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'ABSTRACT. A method is outlined to compute the scattering matrix of an ensemble of infinite
cylinders in random orientation, as an approximation to the scattering matrix of an ensemble of
very long but finite cylinders. Numerical checks are presented, which show that the results for
infinite cylinders agree with theoretical results for very thick and very thin cylinders, as well as with
numerical data for prolate spheroids and short finite cylinders.

1. Introduction

The scattering matrix of small particles is an important quantity in analyzing observations of
sunlight scattered by interplanetary dust, because it completely describes the light scatter-
ing process including polarization. Often spheres have been considered as scattering models
for interplanetary dust particles, since exact solutions of scattering by nonspherical particles
are rare. The infinitely long circular cylinder is one of the few nonspherical shapes for which
an exact analytical solution of Maxwell’s equations is known. However, it poses some prob-
lems for use as a scattering model because of its infinite length. We have tried to overcome
these problems in order to obtain a valid limit for a strongly elongated particle. The basic
principle is that we consider a unit length of the infinite cylinder in all orientations.

In the past much research has been devoted to obtain the mathematical formulation for
scattering by an infinite cylinder in arbitrary orientation with respect to the incident light
(see e.g. [1-8]). In almost all previous work, however, scattering by only one cylinder was
considered, or only the cross-sections for scattering and extinction were discussed. Here I
will consider the scattering matrix of an ensemble of randomly oriented infinite cylinders, as
an approximation to the scattering matrix of an ensemble of very long, but finite, cylinders.

2. Definition of the scattering matrix

We use the Stokes parameters I, Q,U,V to describe a beam of light. I is the intensity (in
W/m?) and Q, U,V contain the polarization information of the beam. We consider scatter-
ing by an ensemble of particles which are randomly oriented. The scattering properties of
the ensemble are completely contained in the 4x4 scattering matrix F(©) (O is the scatter-
ing angle), which transforms the Stokes parameters of the incident beam into those of the
scattered beam. For particles that have a plane of symmetry, like cylinders, the scattering
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matrix of the ensemble has the form (2]

Fn(@) Fl?(e) 0 0

_ Fi3(0) Fy(0) 0 0
Fo) = | ™% 0 Fip(@) Fiu(O)
0 0 —F34(@) F44(@)

For unpolarized incident light, F;;(0©) gives the intensity and —F,(©)/F;;(6) the degree
of linear polarization of the scattered light.

3. Procedure to obtain the scattering matrix

We consider an infinitely long, homogeneous, circular cylinder with radius p, which is tilted
with respect to the incident radiation (a plane wave). The angle of incidence, i.e. the angle
between the incident beam and the cylinder normal, is @. The scattered radiation propagates
along the surfaces of cones, with apex angles 7 — 2a (cf. [4]).

The expression for the radiation scattered by one tilted infinite cylinder, for arbitrarily
polarized incident radiation, is given by, e.g., [5-8]. We have to correct this expression for
the infinite length of the cylinder using a factor cos, in order to approximate a very long
but finite cylinder. An infinite cylinder receives the same amount of light in any position,
whereas a tilted finite cylinder receives an intensity reduced by a factor cos o compared to
a perpendicular finite cylinder (cf. [8]).

To find the scattering matrix of an ensemble of infinite cylinders in random orientation,
we have to integrate over all cylinder orientations in 3D-space. However, because of the
scattering cone for one cylinder, we only have to integrate over those cylinders which are
in the bisection plane of the directions of incidence and scattering. The resulting scattering
matrix depends on: (i) the size parameter of the cylinder, £ = 2rp/), where X is the wave-
length, and (ii) the refractive index m.

4. Checks

To check our numerical results for the scattering matrix of an ensemble of randomly oriented
infinite cylinders, we performed the following comparisons.

(a) The scattering matrix elements obeyed four general inequalities [9].

(b) We compared with Fraunhofer diffraction, which is the limit for very thick (z > 1)
cylinders. In Figure 1 F11(©) is shown for the exact case of infinite cylinders with z = 50
and m = 1.31 — 0.14, and for the case of Fraunhofer diffraction [10] with z = 50. The
agreement is good at small scattering angles but degrading at larger angles, as is expected.
(¢) We compared with Rayleigh-Gans scattering, which is the limit for “soft” and thin cylin-
ders (|m — 1| <« 1 and 2z|m — 1} <« 1). Figure 2 shows the excellent comparison between
the exact result and Rayleigh-Gans theory {2] for F11(©) in the case z = 0.1 and m = 1.1.
The other matrix elements divided by Fy; compare equally well, their shape being that of
ordinary Rayleigh scattering. Here we used a correction factor 1/ cosa in the Rayleigh-Gans
theory of finite cylinders to make it applicable to infinite cylinders.

(d) We compared with computational results for short finite cylinders and prolate spheroids,
obtained by the T-matrix method [11]. In Figure 3 the scattering matrix is shown for en-
sembles of infinite cylinders, finite cylinders and prolate spheroids, all having m = 1.31. The
size parameter of the infinite cylinders is = 2.5. As size parameter for the finite cylinders
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Figure 1. The scattering function Fj;(©)
for an ensemble of infinite cylinders in ran-
dom orientation, following from exact the-
ory and Fraunhofer diffraction.
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Figure 2. F11(0) for an ensemble of infi-

nite cylinders, following from exact and
Rayleigh-Gans theory. For the Rayleigh-
Gans results we used 2rL/\ = 10%, where
L is the cylinder length.
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Figure 3. The scattering matrices of ensembles of infinite cylinders; finite cylinders and
prolate spheroids. The finite cylinders and prolate spheroids both have axes ratio a/b = 4.
The results for finite cylinders and spheroids have been obtained with the T-matrix method.
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and prolate spheroids we take the size parameter of their semi-minor axis b, so z = 27b/A.
The finite cylinders and prolate spheroids both have z = 2.5 and axes ratio a/b = 4. Almost
all features in the scattering matrix elements of the finite cylinders and prolate spheroids
are also found in the infinite cylinder results. If absorption is added the agreement improves.

5. Conclusions
It is possible to obtain the scattering matrix of an ensemble of randomly oriented infinite
cylinders. Numerical tests have been performed to check the reliability of the results.

The presented solution for infinite cylinders is useful as an approximation to the scattering
matrix of an ensemble of very long finite cylinders. Until now, it is not possible to obtain
the scattering matrix of very elongated particles with other computational methods. The
T-matrix method is limited to short cylinders and spheroids (axes ratio = 4:1) and to size
parameters (of the semi-major axis) of ~ 15. Our infinite cylinder solution works well up to
much larger (radius) size parameters of =~ 100.

Some general characteristics of the scattering matrix of infinite cylinders are:

o The steepness of Fy; is much less than for short finite cylinders due to the absence of a
strong forward peak. However, details in Fy; of short finite cylinders appearing at larger ©
also appear for infinite cylinders.

o Despite the fact that Fy; does not agree in magnitude with short finite cylinder results,
the matrix element ratios F;;/Fy; agree very well.

e The matrix element ratios ~Fy,/Fy; and F34/Fy; tend to a non-zero value for ©® — 0.
This differs from the behaviour for randomly oriented finite particles. The reason is the
integration over the bisection plane to obtain the scattering matrix of randomly oriented
infinite cylinders. This plane acts as a plane of preference for the polarization.
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