that, since y is trivial on Uger,
the character x¥ is degenerate, thus contradicting the cuspidality of o.

To fix ideas, suppose that w = 1. The intersection of the image of U with Spy;(kr) is the
subgroup U; of upper triangular unipotent matrices while the image of Uge, contains the simple
long root: the restriction of x to U; is degenerate, hence o cannot be cuspidal (Lemma 1.3).

In general, observe that w must map the N positive long roots (corresponding to the
antidiagonal entries in U) onto a set £ of N long roots that correspond to the long root entries in
U%. Those N long roots separate into i long roots in U® N Spy,;(kr) and N —i long roots
in UY N Spyy_o;(kr). The N — 1 positive not simple long roots corresponding to antidiagonal
entries in Uger are sent onto a subset of N — 1 long roots in &: only one is missing, so either
in UY N Spy,;(kr) or in UY N Spyy_o;(kr), the unique long root entry that does not belong to
the derived group does belong to UJ.: on this group, the restriction of ¥ is degenerate, so o is
not cuspidal. O

We remark that a classification of level-zero non-generic supercuspidal representations for
a general unramified connected reductive group may be found in the work of DeBacker and
Reeder [DR].

2.4 The cuspidal representations of Sp,(Fq)

We come back to Spy. It has been known for a long time that among the cuspidal
representations of Sp,(kr), only one is non-regular, the famous representation 61y of Srinivasan
([Spr70, §11.8.3, Sri68]); it is the unique cuspidal unipotent representation of Sp,(kr). Yet this
common knowledge lacks a reference in the modern setting of Deligne-Lusztig characters; we
thus pause here to detail the list of cuspidal representations of Sp,(F,) as they arise from the
Lusztig classification. The necessary background and notations are taken from the book [DM91],
particularly Chapter 14.

For this section only we let G = Spy(F,) and we let F be the standard Frobenius on G,
acting as x — x7 on each entry, so that GI' = Sp,(F,). We let G* be the dual group SO5(F,)
with standard Frobenius F™.

Deligne-Lusztig characters of G are parameterised by pairs (7%, s), T* an F*-stable maximal
torus of G* and s an element of T, up to G*!" -conjugacy. A rational series of irreducible
characters of G is made of all irreducible components of Deligne-Lusztig characters R% (s)
where the rational conjugacy class of s (i.e. the G*F" _conjugacy class of s) is fixed. Rational
series of characters are disjoint and exhaust irreducible characters of G¥'. Cuspidal (irreducible)
characters are those characters that appear in some R% (s) for a minisotropic torus 7™ and do not
appear in any R% (s) where the torus 7™ is contained in a proper F*-stable Levi subgroup of G*.

Let s be a rational semi-simple element contained in an F*-stable maximal torus T* of G*,
let Cg=(s) (respectively Cg.(s)) be its centraliser in G* (respectively the connected component
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of its centraliser) and let W (s) (respectively W(s)) be the Weyl group of Cg+(s) (respectively
C?2.(s)) relative to T, contained in the Weyl group W (T™) of G* relative to T™.

For w in W(T™), there exists an F*-stable maximal torus T of G* of type w with respect
to T* and containing s if and only if w belongs to W°(s). Letting = be the type of T with
respect to some split torus, by the formula

X(s) = (=)@ wes) 7 Y (—D'RE ()
weWe(s)

one defines a proper character x(s) which is a multiplicity one sum of regular irreducible
characters, each appearing with multiplicity +1 in Deligne—Lusztig characters underlying the
series attached to s. We have

(RE, (s), RS, (s))gr = Card W ()" and  (x(s), x(s))gr = (W (s)/W(s))"

and the results in [DM91, ch. 14] imply the following, for the rational series of characters attached
to s.

(i) If only minisotropic rational maximal tori contain s, all characters in the series are cuspidal.
The number of regular cuspidal characters in the series is the number of components of x(s).

(ii) If no minisotropic rational maximal torus contains s, there is no cuspidal character in
the series.

(iii) If at least one minisotropic rational maximal torus and at least one non-minisotropic rational
maximal torus contain s, no cuspidal character in the series (if any) is regular.

(iv) If exactly one minisotropic rational maximal torus (up to rational conjugacy) and at least
one non-minisotropic rational maximal torus contain s, there is no cuspidal character in the
series.

The Weyl group of G* has eight elements. A rational maximal torus of type w with respect to a
split torus is minisotropic if and only if w is either a Coxeter element h (there are two of them,
conjugate in the Weyl group) or the element of maximal length wy. Rational points of such a
torus are conjugate to Tyt

o , isomorphic to
2 __ _
K5 = ker N]F:4 /%, for w = h,
K! x K& =ker N, x ker NV, for w = wy.
2 x Ka P /F) P /) 0

Table 1 lists the families of geometric conjugacy classes of rational semi-simple elements of
G* through a representative sy (not necessarily rational) in the diagonal torus

A

-1

0
TE =4t O\ p) = 1 /)\,MGIFqX :
W

)\—1
using the following notation: we fix ¢4, a primitive (¢* — 1)th root of unity in IF';, and we let

21 241 -1 +1
G2=¢{ ", G=¢ ", Gi1=¢  and ¢(=¢".

In cases 13 and 14, x(s) = R%.(s) is irreducible, cuspidal and regular (it actually contains
any non-degenerate character of a maximal unipotent subgroup) by fact (i); we obtain ((q —
1)(g — 3))/8 + (g% — 1)/4 equivalence classes of such representations.
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TABLE 1. Families of geometric conjugacy classes of rational semi-simple elements of G*.

Case S0 Condition Number We(sp) W (s0)/W?°(so)]
1 t*(1,1) 1 W 1
2 t*(—1,-1) 1 (Sa7s Sar428) 2
3 t(—1,1) 1 (sp) 2

. , -3
4 (¢1) (P# - (s3) 1
5 (¢, 1) (iAE] % 1 P
6 @) gm0 (5o 1
ToeE o) gpm @SN i
¢ #+£1
CACH
. _ 2
s e Ggexy Y i i
G EFy
0o vy cpn @DEZI I
G, #+1
. . —1
0 raGy  Girr D ) 1
LG Gl 5 D 1 2
) . ) -1
2 rGLGH GiArt D ) 1
18 (Gady) GiAm CTNEEY 1
G, #+1
G # G
o . 2_1
4 (Gl GaAEl 1 1
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Cases 4, 5, 6, 7, 8 and 9 give no cuspidal representations (fact (ii)), neither do cases 10 and 12
(fact (iv)). Cases 2 and 3 each determine two rational series, in which again fact (iv) applies:
they contain no cuspidal.

Missing cuspidals ([Spr70, §11.8.3, Sri68]) now must come from cases 1 and 11. Indeed
case 11 produces two rational series, one of which satisfying fact (ii), but the other satisfying
fact (i), for a torus of type wg. Here x(s) = R%.(s) is the sum of two irreducible, cuspidal and
regular (but for different choices of a non-degenerate character of a maximal unipotent subgroup)
representations and we obtain 2((¢ — 1)/2) equivalence classes of such representations.

Last, case 1 gives the so-called unipotent series, which for Sp,(F,) contains exactly one
cuspidal representation ([Lus78, Theorem 3.22]), non-regular by fact (iii).

3. The function 93 on maximal unipotent subgroups

A key step in the determination of Whittaker functions on GLy(F) in [BH98] is the
construction of a maximal unipotent subgroup U of GLy(F') on which 13 defines a character
([BH98, Propositions 2.1 and 2.2]). This will be a key step indeed in the determination of generic
supercuspidal representations of Sp,(F): the existence of such a subgroup on which g defines a
non-degenerate character will turn out to be a sufficient condition for genericity (see §4), whereas
the non-existence will imply non-genericity (see §5). In cases where such a U exists but 3 is
degenerate, we find both generic and non-generic representations.

3.1 The quadratic form h(v,8v)
PROPOSITION 3.1. Let 3 be an element of A such that 3 = —(3 and let 1 be the function on G
defined by Yg(x) = (tr(B(x — 1))), v € G. The following are equivalent:
(i) there exists a maximal unipotent subgroup U of G such that the restriction of 1g to U is
a character of U;
(ii) there exists a maximal unipotent subgroup U of G such that ¢g(x) =1 for all x € Uqer;

(iii) there exists a totally isotropic flag of subspaces of V':
{0fcvicVecCcVaCV
such that V; C Vi4q fori=1,2;

(iv) the quadratic form v — h(v, fv) on V has non-trivial isotropic vectors.

Proof. The equivalence of the first three statements is straightforward and a variant of
[BHO8, Proposition 2.1]; note that a maximal flag of subspaces of V' determines a maximal
unipotent subgroup of G if and only if it is totally isotropic.

Certainly statement (iii) implies statement (iv): a basis vector v for V; satisfies h(v, fv) =0
since V43 is its own orthogonal. Assuming that statement (iv) holds, let v be a non-zero vector in
V such that h(v, Bv) = 0 and put V4 = Span {v}, V3 = V;*. If v and v are colinear, let V5 be any
totally isotropic two-dimensional subspace of V' containing V;, otherwise put Vo = Span {v, fv}:
statement (iii) is satisfied since, for a totally isotropic flag as in statement (iii), the conditions
BVy C Vo and BV, C V3 are equivalent (recall that 3 = —/3). O

Remark 3.2. Assume that the conditions in Proposition 3.1 hold and let U be a maximal
unipotent subgroup of G attached to a totally isotropic flag {0} C V; C V5 C V3 C V such that
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BV; C Vi for i =1, 2. A simple inspection shows that the character 13 of U is non-degenerate
if and only if 8V7 is not contained in V4 and BV5 is not contained in V5.

We need to investigate those cases where the element (§ appears in a skew semi-simple stratum
[A,n, 0, 3] as listed in §2.1. We need an extra piece of notation in cases (I) or (II), where the
stratum is simple: the field extension E = F[3] has degree four or two; we let Ey be the field of
fixed points of the involution x — Z on E, so that [E: Ey] = 2, and we define a skew-hermitian
form § on V relative to E/Ey by

h(av, w) =trg/p(ad(v,w)) foralla€ E, v,weV. (3.3)

(This notation will also be used in case (III) when F; and Es are isomorphic, with E = Ej.) The
determinant of ¢ belongs to F* if [E': F] =2; it is a skew element in E* if [E: F| =4.

PROPOSITION 3.4. Let (3 be an element of A appearing in a skew semi-simple stratum [A, n, 0, (]
as in § 2.1. The only cases in which there does not exist a maximal unipotent subgroup U of G
on which g is a character are the following:

(i) the element (3 generates a biquadratic extension E = F[(] of F' (case (I)) and the coset
B det(0) Ng g, (E) in Ef is the Ng, g, (E*)-coset that does not contain the kernel of trg, /p;

(ii) the element (3 generates a quadratic extension E = F[(] of F (case (II)) and the skew-
hermitian form § on V, dimp V' = 2, is anisotropic, that is, det(6) € Ng/p(E™);

(iii) the symplectic space V decomposes as V =V!'1V? and the element 3 decomposes
accordingly as 3 = (31 + (2 where for i =1, 2, ; generates a quadratic extension E; = F[[3;]
(case (II1)), Ey is isomorphic to Ey and (31/02 ¢ det(6)Ng, p(E£).

Remark 3.5. Let 3 be as above. Assume that there exists a maximal unipotent subgroup U of
G on which v is a character. Then:
e in cases (I) and (III) the character ¢g of U is non-degenerate;

e in cases (II) and (IV) the character 13 of U is degenerate.

The proof of those statements occupies the next two sections. We recall that, up to
isomorphism, there is exactly one anisotropic quadratic form on V: its determinant is a square
and its Hasse-Minkowski symbol is equal to —(—1, —1)r (see [OMe63, §63C]).

3.2 The biquadratic extension

Let us examine the case of a maximal simple stratum (case (I)). The determinant of the quadratic
form v — h(v, fv) on V is the determinant of 3, i.e. Ng,p(03).

LEMMA 3.6. The norm NE/F(B) of B is a square in F* if and only if F is biquadratic. If this
holds we have Ng g, (E*) = FXE5<2.

Proof. A four-dimensional extension of F' is called biquadratic if it is Galois with Galois group
7./27. x 7./27.. Biquadratic extensions of F are all isomorphic, their norm subgroup is F*2(class
field theory). The ‘if” part is then clear. Now assume that Ng/r(83) is a square. Since 3 is skew
and generates a degree four field extension of F, its square (32 generates Ey over F and is not
a square in EJ, while Ng, / 7(8%) = Ng /r(B) must be a square in F'*. We proceed according
to ramification.
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If Ey is ramified over F, 32 must have even valuation, its squareroot generates an unramified
extension of Fy. So E/Ey is unramified and Ng, g, (£*) is made of even valuation elements, i.e.
is equal to FXEOX2 since 0 = 0 (1 + pr,). It follows that Np,p(E*) = F*?,

If Ey is unramified over F', we have in the residual field kg,:
u € k, is a square in ky, if and only if Nig, /kr (u) is a square in k.

We write 32 = wiﬁu with u € o . Then N, p(8%) = w%jNEO/F(u). It follows that « must be a
square and % must have odd valuation: its square root generates a ramified extension of Ej.
Then E is the extension Eyla] where o? is a uniformising element in F, and N BB (E™)

= (—a?)Pof} = FXEOX2 because kj C k2. It follows that Ng/p(E>) = F*?, O

If Ng/p(B) is not a square, we are done. Assume from now on that F is biquadratic and use
the form § defined in (3.3). Since 3 is skew and ¢ is skew-hermitian, the element 3(v, v), v € V,
belongs to Ey. Since V is one-dimensional over E the form §(v, v) is anisotropic and the subset
D(V)={Bd(v,v)/veV, v#0} of Ej is one of the two cosets of Ng, g, (E*) in Ef. On the
other hand, we have Ng/g, (E*) = F XEOXQ, hence the set of non-zero elements in Ker trg, p is
fully contained in one of those two cosets. Proposition 3.4 follows in this case (and Remark 3.5
directly follows from Remark 3.2 since  generates a degree-four extension of F').

Remark. We can be more precise about this condition: if Fy is unramified over F' and |kr| = 3[4],
then h(fv, v) is anisotropic if and only if 5§(v, v) ¢ FXEOX2; otherwise h(fv, v) is anisotropic if
and only if 36(v,v) € FXEOXQ.

3.3 Cases II, III and IV

The case numbered (IV) in §2.1 is obvious. The set of isotropic vectors for the quadratic form
h(v, Bv) is the subspace V2. The flags that satisfy Proposition 3.1(iii) are the flags that can be
written in the form {0} C Fe_o C Fe_g+ Fe_1 C Fe_g+ Fe_1 + Fe; CV where {e_;,e;} is a
symplectic basis of V* for i =1, 2.

Case (II) is also quite clear: as in case (I) the element ((v,v) belongs to Ey = F, hence
h(Bv,v) =28(v,v) has isotropic vectors if and only if §(v, v) does. Furthermore, a flag {0} C
VicVoCV3CV as in Proposition 3.1 must have the form Vi = Fv, where v is non-zero and
isotropic for 4, and Vs = (v, Bv). Since 3% belongs to F'* we always have V2 = V4 so, if 15 defines
a character of the corresponding unipotent subgroup of G, this character is degenerate.

We finish with case (III). We have V = V! 1V? and 8 = 31 + 2. Forv € V, writing v = v + vy
on V =V!1V2 we obtain h(v, Bv) = h(v1, B1v1) + h(va, B2v2). The determinant of this form is
the product Ng, /p(81)Ng,/r(82). For the form to be anisotropic, the determinant must be a
square, hence

Ng,/p(f1) = Npg,yr(B2) mod F*2,

Each 3 is skew with characteristic polynomial X? — (—Npg, /r(Bi)): the class of —Ng, /p(8;) mod
the squares determines, up to isomorphism, the extension F;. So if £; and Fy are not isomorphic
we are done.

We pursue assuming they are and let £ = FE; ~ Fs. We may see V' as a vector space over
E and define § as in (3.3). The decomposition V = V! 1V? is orthogonal for § as well, and for
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i=1,2, v; — h(v;, Biv;) is an anisotropic quadratic form on V%: a (non-zero) isotropic vector
for h(v, fv) must have the form v = v!' 4 v? with v’ € V¥, v* # 0. We then have

h(’U, ﬂv) = h(vlv ﬁlvl) + h(U2, ﬁ2/02) = 2B15(U17 Ul) + 2525(7}2’ UQ)a

and Proposition 3.4 follows.

The remark on the non-degeneracy of 13 on U whenever it defines a character follows from the
fact that V! and V2 are anisotropic for h(v, Bv): the corresponding totally isotropic flag has
the form (with notation as above) {0} C V; = (v! +v?) C Vo = (v! + 02, B! + Bov?) C V- C V.
We never have 3V, C V5 unless 37 = 35, but this belongs to case (II), not to case (II1).

4. Generic representations

In §3, we have found necessary and sufficient conditions for there to exist a maximal unipotent
subgroup U of G' on which 13 defines a character. When there is such a U, this gives us a
candidate for trying to build a Whittaker model, as is the case in GLy (F') (see [BH98]). In this
section we consider the case where there is such a U.

4.1 Characters and (3-extensions

PROPOSITION 4.1 (cf. [BHI8, Lemma 2.10]). Let [A, n, 0, 3] be a skew semisimple stratum in A.

Let 6 € C(A, 0, 3) be a skew semisimple character and let U be a maximal unipotent subgroup
of G such that ¥3|y,,, = 1. Then

Oy = ¢B’H1HU-
Unfortunately, we have been unable to find a unified proof of this proposition; the proof is
therefore rather ugly, on a case-by-case basis, and we postpone it to Appendix Appendix A.
~ We continue with the notation of Proposition 4.1. Then we can define a character ©g of
H'=(JNU)H! by
Og(uh) =vg(w)(h) forue JNU, he H'.
Note that this is a character, since J normalises H' and intertwines 6 with itself.

COROLLARY 4.2 (cf. [BH98, Lemma 2.11]). Let n be the unique irreducible representation of J*
which contains 6. Then the restriction of ) to J' N U contains the character 1g| jiqy.

Proof. The proof is essentially identical to that of [BH98, Lemma 2.11]. We recall that
ko(x,y) =0z, y] defines a non-degenerate alternating form on the finite group J'/H!
(see [Ste05, Proposition 3.28]). Note also that the image of H' N .J in J'/H' is a totally isotropic
subspace for the form kg, since 6 extends to a character ©4 of H'. Now we can construct n by
first extending ©g to (the inverse image in J! of) a maximal totally isotropic subspace of J!/H*
and then inducing to J'. In particular, n contains ©p and, hence, Y| j1ny- O

Now put J~1:(NJDU)Jl:(P(A)ﬂBX NU)J'. Note that, if J/J! is anisotropic, then
JNU=J'NUso J' =JL

THEOREM 4.3 (cf. [PS08, Theorem 2.6]). Let [A, n, 0, 5] be a skew semisimple stratum in A as
listed in § 2.1 and let k be a (3-extension of 1 to J as described there. Assume that there is a
maximal unipotent subgroup U of G such that 1g|y,,, =1 and use the notation above. Then:

71
K| 1 f:Indl{}1 O5.
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In particular, we deduce that the restriction of x to JNU contains the character ¢g| v
(cf. [BH98, Lemma 2.12]). Moreover, except in cases (IV), and (II) when J/J' is isotropic, this
means that the restriction of the simple type A to J N U contains ¢g|jnr, since A = k.

Proof. The proof is in essence the same as that of [PS08, Theorem 2.6], which it may be useful
to read first: because of the similarities, we do not give all of the details here.

We begin by proving
J1
Ind(JlmU)Hl Og~1. (4.4)
We prove this first in cases (I) and (III). Here E! = {x € E/xZ = 1} is a maximal torus of G. Then
J=FE'J'and = c—Ind? k. Since J N U = J' N U, Corollary 4.2 implies that x contains Yglinu-
Hence, 7 contains 13 and, since 1)g is then a non-degenerate character, £ contains ¢g|ny with
multiplicity one (Proposition 1.4). Hence, © g1y g1 occurs in n with multiplicity precisely one

and (4.4) follows (see [PS08, Lemma 2.5]). Note that this already gives the theorem in cases (I)
and (III), since E! is maximal and J! = J! in these cases.

Now we consider the other cases (II) and (IV). Recall that U is given by a flag {0} C 3
C Vo C V3 C V (see Proposition 3.1), described in § 3.3. What we need here is to define a parabolic
subgroup Py of GG, with unipotent radical Uy contained in U and with a specific Levi factor My
conforming to A in the sense of [BH96, §10]. We achieve this according to the case as follows.

(IT) From §3.3, the unipotent subgroup U is attached to a flag
{O}CF’LU_l CFw 1+ Fpw_1 CFw_1+ Ffw_1+ Fpu, CV

where {w_1, w1} is a Witt basis for V over E. We then let My be the stabiliser of the
decomposition V = Fw_; @ Ew; and Py be the stabiliser of the flag {0} C Fw_; C V.

(IV) Here U is attached to a flag {0} C Fe_o C Fe_o+ Fe_1 C Fe_o+ V! C V. We can pick
ez so that {e_o,es} is a symplectic basis of V2 adapted to A2, We then let My be the
stabiliser of the decomposition V = Fe_o ® V! ® Fey and Py be the stabiliser of the flag
{0}CFe sCFesViCV.

Let ky be the form defined in the proof of Corollary 4.2. In each case, we have the following
properties (see [BH96, § 10] and [Ste08, Lemma 5.6 and Corollary 5.10]):

(i) U, H' and J* have Iwahori decompositions with respect to (Mo, Py);

)
(ii) J'NUy/H' N Uy is a totally isotropic subspace of J!/H?! with respect to the form ky;
(iii) J' N MoNU/H'N MoNU is a maximal totally isotropic subspace of J' N My/H* N Mo;
)

(iv) there is an orthogonal sum decomposition

JU TN My JlmUOXJlmUO‘
H'  H'nMy, \H'nUy H'nU; )’

where Uj is the unipotent subgroup opposite to Uy relative to M.

Then (J! NU)H! has an Iwahori decomposition with respect to (Mg, Py) and (J'NU)H'/H! ~
J'NMoNU/H' N MynU L J'NUy/H' N Uy is a maximal totally isotropic subspace of J!/H?.
In particular, from the construction of Heisenberg extensions, (4.4) follows.
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For the final stage, as in the construction of S-extensions, there is an og-lattice sequence A,
such that J! = (PY(A,,) N B)J {, and P!(A™) still has an Iwahori decomposition with respect to

1

(My, Py). Defining 77 to be Indl‘];,1 Op, we see that 7j|J1 =1, and one checks that

Pl(Am) ~ PY(Am
mnd’, ") 5 ~ mdf, A gy,
Since this uniquely determines 7, from the definition of S-extension we obtain that x| 7 =7, and

the result follows. O

4.2 The positive-level generic supercuspidal representations of Sp,(F’)

Here we show that all of the positive-level supercuspidal representations which are not in the
list of Theorem 2.1 are indeed generic.

THEOREM 4.5. Let m = c—Ind§ A be a positive-level irreducible supercuspidal representation of
G = Sp4(F') with underlying skew semisimple stratum [A, n, 0, 5]. Suppose that this stratum is
not in case (IV) and that there exists a maximal unipotent subgroup U of G such that {3|v,,, = 1.
Then 7 is generic.

Proof. Except in case (II) when J/J! is isotropic, this is immediate from Theorem 4.3, since
Alj1 = k|71 in these cases so A|jny contains the character 1g|ny; hence, by Proposition 1.4, 7
is generic.

Suppose now we are in case (II) and choose a Witt basis {w_1, w1} for V over E attached
to the unipotent subgroup U as in the proof of Theorem 4.3. The quotient .J/J! =~ P(A)N
B*/Pi(A) N B* is then isomorphic to SLa(kp) if E/F is ramified, to U(1,1)(kg/kr) if E/F is
unramified.

We have U N B* ={(} %) /x € F} with respect to the E-basis {w_1, w;} and

1 0 0 NPz

01 = 0
X _ —
UNB* =< u(x)= 00 1 0 /a:EF
0 00 1

in the symplectic basis {w_1, fw_1, (B/N(5))w1/2,w1/2} of V over F'.

Now recall that A =k ® o, for ¢ some irreducible cuspidal representation of .J/.J!'. Note
that all cuspidal representations o of U(1, 1)(kg/kr) or SLa(kp) are generic, since the maximal
unipotent subgroup is abelian and ¢ cannot contain the trivial character, by Lemma 1.3.
Here we only need the fact that (the inflation of) o restricted to J NU N B* contains some
character of JNU N B*, which must have the form u(z)— ¢ p(az) for some a in F. Since

labec
X: (85 fg) — p(ax) is a character of U, we see that o|J NU contains x|J NU. Since k| jny

0001
contains 13 (Theorem 4.3), we deduce that A|jny contains the restriction to JNU of the

character x5 of U and, by Proposition 1.4, m= c—Ind? A is generic (and the character xig
is non-degenerate). O

4.3 Case (IV)

In case (IV), any maximal unipotent subgroup U of G on which 13 defines a character can be
written as upper triangular unipotent matrices in a symplectic basis {e_s, e_1, e1, e2} as in the
beginning of §3.3. Here {e_», e2} is a symplectic basis of V2, hence U N B* is made of matrices
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100
of the form <§ é ((1; El)) ) Even though o, as a cuspidal hence generic representation of SLy(kp),
does contain a non-trivial character of J N U N B* this character is by no means the restriction

of a character of U. This is an heuristic explanation of the fact that none of the case (IV)
supercuspidal representations are generic, unfortunately not a proof. In this section, we prove a
crucial result towards non-genericity. The last step will be taken in §5.4.

PROPOSITION 4.6. Let 7r:c—Ind§/\ be a positive-level supercuspidal representation from
case (IV) and let U be a maximal unipotent subgroup of G such that |y, =1. Then the
restriction of A to J NU N B* is a sum of non-trivial characters.

Proof. We retain all of the notation of §4.1 and write U as in the beginning of this section.
We also write U?=UnNB*=UNSpp(V?). Since J=(JNPA)NB*)J' we have JNU
=(JNUHJ'NU), hence Jt = (JNU?)Jt and H! = (JNU?)(J'NU)H!. We claim that:
(i) JInU?=H'NU?
(ii) Ind‘]Hl1 O~ 1qp2 @.
The first claim comes from the definitions in [Ste01, p. 131]. Indeed J'NSpp(V?)=H'N
Sp F~(V2) = P;(A?%). For the second, we note first that 1;4;2 ® 1 does define a representation
of J! since JNU? normalises (J',n) and n|J' NU? =n|H' NU? is a multiple of ¢, trivial
on U? (32 =0). Frobenius reciprocity gives a non-zero intertwining operator between those
representations, which are irreducible (recall from §4.1 that Ind‘g1 O3]Jt =n).

We have A=k ® o, with o an irreducible cuspidal representation of J/J! 22 SLy(kp). In

particular, o is generic and its restriction to J* /J' is a sum of non-degenerate characters. On
the other hand, the second claim above, plus Theorem 4.3, tell us that « is trivial on J N U2. O

5. Non-generic representations

Our goal in this section is to show that the positive-level supercuspidal representations which
are in the list of Theorem 2.1 are indeed non-generic. For cases (I), (II) and (III) we prove
that whenever there is no maximal unipotent subgroup on which the function 13 is a character
(see Proposition 3.4), an irreducible supercuspidal representation of G = Sp,(F') with underlying
skew semisimple stratum [A, n, 0, §] is not generic. The main tool here is the criterion given
in Proposition 1.6, hence we work out in some detail the restriction of 15 to one-parameter
subgroups. This technique also provides us with a last piece of argument to settle non-genericity
in case (IV).

5.1 The function 13 on some one-parameter subgroups
In a given symplectic basis (e_2, e_1, €1, e2) of V| we denote by Uy, for k € {—2, —1,1, 2}, the
following root subgroup:

_p ifj=k;
Uk:{l—l—wtk;xEF} with tk(ej): Ok 1) .’
0 otherwise.

It is attached to a long root and has a filtration indexed by s € Z: Ug(s) = {1 + zty : x € p}. }.

Let (3 be an element of A and let ¢g be the function on G defined by ¥5(x) = (tr f(x — 1)),
z € G. For kin {—2, -1, 1,2}, let e(k) be the sign of k.
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LEMMA 5.1. Fix g€ G and k in {—2, —1,1,2}. Let s € Z.

(i) For any x in F' we have ¥3(1 + x 9t;,) = ¢ (e(k)zh(ge_g, Bge—i)).
(ii) The character g of Uy, is non-trivial on 9Uy(s) if and only if s < —vph(ge_g, Bge_r).

Proof. We keep the usual notation 9u = gug™', u9 = g~ 'ug. We have, for z € F,
Pp(l+ 2 9t) = (tr(Br Ity)) = P(tr(2f9t)) = (@ (B)r, 1)
while the (k, —k) entry of 89 is (89)k,—k = €(k)h(e_k, B9%e_j) = e(k)h(ge_k, Bge_). O

5.2 Proof for a maximal simple stratum

We work in this section with a maximal simple stratum [A, n, 0, 3] in Endp V, satisfying the
assumption in Theorem 2.1 given as follows, in terms of the form § (see (3.3) and §3.2).

(i) The extension E = F[f] is a biquadratic extension of F' with fixed points Ey under x — Z;
in particular, N, g, (E*) = FXEJ2.

(ii) The subset D(V) = {3d(v,v) :v €V, v# 0} of Ef is the Ng g, (E*)-coset in Ej that does
not contain the kernel of trg, /p.

Note that lattice duality with respect to the form §, defined by L# = {v € V : §(v, L) C pp}
for L an og-lattice in V, coincides with lattice duality with respect to h. We may and do assume
that the self-dual lattice chain A satisfies A(i)* = A(d — 1), i € Z, with d =0 or 1. We also may
and do assume that A is strict, i.e. has period two.

LEMMA 5.2. Pick vg in V such that A(i) = plug for i € Z. We have vgd(vg, vo) = 1 — d and, for
v€V and s in Z,

I/Fh(v, 51}) = 6(E,;/F)VEO (65(07 U));

vrh(v, fv) = s <~ UEA(S+;(n+d—1)> —A<s+;(n+d+1)).

Proof. We have h(v, Bv) = =2 trg, /p(86(v, v)) (§3.2); the first statement is thus a consequence
of the following property:

Let = be an element of the FXEOX2—coset in E6< that does not contain the kernel of
trg,/p. Then vp trgy p o= (1/e(Eo/F))vE,T.

Indeed we have vptrg /g o= (1/e(Eo/F))[vE,® + vE,(1 + %/r)] where x+ % is the Galois
conjugation of Ey over F. Let z and y in E{ such that #/z and §/y belong to —1 + pg, and let
u=x/y. Then u/u belongs to 1+ pg,, which implies that u belongs to FXEOX2 (easy to check
according to the ramification of Ey over F'). Hence, x and y are in the same F XEOXQ—coset, that
must be the coset containing the kernel of trg, /.

The second statement is now immediate. We can write v € V as v = uvg with u € E. Then

1 1 [
(Eo/F) e(E/Ey)

vrh(v, Bv) = - ve(89(vo, v0)) + ve(ua)]

hence vph(v, Bv) = 1(—n+1—d) + vgu. O
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We now fix a symplectic basis (e_2,e_1,e1,e2) adapted to A: there are non-decreasing
functions oy : Z — 7 such that

AG = P Ve (jez). (5.3)
s€{-2,-1,1,2}

PROPOSITION 5.4. For any g € P(A), for any k € {—2, —1, 1, 2}, the character 13 of YU}, is non-
trivial on Uy N Py, j941(A).

Proof. Note first that P(A) normalises Py, /241(A), 50 9Ux N Py, 241 (A) is equal to Uy (s), where
s € Zis defined by Uy, N Py, j9141(A) = Uk(s). Using Lemma A2 for our lattice sequence A of period
two we obtain, for x € F,

1+ oty € P[n/2]+1<A) <~ Vj,x tkA(]) C A(j + |:72l:| + 1>
< Vj,e_j € A<j —2a(j) + [Z] +1-— 2uF:c>

< vple_g) >max {j — 204(j); j €L} + [Z] +1—2vpz

< vpale—r) >valeg) + [g] +1—-2vpx

<~ 2upx > 21/A(ek) -+ [Z] +2—d.

Hence, s = vp(er)+14[([n/2] — d + 1)/2]; we have to prove s < —vph(ge_i, fge_i) (Lemma 5.1).
Since g belongs to P(A) we have by Lemmas 5.2 and A2:

vrh(ge_g, Bge_k) =vph(e_k, Be_p) = —vp(eg) +d— 1 — %(n +d-—1)).

The condition we need is thus [([n/2] — d + 1)/2] < 3(n — d — 1) which holds for n > 1 (the right-
hand side is an integer by Lemma 5.2). O

We now derive Theorem 2.1 in this case: the representation 7 is not generic. Indeed if it
was, we could find, by Proposition 1.6, some g € P(A) and some k € {—2, —1, 1, 2} such that A
contains the trivial character of YUy N J. In particular, the restriction of A to Py, /9)41(A) would
contain the trivial character of 9U; N ]3[n/2]+1(A). Since this restriction is a multiple of 13 this
is impossible.

5.3 Proof for a maximal semi-simple or non-maximal simple stratum
In this section we treat cases (II) and (III) simultaneously in Theorem 2.1, using the following
result.

LEMMA 5.5. Under the assumption of case (II) in Theorem 2.1, any splitting V =V!'1V? of V
into two one-dimensional E-vector spaces splits the lattice chain A, that is, for any t € Z,

A(t) =AY (#)LA%(t) with A'(t) = A@®) NV, i=1,2.

Proof. We know from Proposition 3.4 (ii) that the given assumption amounts to the fact that
the quadratic form v — h(v, Bv) on V has no non-trivial isotropic vectors, which implies that
the anti-hermitian form ¢ on V' defined by h(av, w) =trg, p(ad(v,w)) for all a € E, v,w eV,
is anisotropic. From [Bla02, § A.2], the lattice chain underlying A is thus the unique d-self-dual
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op-lattice chain in V. On the other hand d-self-dual og-lattice chains A® in V?, i =1, 2, can be
summed into a J-self-dual op-lattice chain in V. Unicity implies that A is obtained in this way. O

We can now let [A,n,0,3], with A=A L A% B=p;+ 2 and n=max{ny,na}, be a
maximal skew semi-simple stratum or a non-maximal skew simple stratum in Endr V: we place
ourselves in the situation of case (II) or case (III) in Proposition 3.4, case (II) being obtained
by letting Ey = Eo =F and [y = (2 = . In particular, Ey = F|[(31] is always isomorphic to
Ey = F[f2] and one checks easily that the conditions (ii) or (iii) in Proposition 3.4 are equivalent
to saying that the symplectic form satisfies:

for all v; € V! and all vy € V2, —h(v1, Buy)h(va, Bug) ¢ Ng,p(E).

For an homogeneous treatment regardless of the ramification over F' of the quadratic
extensions involved, we use the conventions explained in Appendices A.1 and A.2, namely the
lattices sequences A', A? and A are all normalised in such a way that they have period four
over F' and duality given by d = 1.

LEMMA 5.6. Let vi € V!, va€ V2 and v=wv; +v2 €V. Let e = e(E; /F):

(1) vrh(v, Bv) =min{vrh(vi, Bi1v1), vrh(vs, Bove)};

(2) va(v) > 2vph(v, v) — max{2vg, (1 /e, 2vg,B2/e}.

Proof. (1) We have h(v, fv) = h(vi, S1v1) + h(ve, f2v2). The assertion follows if the valuations
of h(v;, Biv;), i =1,2, are distinct. If they are equal and finite, write h(v, Bv) = h(vy, f1v1)
(1 + h(va, Bave)/h(v1, B1v1)). Since h(ve, Bov2)/h(v1, f1v1) cannot be congruent to —1 mod pp
(its opposite would be a square, hence a norm) the result follows.

(2) From Lemma A4 and part (1) we obtain va (v) = min;—y o v:(v;) = min;—1 2(2vph(v;, Giv;)
— 2vg, 3;/e) whence the result. O

We fix symplectic bases {e;, e_;} of Vi i=1,2, adapted to A’ and use Notation 5.3. We
denote by 1! and 12 the orthogonal projections of V onto V! and V2, respectively.

We need information on the intersection of one-parameter subgroups YU, with subgroups
of G of the following form (with a;, as positive integers and a = max{a, az}):
L=(1+ag (A") +aq,(A?) +a,(A)NG.
LEMMA 5.7. Let g € P(A); let g; = va(1%(ge_k)) € Z U +oc. Then

va(ex) + max;—12{a; — g;} +3

YU, NL=9U(s) withs= 1

Proof. We have, for z € F and g € G (see [BK99, §2.9]),
14+ 29, € L <= x94A(j) CA'(j+a1) + A%(j +az) for any j € Z.
Since t; A(j) = p%’“(j)e_k we have, if g belongs to P(A):

1+ 29, € L < Vj, xge_, € A (j + a1— 4o (4)) + A%(j + ag — 4ag(j))
< fori=1,2, Vj, dvpz + g; > j — 4o (j) + a;.

We conclude with Lemma A2. O

We now apply this lemma to the subgroup L obtained with a; = [n;/2] 4+ 1, i =1, 2. Define
integers [y and Iy by l; = vph(1'(ge_y), 3i1'(ge_)). From Lemmas 5.1 and 5.7, the character 13
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of gUrg™! is non-trivial on gUrg~' N L if and only if

[VA(ek) + maXi—Lz{im/?] +1—g}+3 < —min{ly, 1o},
On the other hand we have g; =2l; —2vg,(;/e by Lemma A4, and Lemma A3 relates
n; = —vai(B;) and vg, (;; in any case, one checks

max{ [ZZ] +1 gz} =¢e —2min{ly,le} withe=0 or 1.

1=1,2

It follows that 13 is non-trivial on gUgg™' N L if and only if va(ex) < —2min{ly, lo} — ¢, that
is, va(er) < —2vph(ge_g, fge_i) — e. Now Lemma 5.6 gives us

2up, 1 2vE, [ }

va(ge—r) > 2vrh(ge_g, Bge—_i) — max{ . T o
Since g belongs to P(A), we have vp(ge_) = va(e—r) = —va(er) (Lemma A2), which implies the

desired inequality. We have just proven the following.

PROPOSITION 5.8. For any g € P(A), for any k € {—2, —1, 1,2}, the character 13 of gUrg™" is
non-trivial on gU,g~' N L, where

L= <I + a[n1/2]+1(A1) + a[n2/2]+1(/\2) + a[n/2]+1(A)> nG.

At this point we can derive Theorem 2.1 in cases (II) and (III) as in the previous section:
the representation 7 is not generic. Indeed if it was, we could find, by Proposition 1.6, some
g € P(A) and some k € {—2, —1, 1, 2} such that A contains the trivial character of 9U; N J. In
particular the restriction of A to the above subgroup L would contain the trivial character of
9Uj, N L. Since this restriction is a multiple of vg this is impossible.

5.4 Non-genericity in the degenerate case (IV)

We let again [A, n, 0, 3], with A=A @ A%, 8= B + (2 and n =max{ny, na}, be a skew semi-
simple stratum in Endg V', but we assume that one of the two simple strata involved is
null (case (IV)). Although there does exist a maximal unipotent subgroup on which 93 is a
character, this character is then degenerate (Proposition 3.4 and Remark 3.5). We show that
the corresponding supercuspidal representation is non-generic, using Proposition 4.6 and the
Criterion 1.6.

Criterion 1.6 involves conjugacy by elements in an Iwahori subgroup. We find it convenient
to use the standard Iwahori subgroup, and to use an Iwahori subgroup normalising the lattice
chain A. These conditions can both be fulfilled at the possible cost of exchanging A' and A?,
that is, we have to complicate notation and let {1,2} = {r, s} with [A", n,, 0, 5,] not null and
[A%, ns, 0, Bs] = [A®, 0,0, 0]; in particular, n = n,.

Since the proof is rather technical, we first sketch it, assuming #o = 0. In a symplectic basis
as in §3.3, ¥g does define a character of the upper and lower triangular unipotent subgroups,
trivial on the long root subgroups Uis corresponding to the null stratum but non-trivial on the
other long root subgroups Uyi. As in the previous case, we have a subgroup L of J on which
A restricts to a multiple of ¢3. We show that for any Iwahori conjugate YU, g is non-trivial
on U4 N L. Next we identify subsets X9 and X_s of I such that, for g € X4, 13 is again
non-trivial on YUy N L. The last step is to show that for g € I — X_o, if the representation A
contains the trivial character of YUy N J, then it contains the trivial character of Uity N J, this
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last possibility being excluded by Proposition 4.6. Hence, by Proposition 1.6, the representation
induced from A cannot be generic.

We pick a symplectic basis (e_2, e_1, €1, e2) of V adapted to A and such that P(A) contains
the standard Iwahori subgroup I consisting of matrices with entries in op which are upper
triangular modulo pr. We normalise lattice sequences Ay and As such that they have period
four over F' and duality invariant one and define e =0 if A, contains a self-dual lattice, e =1
otherwise (Appendix A.2). Let

L=(I+a1(A°) + ap/241(A") + apy+1(A) NG

This is a subgroup of H' (from the definition [Ste0l, p. 131]) on which @ restricts to g
(see [Ste05, Lemma 3.15]).

LEMMA 5.9. Let k in {—2, —1,1,2}. For y € P(A), define y, = vA(1"(ye_g)), ys = va(1°(ye_g))
and I, = vph(1"(ye_g), B, 1" (ye_g)). The character g of yUgy ™" is non-trivial on yUgy ' N L if
and only if either 1" (ye_j) =0 or 1" (ye_x) # 0 and

2
Ys = _VA(efk) + 4l + 1.

yr <wvple_g) + [n] +1-—2€

Proof. We have h(v, fv) = h(v,, Brv,) (for v =wv1 + v, v; € V?), so, with Lemmas A4 and A3,

vph(v, fv) =t <= 1’”(v)eA’”<2t+ [Z] +1—e> —A”<2t+ [Z] +1—e+1>.

In particular, if 1"(ye_x) = 0, the character 13 is trivial on yUxy ™' (Lemma 5.1).
We now assume 1" (ye_j) # 0 and from Lemma A4 we obtain

Y = 2, + [Z] fl-e (5.10)

We apply Lemma 5.7 to L:

va(ex) + max{l —ys, e — 2l } + 3
1 :

yUry ' N L=yU(t)y ' witht= [

Using Lemma 5.1 we conclude that the character g of yU,y~" is non-trivial on yUpy ' N L if

and only if ¢ < —[, whence the result (note that va(ex) = —va(e—x) by Lemma A2). O

LEMMA 5.11. Let y e I. If |k| =7, or if |k| =s and 1"(ye_j) ¢ A"(va(e—x) + [(n+1)/2]), the
character g of yU,y~" is non-trivial on yU,y™' N L.

Proof. Since y belongs to P(A) we certainly have 17(ye_) € A"(va(e—g)), 1%(ye_x)
€ A*(vale_g), and

either: (a) 1"(ye_x) ¢ A"(va(e_g) +1); or
(b) 1"(ye_g) € A"(va(e—k) + 1) and 1°(ye_i) ¢ A°(va(e—g) + 1).
Assume first that part (a) holds. Then the first condition in Lemma 5.9 is satisfied and the second

will hold if —vy(e_g) + 41, + 1 < wvp(e_k). However, we have y, = 2, + [n/2] + 1 — € (see (5.10)),
whence

(5.12)
4l, = 2<VA(e—k) - [Z] -1+ 6) <2wp(e—) — L.
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Hence,
if y € P(A) and 1"(ye_x) & A"(va(e_g) + 1), then 1) is non-trivial on yUpy ' N L.  (5.13)

The discussion now relies on |k|. If |k| =7 and y € I, then part (a) holds and (5.13) gives the
result. If now y € I and |k| = s, we are left with case (b) in (5.12); in particular, ys = va(e—g).
We only have to check that the assumption 1" (ye_x) ¢ A" (va(e—g) + [(n + 1)/2]) implies the two
inequalities in Lemma 5.9, which is straightforward since, when € = 1, n is even (Lemma A3). O

LEMMA 5.14. Let |k|=s and y €I such that 1"(ye_j) € A"(va(e—k) + [(n 4+ 1)/2]). Define
2=1+4+7Z—Z with Z(e_}) = —y:é_kl”(ye,k) and Z(e;) =0 for t # —k. Then z belongs to
Pi(n+1y/2](A), contained in J N I, and 1" (zye_y,) = 0.

Proof. One checks easily that z belongs to I and 1"(zye_x) =0. It remains to show that Z
belongs to a,41)/2](A). We have, using notation (A1) and Lemma A2:

n+1

Z € a(ny1)/2(A) = Zpp Ve, C A<t + [ D for any t € Z

n+1
2

= Ze_kGAT(t—4oz_k(t)+ [ ]) for any t € Z

s 1 (ye_g) €A <1¥1€aZx{t —da ()} + [n ; 1])

1 (ge_y) € AT <1/A(e_k) + ["; 1]) =

With this in hand we are ready to conclude as follows.

PROPOSITION 5.15. If the representation Ind§ A has a Whittaker model, there exists k € {—s, s}
such that \ contains the trivial character of Uy N J = U N P(A?).

Proof. Recall from Proposition 1.6 that if the representation Ind? A has a Whittaker model, there
exists k € {—2,—1,1,2} and y € I such that \ contains the trivial character of yUpy ™' N J. Note
that if (k, y) is such a pair, so is (k, zyx) for any z € JN I and x € I N Ng(Uy).

Assume that we are in this situation and pick such a pair (k,y). Since the restriction of
A to L is a multiple of 13, Lemma 5.11 tells us that we must have |k|=s and 1"(ye_y)
€ A" (va(e—x) + [(n 4+ 1)/2]). The proposition is then an immediate consequence of the following
fact:

(%) The double class (J N I)y(I N Ng(Uy)) contains an element of J NI, indeed of I N P(A®).

Let us now prove this fact. Assume first that k =s=2 (then r =1). Using the standard
Iwahori decomposition of y € I and the fact that upper triangular matrices normalise Us; we
may assume that y is a lower triangular unipotent matrix. Now since 1'(ye_;) belongs to
A" (vpa(e—g) + [(n+1)/2]) we may change y into zy where z is defined in Lemma 5.14. Note
that z is also lower triangular unipotent, hence so is zy. Since 1'(zye_;) = 0, zy has the following

shape:
1 0 00
sy = 01 00
0 b 10
c 0 0 1
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100
The middle block (}9) centralises Uy so the double class contains (8 9
c00

—OoOOoO

) which belongs
to I N Spp(V?) hence to P(A) N Spp(V?) = P(A?). The case k = —s = —2 is identical, replacing

OOoO—O

lower triangular by upper triangular. The cases k = s =1 and k = —s = —1 are obtained similarly,
0 0 10

using conjugation by w = <w0p 99 é) or w™ !, elements of GSp,(F) normalising I, to obtain a
0 wr00

convenient Iwahori decomposition for the initial element y. O

We are at last ready to prove non-genericity of supercuspidal representations coming from
case (IV), which will finish the proof of Theorem 2.1. The group Ui N .J above is equal to
JNUNB* for some unipotent subgroup U chosen as in Proposition 4.6, indeed we have
k€ {—s, s} so Uy is a long root subgroup attached to the two-dimensional space in which we
have a null stratum. We know from Proposition 4.6 that the restriction of A to Uy N J, a sum
of non-trivial characters, cannot contain the trivial character. Hence, Ind§ A does not have a
Whittaker model.
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Appendix A. Normalisation of lattice sequences

We gather in Appendices A.1 and A.2 the technical information about direct sums of lattice
sequences that we need in several parts of the paper. Specifically, in most cases we deal with
direct sums of self-dual lattice sequences in two-dimensional symplectic spaces and it will be
convenient to homogenise their F-periods and duality invariants.

Then we proceed with preliminary results in view of the proof of Proposition 4.1
in Appendix A.4.

A.1 Self-dual lattice sequences

Let A be an op-lattice sequence in a finite-dimensional F-vector space V and let ax(A), k € Z,
be the corresponding filtration of A. We define

va(w)=max{i € Z;v e A(i)} (weV); wvalg)=max{i€Z;g€a;(A)} (g€A).

When V is equipped with a symplectic form h, lattice duality with respect to h is defined by
L#¥ ={veV:h(v, L) Cpp} for L an op-lattice in V. An op-lattice sequence A in V is self-dual
if there is an integer d(A), the duality invariant of A, such that A(t)* = A(d(A) —t).

We now let A be a self-dual lattice sequence of period e in V' and we pick a symplectic basis
(e_2,€e_1, €1, e2) adapted to A: there are non-decreasing functions oy : Z — Z such that

A= P e (e, (A1)
s€{—2,—-1,1,2}

We need the following straightforward property.
LEMMA A2. For k in {—2,—1, 1,2}, we have
va(er) = —vale—g) + d(A) — 1 =max{j — ear(j); j € Z}.
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Proof. Since the period of A is e, the two sets {j — eay(j); j € Z} and {i € Z; o (i) = 0} coincide:
the valuation of ey is the maximum of either one. Next we use duality to check that

er @Az +d) < ey & A—2)* < hle_p, 2T er) ¢ pr <= ap(-2)<0. O

A.2 Normalisation of our lattice sequences

We start as in §2.1 case (III) with an orthogonal decomposition V = V! 1 V2 and not null skew
simple strata [A%, n;, 0, 3;] in Endp(V?). We let E; = F[3;]. We find it convenient to normalise
the lattice sequences A’ in such a way that their sum A is given by A(t) = A(t) L A%(¢) for any
t € Z, and is self-dual. This will be the case provided that A' and A? have the same period and
d(AY) = d(A?) =1 (see [Ste05], for instance).

The quadratic form v+ h(v, 3;v) on V* has no non-trivial isotropic vectors, since the anti-
hermitian form &; on V? defined by h(av,w) = trg,/r(adi(v, w)) for all a € E;, v, we Vi s
anisotropic. Let v; be a basis of V* over F;. There is some u; in E;, satisfying 4; = —u;, such that
this form reads d;(xv;, yv;) = u;zy for all x, y € E;. Since E; is tame over F', lattice duality is the
same for h and &;, namely A(t)# = {v € V%; §;(v, A'(t)) C pg, }. We have here (p%jvi)# = pdEftvi
with d; =1 — vgu,. Hence, up to a translation in indices, the unique self-dual og,-lattice chain
(Li)iez in V? satisfies one of three possibilities:

(i) FE; is ramified over F' and d; = 0;

(ii) E; is unramified over F' and d; = 0;

(iii) Fj; is unramified over F' and d; = 1.

In the two first cases we put L.(t) = L;([t/2]) and obtain a lattice sequence with duality
invariant d; = 1; in the third case we keep L} = L;. In the ramified case we put A’ = L/: it has
period four. We now need to put A’ = 2L/ in the second case, A’ = 4L/ in the third case, and we
obtain a normalisation of our of,-lattice sequences in V; such that their period is four and duality
invariant one. We use the following straightforward properties of A?, in each of the three cases
above.

LEMMA A3. Normalise the lattice sequence A' such that its period over F is four and d(A?) =1
(i) If E; is ramified over F, then vy;(V' — {0}) = 2Z + 1 and vxi(3;) = 2vg, (8i) + 1.
(i) If E; is unramified over F and A* contains a self-dual lattice, then vy:i(V® — {0}) = 47 + 2
and vpi(03;) = 2(2vg, (6;) + 1).
(iii) If E; is unramified over F and A* does not contain a self-dual lattice, then vy (V¢ — {0}) =
AZ and vyi(6;) = 4vg, (Gi).

We need to relate, under these conventions, the valuations relative to the lattice chains A
with the valuations over F' of the quadratic forms h(v, f;v), v € V.

LEMMA A4. Let e; = e(E;/F) and normalise the lattice sequence A* such that its period over
F is four and d(A") = 1. For any v € V' we have

2vE, B

€

vpi(v) = 2vph(v, Biv) —
Proof. For v in V' and a in E; we have h(av, fijav) = Ng, /p(a)h(v, Biv). The map v — h(v, Biv)
on V? is thus constant on the sets A*(t) — A*(t + 1), hence factors through the valuation v,:: there
is a map ¢, defined on the image of v: and with values in Z, such that vph(v, Biv) = ¢(vpi(v))
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for any non-zero v in V. Periodicity over FE; implies ¢(t + 2e;) = ¢(t) + e;, t € Z: computing one
value of ¢ is enough. We certainly have vph(v, Biv) = (1/e;)(vE,Bi + vEg,0i(v, v)), whence:
(i) if E; is ramified over F, then A'(1) = A%(0) = Ai(1)# so vyi(v) =1 implies vg,6;(v,v) =1
and vph(v, Biv) = %(VEZ.BZ‘ +1);
(ii) if F; is unramified over F and A’ contains a self-dual lattice, then A?(2)# = A?(—1) = A¥(2)
so vpi(v) = 2 implies vg,6;(v,v) =1 and vph(v, Biv) =vE, B + 1;
(iii) if F; is unramified over F' and A’ does not contain a self-dual lattice, then A?(0)* = A%(1)
= wprA¥(0) so vpi(v) =0 implies vg,;(v, v) =0 and vrh(v, Biv) = vE,B;. a

A.3 Some intersections

The following Lemma and Corollary were suggested by Vytautas Paskunas. In the proofs, we
may (and often do) ignore the condition that the stratum and character be skew, since the results
in the skew case follow immediately by restriction to G, that is, we actually prove the statements
for o-stable semisimple strata in GL4. To ease notation, this will be implicit so that, in the proofs

below, U should be a o-stable maximal unipotent subgroup of GLy4, etc.

First we need some notation in the semisimple case. For [A,n,0,5] a semisimple
stratum in V' with splitting V = EB?:I Vi, we write A= @f?’jzl AY in block notation, where
AY =Homp(V7, V) =17A1%" and 1° is the projection onto V¢ with kernel V3~¢ For k =
(k‘l, k:g) € ZQ, with k1 > ko > 1, define

a
a=a(A)=1{ .,
Clkl Clk2
with a/ = 17,17, and UX(A) = 1 + ay. This extends the usual notation U*(A) = 1 + az(A), k € Z,
k>1.

LEMMA A5. Let [A,n, 0, 3] be a semisimple stratum in A, with splitting V = @i:l Vii1<i<2.
Suppose also that F[f] is of maximal degree over F', and let U be a maximal unipotent subgroup
of G. Write B for the centraliser in A of 3. For k > m > 1, we have

(U™(A) N B)UF(A) NU = (UFA) N D).

We remark that the proof below is just for the case which interests us here (so that there are
at most two pieces in the splitting) but it is straightforward to generalise the lemma to the case
where there are an arbitrary number of pieces.

Proof. We prove the corresponding additive statement. Writing U =1 + N, by, = a,,,(A) N B, it is
(bm+ak)ﬁN:akﬁN.

Note that, since B = F[f], the lattice b,, contains no non-trivial nilpotent elements. We show
that, for 1 <m <k,
(byy +ax) NN C (b1 +ax) NN

and the result follows at once by an easy induction. So suppose that € € b, is such that
(e +ar) NN £ . In particular, (e + a;,+1) NN # () so there exists s >0 such that € € agy1.
However, then € € bgp,4+1 so (by [Bus87], working block-by-block), the coset € + b,,1+1 contains
a nilpotent element, which must be zero. We deduce that € € b,,41, as required. O
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For [A,n,0,03] a semisimple stratum in V with splitting V' = @?:1 Vi, we write
Mgy = Autp(V1) x Autp(V?2), Us, =1+ A2, Py, = MU, and Ugy =1 + A2L

COROLLARY A6. Let [A,n,0, 3] be a semisimple stratum in A, with splitting V = @2:1 Vi,
1<1<2, and let U be a maximal unipotent subgroup of G. Write B for the centraliser in A of
(. We suppose that:

(i) U has an Iwahori decomposition with respect to (Msp, Psp);

(ii) U N B* is a maximal unipotent subgroup of B*.
Then, for ky >--- >k >m>1 and k= (ky, ..., k), we have
(U™A) N B)UX(A)NU = (U™A) N BNU)(UXA)NU). (A7)

Again the statement is easily generalised to the case when the splitting has more than two
pieces. Note also that, in the simple case, condition (i) is empty while condition (ii) is implied,
for example, by the condition v¢g|y,,, =1 (see [BHI8, Proposition 2.2]). This is not true for
semisimple strata.

Proof. First we reduce to the simple case. We note that UX(A) and B* C M, have Iwahori
decompositions with respect to (M, Psp). Since U also has such a decomposition, we are reduced
to proving that we have equality in (A7) when we intersect both sides with U, with M, and
with Usp, respectively. Since B C My, this is immediate for the unipotent radicals Usp, Usp.
Hence, we are reduced to the intersection with M,,, which, block-by-block, is just the simple
case.

So now suppose that [A,n,0, 5] is a simple stratum. As in Lemma A5, we prove the
corresponding additive statement: writing U =1+ N, it is

(b + ar) NN = (bp, NN) + (a, N N), (A8)
where k = k1. We reduce to the case where E = F[f] is maximal and invoke Lemma A5.
Write d = [E : F]; then, in the flag corresponding to U,
{0} =Vvocvic---CcVWy=V,

the subspace Vy; is an E-subspace, for 0 <i < N/d. Let Uy =1 + Ny be the unipotent subgroup
corresponding to the maximal E-flag

{0}=WwcCV;C---CVyC---CVy=V

and let Py =1+ Py the corresponding parabolic subgroup. There exists an FE-decomposition
V= @ZN:/{i W; of V' such that for 0 <i< N/d, Vy = @;:1 W, and such that for every ¢ € Z,

At) = @f:/ld A(t) N W; (as a suitable variant of, e.g., [Wei74, § I1.1]). Let Lo be the corresponding
Levi component of Py and let Uy =1 + Ny be the unipotent subgroup opposite Uy with respect
to Ly.

The lattices b,, and a; have (additive) Iwahori decompositions with respect to Ng, Py (see
[BHI6, §10]) so

(bm—I—Clk)ﬂIP)o:bmﬁLQ—FbmﬂNo—FakﬂLo—i—akﬂNQ
and we have

(bm—i—ak)ﬁN:(bm+ak)ﬂIP’oﬂN:(bmﬂLo+akﬁLg)ﬁN+bmﬂNo+akﬂNg.
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Hence, we are reduced to showing
(bmﬂL0+akﬂL0)ﬁN:bmﬂ]LoﬂN—i-akﬁLoﬂN,

which is the same as (A8) in Lo, where we can work block-by-block. In each block, the field
extension F is maximal, so we have indeed reduced to the maximal case, which is Lemma A5. O

Finally, we need one more similar result, in the case of a minimal semisimple stratum: in this
case the extra conditions of the previous corollary are not satisfied.

LEMMA A9. Let [A, n,0, 3] be a skew semisimple stratum, with splitting V =V'® V2 1<1<
2. Suppose that 3; = 1131% is minimal, for i = 1,2 and that [A,n,n — 1, 3] is not equivalent to
a simple stratum. Assume also (without loss of generality) that nqy > ns > 1. Put k; = [n;/2] + 1,
for i =1,2, and k = (ky, k2). Then H' = (U(A) N B)UX(A) and, if U is a maximal unipotent
subgroup of G' on which 13 defines a character:

H'NnU=UYA)NU.

Proof. We work under the conventions made in the Appendix A.2. The subgroup U is necessarily
given (see Proposition 3.4) by a flag of the following form:
{0} C (v1 +v2) C (v +vo,v_1 —v_2) C (v1,v2,v_1 —v_2) CV,
where v; € V¥ are non-zero vectors such that h(vy, f1v1) = —h(ve, ,321)2) =p and v_1 = w LB,
v_9 = —p "' Bovy. In particular, {v;, v_;} is a symplectic basis for V?, adapted to A’.
That H' = (U'(A) N B)UX(A) is clear from the definition. For the intersection property, we
need the following lemma.

LEMMA A10. Put v =wvp1(v1) — vp2(v2) and let E; ; be the linear map sending v; to v; and all
other basis elements to zero. We have
VA(ELQ) =V, VA(E72,71) =ny —ng — V. (All)

Furthermore, if n1 > ns, then 0 <v <nj — ns.

Proof. Computing the valuations of Fq and E_p _; is simple checking. Lemma A4 combined
with our assumption on vj, ve implies v = —2vg, (f1/e1 + 2vg,B2/e2. The inequality 0 <v <
n1 — no then follows from Lemma A3. O

Write U =1+ N. Then the elements of N can be written (as matrices with respect to the
basis {v1, v_1, v2,v_2})

a e —a ¢
—d —b d —b
a e+ f —a c+f]’
d b —d b

for a,b,c,d, e, f € F.
Now suppose that x as above also lies in the lattice (in block matrix form, each block 2 x 2)

(e &)
akl Clk2 ’
for some m < ki. Then, using (A11), we obtain:

° (LEQ,l € ag, so aELl = (LELQEQJ € Oky+vs
e DE 1 o€ay sobE 1 1 =bE_1 oF 5 1€k 1n—no—v;
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o (c+ f)Eso2€ay, so(c+ f)E1,—2=(c+ f)E12FE2 2 € Qytr;
o cky _o€a so fE; o€ Omin{k; ko+v} and

fEl,fl = fE1,72E72,71 € amin{k1+n1—n2—u,k2+n1—nz};
° (6 + f)EQ’fl € ag, SO (6 + f)El,fl = (6 + f)El’QEQ’fl € kg 4u-

Writing ¢t = min{l/, ny—ng — vV, kg +ny —no — kl} > 0, we have aELl, bE_l,_l, €E1,_1 cag +t C
Om+1. In particular, looking at the ‘top-left’ block of x, we have

a e 0 O
<_d _b>€<_d 0>+amﬂ.

Now we prove that, for m < ky and k = (ky, k2),
(U™A)NB)UX(A)NU =UXA)NU.
By Lemma A5, we have
(U™(A) N B)UX(A)) NU c ((U™(A) N B)UR(A)NU =U(A)NU.

Then we need only prove, for ko <m < k; (the additive statement),

(bm + ag, akl) AN C <bm+1 + ag, ak1>
29N A, 299 (2975

However, we have seen above that, if € € (66” 8) is such that €+ ax contains an element of
N, then e+ ("“”6“ 8) also contains a nilpotent element. However, then (as in the proof of

Lemma A5) € + (b’%“ 8) also contains a nilpotent element, which must be zero. Hence, € € by, 11,
as required. O

A.4 Proof of Proposition 4.1

It remains to prove Proposition 4.1: if 6 € C(A, 0, ) is a skew semisimple character and U is a
maximal unipotent subgroup of G such that v¢g|y,.. =1, then

Olmnu =v¥slmnu-
As in the Appendix A.3, we actually prove the same statement for o-stable semisimple strata in

GLy4, and the result follows by restriction to G. We remark that a skew element 3 generating a
field such that [F[5] : F] =2 is necessarily minimal. We proceed on a case-by-case basis.

Simple case (cases (I) and (II)). We proceed by induction on r = —ko(3, A). We make the
following additional hypothesis:

(*) there exists a simple stratum [A, n, r, 7] equivalent to [A, n, r, 8] such that ¢ |y, =1.

In particular, we can then use the inductive hypothesis for the stratum [A, n, 0, 7] with the same
unipotent subgroup U. Note that this hypothesis is certainly satisfied when ( is minimal, since
we can take v = 0. We show later that it is also satisfied in the other cases that are relevant to
us here.

We have H'(3, A) = (UY(A) N B)HI/A+L(B, A) (see [BK93, §3.1]) so, by Corollary A6, H' N
U=HUI2A+1 0. Moreover, H[T/Q]_H(ﬂ, A) = H[T/Q}'H(’y, A) and 9|H[r/2]+1 = QO‘H[T/2]+1¢ﬂ—77 for
some 6y € C(A, 0, ). However, by the inductive hypothesis, 6y agrees with 1, on H 2+ U
and the result follows.
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To finish, we must show that (x) is satisfied. The only case to consider is when [A, n, 0, ]
is a skew simple stratum with F[3] maximal (of degree four) and r = —ko(8, A) <n. Then
[A, n, r, 5] is equivalent to some skew simple stratum [A, n, r, vo|, with 79 minimal and F[y] of
degree two over F'. Note that, since p # 2, all extensions are tame here. Note also that the flag
corresponding to the unipotent subgroup U is given by V; = (v, Bv, ..., 3~ 1v), for some v € V
with h(v, Bv) = 0. Also put ¢ = h(Bv, %v) #0, and d = —vp ().

Let P(X)= X2+ X € F[X] be the minimal polynomial of 7y and put e s =v, e_1 = v,
e1 = (T P(B)v, ea = — B¢ P(B)v — kpBv, where k = (~2h(Bv, 3%v) — 2X(™! (this is a symplectic

00—\ 0 u

basis). With respect to this basis, 4 has matrix | } 2 ’5 § ] for some p € F. For i, j € {£1, +2},
00 —10

write F; ; for the linear map sending e; to e; and all other basis vectors to zero. We then have

E 5 1€apn, EF1 1 €a4e.
Write 8=y + co, with ¢o € a_,. Then % + X\ = copy0 + Yoo + cg € a_p_pr. From the matrix
description of 3, we obtain that

0 0 —(u+k\) 0

o ke 0 (1 + kN)
Fra=1, k(¢ 0
0 —¢ 0 0

Then:

o (,U + k‘)\)EfLQ €a_p_, and (,u + k}\)E7272 = (,u + k)\)EfzflEfLQ € a_p;
. CEl,fl € a_p.

Hence,
0 0 0 p+kX
o= 0 0 0 0 ca
10 ¢ o 0 -
0 0 0 0

Put v= 8 — ¢. Then [A, n,r,v] is a stratum as required by hypothesis (x).

Minimal semisimple case (case (III)). Now suppose that [A,n,0,5] is a skew semisimple
stratum, with splitting V = V! @ V2, 1 <1< 2, that 3; = 1'31? is minimal, for i = 1, 2 and that
[A,n,n —1, ] is not equivalent to a simple stratum. Assume also (without loss of generality)
that n; >ng >1. Put k; =[n;/2]+1, for i=1,2, and k= (ki, k2). Then, by Lemma A9,
H' = (UY(A)n B)UX(A) and H' NnU = UX(A) N U. However, by the definition of 6, it agrees
with ¥3 on U¥(A) so the result follows.

Degenerate semisimple case (case (IV)). Now suppose that [A, n, 0, 5] is again a skew semisimple
stratum, but with g5 = 0. In this case it is straightforward to see that the flag defining U must
be given by

{0cVi=w)cVa=(m,v)CV=Vi@aVicV,=V,

where vo € V2 and vy € V1. In particular, U satisfies the extra conditions in Corollary A6. Putting
k1 =[n1/2] + 1 and kg = 1, we have H! = (U'(A) N B)UX(A) so, by Corollary A6,

H'NU=(UYA)NBNU)(UXA)NU)=UXA)NT.

As in semisimple case (I), the result now follows by the definition of semisimple characters.
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Non-minimal semisimple case (case (III)). Finally, suppose that [A, n, 0, 5] is a skew semisimple
stratum, with splitting V =V @ V2, 1 <1< 2, that §; = 1!31? is minimal, for i = 1, 2 but that
[A,n,n — 1, 5] is equivalent to a simple stratum. Let » = —ko(3, A). As in the simple case, we
show that

(*) there exists a simple stratum [A, n, 7, v] equivalent to [A, n,r, 3] such that v, |y, = 1.

(Indeed, v will be minimal.) The proof is then the same as that in the simple case, since we can
use the simple case for . In this case we invoke Lemma A5 to show that H' N U = HM2+1 0.

As in the simple case, the flag corresponding to the unipotent subgroup U is given by
Vi = (v, Bu, ..., " 1), for some v € V with h(v, fv) = 0. So v = v; + v, with v; € V* such that
h(vy, Brv1) = —h(va, Bave). Note that, for i = 1,2, {v;, Biv;} is a basis for V', with respect to
which (; has matrix ((1) ’})1) , for some \; € F. Also, let E; denote the linear map in A% which
sends B;v; to v; and v; to zero; then E; € alf.

Let [A, n,r, o] be a skew simple stratum equivalent to [A,n,r, 3], with v € M, and let
X? — X be the minimal polynomial of vy over F. For i =1, 2, let ; € A* have matrix ((1) ())‘) , with
respect to the basis {v;, B;v;} of V*. Since 5 — 7 € a_,, we get that A — \; €a”, . fori=1,2,
so (A — \)E; € a® . Hence 3; —7; € a’, and v =1 + 2 is as required, since yv = .

This completes the proof of Proposition 4.1. O
Remarks. It surely will not have escaped the reader’s notice that the methods in each case are
rather similar. It may well be possible to unify the cases into a single proof but we have not been
able to do this. We also note that we could not have used [BH98, Lemma 2.10] here, since the
proof given there unfortunately does not work. It seems likely that the result there is true (at
least in the tame case, as here) but we have not (yet) been able to find a proof.
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