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Abstract The moduli space of canonical divisors (with prescribed zeros and poles) on nonsingular curves
is not compact since the curve may degenerate. We define a proper moduli space of twisted canonical
divisors in ﬂg,n which includes the space of canonical divisors as an open subset. The theory leads to
geometric/combinatorial constraints on the closures of the moduli spaces of canonical divisors.

In case the differentials have at least one pole (the strictly meromorphic case), the moduli spaces
of twisted canonical divisors on genus g curves are of pure codimension g in Wg,,,. In addition to the
closure of the canonical divisors on nonsingular curves, the moduli spaces have virtual components. In
the Appendix A, a complete proposal relating the sum of the fundamental classes of all components
(with intrinsic multiplicities) to a formula of Pixton is proposed. The result is a precise and explicit
conjecture in the tautological ring for the weighted fundamental class of the moduli spaces of twisted
canonical divisors.

As a consequence of the conjecture, the classes of the closures of the moduli spaces of canonical divisors
on nonsingular curves are determined (both in the holomorphic and meromorphic cases).
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0. Introduction

0.1. Zeros and poles

Let Mg be the moduli space of nonsingular curves of genus g > 2. The Hodge bundle,
E — M,,

has fiber over the moduli point [C] € M, given by the space of holomorphic differentials
HY(C, wc). The projectivization

is a moduli space of canonical divisors on nonsingular curves. We may further stratify
H, by canonical divisors with multiplicities of zeros specified by a partition u of 2g —2.
Neither H, nor the strata with specified zero multiplicities are compact. We describe a
natural compactification of the strata associated to a partition u.

Meromorphic differentials arise naturally in the analysis of the boundary of the
spaces of holomorphic differentials. We consider meromorphic differentials on curves with
prescribed zero and pole multiplicities. Let

l’l’:(mla'-'amn)a mIGZ

satisfy Y 7, m; = 2g — 2. The vector u prescribes the zero multiplicities of a meromorphic
differential via the positive parts m; > 0 and the pole multiplicities via the negative parts
m; < 0. Parts with m; = 0 are also permitted (and correspond to points on the curve
which are neither zeros nor poles and otherwise unconstrained).

Let g and n be in the stable range 2g —2 4+ n > 0. For a vector u of length n, we define

the closed substack Hg(u) C My, by
n
Oc (Zﬂhpi) = wc} .
i=1

Consider first the case where all parts of y are nonnegative. Since Hg (i) is the locus of
points

Hg(l"«) =3[C,p1,....pnl € Mg,n

[Ca pla "~7p}’l] G Mg,n

for which the evaluation map
HO(C, wc) —> HO(C, wC|m1p1+---+mnpn)

is not injective, every component of H,(u) has dimension at least 2g —2+n in Mg , by
degeneracy loci considerations [13]. Polishchuk [25] has shown that H (1) is a nonsingular
substack of Mg, of pure dimension 2g —2+n. In fact, the arguments of [25] can be
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extended to the case where the vector u has negative parts.! In the strictly meromorphic
case, H,(u) is a nonsingular substack of dimension 2g —3 +n in Mg ,.

In the holomorphic case, the spaces H,(u) have been intensely studied from the
point of view of flat surfaces (which leads to natural coordinates and a volume form);
see [9]. However, an algebrogeometric study of the strata has been neglected: basic
questions concerning the birational geometry and the cohomology classes of the strata of
differentials are open.

We define here a proper moduli space of twisted canonical divisors

Hg () C Hg,n
which contains H,(u) as an open set

Hy(n) C Hy ().
The space ﬁg(u) will typically be larger than the closure

Ho (1) € Help).

We prove that every irreducible component of ﬁg (u) supported entirely in the boundary
of M, , has codimension g in My ,.

In the strictly meromorphic case where there exists an m; < 0, the moduli space ﬁg (n)
is of pure codimension g in ﬂg,n. The closure

ﬁg (n) C ﬁg (w)

is a union of irreducible components. The components of ﬁg (n) which do not lie in ﬂg (w)
are called virtual. The virtual components play a basic role in the study of canonical
divisors.

0.2. Pixton’s formula

A relation to a beautiful formula of Pixton for an associated cycle class in R8 (Mg,n)
is explored in the Appendix A: the contributions of the virtual components of ﬁg (m)
are required to match Pixton’s formula. The result is a precise and explicit conjecture
in the tautological ring of Mg,,, for the sum of the fundamental classes (with intrinsic
multiplicities) of all irreducible components of ﬁg (u) in the strictly meromorphic case.

In the holomorphic case where all m; > 0, the connection to Pixton’s formula is more
subtle since _

Hg (n) C Mg,n

is not of pure codimension g. The more refined approach to the moduli of canonical
divisors proposed by Janda [19] via relative Gromov-Witten theory and virtual
fundamental classes will likely be required to understand the holomorphic case (and
to prove the conjecture of the Appendix A in the strictly meromorphic case). However,
the virtual components clearly also play a role in the holomorphic case.

LOccurrences of wc in Polishchuk’s argument should be replaced by wc (Z?:l |m; |p,-) where mq, ..., my
are the negative parts of . The reason for the change from codimension g —1 in the holomorphic case
to codimension g in the strictly meromorphic case is that wc is special and wc¢ (Z;’:l |mi|p,-) is not.
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Remarkably, the fundamental classes of the varieties of closures
ﬁg () C mg,ny

in both the holomorphic and strictly meromorphic cases, are determined in the
Appendix A as a consequence of the conjectured link between Pixton’s formula and
the weighted fundamental class of the moduli space of twisted canonical divisors in the
strictly meromorphic case.

0.3. Twists
Let [C, pi1. ..., pal be a Deligne-Mumford stable n-pointed curve.? Let

N(C) c C

be the nodal locus. A node g € N(C) is basic if g lies in the intersection of two distinct
irreducible components of C. Let

BN(C) ¢ N(C)

be the set of basic nodes, and let

BN(C) — BN(C)
be the canonical double cover defined by

§N(C) = {(q, D)|q € BN(C),q € D,and D C C an irreducible component}.

A twist I of the curve C is a function

1:BN(C) —> Z
satisfying the balancing, vanishing, sign, and transitivity conditions defined as follows.

Balancing: If a basic node g lies in the intersection of distinct irreducible components
D, D’ C C, then
I(q,D)+1(q,D") =0.

Let Irr(C) be the set of irreducible components of C. If
D, D' e lrr(C)
and there exists ¢ € DN D’ with I(g, D) = 0, we write
D~D'.

By the balancing condition, & is symmetric. Let ~ be the minimal equivalence relation
on Irr(C) generated by ~.

Vanishing: 1If D, D’ € Irr(C) are distinct irreducible components in the same
~-equivalence class and g € DN D’, then

I(q,D)=1(q, D) = 0.

2The definition of a twist given here is valid for any connected nodal curve.
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Sign: Let ¢ € DND’ and § € DN D’ be basic nodes of C. If D ~ D and D' ~ D', then
I1(q,D)>0 = I(G,D)>0.

Let Irr(C)™ be the set of ~-equivalence classes. We define a directed graph 'y (C) with
vertex set Irr(C)™ by the following construction. A directed edge

v— v
is placed between equivalence classes v, v' € Irr(C)™ if there exist
Dev, D'e€v and geDND (1)

satisfying (g, D) > 0.

The vanishing condition prohibits self-edges at the vertices of I';(C). By the sign
condition, vertices are not connected by directed edges in both directions: there is at
most a single directed edge between vertices. The fourth defining condition for a twist 7
is easily stated in terms of the associated graph I';(C).

Transitivity: The graph I';(C) has no directed loops.

If C is curve of compact type, distinct irreducible components of C intersect in at most
one point. The vanishing and sign conditions are therefore trivial. Since I';(C) is a tree,
the transitivity condition is always satisfied. In the compact type case, only the balancing
condition is required for the definition of a twist.

0.4. Twisted canonical divisors

Let [C, p1,..., pu]l € /\_/lg,n7 and let
1:BN(C) - Z
be a twist. Let N; € BN(C) be the set of basic nodes at which I is nonzero,
N; = {q € BN(C) | I(q, D) # 0 for g € D}.
Associated to I is the partial normalization
v:Ci—> C

defined by normalizing exactly the nodes in N;. The curve C; may be disconnected.
For a node g € Ny in the intersection of distinct components D’ and D” of C, we have

v=q) ={g',q"}. Let
D, cv (D) and D] cv (D"
denote the irreducible components of C; such that ¢" € D and ¢” € Dy. By the definition

of v and the sign condition,
D;DD[/; =0 inCj.

Let pu = (my,...,my,) be a vector satisfying Y 7 ,m; =2g—2. To the stable curve
[C, pi1, ..., pnl, we associate the Cartier divisor Z?:l m;p; on C.
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Definition 1. The divisor Z?:] m; p; associated to [C, p1, ..., pu] is twisted canonical if
there exists a twist I for which

n
v*Oc (Zmim) =v'@c)®0c, | ) 14.Dy)-q' +1(q, D) -q"
i=1 qeN;

on the partial normalization Cj.

We define the subset ﬁg (n) C Mg,n parameterizing twisted canonical divisors by

He(p) = {[C,ply--.,pn] € Mg,

n
E m; p; is a twisted canonical divisor ¢ .

i=1
By definition, we have ~
Hg (w)N Mg,n = Hg (n),

50 He(u) C ﬁg(u) is an open set.
If 1 has a part equal to 0, we write u = (u/, 0). Let

T: Mgn—> Mgni

be the map forgetting the 0 part (when permitted by stability). As a straightforward
consequence of Definition 1, we obtain

He(u) =t~ (Ho (1)),

Theorem 2. If all parts of u are nonnegative, ﬁg(u) - Mg,n is a closed substack with
irreducible components of dimension either 2¢g —2+n or 2g —3+n. The substack

Ho(w) C He(1)

is the union of the components of dimension 2g —2+n.

Theorem 3. If u has a negative part, ﬁg(u) Cmg,n is a closed substack of pure
dimension 2g — 3 +n which contains

ﬂg (n) C Hg (n)
as a union of components.

Theorems 2 and 3 constrain the closures of the strata of holomorphic and meromorphic
differentials in geometric and combinatorial terms depending only on the partial
normalization C; of C. By degree considerations on the curve [C, pi,..., p,], there are
only finitely many twists / which are relevant to determining whether Y 7_, m;p; is a
twisted canonical divisor.?

Because of the virtual components in the boundary, Theorems 2 and 3 do not
characterize the closure ﬁg(u). Further constraints can easily be found on the closure

3A proof is given in Lemma 10 of § 2.3 below.
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via residue conditions. Our perspective is not to exclude the virtual components, but
rather to include them. In the strictly meromorphic case, the virtual components in
the boundary are described in Lemma 13 via star graphs defined in §2.2. The virtual
components may be seen as a shadow of the virtual fundamental class of an approach to
the moduli space of differentials via relative stable maps proposed by Janda [19].

In §5, we discuss the relationship between twisted canonical divisors and spin curves
via theta characteristics in case all the parts of u are positive and even. The basic
criterion of Proposition 16 of §4.2 for the smoothability of a twisted canonical divisor in
the holomorphic case is used in the discussion of the classical examples.

The zero locus of a nontrivial section of a)/é on a nonsingular curve C is a k-canonical
divisor. The moduli space of k-canonical divisors is an open set of the proper moduli
space of twisted k-canonical divisors defined in §6 for all k > 0. However, our results for
k # 1 are weaker since the associated dimension theory in the case of nonsingular curves
is yet to be developed.

0.5. Related work

There are several approaches to compactifying the spaces of canonical divisors:

e Janda’s approach (which has been discussed briefly above) is motivated by relative

Gromov—Witten theory and the proof of Pixton’s conjecture for the double
ramification cycle [18]. Our moduli of twisted canonical divisors predicts the image
of Janda’s space under the map to Mg,n. Because of the pure dimension result of
Theorem 3 in the strictly meromorphic case, the push-forward of the virtual class
can also be predicted (see the Appendix A).
The purity of dimension in the strictly meromorphic case allows for the approach to
Pixton’s formula taken in the Appendix A based entirely on classical geometry. The
development is unexpected. For example, both the definition and the calculation of
the double ramification cycle in [18] make essential use of obstruction theories and
virtual fundamental classes.

e Sauvaget and Zvonkine [26] propose a different approach to the compactification of
canonical divisors which stays closer to the projectivization of the Hodge bundle

P(E) — M,.

An advantage is the existence of the tautological line O(1) of the projectivization
which is hoped eventually to provide a link to the volume calculations of [9, 10].
There should also be connections between the recursions for fundamental classes
found by Sauvaget and Zvonkine and the conjecture of the Appendix A.

e Twisting related (but not equal) to Definition 1 was studied by Gendron [14].
Chen [4] considered twists in the compact type case motivated by the study of
limit linear series (however [4, Proposition 4.23] for stable curves is related to the
theory of twists presented here). In further work of Bainbridge et al. [1], the authors
study twists and residue conditions for stable curves via analytic methods with the
goal of characterizing the closure ﬂg ().
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For the study of the moduli of canonical divisors from the point of Teichmiiller dynamics,
we refer the reader to [9].

Our paper takes a more naive perspective than the work discussed above. We propose a
precise definition of a twisted canonical divisor and take the full associated moduli space
seriously as a mathematical object.

1. Twists of degenerating canonical bundles

1.1. Valuative criterion

Let u = (my, ..., m,) be a vector of zero and pole multiplicities satisfying

n
Zm,- =2g-—2.
i=1

By Definition 1,
Hg(ﬂ) C Mg,n

is easily seen to be a constructible subset.

Proposition 4. The locus ﬁg(u) C Mg,n is Zariski closed.

To prove Proposition 4, we use the valuative criterion. Consider a 1-parameter family
of stable n-pointed curves over a disk A,

7:C—> A, pi,....pn:A—C,

where the punctured disk A* = A\ 0 maps to ﬁg (). The sections p; correspond to the
markings. We must show the special fiber over 0 € A,

[Co, p1, ..., pul,

also lies in ﬁg(u).

After possibly shrinking A, the topological type of the fibers over A* may be assumed
to be constant. After base change, we may assume there is no monodromy in the
components of the fibers over A*. Finally, after further shrinking, we may assume the
twist I guaranteed by Definition 1 for each fiber over A* is the same.

Since the topological type and the twist I is the same over A*, the structures

Irr(Cr), TIrr(Cy)™, Ti(Cy)

do not vary as the fiber C, varies over ¢ € A*.

The basic nodes of the special fiber Cy are of two types: basic nodes smoothed by
the family 7 and basic nodes mot smoothed by the family. The unsmoothed basic
nodes correspond to basic nodes of C;o, so the twist I already assigns integers to the
unsmoothed basic nodes of Cy. However, we must assign twists to the basic nodes of Cy
which are smoothed by 7.

For ¢ € A*, consider a vertex v € I';(C;) which corresponds (by taking the union of
the irreducible components in ~-equivalence class v) to a connected subcurve Cg. As¢
varies, an associated family

C’ - A*
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is defined with closure in C given by
7' :C - A.
The markings which lie on ¢’ yield sections
Plys s Px, - A—>5v.

The nodes connecting Cg? to the complement in C; yield further sections

U
qiys >4y, - A—=>C

at which the twist I is not zero.
By the definition of a twisted canonical divisor, we have

X y
wcy = Ocy > mi,pi, =Y (g, )+ 1))
i=1 j=1

Hence, the curve
[ng plvv MR vav QIU, -"7qu]

is a twisted canonical divisor for the vector
(my,,...,my,—I(q1,,v)—1,...,=1(gy,,v) —1).
In §1.2 below, we show the fiber of
7P iC S A, Pl Paor Ly Gyt A = C,

over 0 € A is a twisted canonical divisor (with nonzero twists only at basic nodes of Cy
which are smoothed by the family 7).

By considering all the vertices v € I'y (C¢20), we define twists at all basic nodes of the
special fiber Cy which are smoothed by w. We now have defined twists at all basic nodes
of Cy, »

Iy : BN(Cy) — Z.
Via these twists, we easily see
[Co, 1, -, pul
is a twisted canonical divisor. Checking the balancing, vanishing, sign, and transitivity
conditions is straightforward:
e Balancing holds for Iy by construction.

e The vanishing, sign, and transitivity for Iy are all implied by the respective
conditions for I and for the twists constructed on C. .

e The required isomorphism of line bundles on the partial normalization
v:Co — Co

determined by Iy is a consequence of corresponding isomorphisms on the partial
normalizations of C, determined by the twists.
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1.2. Generically untwisted families

In §1.1, we have reduced the analysis of the valuative criterion to the generically
untwisted case.
Let w = (my,...,my,) be a vector of zero and pole multiplicities satisfying

n
Zmi =2g—2.
i=1

Let
7:C—>A, pi,....,ppn:A—>C

be a 1-parameter family of stable n-pointed curves for which we have an isomorphism

n
wc, = Oc, (Z"HP:’) (2)
i=1
for all ¢ € A*. We show the special fiber over 0 € A,

[C07 p17 AR ] pn]»
is a twisted canonical divisor with respect to u via a twist
Io : BN(Co) — Z

supported only on the basic nodes of Cy which are smoothed by the family 7.
The total space of the family C has (at worst) A,-singularities at the nodes of Cy which
are smoothed by 7. Let

C-S5c5 A
be the crepant resolution (via chains of (—2)-curves) of all singularities occurring at the
smoothed nodes of Cy. The line bundles

e*w; and €*O¢ (Zmipi> (3)

i=1
on C are isomorphic over A* by (2). Therefore, the bundles (3) differ by a Cartier divisor
Op(T) on C satisfying the following properties:
(i) Op(T) is supported over 0 € A,

(i) OF(T) restricts to the trivial line bundle on every exceptional (—2)-curve of the
resolution e.

By property (i), the Cartier divisor Oz(T) must be a sum of irreducible components
of the fiber Cy of C over 0 € A, that is,

T= Y yp-D, withypeZ
Delrr(@o)

https://doi.org/10.1017/51474748016000128 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748016000128

The moduli space of twisted canonical divisors 625

The irreducible components of 50 correspond? to the irreducible components of Co
together with all the exceptional (—2)-curves,

Irr(Co) = Irr(Co) U{E;}.
The Cartier property implies that
YD = VD'

for distinct components D, D" € Irr(Cp) which intersect in at least 1 node of Cy which is
not smoothed by .

Let EyU---UE, C Cy be the full exceptional chain of (—2)-curves for the resolution of
an A,-singularity of C corresponding to a node ¢ € Co which is smoothed by 7. We have
the following data:

e E| intersects the irreducible component D C 50,

e E, intersects the irreducible component D’ C 50;
see Figure 1. By property (ii), we find r equations obtained from the triviality of Oz(T')
on each subcurve E;:
2YE, =YD+ VEys s 2VE = VE,_, F VEys -+ 2VE, = YE,_, T YD (4)
The equations (4) are uniquely solvable® in the variables YE,» - --» YE, in terms of yp and
yp'. If yp = ypr, then the unique solution is

yEi = )/D fOI‘ all l (5)

The solution (5) is always the case when ¢ is a nonbasic node (since then D = D’).

If g is a basic node and yp # ypr, then equations (4) imply the values of yg, are
uniformly spaced and lie strictly between yp and yp . For example, if yp =3 and ypr =9
and r = 2, we have

3<yg, =5<yE, =T7<0.

The equations imply
—Yp+VE, = —YE, + VD' (6)
If ¢ € BN(Cp) is a basic node, then we assign the twists

Io(g, D) =—yp+yEe,, Ilolg.D)=—yp +vE,.
If there are no (—2)-curves over g € Cop, then
Io(g. D) = —yp+yp. lolg. D") = —yp + .

Lemma 5. The assignment Iy:BN(Co) — Z defined above satisfies the balancing,
vanishing, sign, and transitivity conditions.

4The irreducible componentsgf Co maybe be partially normalized in 50. We denote the strict transform
of D € Irr(Cy) also by D € Irr(Cyp).
5The unique solution yields yg,; € Q. For solution VE; € Z, r +1 must divide —yp +ypr.
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-

Figure 1. The curve 60.

Proof. As usual, the balancing condition holds by construction (6). We index the
components D € Irr(Cyp) by the integer yp,

y :Irr(Co) > Z, D+ yp.

The equivalence relation ~ defined by Iy is easily understood: the equivalence classes are
exactly maximal connected subcurves of Cy for which the value of y is constant. The
basic nodes of Cy lying entirely within such a subcurve have twist 0 by (5). The basic
nodes of Cy connecting different equivalence classes have nonzero twist by the uniform
spacing property of the solutions to (4). The vanishing condition is therefore established.
The sign condition follows again from the uniform spacing property. A directed edge in
Irr(Co)™ points in the direction of higher y values, so transitivity is immediate. O

Finally, in order to show that the special fiber of 7,

[Co, p1, ..., pul,

is a twisted canonical divisor (with respect to u and Iy), we must check the isomorphism

n
v*Oc¢, (Zmipi) = v*(wc,) ® Ocy, Z I(q,Dy)-q"+1(q. D)) -q" (7)
i=1 qgeN;
on the partial normalization
CO, Iy — Co.
A connected component C(')” I of the partial normalization Cy j, corresponds to a vertex
v e lrr(Cp)~. A node of C8,107 necessarily untwisted by Iy, corresponds to a chain of

https://doi.org/10.1017/51474748016000128 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748016000128

The moduli space of twisted canonical divisors 627

(—2)-curves of 50. After inserting these corresponding chains of rational components at
the nodes of Cj o> We obtain a curve Cj Io with canonical maps

Clw < Cbi — Co (8)

The left map of (8) contracts the added rational components and the right map of (8) is
the inclusion. The isomorphism (7) on C(')” I follows directly from the isomorphism

€*Oc (Z mipi) = *w; ® Op(T)
i=1

on C after pull-back via the right map of (8) and push-forward via the left map of (8).
The proof of Proposition 4 is complete. O

1.3. Smoothings

Let uw = (my,...,m,) be a vector of zero and pole multiplicities satisfying

Xn:mi =2g-—2.
i=1

Let - .
[Ca plv R ) pn] € Hg(l’l/) C Mg,n»

be a twisted canonical divisor via a twist

1:BN(C) = Z.

Lemma 6. There exists a 1-parameter family
7:C—> A, pi,....,pn: A= C
of stable n-pointed curves and a line bundle
L—>C
satisfying the following properties:
(i) There is an isomorphism of n-pointed curves
771 0) = [C, p1s..s pal
under which

Lo = Oc (Z%Pi) .
i=1

(ii) The generic fiber
Co=n"'(5), ¢en

is a monsingular curve and
ﬁ; = (,()C(.
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Lemma 6 shows the line bundle associated to a twisted canonical divisor can always be
smoothed to a canonical line bundle on a nonsingular curve.

Proof. The twist I determines connected subcurves C, C C associated to equivalence
classes v € Irr(C)~. Let

7:C—> A, pi,....pn:A—>C

be a smoothing of the special fiber [C, py, ..., p,]. We can construct a line bundle

L= | > 1G]

velrr(C)~
for integers y,. The restriction of £ determines a twist
17 :BN(C) — Z
by the following rule: if ¢ € C, N Cy,, then

17(q, Cy) = —yv + Y-
In all other cases, IV vanishes. An immediate issue is whether
y:Ir(C)" = Z vy,
can be chosen so
I" =T 9)

Unfortunately, equality (9) may be impossible to satisfy. A simple obstruction is the
following: if
9.4 € BN(C)

both lie in the intersection of the subcurves C, and Cy,, then
1"(q,Cy) =17(q', Cy). (10)

So if I(g,Cy) # 1(q’, Cy), then I" # I for all y. In order to satisfy (9), we destabilize
the special fiber C by adding chains of rational components at the nodes of BN(C) at
which I is supported.

Let I';(C) be the directed graph associated to I with vertex set Irr(C)~. For v € Irr(C)™,
we define depth(v) to be the length of the longest chain of directed edges which ends in v.
By the transitivity condition for the twist I, depth(v) is finite and nonnegative.5 Let

(¢,D)eBN(C),1(¢,D)>0

We define y, € Z by
¥y = depth(v) - M;.

6The depth of v may be 0.
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Let ¢ € BN(C) be a node lying in the intersection
qgeC,NC,y, withI(gq,C,) > 0.
Since depth(v) < depth(w) and
Mi| —yo+yw wehave I(qg, Co) | —yv+vu.
We add a chain of

Vvt VYw _
I(q, Cy)
destabilizing rational curve at each such node g. For each rational curve Pl.q in the chain
q q
Pl U T U P_VU+J/u' 7]’
T(g.Cv)

we define ypa = yp +i-1(g, Cy).

The result is a new curve C with a map
C—C

contracting the added chains. Moreover, for a 1-parameter family

F:Co> A, plo...pn:A—>C (11)
smoothing the special fiber [(~?, Pl,---, Pn], we construct a line bundle”
Yw—Yv -1
s T(q.Co)
L=wz| Y welCl+ Do D [P
velrr(C)~ geBN(©)  i=l

The line bundle £ satisfies several properties:
(i) Llpa is trivial,

(ii) for every v € Irr(C)™,

Lic, = wcle,®0c, | Y 1(q,C)q | =0c, [ D mipi |,
q€N; pi€Cy

(iii) for ¢ € A*, EC = Wg, -

We can contract the extra rational components Piq in the special fiber of C to obtain
1-parameter family of stable n-pointed curves

7:C—> A, pi,....pn:A—>C
which smooths [C, pi, ..., pn]. By (i), the line bundle £ descends to
L—C.

7The subcurve Cy C C corresponds to a subcurve Cy C c by strict transformation.
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By (ii), for every v € Irr(C)™,

Lic,=0c¢, | Y mipi |- (12)
Pi€Cy

The isomorphisms (12) after restriction to the subcurves do not quite imply the required

isomorphism
n
Ly =Llc = Oc (ZWP:’) (13)

i=1

because there are additional h'(I';) factors of C* in the Picard variety of C. However,

these C*-factors for
n
Llc and Oc, (Z miPi)

i=1
can be matched by correctly choosing the smoothing parameters at the nodes of C in the
original family (11). O

2. Dimension estimates

2.1. Estimates from above

Let i = (m1, ..., my,) be a vector® of zero and pole multiplicities satisfying

n

Z m; =2g —2.

i=1
The boundary

OMgn C Mg,
is the divisor parameterizing stable n-pointed curves with at least one node. We estimate
from above the dimension of irreducible components of Hg (1) supported in the boundary.
Proposition 7. Every irreducible component of ﬁg (n) supported entirely in the boundary
of Mg, has dimension at most 2g —3 +n.

Proof. Let Z C 7-[g () be an irreducible component supported entirely in Bﬂg,n. Let I'y
be the dual graph of C for the generic element

[C,p1,....pn] € Z.

The dual graph? consists of vertices (with genus assignment), edges, and legs
(corresponding to the markings):

r,=V,ELg:V—> Z>0).

8For the dimension estimates here, we consider all . No assumptions on the parts are made.
9A refined discussion of dual graphs via half-edges is required in the Appendix A. Here, a simpler
treatment is sufficient.
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Each vertex v € V corresponds to an irreducible component of C. The valence n(v) counts
both half-edges and legs incident to v. The genus formula is

g—1=>Y (gw)—D+IE|
veV

Since Z is supported in the boundary, I'z must have at least one edge. We estimate from
above the dimension of the moduli of twisted canonical divisors in M, , with dual graph
exactly I'z. Let v € V be a vertex corresponding to the moduli space Mg nw)- The
dimension of the moduli of the canonical divisors on the component corresponding to v
is bounded from above by

2g(v) — 2 +n(v). (14)

Here, we have used the dimension formula for the locus of canonical divisors with
prescribed zero multiplicities [25]. The strictly meromorphic case has lower dimension
(see §0.1).

Summing over the vertices yields a dimension bound for Z:

dim Z < ) 2g(v) —=2+n(v)
veV

- ZZ(g(v) — 1) +2|E|+n
veV
=2g—2+n. (15)

The result falls short of the claim of the proposition by 1.
We improve the bound (15) by the following observation. The dual graph 'z must
have at least one edge e since Z is supported in the boundary:

o If the edge e corresponds to a nonbasic node, then the vertex incident to e is allowed
a pole at the two associated nodal points.

e If the edge e corresponds to a basic node, there must be at least one vertex v € V
incident to e which carries meromorphic differentials.

In either case, we can apply the stronger bound
2g(v) — 3 +n(v). (16)
Since we are guaranteed at least one application of (16), we conclude
dim Z <2g—3+n

which is better than (15) by 1. O

2.2. Star graphs

Let Z C ﬁg (n) be an irreducible component supported entirely in 3/\_/lg,,,. By the proof
of Proposition 7, if 'z has for every twist I at least two vertices corresponding to
meromorphic differentials, then

dim Z < 2g—4+n.
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The dual graphs I'z with a least one edge (since Z is supported in the boundary) and
carrying a twist I with only one vertex corresponding to meromorphic differentials are
easy to classify. The dual graph 'z must be a star:
e The vertices {vg, vy, ..., vi} of 'z consist of a center vertex vg and outlying vertices
{vi, ..., vk}
e The edges of I'z are of two types:
(i) self-edges at vy,
(ii) edges (possibly multiple) connecting the center vy to the outlying vertices.

e The parts'? of u are distributed to the vertices with all negative parts distributed
to the center vg.

A twist I which orients every edge of type (ii) as outgoing from vy yields meromorphic
differentials at vg only. The self-edges at vy correspond to nonbasic nodes and cannot be
twisted.

2.3. Twisted canonical bundles

We have defined a twisted canonical divisor in §0.4. A twisted canonical divisor
determines a section (up to scale) of a twisted canonical bundle on C.

Definition 8. A line bundle L on a connected nodal curve C is twisted canonical if there
exists a twist

1:BN(C) > Z

for which there is an isomorphism

V'L = v*(wc) ® O, Z I(q,Dy)-q'+1(q, D)) -q"
qeN;

on the partial normalization u : C; — C.

10The parts of p correspond to the markings.
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The limits of twisted canonical line bundles are also twisted canonical. The proof has
already been given as a step in the proof of the properness of H,(u) in § 1. We state the
result as a lemma.

Lemma 9. Let 7 : C — A be a flat family of connected nodal curves, and let
L—C

be a line bundle. If Ly — C¢ is a twisted canonical line bundle for all £ € A*, then
Lo — Cy

is also a twisted canonical line bundle.

The definition of a twisted canonical line bundle does not specify a twist. Only the
existence of a twist is required. However, there are only finitely many possible twists.

Lemma 10. If L — C is a twisted canonical line bundle, there are only finitely many
twists e
I:BN(C) - Z

for which there exists an isomorphism

VL =1 (wc)®0c, | Y 1(q. D)) -q'+1(g, D})-q"
qeN;

on the partial normalization u: C; — C.

Proof. Let I be a twist for which the above isomorphism holds. By definition, I must
satisfy the balancing, vanishing, sign, and transitivity conditions of § 0.3. Since there are
no directed loops in the graph I';(C), there must be a vertex v with only outgoing arrows.
Let

Cc,ccC

be the associated subcurve. The twist I is always positive on the nodes N; incident to
the subcurve C, (on the side of C,). Since the degrees of v*(L)|c, and v*(wc)|c, are
determined, we obtain a bound on the twists of I on the nodes N; incident to Cy,: only
finitely many values for I on these nodes are permitted.

Next, we find a vertex v’ € I';(C) which has only outgoing arrows (except from
possibly v). Repeating the above argument easily yields the required finiteness statement
for I. U

2.4. Estimates from below

Let uw = (my,...,m,) be a vector of zero and pole multiplicities satisfying

zn:m,- =2g-—2.
i=1

We now prove a lower bound on the dimension of irreducible components of ﬁg ().
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Proposition 11. Every irreducible component of ﬁg (n) has dimension at least 2g —3 +n.

Proof. Let [C, p1,..., pal € ’;Zg () be a stable n-pointed curve. Let
n
L =0¢ (Zmipz) - C
i=1
be the associated twisted canonical bundle. Let
mi, ..., Mg

be the negative parts of p (if there are any). Consider the k-pointed nodal curve

[C, p1,--s Pkl
obtained by dropping!'! the markings pi41, ..., pn. Let ri and r, denote the number of
rational components of [C, pi, ..., px] with exactly 1 and 2 special points, respectively.

To kill the automorphisms of these unstable components, we add new markings

6119 ceey 612r1+r2
to the curve C (away from pi, ..., px and away from the nodes):

e we add two ¢’s on each component with 1 special point,

e we add one g on each component with 2 special points.

The result
[Cvplv"'3pk7q17"'7q2}"1+r2] (17>

is a stable pointed curve.
Let V be the nonsingular versal deformation space of the k 4 2r; + rp-pointed curve (17),

dimV = dim Def([C, p1 ..., pr, q1, .- -, Q2r+1,)) =38 =3 +k+2r1 +12.
There is a universal curve!?
7:C—>V, pt,...,pr: VYV —C.
We consider the relative moduli space!3 of degree 2g — 2 line bundles on the fibers of 7,
€:B—> V.
Let V* C V be the locus of nonsingular curves in the versal deformation space, and let
B* — V*
be the relative Jacobian of degree 2g —2. Let
W c B*
HWe do not contract unstable components.
12We will not use the g-sections.

13The Quot scheme parameterization of line bundles can be used to avoid the separation issues of the
moduli of line bundles. The dimension calculus is parallel.
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be the codimension g locus in the universal Jacobian defined fiberwise by the relative
canonical bundle w,. Let W be the closure of W* in B. By Lemma 9, every point of W
parameterizes a twisted canonical bundle. By Lemma 6, the line bundle L lies in W over
the special fiber [C] € V. The dimension of W is

dimW =dimB*—g=3g—-3+k+2r +r;.
Let [C’, L'l € W be a pair where [C'] € V and
L' —
is a twisted canonical bundle. A good section of L'(— ZL] m;p;) on C’ is section s

satisfying the following properties:

e s does not vanish at py, ..., px,
e s does not vanish at any node of C’,
e s does not vanish identically on any irreducible component of C’,

e the points py, ..., pr and Div(s) together stabilize C’.

Good sections are open in the space of sections of [C’, L']. The zeros of a good section
define a twisted canonical divisor.

Since we started with a twisted canonical divisor, [C, p1, ..., pu] € ﬁg (n). We have a
good section

k n
L (— Z%’Pi) =0c| > mipi (18)
i=1 i=k+1

associated to the pair [C, L].
We can now estimate the dimension of the space of good sections of

k
L (- > miPi)
i=1

as [C’, L] varies in W near [C, L] using Proposition 14 of §4.1. The local dimension of
the space of sections near [C, L] is at least

k
dimW+x(C, L) = 3g=3+k+2r+r+g—1-> m
i=1
k
= 4g—4+k+2r1+r2—2m,~.

i=1
Hence, dimension of the space 7 of twisted canonical divisors on the fibers of
7:C—>W

near [C, p1,..., pu] is at least 4g —5+k +2r; +r2—Zf:1ml~.
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We must further impose conditions on the twisted canonical divisors parameterized by
T to obtain the shape Y !_, 41 mip; for the positive part. These conditions impose at
most

k k
20-2-Y mi—(n—k)=2g—2+k—n—>Y _m
i=1 i=1
constraints. Hence, we conclude the dimension of space 7 (i) of twisted canonical divisors
on the fibers of
7:C—>W (19)
near [C, p1, ..., py] of shape u is at least

k k
4g —5+k+2r +r2—Zm,~ - (2g—2+k—n—2mi)

i=1 i=1
=2¢g—34+n+2r1+nr.
Suppose [C, p1, ..., pu]l € ﬁg(,u) is a generic element of an irreducible component
Z C Hg(w) of dimension strictly less than 2g —3+4n. In the versal deformation space
V above, we consider the dimension of the sublocus

ZcC T

corresponding to twisted canonical divisors on the fibers of (19) which have the same
dual graph as C. The dimension of the sublocus Z is equal to

dimZ+2r1+nr

which is less than 2g —3 4+ n 4 2r; +rp. The summands 2r; and ry appear here since we
do not now quotient by the automorphism of the unstable components of the fibers.
We conclude at least one node of the curve C can be smoothed in ﬁg ().
Therefore, there does not exist a component Z C 7—~[g () of dimension strictly less than
2g —3+n. O

3. Theorems 2 and 3

3.1. Proof of Theorem 2
By Proposition 4, N
Hg (n) C Mg,n
is a closed subvariety. In case all parts of u = (my,...,m,) are nonnegative, every
irreducible component of
Hg(ﬂ) C Mg,n

has dimension 2g — 2+ n. Hence, every irreducible component of
He (1) C Mg

has dimension 2g — 2 +n.

By Proposition 7, every irreducible component of ﬁg(u) which is supported in the
boundary 8/\_/lg,,, has dimension at most 2g — 3 + n. By Proposition 11, every irreducible
component of ﬁg (w) has dimension at least 2g — 3 4+ n. Hence, the boundary components
of Hg (1) all have dimension 2g — 3 +n. O
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3.2. Locus of irreducible curves

From the point of view of twists, the locus of stable pointed curves
Mg,rn C M.
with irreducible domains is very natural to consider,
[C, p1,...,pu] € Mlgrfn <> C is irreducible.
Since an irreducible curve has no basic nodes, a twisted canonical divisor

[C.p1.....pa) € Ho(w) N M,

is a usual canonical divisor
n
Oc (mei) = wc.
i=1

We define ng(,u) by the intersection

Hy' () = Ho () VM,

Lemma 12. If all parts of u are nonnegative,

Ho () M, = H ().

Proof. We must prove there does not exist a component of Z C ﬁg(u) generically
supported in the boundary BML,",! We have seen that the dimension of Z must be
2g —3+4n. However, every irreducible component of the locus of canonical divisors
in ./\/lg’rn has dimension at least 2g —2+n since the canonical bundle always has g
sections. O

In the strictly meromorphic case, the equality
Ho () N MY, = H ().

also holds, but the result does not follow from elementary dimension arguments. Instead,
the analytic perspective of flat surface is required, see [4, 26, 28].

By Lemma 12 in the holomorphic case and Theorem 3 in the strictly meromorphic
case, we conclude the following two dimension results:

(i) If all parts of p are nonnegative, ng(,u) has pure dimension 2g —2 +n.
(ii) If u has a negative part, ng(u) has pure dimension 2g — 3 +n.

The dimensions (i) and (ii) are identical to the dimensions of H, (1) in the corresponding
cases.

Since ﬁg (n) = ﬂgr(u) for all u, the star graphs of §2.2 with self-edges at the center
vertex do not correspond to the dual graph I'z of a generic element of an irreducible
component Z C 7—~[g (w) supported in the boundary aﬂg,n. We state the result as a lemma.
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Lemma 13. The dual graph T'z of a generic element of an irreducible component
Z C He(w

supported in the boundary Bﬂg,n is a star graph with no self-edges at the center.

Such star graphs will be called simple star graphs. In the Appendix A, in the strictly
meromorphic case, we include in the set of simple star graphs the trivial star graph with
a center vertex carrying all the parts of u and no edges or outlying vertices.

3.3. Proof of Theorem 3
By Proposition 4,
7'[g (n) C Mg,n

is a closed subvariety. In case u has at least one negative part, every irreducible component
of

7'[g(l/L) C Mg,n

has dimension 2g — 3 + n, and every irreducible component of ﬁg () which is supported
in the boundary aﬂg,n has dimension at most 2g —3+n by Proposition 7. By
Proposition 11 every irreducible component of ?flg (n) has dimension at least 2g —3 +n.
Hence, ﬁg (u) is of pure dimension 2g —3 +n. O]

4. Sections of line bundles

4.1. Dimension estimates

Let X be a variety of pure dimension d, and let
7:C—> X

be a flat family of nodal curves. Let
L—>C

be a line bundle with Euler characteristic x (£) on the fibers of 7. Let
o M- X
be the variety parameterizing nontrivial sections of £ on the fibers of 7,
¢~ (&) = HCs. L)\ {0)
for & € X.

Proposition 14. FEvery irreducible component of M has dimension at least d + x (L).

The result is immediate from the point of view of obstruction theory. For the
convenience of the reader, we include an elementary proof based on the construction
of the parameter space M.
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Proof. Using a m-relatively ample bundle N/ — C, we form a quotient
r
PNt >0 k>o.
i=1
Let A= @/_, N5 and consider the associated short exact sequence
0->B—-A—->L—->0 (20)

of bundles on C. Since A is m-relatively negative, A and B have no sections on the fibers
of . Hence,
Vai=R'7.(A) and Vg=R'n.(B)

are vector bundles of ranks @ and b on X. For £ € X', we have
0 — HO(Cg,ﬁg) = Ve = Vae — Hl(Cg,ﬁg) — 0. (21)

Therefore, the ranks satisfy b —a = x(L).
The sequence in cohomology associated to (20) yields a bundle map

y:Vg—=Vyu
on X. Let Vg be the total space of Vg with the zero section removed,
q:Vg— X.
The pull-back to Vy of Vg carries a tautological line bundle
0— Q— ¢*(Vp).
By (21), the parameter space M sits in Vi as the zero locus of the canonical map
0 —q*(Va)

obtained from the composition

*

0 - ¢*(ve) "% * (V.

Since X is of pure dimension d, Vy is of pure dimension d + b. Finally, since the rank
of g*(V4) is a, every irreducible component of M is of dimension at least

d+b—a=d+ x(L),

by standard dimension theory. O

The following result is a consequence of the existence of a reduced obstruction theory
(see the cosection method of [20]). Again, we give an elementary proof. An application
will appear in § 4.2 below.

Proposition 15. If there exists a trivial quotient on X,
R ln*ﬁ — Oy — 0,

then every irreducible component of M has dimension at least d + x (L) + 1.
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Proof. We must improve the dimension estimate in Proposition 14 by 1. The long exact
sequence obtained from (20) yields a quotient

Vai— R'mu(L) >0
on X. Composing with the given quotient
R'7.(L) > Oy >0
yields a quotient
Vi— Oy — 0.

Let K = Ker(V4 — Ox). Then,
K-> X

is a vector bundle of rank a — 1. Since the image of
y:Vp—=>Vy
lies in K, M is in fact the zero locus of
0 — ¢*(K)
on Vy. The dimension of every irreducible component of M is at least
d4+b—a+1=d+xL)+1

by dimension theory as before. O

4.2. Irreducible components in the boundary

‘We consider here the holomorphic case: u = (mq, ..., m,) is a vector of zero multiplicities
satisfying

n
m; >0, Zmi:Zg—Z.
i=1

Let Z C ﬁg (u) be an irreducible component of dimension 2g —3 +n supported in the
boundary aﬂg,n, and let

[C.pi1,....pnlE€Z
be a generic element with associated twist 7. The dual graph I'c of C must be of the
form described in §2.1 and Lemma 13: ['¢ is a simple star with a center vertex vg, edges
connecting vg to outlying vertices vy, ..., vk, and a distribution of the parts of p (with
all negative parts distributed to the center vp).

By Lemma 12, there are no irreducible components Z C ﬁg(u) supported in the
boundary with generic dual graphs with no outlying vertices. All loci with such generic
dual graphs are in the closure of Hg(u). A similar result holds in case there is a single
outlying vertex.

Proposition 16. If all parts of u are nonnegative, there are no irreducible components
Z C Hg(n)

supported in the boundary with generic dual graph having exactly 1 outlying vertex. All
such loci are in the closure of Hg(1).
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Proof. As in the proof of Proposition 11, we study the versal deformation space of C
where

[C,p1,...,pnl € Z

is a generic element. However, a more delicate argument is required here. We assume
the generic twist I is nontrivial. If the twist I is trivial, then [C, p1, ..., p,] is a usual
canonical divisor and the proof of Proposition 11 directly applies. The nodes of C
corresponding to self-edges of vg cannot be twisted by I.

We assumel? the vertices vo and vy both have genus g; > 0. Let V be the versal
deformation space of the unpointed nodal curve C,

dimV = 3g — 3.

Let e; be the number of edges connecting vy and v{. The subvariety S C V of curves
preserving the nodes of C corresponding to the edges connecting vg to v; is of codimension
er.

We blow up V in the subvariety S,

v:V —> V.
The fiber of V| above the original point [C] € V is
vlaen =Pl
Via pull-back, we have a universal family of curves
7:C— V.
The blow-up yields a nonsingular exceptional divisor
EyCcV

which contains v~!([C]). By locally base-changing V; via the rth-power of the equation
of Eq, we can introduce transverse A,_j-singularities along the nodes of the fibers of C
corresponding to the edges e;. The crepant resolution introduces a chain of r — 1 rational
curves.

The outcome after such a base change is a family

7:C—V
with the following properties over the generic point & € v=1([C]):

(i) 5;5 is a semistable curve obtained from C by inserting chains of r —1 rational
components at the nodes,

(i) the total space of C is nonsingular near 55,

(iii) the components of Cg correspond to divisors in the total space of C.

141y case g = 0 vertices occur, we can rigidify with ¢ markings as in the proof of Proposition 11. We
leave the routine modification to the reader.
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After selecting r appropriately, we can twist the total space C as specified by I. Such
a geometric twisting is possible because of condition (iii) above.

We follow the construction of § 1.3. There, a nonnegative twist yp is associated to each
component D C Eg. More precisely, the construction assigns

el
Yoo =0, vo, =[[1(qi.v0) >0

i=1

and strictly positive twists less than y,, for the additional rational components. By
twisting by the divisor —y,, - E1 near £ € V;, we can change the assignments to

el
Pw=—]1G.v0) <0. 7, =0 (22)
i=1

and strictly negative twists greater than y,, for the additional rational components.
Using the twists (22), we obtain a line bundle

L=oz (Z Vb [D]) (23)
D

where the sum is over the irreducible components of 55 for generic £ € v~1([C]). The
line bundle (23) is defined over an open set

Ucw

which contains the generic element £ € v=!([C]).
On the fibers of T over U,

(el ool

by Serre duality. Since —yp > 0, we obtain a canonical section

rfolg )

Since —y,, = 0, the canonical section does not vanish identically on any fiber of 7 over
U. Hence, we obtain a canonical quotient

H' <a); <Z?D : [D])) - C—0.
D

We can now estimate the dimension of the space of good sections of £ on the fibers of 7
over U near the generic element of v~ ([C]) using Proposition 15 of §4.1. The dimension
of the space of sections is at least

dimUU+ x(C,L)+1=3¢g—3+g—1+1=4g—-3.
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Hence, dimension of the space T of twisted canonical divisors on the fibers of 7 over U
corresponding to twisted canonical line bundle £ near the generic element of v=!([C]) is
at least 4g — 4.

We must further impose conditions on the twisted canonical divisors parameterized by
T to obtain the shape > i, m;p;. These conditions impose at most

2¢—2—n
constraints. Hence, we conclude the dimension of space 7 () of twisted canonical divisors
on the fibers of

7:C—>U
near [C, pi, ..., py] of shape u is at least

4g—4—2g—2—n)=2g—2+n.
The result contradicts the dimension 2g —3+n of Z. O
By Lemma 12 and Proposition 16 in the holomorphic case, the loci

Z CHe(w

corresponding to star graphs with 0 or 1 outlying vertices are contained in the closure of
H, (). However, there are virtual components of H,(u) with more outlying vertices.
A simple example occurs in genus g = 2 with u = (1, 1). A nonsingular pointed curve

[C, p1, p2] € M2y
lies in Hy(1, 1) if and only if {p;, po} C C is a fiber of the unique degree 2 map
C — P!

determined by the canonical series. An easy argument using admissible covers shows that
the generic element of the virtual component corresponding to the star graph below is
not in the closure of Hy(1, 1).

| o —@
g=1 g=0 g=1
Both parts of u are distributed to the center. The genera of the vertices and the twists

of the edges are specified in the diagram. The above example (which occurs even in
compact type) was discussed earlier by Chen [4].

5. Twisted canonical divisors and limits of theta characteristics

5.1. Theta characteristics

We illustrate the results of the paper (particularly Theorem 2 and Proposition 16) in
two much studied cases linked to the classical theory of theta characteristics. Assume
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w=(my,...,my,) consists of even nonnegative parts,
n
m; = 2a;, Zai =g—1.
i=1

We write © = 2« where o -g—1 .
If [C, p1, ..., pu]l € Hy(20) is & canonical divisor, then

n = Oc(aip1+---+anpn)

is a theta characteristic. The study of the closure ﬁg(Za) is therefore intimately related
to the geometry of the moduli space §g of spin curves of genus g, see [7].

Two cases are of particular interest. If u = (2¢g —2) is of length one, H;(2g —2) is the
locus of subcanonical pointed curves:

[C,ple My &  wc=0c(2g—2)p).

Subcanonical points are extremal Weierstrass points on the curve. For g > 4, Kontsevich
and Zorich [21] have shown that the space Hy(2¢ —2) has three connected components
(of dimension 2g — 1):

o the locus Hy(2g —2)1 of curves [C, p] for which O¢c((g—1)p) is an even theta
characteristic,

o the locus H,(2g —2)~ of curves [C, p] for which Oc((g—1)p) is an odd theta
characteristic,

e the locus ’Hg(Zg—Z)hyp of curves [C, p] where C is hyperelliptic and pe C is a
Weierstrass point.

For g = 3, the first and the third coincide
Hs(@" = Hs (M,

thus H3(4) has only two connected components. For g = 2, the space H>(2) is irreducible.
The geometry of the compactifications of these loci in small genera has been studied in [5].

The second case we consider is pu = (2,...,2) of length g—1. The space H,(2) =
H,(2,...,2) splits into two connected components:

o the locus H,y(2)™ of curves [C, p1, ..., pg_1] € Mg o1 for which

n=0c(pi+-+pg1)
is an odd theta characteristic,

o the locus Ho ()1 of curves [C, pi, ..., pg—1] € Mg o1 for which

n=0c(p1++pg—1)
is a vanishing theta-null (even and hoC,n) > 2).

The component H,(2)” is a generically finite cover of M,. For example, H3(2)™ is
birationally isomorphic to the canonical double cover over the moduli space of bitangents
of nonsingular quartic curves. On the other hand, the component #, (2)* maps with 1
dimensional fibers over the divisor ®Onyy of curves with a vanishing theta-null, see [12].
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5.2. Spin curves

We require a few basic definitions concerning spin curves. A connected nodal curve X is
quasi-stable if, for every component
E=P'cX,
the following two properties are satisfied:
e ke =|EN(X—-E)| =22,
e rational components E, E’ C X with kg = kg = 2 are always disjoint.

The irreducible components E C X with kg = 2 are exceptional.

Definition 17 (Cornalba [7]). A stable spin curve of genus g consists of a triple (X, n, 8)
where:
(i) X is a genus g quasi-stable curve,
(ii) n € Pict~'(X) is a line bundle of total degree g—1 with ng = Og(1) for all
exceptional components E C X,

(iii) B: n®? — wy is a homomorphism of sheaves which is generically nonzero along
each nonexceptional component of X.

If (X, n, B) is a spin curve with exceptional components Ey, ..., E, C X, then g, =0
fori =1,...,r by degree considerations. Furthermore, if
_
X=x-|JE
i=1

is viewed as a subcurve of X, then we have an isomorphism

®2 _~ ~
ni —> wx.

The moduli space Eg of stable spin curves of genus g has been constructed by
Cornalba [7]. There is a proper morphism

m:8Se = Mg

associating to a spin curve [X,n, 8] the curve obtained from X by contracting all
exceptional components. The parity h°(X, ) mod 2 of a spin curve is invariant under
deformations. The moduli space Eg splits into two connected components 3; and gg_

of relative degree 2867128 +1) and 287128 — 1) over Mg, respectively. The birational
geometry of S, has been studied in [12].

5.3. Twisted canonical divisors on 2-component curves

We describe the limits of supports of theta characteristics in case the underlying curve

C=CiUQC,
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is a union of two nonsingular curves C; and Cy of genera i and g —i — £+ 1 meeting
transversally in a set of £ distinct points

={x1,...,x¢} CC.

Let 2a1p1 + - - -+ 2a, p, be a twisted canonical divisor on C,

[C. p1..... pa) € HQ2a).
By definition, there exist twists

I(x;,C)=—1(x;,Cr), j=1,...,¢
for which the following linear equivalences on Cy and C; hold:
wc, = Z 2a; p; — Z(I(x/', Cy) + 1>xj and wc, = Z 2a; p; —Z(I(xj, Cy) + l)xl
pieCy j=1 pi€Cy j=1

By Proposition 16, all twisted holomorphic differentials on C are smoothable,

[C.,p1..... Pl € Hg(w).

Following [7], we describe all spin structures having C as underlying stable curve. If
[X,n, Bl € 7~ 1([C]), then the number of nodes of C where no exceptional component is
inserted must be even. Hence, X is obtained from C by blowing up £ —2h nodes.!® Let
{x1,...,x2,} C C be the non-blown-up nodes. We have

X =ClUCUEps 1 U---UEy,

where C1 N E; = {x/} and Co N E; = {x]'} fori =2h+1,..., £ (see Figure 2). Furthermore,
ng; = Ok, (D, nc, € Picd ™€), e, € Pict =0y

with the latter satisfying
ner = we (X1 4+ +x) and 0 = wc, (i +- - 4 x2).

There is a precise correspondence between the spin structures of Cornalba [7] and the
system of twists associated to a point in H,(2a).

Proposition 18. Let C =C;UC2 as above. There exists a spin structure in S
corresponding to [C, p1, ..., pnl € 'Hg(Za) with tuist I, which is obtained by blowing up
C at all the nodes x; where the twist

I(xj,C1) = —1(xj,C2)

s odd.

15The term blowing up here just means inserting an exceptional E =pl.
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X1

Figure 2. The quasi-stable curve X.

Proof. Since [C, p1,..., pal € ﬁg (2a) by Proposition 16, there exists an n-pointed family
of stable spin curves over a disc

X — A, nePicX), p1,....,pn:A—> X,
satisfying:
e for r € A*, the fiber X; is nonsingular and

nx, = Ox, (a1p1(t) + -+ anpp(®)),
e the central fiber X is obtained from C by inserting nonsingular rational components
E>h+1, ..., E¢ at some of the nodes of C which we assume to be xp541, ..., x¢,
e ne; = O, (1) for j=2h+1,....L
By carrying out an argument following §1.2, after a finite base change and after
resolution of singularities, we arrive at a new family
F:X > A,
with central fiber
w7 H0) —> X,

obtained from X( by inserting chains of nonsingular rational curves at the nodes of X
for which the line bundle
W (nx)(=aipy =+ —anpn)

is the restriction to the central fiber of a line bundle on X supported only on the
irreducible components of 7 ~1(0).
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Just as in § 1.2, we then obtain integral twists
i =J(xj,C1) = —J(xj, C2)
for j=1,...,2h and

U} =J(},C)=—J@&}. Ej) and 1] =J(] Ej)=—J(x]. C)

for j =2h+1,...,¢, for which the restrictions of nyx (— Z?Zla,'pi) to the irreducible
components of X are isomorphic to the bundles given by the twists J at the incident
nodes. In particular,

ne; = Og;(1) = O, (—7j + 1)),

hence tj’/ = r; +1for j =2h+1,...,£. Furthermore, we have

ney | — Z aipi | = Oc, (T1x1+ -+ TonXon + Ty Xy + o0+ 70xp) |
pieCy

ey | = 2 @i | = Ocy (—auxi =+ = o = o == 1)
pieCy

By squaring these relations and comparing to the original I twists, we conclude
I(xj, C1) = —21;

for j=1,...,2h and
I(x]',Cl):—Z‘L’J/-—l

for j =2h+1, ..., £ respectively. O

5.4. Subcanonical points

5.4.1. Genus 3.  We illustrate Proposition 18 in case'® g = 3 where

H3(4) = H3(@) ™ UH3H™.
Assume C; and C, are both nonsingular elliptic curves and p € Cy \ {x1, x2}. Suppose

[C1UCy, pl € H3(4).
The only possible twists are
I(x1,C1) =1(x2,C1) =1
The curve [C{UC,, p] € M3,1 lies in H3(4) if and only if the linear equivalence
4p =2x1+2x; (24)

holds on Cj.

16The case has also been treated by Chen in [4, §7.2].
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The associated spin structure [X, ] is obtained by inserting at both x| and x; rational
components E; and Ej,
X=CiUCL,UE{UE,

with the intersections
CiINE; ={x{}, CiNEy={x}}, CNE; ={x{}, C2NE;={xj}.
The line bundle 7 satisfies
ng, = O, (1), ne, = Oc,2p—x1 —x2), 1, = Oc,.
An argument via admissible covers implies
[C.ple HsWM & Oc(2p—x1—x2) = Oc.
In the remaining case, where
ne, = Oc, (2p —x1 —x2) € JC1[2] = {Oc,}

is a nontrivial 2-torsion point, nc, is an even and nc, is an odd spin structure, so
[X,n] € 3;, and accordingly [C, p] € H3(4)™.

5.4.2. Genus 4. Consider next genus 4 where
Ha(6) = Ha(0) " UH4(6)” UH4(O)M?
has three connected components of dimension 7. Let
C=CiUC, gCH=1, g(C)=2
with C; NCy = {x1, x2}. Suppose p € C; and
[C1UCa, p] € Ha(6).
There are two possible twists.

o Twist I(x1,Cy) =1(x2,Cy) =2.
We then obtain the following linear equivalences on C; and Cj:

Oc, (6p —3x1 —3x2) = Oc, and wc, = Oc, (x1 +x2). (25)

Each equation appearing in (25) imposes a codimension 1 condition on the respective
Jacobian. The corresponding spin curve in [X, n] € S4 has underlying model X = C (no
nodes are blown up), and the spin line bundle n € Pic(X) satisfies

m=0cBp—x1—x2) and 0 = Oc,(x1 +x2).

As expected, n?z = wc; (x1 +x2) for i =1, 2. -
We can further distinguish between the components of the closure H4(6). We have
[C, p] € Ha(6)™P if and only if

Oc,2p—x1—x2) = O¢, and wc, = Oc,(x1 +x2),
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whereas [C, p] € H4(6)~ if and only if

OC1 2p—x1—x) € JC1[3]— {OC|} and wc, = Ocz(xl + x7).

e Twist I(x1,Cy) =3 and I(xz, Cy) = 1.
We then obtain the following linear equivalences on C; and Cj:

~

Oc,(6p —4x) —2x2) = O¢, and wc, = Oc, (2x). (26)

As before, the conditions in (26) are both codimension 1 in the respective Jacobians. The
corresponding spin curve [X, ] is obtained by blowing up both nodes x; and x3,

X=CUC,UE|UE3,
with the intersections
CINE; ={xj}, CiNEy={x}}, CNE; ={x{}, CNE;={x}}.
The line bundle 7 satisfies
ng; = O, (1), nc, = Oc,3p —2x1 —x2),  nc, = Oc, (x1).

We have [C, p] € H4(6)T if and only if ne, = Oc, . If nc, is a nontrivial 2-torsion point,
then [C, p] € H4(6)~.
If pe Crand [C1UC,, p] € ﬁ4(6), then I (x1, C1) = I(x3, C;) = —1 is the only possible
twist, and
we, = Oc, (6p —2x1 —2x7). (27)

The corresponding spin structure is realized on the curve X obtained by inserting rational
components at both x1, x € C and

ne, = Oc,. ne, = Oc,3p —x1 — x2).
We have [C, p] € H4(6)T (respectively Hq(6)7) if and only if nc, is an odd (respectively

even) theta characteristic on C;.

5.5. Limits of bitangents in genus 3

5.5.1. Two elliptic components.  Recall the decomposition into components in the
case of genus 3:
H3(2,2) = H3(2,2)” UH3(2,2)7,

where the general point [C, p1, p2] of H3(2,2)™ corresponds to a bitangent line
(p1. p2) € B%)Y

of the canonical model C C P? and the general point of H3(2,2)* corresponds to a
hyperelliptic curve C together with two points lying a fiber of the hyperelliptic pencil.
Let C = C; UC, where Cy and C; are nonsingular elliptic curves with

C1NCy = {x1, x2}.

Suppose [C, p1, p2] € ﬁ3(2, 2). There are two cases.
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Case 1: p; and p; lie on the same component of C, say pi, p» € C1\ {x1, x2}.
Then I(x;,Cy) = I(x3,C1) = 1, and the following equation holds:

~

Oc,2x1 +2x2 —2p1 —2p2) = Oc,. (28)

The induced spin structure is obtained by blowing up both nodes x; and x,, and the
corresponding spin bundle 5 restricts as

nc, = Oc,(p1+p2—x1 —x2) and n¢, = Oc,.

If the linear equivalence pi 4+ p» = x| + x> holds on Cy, then [C, pi, p2] € H3(2,2)T as
can be seen directly via admissible covers.!” If

ne, € JCi121—{Oc,},

then, since n¢, is odd, we have [C, p1, p2] € H3(2,2)". There is a I-dimensional family
of limiting bitangents to C, which is to be expected since C is hyperelliptic.

Case 2: p; € Ci\{x1,xp} fori =1,2.
Then I(x1, Cy) = I(x2,C;) = 0. No node is twisted, so no rational components are
inserted for the induced spin structure. The spin bundle n € Pic?(C) has restrictions

ne; = Oc; (pi)
for i =1, 2. Since the resulting spin curve is odd,
[C, p1, p2] € H3(2,2)™.

We obtain 16 = 4 x 4 limits of bitangents corresponding to the choice of points p; € C;
satisfying
Oc; 2pi —x1 —x2) = O, .

We now study three further degenerate cases to offer an illustration of the transitivity
condition in the definition of twists.

Case 3: [C{UC,UE, py, p2] € ﬁg(Z, 2) with p; € E = P!, p2 € Cy.
We have the following component intersections:

CiNCy={x2}, CINE={x1}, C2NE = {x}.
The twists are subject to three dependent equations. Let a = I (x{, C1). We find
I(x{,Cy)=—I(x]{,E)=—-2—a and [I(x3,C1)=—I(x2,C2) = —a.
If a < =2, the ordering on components defined by I,

Ci<E<(C<(Cy,

170ne can construct an admissible cover f:C— R, where R:(]P’I)IU; (]P’])z, with restrictions
fic; : Ci > (IF’I)[ being the morphisms induced by the linear system |Oc, (x| +x2)| for i =1,2 and

1) = {x1. x2}. Then clearly f(py) = f(p2).
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contradicts transitivity. Similarly, if a > 0, we obtain
ELCi<(Cy<E,

which is also a contradiction. Therefore a = —1, and we have

~

Oc,2p2 —2x3) = Oc,.

The result is a 4-dimensional subvariety of ﬂm and therefore cannot be a component
of H3(2,2).

Case 4: [C1UCUE U Ey, p1, pa] € H3(2,2) with p; € E; = P.
We have the following component intersections:

CINE ={x{}, CiNEy={x}}, CNE;={x{}, CrNE;={xj}.
Let a = I(x}, C1) = —I(x], E1). We obtain, after solving a system of equations,
I(xé, C]) = _I(xéa EZ) = _Z_a’ I(xély E2) = _I(xé/9 C2) = —a,
I(x{,E))=—1(x{,C) =a+2.

When a < —2, we obtain
Ci<E <G < Ey <y,

a contradiction. The case a > 0 is similarly ruled out, which forces a = —1. Then
the twists impose no further constraints on the point in Ms3 2, so we obtain again a
4-dimensional subvariety of H3(2,2) which cannot be an irreducible component.

Case 5: [CLUCLUE, p1, p2] € H3(2,2) with p; # ps € E = P!,
We have the following component intersections:

CiNCy={x2}, CINE={x1}, C2NE = {x}.
Arguments as above yield the conditions
Oc,(2x] —2x2) = O¢, and  Oc,(2x] —2x2) = Oc,
which constrains the locus to 3 dimensions in Mg,z.
5.5.2. Singular quartics. A nonsingular plane quartic curve
ccp?

is of genus 3 and has 28 bitangent lines corresponding to the set 0(C) of 28 odd theta
characteristics. A general quartic C C P? can be reconstructed from its 28 bitangent
lines [3]: the rational map

Ms --» Sym®P*V//PGL@3), C — 6(C)

is generically injective. Our approach to H3(2, 2) naturally recovers classical results on the
limits of bitangents for singular quartic curves. The investigation also further illustrates
the difference between H3(2, 2) and H3(2, 2).
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(8, %) ) by by
0,0) 28 0 0
(1,0) 16 6 0
2,0) 8 8 1
3,0 4 6 3
O, 1) 10 6 0
0,2) 1 6 1
0, 3) 1 0 3
L, 4 7 1

TABLE 1. Bitangent data for singular quartic curves [3, 17].

Definition 19. Let C C P? be an irreducible plane quartic. A line
L € (P?)V

is a bitangent of C if the cycle L - C is everywhere nonreduced and even. A bitangent L
is of type i if L contains precisely i singularities of C. For i =0, 1, 2, let b; denote the
number of bitangent lines to C of type i.

Let C C P? be an irreducible plane quartic having § nodes and « cusps. By Pliicker’s
formulas involving the singularities of the dual plane curve, C has

9k (k —5)

b=by+by+by=28+25(6—7)+6k5+ >

bitangent lines of which by = (642«) are of type 2 (see [3] and [17, Chapter XVII]). In
Table 1, the possibilities for b;, depending on the singularities of C, are listed.

In order to recover the sum 28 in the each line of Table 1, multiplicities must be
calculated. By [3, Lemma 3.3.1]:

» a bitangent of type 0 appears with multiplicity 1 in the scheme 6(C),

» a bitangent of type 1 containing a node (respectively a cusp) appears in 8(C) with
multiplicity 2 (respectively 3),

> a bitangent joining two nodes (respectively two cusps) contributes to 6(C) with
multiplicity 4 (respectively 9).

We explain how the results of Table 1 can be recovered using the geometry of ﬁ3 2,2)
in two cases (the others are similar).

Case 1: 1-nodal quartics.
Let [C, x1, x2] € M35 be a general point and denote by

C'=C/x1~x
the genus 3 curve obtained by identifying x; and x;. If [C’, p1, p2] € 773 (2,2), then

Oc'(2p1 +2p2) = ocr
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and Oc(2p1 +2p2) = wc(x] + x2). Since I_nultiplication by 2 on JC has degree 4, there
are 16 bitangents of type 0. All 16 lie in H3(2, 2) by Lemma 12.
We determine next the bitangents of type 1. Let

[CUE, p1. p2] € H3(2.2).
where E = IP’I7 p1€E, ppeC,and ENC = {x1, x2}. Then
I(x1, E) =1(x2, E) =1

and wc = Oc(2p2). Hence, ps is one of the 6 Weierstrass points of C. Thus the bitangent
lines of type 1 join a node and a Weierstrass point of the normalization. Each such
bitangent line is counted with multiplicity 2 since [C U E, p1, p2] has an automorphism
of order 2. By Proposition 16, all 6 lie in H3(2, 2).

Finally, we consider the case [CUE, p1, p2] € 7:23 (2, 2) where

P1, P2 € E —{x1, x2}.

Then we find I(x1, C)+ I(x2, C) = 4. Both possibilities {I (x1, C), I (x2, C)} = {2, 2} and
{I(x1, C), I(x2,C)} = {1, 3} impose a nontrivial condition on the curve [C, x1, x2] € M22,
so the case does not appear generically.

We have verified the line corresponding to (1, 0) in Table 1: by = 16, by = 6, by = 0,
and 28 = 1642 -6.

Case 2: 1-cuspidal quartics.

We consider the compact type curve C = C; U Cy, where C; are smooth curves of genus
ifori =1,2and C;NCy = {x}. We furthermore assume x € C; is not a Weierstrass point,
so C is not hyperelliptic. We determine the bitangents which have C as the underlying
curve. Suppose _

[C, p1, p2] € H3(2,2),
so pi1, p2 € C\ {x}. We distinguish several cases:
e pi,p2eCi = I(x,C1) =3 and wc, = Oc,(2x). Since x is not a Weierstrass point,
the case is impossible.

e preCiand pp e Cr = I(x,Cy) =1. We obtain the conditions
Oc,2p1) = Oc,(2x) and wc, = Oc,(2p2).

All solutions are smoothable_ by Proposition 16. The case accounts for 18 points in
the fiber of the projection H3(2,2) — M3 over [C], and shows that the cuspidal
curve

¢ = Puc,ax) : C2 — P2

has 6 bitangents of type 1 joining the cusp ¢ (x) with one of the Weierstrass points
of C. Each such line is counted with multiplicity 3 corresponding to the nontrivial
2-torsion points of [Cy, x] € M1 1.

e p1,pr € Cr = I(x,Cy) =1. We obtain the condition

Oc,2p1 +2p2) = wc, (2x).
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The cohomology class of the images of both maps f; : C» — Pic?(C,) given by
J10) =0, 2y),  f2(y) = o, (2x —2y)
equals 460 € HZ(Pic*(Cy), Z), hence
[f1(C)]-[/2(C2)] = 1607 = 32.

The cases where p; = x and p; € Cy is a Weierstrass point must be discarded, so
we are left with 10 = 16 — 6 possibilities for the bitangent lines.

Suppose one of the points p; or py tends to x. The case when both p; and p; merge to
x leads to x € C; being a Weierstrass point and can be discarded. We are thus left with
the following situation.

e [CLUEUC,, p1, p2] € H3(2,2) with p; € E=P! and ps € C». Let
{(y}=C/NE and {x}=C,NE.

We compute I(y, C;) = —1 and I(x, C3) = —1; therefore, x is a Weierstrass point
of Cg.

The locus of such points forms a 5-dimensional component of 7—~[3(2, 2) that lies
entirely in the boundary 3M3,2 (as can be checked by residue restrictions or limit
linear series arguments). The general point can not be smoothed.

We have verified the line corresponding to (0, 1) in Table 1: by = 10, by = 6, by = 0,
and 28 = 10+3-6.

6. Twisted k-canonical divisors

6.1. Moduli space
Let g and n be in the stable range 2g —24-n > 0, and let k € Z3(. Let
MZ(M],...,mn), mZEZ
be a vector satisfying
n

> mi =k(2g -2).

i=1
‘We define the closed substack of k-canonical divisors ’Hg (n) C Mg n by

The main focus of the paper has been on differentials which is the k = 1 case. Rational
functions and quadratic differentials correspond to k = 0 and k = 2, respectively.

Hg(ﬂ) = {[C, Pls---s Pn]l € Mg,n

Definition 20. The divisor Z?:l m; p; associated to [C, p1,..., pa] € ﬂg,n is
k-twisted canonical if there exists a twist I for which

n
v*Oc (Zmip,-) =) ®0c¢, | Y 1, D) -q'+1(q, D)) -q"
i=1 geN;

on the partial normalization Cj.
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We define the subset 7’_21; (n) C Mg,n parameterizing k-twisted canonical divisors by

n
ﬁlg(u) = ![C, Pls---, Pnl € ﬂg,n Z m; p; is a k-twisted canonical divisor ¢ .
i=1
By definition, we have

ﬁg(ﬂ) m~/\/1g,n = Hg(l’l’)s
SO 7—[’; (n) C 77’;, () is an open set.

Theorem 21. The moduli space ﬁ’g(u) Cﬂg,n is a closed substack with irreducible
components all of dimension at least 2¢g —3 +n.

Proof. We replace wc by a)lé in the proofs of Proposition 4, Lemmas 6 and 9, and
Proposition 11. The tensor power k plays no essential role in the arguments. O

6.2. Rational functions
In the k = 0 case of rational functions, the moduli space
Hy () € Mg
may have irreducible components of various dimensions. No result parallel to the simple

dimension behavior of Theorems 2 and 3 holds.
Let uw = (my,...,m,) be a vector satisfying

n
Zmi =0.
i=1

Let /\_/lg (P', u)” be the moduli space of stable maps to rubber'® with ramification profiles
over 0 and oo determined by the positive and negative part of u. The following k =0
result has a straightforward proof which we leave to the reader.

Proposition 22. The image of the canonical map Mg P )~ — Mg,n equals
~0 _
Hg (n) C Mg,n-

6.3. Higher &

For k > 1, we do not know uniform dimension results for ’H]g, (). Is the locus

Hy (1) € Mg

pure of expected codimension g? Unfortunately, the answer is no: if all parts of u are
nonnegative and divisible by k, then the sublocus

1
1 k
H, <% . M) C Hy(w) (29)
is of codimension g — 1 in Mg ,.

183ee [11] for definitions and further references.
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Question. Perhaps construction (29) is the only source of impure dimension?

In the k = 2 case of quadratic differentials, the dimension theory developed in [22, 27]
answers the above question in the affirmative when

m; € {—1,0,1,2,...} foralll <i<n.

An affirmative answer for all g, u, and k > 1 would perhaps be expected.
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Appendix A. The weighted fundamental class of ﬁg(u) by F. Janda, R.
Pandharipande, A. Pixton, and D. Zvonkine

A.1. Stable graphs and strata

In the strictly meromorphic case, the fundamental class of ﬁg (n) weighted by intrinsic
multiplicities is conjectured here to be an explicit cycle in the tautological ring R*(mg,n)
found by Pixton in 2014. The formula is written in term of a summation over stable
graphs I' indexing the strata of ng,,. The summand in Pixton’s formula corresponding
to I' is a product over vertex, marking, and edge factors. We review here the standard
indexing of the strata of J\_/lg,n by stable graphs.

The strata of the moduli space of curves correspond to stable graphs

'=(V,HLg:V—>Zy,v:H—>V,i:H—H)

satisfying the following properties:

(i) V is a vertex set with a genus function g: V — Zx;
(ii) H is a half-edge set equipped with a vertex assignment v : H — V and an involution
4G
(iii) E, the edge set, is defined by the 2-cycles of ¢ in H (self-edges at vertices are
permitted);

(iv) L, the set of legs, is defined by the fixed points of ¢ and is endowed with a bijective
correspondence with a set of markings;

https://doi.org/10.1017/51474748016000128 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748016000128

658 G. Farkas and R. Pandharipande

(v) the pair (V, E) defines a connected graph;

(vi) for each vertex v, the stability condition holds:
2g(v) —2+n(v) > 0,
where n(v) is the valence of I' at v including both half-edges and legs.

An automorphism of I' consists of automorphisms of the sets V and H which leave
invariant the structures L, g, v, and . Let Aut(I") denote the automorphism group of T.
The genus of a stable graph I' is defined by:

g) =Y g()+h'(D).

veV

A stratum of the moduli space Mg,n of Deligne-Mumford stable curves naturally
determines a stable graph of genus g with n legs by considering the dual graph of a
generic pointed curve parameterized by the stratum. Let Gg , be the set of isomorphism
classes of stable graphs of genus g with n legs. The set Gy , is finite.

To each stable graph I', we associate the moduli space

ml‘ = 1_[ ﬂg(v),n(v%
veV

Let 7, denote the projection from Mr to Mg n(w) associated to the vertex v. There is
a canonical morphism

%-F :MF - Mg,n (30)

with image!? equal to the stratum associated to the graph I'. To construct &r, a family
of stable pointed curves over Mr is required. Such a family is easily defined by attaching
the pull-backs of the universal families over each of the Mgy nw) along the sections
corresponding to half-edges.

A.2. Additive generators of the tautological ring

Let " be a stable graph. A basic class on Mr is defined to be a product of monomials in x
classes?0 at each vertex of the graph and powers of ¥ classes at each half-edge (including

the legs), " o
y =[] Tt TTvi™ e A*(Mp),

veVi>0 heH
where «;[v] is the ith kappa class on Mg(v),n(v). We impose the condition

> ixilol+ Y ylh] < dime Myqyne) = 3g(v) —3+n(v)
i>0 heH[v]

19 The degree of & is [Aut(I)|.
200ur convention is Ki = ]T*('l/f}flill) € Ai(ﬂg,n, Q) where
T Mgyl = Mg

is the map forgetting the marking n+ 1. For a review of ¥ and the cotangent ¥ classes, see [15].
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at each vertex to avoid the trivial vanishing of y. Here, H[v] C H is the set of legs
(including the half-edges) incident to v.

Consider the Q-vector space Sy, whose basis is given by the isomorphism classes of
pairs [, y], where I' is a stable graph of genus g with n legs and y is a basic class on
Mr. Since there are only finitely many pairs [, ] up to isomorphism, Sg.n is finite
dimensional. The canonical map

q:Sgn — R*(Mg,)
is surjective [15] and provides additive generators of the tautological ring. The kernel of

q is the ideal of tautological relations (see [23, §0.3]).

A.3. Pixton’s formula

A.3.1. Weighting. Let u = (my,...,my,) be a vector of zero and pole multiplicities

satisfying
n
Z m; =2g—2.
i=1

It will be convenient to work with the shifted vector defined by
w=m+1,....m,+1), m=m+1.

Let T" be a stable graph of genus g with n legs. An admissible weighting of T is a function
on the set of half-edges,
w:HT) - Z,

which satisfies the following three properties:
(i) Vh; € L(I'), corresponding to the marking i € {1, ..., n},
w(h;) = mj;
(ii) Ve € E(I), corresponding to two half-edges h(e), h'(e) € H(T),
w(h) +w(h') = 0;

(iii) Yv e V(I'),
Y wih) =2g() —2+n(),

h—v

where the sum is taken over all n(v) half-edges incident to v.

Let r be a positive integer. An admissible weighting mod r of T" is a function,
w:HT) — {0,...,r—1},

which satisfies exactly properties (i)—(iii) above, but with the equalities replaced, in each
case, by the condition of congruence mod r. For example, for (i), we require

w(/’l,') = ﬁ,’ mod r.

Let Wr, be the set of admissible weightings mod r of I". The set Wr , is finite.
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A.3.2. Pixton’s cycle. Let r be a positive integer. We denote by PZ”L € Rd(ﬂg’n)
the degree d component of the tautological class

1 1 n ~
Z Z m rh](l—-) gr* 1_[ eXp(-K'] [‘U]) l—[exp(mzzwh,‘)

reGg, weWr,, veV(I) i=1

1_[ 1 —exp(—w()wh")(Wn + Yu))
wh + wh/

e=(h,h")eE(I)

The following fundamental polynomiality property of Pg:; has been proven by Pixton.

Proposition 23 (Pixton [24]). For fized g, u, and d, the class
Per € RY(Mg.n)
s polynomial in r for sufficiently large r.
We denote by P¢ =~ the value at r =0 of the polynomial associated to ng,ﬂ by

g
Proposition 6.3. In other words, Pg’ . 18 the constant term of the associated polynomial

in r. The cycle PZ’M was constructed by Pixton [24] in 2014.
If d > g, Pixton conjectured (and Clader and Janda have proven [6]) the vanishing

J _
P =0€ R*(Mgn).

If d = g, the class P§ , is nontrivial. When restricted to the moduli of curves of compact
type, Pg, u is related to canonical divisors via the Abel-Jacobi map by earlier work of
Hain [16]. We propose a precise relationship between Pg, » and a weighted fundamental
classes of the moduli space of twisted canonical divisors on /\_/lg,,,.

A.4. The moduli of twisted canonical divisors

We consider here the strictly meromorphic case where u = (my, ..., m,) has at least one
negative part. We construct a cycle

He € A8(Mg n)
by summing over the irreducible components of the moduli space ﬁg(u) of twisted

canonical divisors defined in the paper.
Let Sy, C Gg,» be the set of simple star graphs defined by the following properties:

e I' € S, ,, has a single center vertex vo;
e edges (possibly multiple) of ' connect vy to outlying vertices vy, ..., vk;

e the negative parts of u are distributed to the center vy of T'.

A simple star graph I' has no self-edges. Let Vo (I') denote the set of outlying vertices.
The simplest star graph consists of the center alone with no outlying vertices.
A twist I of a simple star graph is a function

I:ET) = Z-g
satisfying:
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e for the center vy of T,

2e(w) =2+ Y U@+ =) m,

e~ i
o for each outlying vertex v; of T,
20w) =2+ Y (I +D =Y m.
evj irv;

Let Tw(I") denote the finite set of possible twists.

The notation i — v in above equations denotes markings (corresponding to the parts
of ) which are incident to the vertex v. We denote by u[v] the vector consisting of the
parts of u incident to v. Similarly, e — v denotes edges incident to the vertex v. We
denote by —I[vg] — 1 the vector of values —I(e) — 1 indexed by all edges incident to vy,
and by I[v;] —1 the vector of values I (e) — 1 indexed by all edges incident to an outlying
vertex v;.

We define the weighted fundamental class Hy ,, € A$ M ¢.n) of the moduli space H ()
of twisted canonical divisors in the strictly meromorphic case by

Z Z eeE(F)I(e)
reS, , I€Tw(l) [Aut(D)]
< &rv | [Howo (ulvol. =Ilvol = D] [ [Hew (ulvl, ITv] = 1)]

veVou (I

The right side of the definition of Hg , may be viewed as a sum over all irreducible
components of
Z C Hge(u).

If the curves of Z generically do not have a separating node,
Z CHy () € My,

see §3.2. Since there is an equality of closures ﬁg (n) = ﬂ;rr(u), we obtain
Z CHg(p) C Mgp.

Hence, Z contributes to the term corresponding to the trivial star graph

' = {vo}

of genus g carrying all the parts of u.
The trivial star graph ' has no edges, nothing to twist, and no automorphisms. Since
&r is the identity map here, the term corresponding to I' is

[ﬂg(vo)(ﬂ)] & AX0 (My(ug).ntp)-
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If Z has a separating node, then, by §2.2 of the paper, Z contributes to the term
corresponding to the associated simple star graph. Every outlying vertex contributes the
class

[Fawp (ulo;1, 111 = 1) | € 42007 (Mgu0)

corresponding to a canonical divisor in the holomorphic case (since the parts of u[v;]
and I[v;]—1 are nonnegative).

The formula for H, , differs from the usual fundamental class of ﬁg (u) by the weighting
factor [] ccE(r) I (¢) which is motivated by relative Gromov—Witten theory.

Conjecture A. In the strictly meromorphic case, Hgy |, =278 Pg,u'

Our conjecture provides a completely geometric representative of Pixton’s cycle in
terms of twisted canonical divisors. The geometric situation here is parallel, but much
better behaved, than the corresponding result of [18] proving Pixton’s conjecture for
the double ramification cycle (as the latter carries virtual contributions from contracted
components of excess dimension).

Finally, we speculate that the study of volumes of the moduli spaces of meromorphic
differentials may have a much simpler answer if summed over all the components of
ﬁg (n). How to properly define such volumes here is a question left for the future.

A.5. Examples
A.5.1. Genus at most 1.  Conjecture A is trivial in case g = 0 since both sides are

the identity in RO(MQ,,,). In case g = 1, Conjecture A is nontrivial and true. The class
Hi . has contributions from boundary components. Our of proof Conjecture A in case
g = 1 is indirect. We prove:

e Hj , equals the double ramification cycle in genus 1 associated to u via geometric
arguments.

° 2’1P} equals Pixton’s prediction for the double ramification cycle via direct
analysis of the formulas.

Then, by the main result of [18], Conjecture A holds in g = 1. An alternate approach via
direct calculation is also available in g = 1.

A.5.2. Genus 2. A more interesting example is g =2 with u = (3, —1). We first
enumerate all simple star graphs (together with their possible twists) which contribute
to the cycle Hz,(3,_1):

(i) T = {vo}, g(vo) =2, [Aut(M)| = 1.
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(i) T = {vo, v1}, glvo) =1, g(vy) =1, [Aut(I)| = 1.

1 Vo v,

2
(ili) T = {vo, v1}, glvo) = 0, g(v1) =2, [Aut(I)| = 1.

1 v, v,

2

(iv) T'={vo, v1, v2}, g(vo) =0, g(v1) =1, g(v2) = 1, [Aut(I)| = 2.

(v) T = {vo, v1}, g(wo) =0, g(v1) = 1, [Aut(I)| = 2.

1 VO VI

2

In the diagrams, the legs are assigned a marking, and the edges are assigned a twist. In
all the cases I above, the twist I € Tw(I') is unique.

The second step is to calculate, for each star graph I' and associated twist I € Tw(T"),
the contribution

HeeE(I‘) I(e)

[Aut(T)| ér*[[ﬂg(vo) (M[UO], —1I[vo] — 1)] . 1_[ [ﬂg(v)(u[v], I[v] — 1)]:|

veVout(I")

The contributions in cases (i)—(v) above are:

(i) The moduli space H (3, —1) is empty since there are no meromorphic differentials
with a simple pole. The contribution is 0.
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(ii) We must calculate here H, (3, -1, —2) which is easily obtained from the method

of test curves (or by applying Conjecture A in the proven genus 1 case). The
contribution is

31—21 —|—6z@_$_@

2

1 1
‘ p—

—|—12 —|—;%

2 2

(iii) We require here the well-known formula for the Weierstrass locus,
H (2) C My,

studied by Eisenbud and Harris [8]. Lemma 5 of [2] follows our notation here. The
contribution, including the twist 3, is

(iv) The locus is already codimension 2, so the contribution (including the
automorphism factor) is

1

2

(v) The locus is again codimension 2, so the contribution (including the automorphism
factor) is

1

o

2

After summing over the cases (i)—(v), we obtain a formula in R?>(M,,») for the weighted
fundamental class Hy 3,1y of the moduli space of twisted canonical divisors:
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1 1 2 1
9| o ¢—2—21 —|—62

2 2

+ 13| oo —fol>>{>@ + }O@ +;[>rl}@

The result exactly equals 272 P%,(f&,—l) € R2(/\_/12,2).

The match is obtained by expanding 272 P%,(S,—l) via the definition in § A.3.2 and then
applying relations in the tautological ring. Conjecture A is therefore true for g = 2 with

=(3,-1).

We have also checked Conjecture A for g =2 with u = (2, 1, —1). The calculation of
Hz 2,1,—1) involves 7 simple star graphs, [2, Lemmas 5 and 6], and 23 strata classes of
RZ(M2,3). The matching with

272 P%,(Z,l,—l) c RZ(M2,3)

as predicted by Conjecture A exactly holds.

A.6. The cycle Hg(1)
A.6.1. Meromorphic differentials. In the strictly meromorphic case, where
= (ml’---ymn)

has at least one negative part, Conjecture A provides a formula in the tautological ring
for the weighted fundamental class

He € AS(Mg.n).
Can Conjecture A also be used to determine the class
[H ()] € A* (M)

of closure of the moduli of canonical divisors H,(u) on nonsingular curves? We prove
that the answer is yes.

We have seen [ﬁg (1)] appears exactly as the contribution to H, ,, of the trivial simple
star graph. Rewriting the definition of H, ,, yields the formula:

i ety 1 ©
[He(w)] = Hgu — Z Z |AI151€51;)F)|

reS , I€Tw(l)
x € | [Hao (ulvol, =ITvol = D] [ [Hew vl Iv1=D] | (31)

veVou (I

where S;’ u 1s the set of montrivial simple star graphs.

https://doi.org/10.1017/51474748016000128 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748016000128

666 G. Farkas and R. Pandharipande

A nontrivial simple star graph I' € S; . must have at least one outlying vertex. An
outlying vertex v € Vou(I') contributes the factor

[Feco (1o, 1101 = 1)

which concerns the holomorphic case. Hence if g(v) = 0, the contribution of I vanishes
(as there are no holomorphic differential in genus 0).

To state the first induction result, we require the standard partial order on the pairs
(g,n). We define

@M < (gn) (32)
if g < g holds or if

both hold.

Lemma Al. Let u = (my, ..., my) be strictly meromorphic. The class
[He ()] € A5 (Mgn)
is determined via formula (31) by classes of the following three types:
(i) Hg,,u € Ag(ﬂg,n);
(ii) [ﬂgf(,u/)] € Ag/(ﬂg/,n/ for (g',n) < (g.n) and p' =@m),...,m) strictly
meromorphic;
(iii) [ﬂg//(pﬂ)] c Ag”fl(Mg”,n”) for (g",n") 2 (g.n) and p' =@mj, ....m),
holomorphic.
Proof. The class (i) appears as the leading term on the right side of (31). Nontrivial
simple star graphs I' contribute classes of type (ii) via the center vertex vy (with
g =gl <g

or else the contribution of I' vanishes). The outlying vertices v of I' contribute classes of
type (iii). If

§" =g =g,
then g(vp) = 0 and there are no outlying vertices other than v (or else the contribution
of I vanishes) and only a single edge. By stability, at least two parts of pu must be
distributed to vy, so n” < n. O

Lemma A1 alone does not let us recursively calculate [ﬁg (1)] in terms of H, ;, because
of occurrences of the holomorphic cases (iii).

A.6.2. Holomorphic differentials.  Consider the holomorphic case where

:u:(mla'~-vmn)

has only nonnegative parts. Since

n
Zm,- =2g—-2
i=1
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we must have g > 1. If g = 1, then all parts of u must be 0 and
[H1(0,...,00]=1¢ A°(M ).

We assume g > 2.
Let u' = (m},...,m),) be obtained from w by removing the parts equal to 0. Then
[ﬁg ()] is obtained by pull-back?! via the map

T Mgy — Mg
forgetting the markings associated to the 0 parts of u,
[He ()] = T*[He (1] € A3~ (M) (33)

We assume p has no 0 parts, so all parts m; are positive. We place the parts of u in
increasing order
mpS<my <o < My— < My,
so m,, is the largest part. Let u* be the partition defined by

pt=mi, o mpeg,my 1, =1,

We have increased the largest part of u, added a negative part, and preserved the sum

—_ 1t
el =[]
For notational convenience, we write
+ +
uf":(ml,...,m;:',—l), m;_, =m;, m;:'zmn—l—l.

The length of ut is n+ 1.
Since ™ is strictly meromorphic, we are permitted to apply formula (31). We obtain

¢ I(e)
[He(wD)] = He ot — Z Z |;I1£1(‘5F()F)|

FeS; o+ I1eTw(T)

x £ | [Hawo (0P lvol, =Ilvol = )]+ [ [Hew (T 10], w1 —1)]

veVout(I')

where S* p is the set of nontrivial simple star graphs.
Since a meromorphic differential on a nonsingular curve can not have just one simple
pole, Hg(u™) is empty and [Hg (u™)] = 0. We rewrite the above equation as

_ eeE(l")I(e)
Hewr = 20 2, A

res: . I€Tw()

€ | [Hawo (0ol =Ilvol = )] [ [Hew (01, 101 =1)] | . (34)

veVou ()

21The pull-back is true on the level of subvarieties, ﬁg (1) = ! (ﬁg (ll/)) C ﬂg,n.
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A nonvanishing term on right side of (34) corresponding to I' € S* | has a center

g.nt
vertex factor -
[Hewn (1Tl ~ITvo) 1) satisfying e(vo) < g

and outlying vertex factors

[Hew (1101, 1101 = 1) (35)

satisfying either g(v) <g or g(v) =g. If g(v) =g, then the entire genus of I' is
concentrated on v and there can be no other outlying vertices (or else the contribution of I
vanishes) and only a single edge. By stability, at least two parts of u* must be distributed
to vg, so n(v) < n. Hence, the outlying vertex factors (35) satisfy either g(v) < g or

glv)=¢ and n(v) <n. (36)
We study now all the contributions of graphs I" € S; ut which carry an outlying vertex

v € Voue(I') satisfying
gv)=g and n(v) =n,

the extremal case of (36). We have seen
[ = {vg, v1} with a single edge e and g(vg) =0, g(v)) = g (37)

is the only possibility for a nonvanishing contribution. By definition, the negative part
of u* must be distributed to vg. In order for n(vi) = n, exactly one positive part ml+ of
w' must also be distributed to vg. Let T'; € S(;MJr be the simple star graph of type (37)
with marking distribution

{mi+,—1}r—>v0, {mT,...,m?,...,m:{}H vy. (38)

The graphs 'y, ', ..., [, are the only elements of S; ut which saturate the bounds (36)

and have possibly nonvanishing contributions to the fight side of (34).
The negative part of u* corresponds to the last marking of the associated moduli space
Mg,n+1 . Let
€ ng,n+1 — mg,n

be the map forgetting the last marking. We push forward formula (34) under ¢,

B Z Z eeE(r) 1(e)
Mo = |Aut()]

FES; e IeTw(I)

x €xérs | [Hawo (KT vol. —ITvol = 1)] [ [Hew (w10l ITv]1=1)] | (39)

veVout(I')

to obtain an equation in Agfl(/\_/lg,,,).
We study the precise contribution to the right side of (39) of the graphs I'; characterized
by (37) and (38). The graph I'; has a unique possible twist??

I(e) =m}.

22We use the condition ml+ > 0 here.
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The contribution of I'; is
ml+ . e*éri*[[ﬂo(mf, -1, —m?L — 1)] . [ﬂg(m'f e ml.+_1, ml+ -1, mitrl, . m,f)]jl
where we have

€okr, : Mos x Mg,n AN ﬂg,n. (40)
Using the isomorphism (40), the contribution of I'; is simply

Cont(T';) = ml+ . [ﬂg(m?', e mltl, ml+ -1, m7L+1, L m,f)] € Agfl(ﬂg,,,).

1

The contribution of T', to the right side of (39) is special. Since by construction

+ —
m,; —1=m,, we see

Cont(T) = (my+ 1)+ [Hy(mr, ...om) | = Omy+ 1) ()] € A5~ (M)
with m, + 1 # 0. The contributions of the graphs I'y, ..., [',_; are proportional to classes
[He (1)1 € A7 (Mg )

for nonnegative partitions ' with largest part larger than the largest part of p.

Lemma A2. Let u = (my,...,my) be holomorphic with no 0 parts. The class
[He ()] € A3~ (Mg )
is determined via formula (39) by classes of the following four types:
(i) Hg o+ € AS(Mg.n);

(ii) [ﬂgf(,u/)] € Ag/(ﬂgf,n/ for (g',n) < (g.n) and w' =@m,...,m)) strictly
meromorphic;

(iii) [He (u] € A8 "V (Mgr ) for (g",n") < (g,n) and " =@m,....,m",)
holomorphic;

(iv) [ﬂg (un] e Ag’l(/\_/lg,,,) for " = (mf,....,m}) holomorphic with the largest part of
wu” larger than the largest part of .

Proof. The e push-forward of the class (i) appears on the left of (39). Nontrivial simple

star graphs not equal to I'f, ..., ', contribute (ii) via the center vertex and (iii) via the
outlying vertices. The graphs I'y, ..., ,_ contribute (iv). We then solve (39) for the
contribution (m, +1) - [Hg (,u)] of T',. O

A.6.3. Determination.  We now combine Lemmas A1l and A2 to obtain the following
basic result.

Theorem A3. Conjecture A effectively determines the classes
[gg(ﬂ)] € A*(mg,n)

both in the holomorphic and the strictly meromorphic cases.
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Proof. If g =0, the class [ﬁg ()] vanishes in the holomorphic case and is the identity
1 € A*(Mo,,) in the strictly meromorphic case. We proceed by induction with respect to

the partial ordering < on pairs defined by (32).
If w is strictly meromorphic, we apply Lemma Al. Conjecture A determines the class

Hg . € AS(Mg ).

The rest of the classes specified by Lemma A1l are strictly lower in the partial ordering
<

if u is holomorphic and p has parts equal to 0, then either
g=1, u=(0,...,0), and [H(0,...,00]=1¢€ A°(M,,)
or i (obtained by removing the 0 parts) yields a class
[He (1] € A3~ (Mg)

which is strictly lower in the partial ordering < . We then apply the pull-back (33) to
determine [ﬂg(u)] € ﬂgy,,.

We may therefore assume u is holomorphic with no 0 parts. We then apply Lemma A2.
Conjecture A determines the class

exHg v € A8 (M ).
The rest of the classes specified by Lemma A2 either are strictly lower in the partial
ordering < or are:

(iv) [He(n")] € A5~ 1 (M,,) for " = (m], ..., m!)) holomorphic with the largest part
of u” larger than the largest part of w.

To handle (iv), we apply descending induction on the largest part of u in the
holomorphic case. The base for the descending induction occurs when the largest part is
2g — 2, then there are no partitions with larger largest part. O

We have presented a calculation of the classes of the closures
Ho(w) C Mgy

of the moduli spaces of canonical divisors on nonsingular curves via Conjecture A and
the virtual components of the moduli space of twisted canonical divisors. Theorem A3
yields an effective method with result

[He ()] € R* (Mg ).

The g =2 cases with u = (3, —1) and u = (2,1, —1) discussed in § A.5 may also be
viewed as steps in the recursion of Theorem A3 to calculate

o) € R"(Mp1) and Ha 1y € R'(Ma2), (41)

respectively. Since we already have formulas for the classes (41), the calculations serve
to check Conjecture A.
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