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Growth and Zeros of the Zeta Function for
Hyperbolic Rational Maps

Hans Christianson

Abstract. This paper describes new results on the growth and zeros of the Ruelle zeta function for the
Julia set of a hyperbolic rational map. It is shown that the zeta function is bounded by exp(Cx|s|?)
in strips | Res| < K, where ¢ is the dimension of the Julia set. This leads to bounds on the number
of zeros in strips (interpreted as the Pollicott—Ruelle resonances of this dynamical system). An up-
per bound on the number of zeros in polynomial regions {| Res| < |Ims|®} is given, followed by
weaker lower bound estimates in strips {Res > —C, |Ims| < r}, and logarithmic neighbourhoods
{|Res| < plog|Ims|}. Recent numerical work of Strain—Zworski suggests the upper bounds in strips
are optimal.

1 Introduction

The motivation for the estimates described in this paper comes from scattering res-
onances. In the case where the underlying fractal set is the limit set of a convex co-
compact Schottky group, there is a correspondence between zeros of the zeta function
and scattering resonances of the classically trapped set (see [7, 12, 16, 19] for details).

In the case of the Julia set, we are primarily interested in counting zeros of the
zeta function Z, which may be interpreted as the Pollicott—Ruelle resonances of this
dynamical system. The most interesting case is the number of zeros in regions
Res > —C,|Ims| < r, which we will show is bounded above by Cr'*?, with § the
dimension of the Julia set. We prove a weak, sublinear lower bound on the number
of zeros in this region, an honest linear lower bound in logarithmic neighbourhoods
of the imaginary axis, and conjecture that our upper bound is actually sharp. We
also obtain the upper bound Cr'*2¢+9(1=%) for the number of zeros in more general
regions | Res| < |Ims|® for « € (0, 1).

Similar to [7, 16], we consider the dynamical system associated to a hyperbolic
rational map f when the Julia set J associated to this map is a totally disconnected
set.

We think of J as a subset of the sphere C = C U {oo} naturally identified with
R? = R? U {oc}. Then |f'(z)| can be thought of as a map |f’(z)|: U € R — R,
analytic in a neighbourhood U of J. If [ f/(2)] is the holomorphic extension of | f/(2)|
toamap [f'(2)]: U € (2 = C*U {o0} — C, where U C 2 is a neighbourhood of
J x {0}, we can define the transfer operator:

(1.1) Leuz) = Y [f' ] ulw).
wef~1(z)
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We will show in the course of this paper that L(s) is a trace class operator on an
appropriately chosen class of functions, and the Ruelle zeta function Z will be defined
as

(1.2) Z(s) = det(I — L(s)).

The zeta function defined in a similar context was first studied in the famous work
of Ruelle [13]. We will prove the following bound of Z in terms of §, the Hausdorft
dimension of J.

Theorem 1.1 Suppose Z(s) is the zeta function defined by (1.2) for the function f.
Then for any Cy, there exists Cy such that for | Res| < Cy we have

(1.3) |Z(s)| < Cyexp(Cyls]®), & =dim{

where ¢ is the dimension of the Julia set of f.

In [16] the same result is given for the case when f(z) = z* + ¢ for c real, ¢ < —2,
in which case the Julia set is a real Cantor-type set. Numerical results [16] suggest
this theorem is sharp. Using Theorem 1.1 and a dynamical formula for Z(s) from
Proposition 5.2, we derive several estimates, both lower and upper bounds on the
number of zeros in various regions. Based on numerical evidence [16], it appears the
lower bounds are not optimal, and in closing we give an example to demonstrate the
subtlety of this question and some of the problems in approaching it.

2 Review of Julia Sets

In this section we review a few classical results about the geometry of Julia sets that
will be used later in the paper. The interested reader should consult [4, 5] for further
details.

The Julia set J for a rational map can be defined to be the closure of the set of
repelling periodic points, hence J is compact in the sphere. It is easy to see [3] that
d is backward and forward invariant: J = f(J) = f_l(H), and in fact f7(J) = g for
p =1,2,.... Weare interested in the case where { is disconnected (and hence totally
disconnected). The hypothesis that J be totally disconnected is necessary in what
follows, as in the proof of the essential Proposition 4.1. In the simple setup where
flz) = 22 + ¢ for ¢ € M, where M is the Mandelbrot set, it would be interesting to
determine the behaviour of the zeta function as dist(c, M) — 0. The assumption that
f is hyperbolic means there exists an # > 1 such that inf{|(f")'(z)| : z € J} > 1.
In other words, some iterate of f is expanding on the whole set. A sometimes useful
fact (see [17]) is that a rational function is hyperbolic if and only if PCV(f)NJ = @,
where PCV(f) = |, f"(Crit f) is the forward propagation of the set of critical
points of f. Note since f is hyperbolic, we can replace f with an appropriate iterate
and assume that f is strictly expanding near J, so we will do this throughout.

The most important properties of J are those making it a “cookie-cutter” set in the
sense of [5]. Roughly speaking, this means that a small neighbourhood intersected
with J looks more or less like J. This is made precise in the following proposition:
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Proposition 2.1  J is a cookie-cutter set, that is, there exist constants c > 0,7>0
such that for each r < ry and zy € {, there is a map g: B(zo,r) — C such that
g(B(zp,7) N J) C J satisfying

(2.1) Tl z—w| < glz) —gw)| < er Mz —w|.
To prove this, we will need the Koebe distortion theorem (see [3] for a proof):

Lemma 2.2 (Koebe distortion theorem) If g is univalent (analytic and one-to-one)
on the unit disk in C with g(0) = 0 and g’ (0) = 1, then

- 7| 147
(22) (1+|z\>3 Sl@I< T
and
(23) e e

Ty S8@I= gy

We can get Proposition 2.1 from this by a simple argument. Since Crit f N J = &,
there is R > 0 so that for each zy € J, f(z) is univalent on B(zy, R). This implies
f" is also univalent, since (f")'(z) = f'(f"'(z2)) - f'(f"2(z))--- f'(z). We want
to modify the estimate (2.2) to apply to a function G univalent on a disk of radius
0 > 0, say, with G’(0) = M # 0. For ¢ € {|(| < 1}, define g(¢) := G(6¢)/M. Then
g satisfies the hypotheses of the lemma, and we now have:

L+ 5le]

1
— 57l
(2.4) |M]| ‘G (@) <M | — %‘Z|)4

(1 + 3z}~
which, for |z| < 0/2 yields

(25) M < 6121 < Me

for some constant c. The argument is finished by setting ry, = R/2 and noting that
taking an appropriate iterate, G = f” maps a ball B(z, ) of radius r < ry centered at
zp € J into a larger fixed ball B(0, S), say, with the property that G(B(zy, ) N J)= J.
Thus there is a point z; € B(zp, r) such that S/(2r) < |G'(z;)| < 2S/r. By conju-
gating with an appropriate Mobius transformation, we can assume zy = z;, so that
C'r ' <|G'(2)| < Cr~!as claimed.

3 The Transfer Operator on L* Spaces

It is more convenient to define the Ruelle transfer operator in terms of the inverse
branches to f. Suppose fisan m to 1 function, and let g;(z) fori = 1,2,...,m
be the branches of f~!. Now we interpret J as a subset of | IR? instead of C and view
g: U C R? — R? real analytic and |g/|: U C R? — R analytic in a neighbourhood
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U about J. Then it is clear that both g; and |g; | extend holomorphically to functions
g:UCC—Cand[g/]: Uc - CforU C €2 aneighbourhood of J x {0}.
The Ruelle transfer operator can then be defined as

m

(3.1) L) =Y I8/ (@) u(gi(2).

i=1

We will show that with an appropriately chosen neighbourhood about J C C?and
an appropriately chosen class of functions u, L is trace class. We begin, as in [16],
with a review of characteristic values of a compact operator A: H; — H,, where H;’s
are Hilbert spaces. Define ||A|] = vp(A) > 11 (A) > -+ > 1y(A) — 0 to be the

eigenvalues of (A*A):: H; — H,. The min-max principle shows that

3.2 y(A) = min max |Av
(32) W= min  max 4
codimV=I||v||n, =1

Now suppose {x;}?°, is an orthonormal basis of Hj, then

(3.3) () <Y ||Axj|n,.

j=I

To see this we use V; = span{x;}32; in (3.2): for v € V; we have, by the Cauchy—
Schwarz inequality, and the inequality || - |, < || - |ls,>

i 2 s 2
HAVIlézzHvaJ A" < I (3 1l )
j=lI j=lI

from which (3.2) gives (3.3).
We will also need the Weyl inequality (see [14]), which states that if H; = H, and
Aj(A) are the eigenvalues of A,

(3.4) Mo(A)] = [MA)] =+ = [M(A)] — 0,
then for any N,
N N
(3.5) [T+ mn@n < JTJa+ ).
=0 =0

If A is trace class, i.e., if ), 1(A) < oo, then the determinant

oo

det(I+A4) = [ J(1 + M(A)),

=0
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is well defined and
(3.6) | det(I + A)] < J(1 +wi(a)).
1=0
We also need the following standard inequality about characteristic values (see [14])
(3.7) Vll+lz+1(A +B) < Vll+1(A) + 1/12+1(B)

Finally, we finish with an obvious equality: suppose A;: H;; — H,; and we form
] J J
j:IAj: @j:l Hyj — @jzl H,j, then

o0 oo

(3.8) ZVI(LAJ-) =33 ).

1=0 J j=1 I=0
Now we want to define the Hilbert space we will be working with. For D C &
open, let H*(D) := {uholomorphicin D : [, [u(z)|* dm(z) < oo}. We can take

for D disjoint neighbourhoods of ; = g(d) fori = 1,2,...,m and we get the
following.

Proposition 3.1  Suppose that L(s): H*(D) — H?*(D) is defined by (3.1), with g
the m inverse branches of f hyperbolic rational. Then for all s € C, L(s) is trace class
and

(3.9) | det(I — £(5))| < C exp(Cls|*)

for some constant C.

Proof We write H*(D) = @Tzl H*(Dj) and L(s) = EB:’_EZI L;;(s), where
(3.10) Lij(9)u(z) == [g (2)'u(gi(2)), ze€ D;.
Note that from (3.7) and (3.8) we certainly have

U(L(s)) < m? é’?,?;(m Vik/om) (Lij(5))-

Let ry > 0 be the minimum radius for which |Dg;(z)| < 1,i = 1,2,...,m, on aball
of radius ry centered at a point of J. Let

Cs

U:UUi::

i=1 i

{gi + BE(tZ (07 r)}

1

for r < r9/2. Let M = maxy [Dgi(z)] < 1, and pick for D a finite cover of g,
D = |J, D; made up of balls of radius r centered at points of J as above, so that for
eachz € §, dx,(z,0D) > %r, and D; covers J; = g;(d). Then for any point z € D;,
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|z — w| < rforsome w € 7, so0 [gj(2) — gj(w)| < Mr, so that di, (gj(D;), 0Dj) >

(% - M) r > 0. Lemmas 3.2 and 3.3 together with the estimate |[g/(2)]*| < /"l

now give for some C;:
v(Lij(s)) < Cy el /e,

With this in hand, we see that (3.6) implies

det(I — L(s)) < H(] + Cec‘s‘_ll/z/c) < CeCS|5|3

=0

so that L(s) is trace class as claimed. To finish with the proposition, we need the
following two lemmas, taken almost directly from [7]. ]

Lemma 3.2 Letp € (0,1) and R”: H*(B2(0,1)) — H?*(B2(0, p)) induced by the

restriction map of Bc2(0, 1) to Be2(0, p). Then for any p € (p, 1) there exists a constant

C such that v)(RP) < Cﬁll/z.

Proof Using (3.3) with the standard basis (x,),en: for H* (B2 (0, 1)) given by
(3.11) Xa(2) = o2} 252, / IXa(2)Pdz =1, a€cN?

B2(0,1)
for which we have

RGE= [ @ de= 2,
B2(0,p

The number of a’s for which |a| < m is bounded by (m + 1)2, so by (3.3)

uR) < P < N k+1f <P o

la| >1 k>1/2

Lemma 3.3  Suppose 2; C C2, j = 1,2 are open sets and ), = Ul,f:1 Bex(zg, 11). Let
g be a holomorphic mapping defined on a neighbourhood 0y of £}y taking values in
satisfying

1 ~
d(z(g(Ql),an) > C_ > 07 0 < HDg(Z)” < 17 z e Ql.
0

If
A: HAX () — HX (), Au(z) == u(g(z)), z€

then for some Cy depending only on dc2(g(€21), 0€%), supg [|Dg(2)||, we have

u(A) < Cre G

where v1(A)’s are the characteristic values of A.
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Proof Define a new Hilbert space
)
H:=@DH (Bx), Bx=Bel(z ),
k=1
and a natural operator

J: H*(Q) — H,  (Ju)k = ulp,.

We claim J* J: H*();) — H?*(€)) is invertible, with constants depending only on K.
To see this, note that for any u € H*(4), ||ul|* < (Ju, Ju)gc < K||u||>. Hence

(3.12) |7 Jul| = (Ju, JJ* Ju)se < K||T* Jul|* < K?||ul?
and
(3.13) lull> < (J* Ju, u) ey < |17 Jull]ul]

for any u € H?(£2;). The estimate (3.12) implies J* ] is bounded, while the estimate
(3.13) implies J*J is one-to-one. Since any one-to-one self-adjoint operator is also
onto, J*J is invertible, and furthermore,

1 o
Ll < 10D ] <
Thus we calculate,

v(A) = v((7* )7 T JA) < |7 DT [mUA).

Note then that
v(JA) < K max vk (Ax),
1<k<K

where

Ap: H () — H (By),  Awul(z) = u(gi(2), g = gls,-
In order to estimate the characteristic values for A, note that we can extend g to a
larger ball in Q1, By such that the image of its closure is still in §2,. That gives us the
operators Ry: H2(By) — H*(By), Ryu = ul,, and Ay, defined similarly to A; with
By’s replaced with By’s. Now we have A; = RyA; which implies v(Ag) < Hngl/](Rk).
Lemma 3.2 gives v(Ry) < Cze_ll/z/ ¢ which completes the proof. [ |

4 Estimates in Terms of the Dimension of J

In order to prove Theorem 1.1 we need a few more important facts. Recall that the
diameter of a set E is defined as diam(E) = sup{|x — y| : x, y € E}.

Proposition 4.1 LetJ € C be the Julia set for f hyperbolic rational, and assume J is
totally disconnected. Then there exist constants K = K(c) and 0y such that for § < 0
the connected components of J + B(0, 0) have diameter at most K.
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Proof Let ¢ and ry be as in Proposition 2.1. Since J is totally disconnected, there
exists € > 0 such that 5 = J + B(0, ¢y) has more than one connected component,
and every connected component of J has diameter at most (4c)~!. Then we apply
Proposition 2.1 with r = cde;, U with § < 8y < roeoc'. The function g guaranteed
by Proposition 2.1 takes points in J to pointsin d, soifz € J, g(B(z, d)) C B(g(z), €)-
Thus a connected component of J + B(0, §) is mapped into a connected component
of J. Now suppose d(z, w) > r/2. Then

1 1

d(g(z w)) > d zZ,w) > — > —

(g(2) — g(w)) (z,w) YR
so that g(z) is in a different connected component from g(w). Hence z and w must
have been in separate connected components, and we conclude the diameter of the
connected component containing z is at most Ké = r. ]

We have a bound on the diameter of the connected components of J + E@(O, 6),
but eventually we will need to cover J by balls, uniformly finite in ¢ so that we may
again apply Lemma 3.3.

Lemma 4.2  Suppose D C Cisa compact set with the property that all connected
components of E = D + B(0,6) have diameter bounded by K§. Then for any \ €
(0,1) and any connected component E; of E, there exists a cover U; = U;(d) C E; of
D; = E; N\ D by at most K = K'(\) balls of radius 0 centered at points of D; such that
dx(z,0U;) > A6 forz € D;.

Proof Let] = (1 — )\)/\/5. If E; is a connected component of E, then it fits in
a closed ball of diameter K¢ by hypothesis. A ball of diameter K¢ is contained in
a closed cube Q of side length K¢, which can be covered by K’()\) closed cubes of
side length 1§ by simply starting at one corner of Q and covering it with cubes {g}
of side length /9 intersecting only on their boundaries. For each k, if D N qx # &,

select any pomt Pr € D N g if the intersection is empty, select nothing. Then set
U, = Uk L B(pk,0). A simple calculation gives for any z € D, z € g; for some k,

giving dx(z, OU;) > de(pr, OU;) —da(pr, z) > A6, since z € g implies, in particular,
that d¢(px, 2) < V2I6. [

Remark 1 It is clear that Lemma 4.2 extends to C" with constants depending only on
K and the dimension.

Proof of Theorem 1.1 As in [16] choose h = |s|~! where |s| is large, but | Re(s)] is
bounded. Now viewing J as a subset of R? instead of(C form H(h) =J+ B(Z(O h).

Proposition 4.1 tells us that the diameter of each connected component of Ji (h) has
diameter less than Kh. Since g (now thought of as the holomorphic extension

L — (Cz) is a contraction near J, there is some hy so that if h < hy, M =
max |Dg;(z)| < 1 for z in the closure of J + B, (0, h). Let 3 = é(M + 1), and sup-

pose there are P(h) connected components of g(h). Using Lemma 4.2 we can pick a
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subcover U(h) = U:n:l U;(h) of at most K'P(h) balls contained in 5 and centered at
points of J satisfying
d(z,0U) > Bh, z€].

Since any point of U is within & of some z € J and we know g;: J; — J,
de. (gi(Uj(h)), U;(h)) > (B — M)h > C™'h

for some constant C independent of h.

It is classical that the Hausdorff measure of the Julia set is finite (see [17] and
the references therein) and that the Hausdorff dimension equals the box-counting
dimension. Using the setup of the box-counting dimension, let N(¢) be the number
of sets of diameter € needed to cover J. With

5— — lim log N(e)
e—0* loge

)

P(h) = N(Kh) implies P(h) = O(h~?). We write L(s) as a sum of m? operators
Li;(s) as before, L;;(s): H*(U;) — HZ(U]-), but now we have a better bound on the
weight independent of h. Since [g/(2)]: R = R,

(4.1) &/ (@)F°| < Cexp(|s]| arg[g{ (2)]])
1/2
< exp(C1|s\(|Im(zl)|2 + |Im(22)|2) / )
<C,, z€ U](h)
Each L;;(s) is a sum of no more than P(h) operators, each of which satisfies 1, <
Ca'""/C for some 0 < o < 1 by Lemma 3.3. Thus using again (3.7) and (3.8) we get
the estimate
(4.2) log | det(I — L(s))] < CP(h) = O(h™%)
which is (1.3). [ |
5 Counting Zeros in Strips

In this section we prove the following corollary to Theorem 1.1. The methods used
here are similar to those used in [10, 16].

Corollary 5.1 Let m(s) denote the multiplicity of a zero of Z(s) ats. Then
(5.1) Z{m(s):rﬁ |Ims| <r+1, Res > —Co} < Cy°

where § = dim J.
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In order to prove this corollary, we will need to bound Z(s) away from zero for
Res > Cy. We do this by employing a dynamical formula for Z(s) which is inter-
esting in its own right. For the development of this dynamical formula, we take D;
to be C2-balls containing § C RZ. We again view f asa map f: R2 — R? and then
extend to a holomorphic function C*> — €2 and write f for this extension whenever
unambiguous.

Proposition 5.2 For Re(s) > 0,

B | [(fM)' (2]~
(5.2) det(I — L(s)) = exp(— 2 - fn(zz):z e (d(f")(z))*1)|) )

Proof For |\| sufficiently small, log(I — AL(s)) is well defined and

det(I = ML(9) = exp( - i % (L))

n=1

In order to evaluate the traces, we write

rL(s)" = Y tr(Lii(s) 00 Ly, (5)),

where L;;(s) is given by (3.10). If the target space is different from the domain space,
there are no eigenvalues, so that

> tr(Lin(s) o 0L, (9) = > tr(Lis(s) o0 Liy,(5)).

(i1,nsint1) (i150sin)

We have
Lii(s)o--oLii(ulz) =[(g, o 0g,) (@ u(g,o--og,(2),

and Lemma A.1 in the appendix shows that

1
| det(I — d(g;, o+ 0g;,)(2)|

tr((gi,0---0g,)") =

which completes the proof once we put A = 1. ]
Proof of Corollary 5.1 Using (5.2) it is clear that for Res > C, we have
|[(fn)/(2)]75| S CC;nRe(s)

with C; > 1 since z is a periodic repeller and [(f")’(z)] is real on J. Then the
convergence of the double series in (5.2) is immediate and gives Z(s) > 1/2 for
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Res > Cy. With Z zero free for Res > Cy, an application of the Jensen formula
shows the left-hand side of 5.1 is bounded by

Z{m(s) ds—ir—Col <2(Cr+Cp)} < Cs max  log|Z(s)|
|s—ir—Co|<4C,

<C max log|Z(s)|
| Res|<Cs
|s|<4Cy+r

SClr(s. |

6 Polynomial Neighbourhoods

Suppose {/;} are the zeros of Z(s) counted with multiplicity. Let 0 < a < 1
and consider the region R, = {|Res| < |Ims|®, |s| > 1}. Let No(r) = #{u; €
Ry |pj| < r}. We expect N, (r) to be somewhere in between the upper bound in
strips, No(r) = #{p; : Repj > Co, [Imp;| < r} < Cr'*°, and the global bound
Ni(r) = #{|pj| < r} < Cr’. The following theorem asserts that we get the expected
interpolation. The techniques used in the proof of the theorem should extend easily
to the case of convex co-compact Schottky groups [7], giving the same upper bound
asin [18].

Theorem 6.1 ~ With {j1;}, o, and N, defined as above,
(6.1) Na(r) < Cor'2aroti=e),

Proof In order to begin, we start, as in the proof of Theorem 1.1, by construct-
ing a cover of J by open sets. For h = |s|™!, let B,(h) be the open ball B, (h) :=
Be2(0, h'=%), and set g(h) = J+ B, (h). We can pick a finite subcover ofg(h), U(h) =
U7 Ui(h), as before, so that d(g;(U;j(h), dU;(h)) > C;'h'~“ for some constant C,
independent of h. Write £ as a sum of m?* operators L;;(s): H*(U;) — H*(U;) as
before. Since [g/(z)]: R2 — R, if we take s € R, := {|Res| < 5/Ims|*},

(62)  |lg/ ()| < Cexp(C|Res||log(|[g/(2)]]) + C|Ims]| arglg/ (2)]])
< Cexp(C|s|“ +C|Ims|((Imz;)* + (Imzz)z)%)
< Cexp(Cls|*).

Now each L;;(s) is a sum of no more than P(h) = O(h—01—a))y operators, each of
which has characteristic values {v;} satisfying v, < CeClI"=1"*/C Then for s € R/,

) |57 =) |spperdti—a)

1Z()] < TI(1+Ceckl™=1"re <ce

Next we restrict attention to zeros in the upper left quadrant. Observe that for any
1 < 13, we can cover R, N {r; < |s| < r,} by boxes of width 2r® and height r* with
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|Rs| = 2| Sss|*

|Rs| = 5|

[2r*, 0] x §[r,r+r“]

RI

«

RD{

R_

Figure I: Regions used in the proof of Theorem 6.1

right bottom corner at s = ir, for r; < r < rp. If ng(r) is the number of such boxes
needed to cover R, clearly r= /2 < dnp(r) < 2r~“. Each box [—2r%, 0] x i[r, r+r"]
can be covered by two discs D;(r) U D,(r) with

3 1 1
Di(r) = D(—Er" +i(r+ Er“) , —\/Er“) ,
Dy(7) D( 10‘+‘(+1a) €1 a)
r)=D(—=r"+i(r+=r r
? 2 2 ,\ﬁ ’

both of which fit inside of R/, (see Figure 1). The Jensen formula tells us Np(r) :=
#{pj: pj € Di(r) UDy(r)} < Cr2*0=9) Then

Na(r) < / Np(s) dng(s) < Cri#2a+di-0)
1

as claimed. [ |

7 Lower Bounds on the Number of Zeros

In order to prove lower bounds on the number of zeros, we will use extensively the
dynamical formula (5.2). In light of [11] we see the series in Proposition 5.2 actually
converges for all Res > §. We will use this in the following proofs when we select our
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contours of integration. Let w(s) = Z(is + ¢), and suppose {}; } <, are the zeros of
w counted with multiplicity. Let u;(¢) € D’(R,) be the dlstrlbutlon

(7.1) w(t) = e
j
and let u,(t) € D’(R,) be the distribution

o ~1,(2)
7.2 w®)=t ) ﬂZ EEiErTey

where ¢ is the usual Dirac mass and

Ly(2) = log[(f")'(2)].

Lemma 7.1 With uy, uy as above,
(7.3) up (1) = (1)
in the sense of distributions on R,.

Remark 2 We use this distribution identity to make the presentation of the following
proofs clear, and in order to quote Lemma 7.4 below directly from [15].

Proof Let w.(s) = Z(is+ d + ¢) for € > 0. Then w, has a dynamical expansion for
Ims < 0, and if {\%} are the zeros of w, counted with multiplicity, then Im A > 0
for each j. In light of Proposition 3.1, we see w(s) is an entire function of order 3,
hence the Weierstrass factorization gives

d3 /
(7.4) ar ( w(\) ) - Z (Aj — /\)4

Now
_3!; — id_3 /OO AN gy — _ /Oo BetNi=N gy
(Aj =) ard J, 0

provided Im \; > 0 and A is real. Hence the right-hand side of (7.4) is
(75) v = =723 E).)

i
and the left-hand side of (7.4) is

e do(t — Ly(2))
(7.6) vz(t)*—”f(l‘4 “ )Z Z |det(10—d(f") 1(Z))\)
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where F denotes the usual Fourier transform. Since both of these distributions are
tempered and F is an isomorphism on 8, we conclude

uy (t) = uy(r)

away from 0, where

(7.7) us (1) == Z et
j
and
€ e 4 ,—(0+e)t l 6O(t - L,,(Z)
(7.8) u5(t) :==te ; " f%z (et —d (/) @)

Finally, integrating against a test function in C5°(IR;) and sending € to zero gives
(7.3). [ |

Next we use this distribution identity to count zeros in specific regions.

7.1 Zeros in Strips

We first recall some notation. We say f(x) = Q(g(x)) as x — oo if there does not
exist any constant C for which f(x) < Cg(x) as x — oo. That is, f(x) cannot be
controlled by g(x) as x — oo.

Theorem 7.2 Let 6 be the dimension of the Julia set, Z(s) the dynamical zeta function,
and {ju;} the zeros of Z with multiplicity. Then there exists g > 0 such that for all
0<e<ep#{pj:|Impj| <rnCe ! <Rep; <8} =Q(r').

Observe that Corollary 5.1 implies an upper bound on the number of zeros in strips:
#{pj | Impy;| <, —C <Repj <6} <Cr'*,

which suggests this lower bound is in fact not optimal. Instead we have the following
conjecture.

Conjecture 7.3  There exists g > 0 such that for all 0 < € < €, there exists 0 <
C, < oo such that

#Hpj [ Imp;| < r,—e ' <Repj < 8} > (C7Hr'™,

where ¢ is the dimension of the Julia set.
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Proof of Theorem 7.2 Let ¢ satisfy $ € Ci°(R), p(0) = 1, > 0 and suppp C
[—1, 1], where & denotes the Fourier transform. Define ., 4(f) = §(y ! (t — d) with
d>1,v <1,sothatsupp p, 4 C [d—7,d + ] C R.. Then

(7.9) (ur, Bra) = 2m) 72> "0y a(N))

and

L,(2) exp(—L,(2)d)
(710) le, 90“ Z Z ‘ det(I d (fn)_l(z))| Sow,d(Ln(Z))

with L, (z) = log[(f™)’(2)]. If d is chosen near one of the L, (z)s and ~ is small, (7.10)
is bounded from below by
(7.11) C~'de ™.

Next we deal with (7.9). Note (., 4 is an entire holomorphic function satisfying

4.4 = ve(vQ)| < Cuyexp((y — d)Im (1 + [¢)) ™

for any N, Im ¢ > 0 by the Paley—Wiener theorem [9].

Since w is entire of order 3, the Jensen formula gives Ny (r) = #{\; : [Aj| < r} <
Cr®. Then for k > 0,

712) | 3 O] 00 [T an M dr < oy 20,
{ImA\j>r} 0

Now assume
N(k,r) =#{Aj:|ReXj| <rImA; <k} < C.(r)ri¢

for some constant C,(x). Then

713 | Y o] <Cv [ aran NG, dn <o
{Im \j<x} 0
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Combining (7.12) and (7.13) we get that (7.10) is bounded from above by
C,V—Ze(l—d)ﬁ + C,ye

Hence we have the inequality C~'de=%¢ < Cy~2el1=#* + C~* which yields a contra-
diction once we set v = e~ with 3 > §/¢,and Ce™! > k > § + 2(5 /). [ |

7.2 Lower Bounds in Logarithmic Neighbourhoods

In this section, we use a theorem from [15] to get improved lower bounds in loga-
rithmic neighbourhoods of the real axis. To this end, let A = {A;} be the set of zeros
for w(s) = Z(is + d), and let A, = {\; : Im \; < plog|\j|}. Let

Ni(r) = #{X; : [\ < 1},
Ny(r) =#{\j € A, |\j| < r}.

We know N (r) = O(r*) from Proposition 3.1. We use a slightly different test func-
tion for this development. Let ¢ € C5°(IR) satisty supp(y) C [—1,1], (0) = 1,
P(¢) > 0forall¢ € Rand ford > 1,7 < 1, set o, 4 = (v~ '(t — d)). We will need
the following lemma, taken directly from [15]:

Lemma 7.4  Suppose {\;} C C is a sequence of points such that u(t) := Ej Pl

belongs to D'(R..). Suppose for some k € R and fixed d > 0 there is a constant 0 <
C < oo such that

(7.14) [(pw)(N)] > (€ = o1, A — oo

for every ¢ € C3°(Ry) with sufficiently small support such that o(d) = 1. Then for
every sufficiently small € > 0 and p > (n — k) /(d — €*) we have

(a) Ifk > 0, then

1

— 0(1)) rktl

and moreover

)\jeA/)v
[Re \j|<r

(b) Ifk <0, then for everyn > 0, thereis r(n) > 0 such that N,(r) > r'~"ifr > r(n).
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For a proof, see [15]. We will use the first part of the lemma to deduce the follow-
ing “honest” linear lower bound.

Corollary 7.5  For @ 4 and p as above,
(7.16) N,(r) > (C™' —o,(1)r.

Proof Using the distribution identity (7.1), we see 1 is of the correct form to apply
Lemma 7.4. It remains then only to verify that (7.14) holds with k = 0. If f(z) is
hyperbolic rational, we can replace f with an appropriate iterate so that f'(z) > 1
on J. Then nlog(A) < L,(z) < nlog(B) forall n, f"(z) = z, where A = miny f'(z)
and B = maxy f'(z). Since there are precisely m" discrete orbits for each n and the
L,(z) — oo, if we fix n we can find ~, small enough and /¢ close to nlog(AB)l/2 SO
that £ = L, (z) for at least one orbit and

1 ifL,(z) =4,
0 otherwise.

Pyl (Ln(2)) = {
Then for this ¢, 4, we calculate for u;, u, defined above:

|07, 0) V)] = |G ) (V)]

B 1 Ln(z)e*‘sL”(z)%,d(Ln(Z)) e
= ‘Z;f;_( | det(I — d(f")~1(2))| ‘ L(M)’

n

(7.17) B 1 Le™ o
' - an;_ [det(I —d (f")~'(2))]
Ly(z)=t

(7.18) >C!

with (7.17) and (7.18) holding because the sums are finite and all terms are positive.
Thus u; satisfies the hypotheses of Lemma 7.4 with k = 0 and (7.15) gives (7.16).
|

8 Final Comments

Experimental evidence in [16] suggests Conjecture 7.3 is true. However, as is com-
mon with this type of estimates, sharp lower bounds have remained elusive. In order
to illustrate the subtlety of this question, we will look at the following example.
Assume for simplicity that f(z) = z* + ¢ for ¢ real, ¢ < —2, and that A/B is
irrational, with 1 < A = ming |f'(z)| < B = maxy |f’(z)| as before. Then J is a
Cantor-like set in the real line and all the proofs above go through by complexifying
to C instead of C2. In the proof of Corollary 7.5, we stated that the distribution of the
L,(z)s is Gaussian with concentration at log(AB)'/2. This suggests a simple model for
the zeta function. With A and B as above, we model the distribution of the L,(z)s in
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the following fashion. We write L, (z) = kl; + (n — k), with multiplicity (Z), where
we have set I; = logA and I, = log B. Using (5.2) as a basis, we calculate

- exp(—sL,(z))
Z fnz: (1 — exp(—Ly(2)))

--> % S S exp(—(s+ KLy (2))
n =k

Y (;) (exp(—(s + K)11))™ (exp(—(s + k)h)" "
n kK m

= =30 S (s + )+ exp(—(s + K"
n k
_ Z log(l —(s+k)], (s+k)lz)

log H( 1— —(s+k)ly —(s+k)lz )

SO we set

(81) H(l A~ (s+k) —(s+k) )

This model shares some important features with Z(s). First, it has one zero at s = 4,
where 4, solving A’ + B = 1, is the “dimension”. Second, it is easy to see that since
A/B is irrational, there are no other zeros on Res = 4. However, if Res > —C, we

can take
K

Z(s) ~ CJJ(a — A0 — B=6+)
k=0
for some K. Then as |s] — o0, Z(s) ~ CeéCFl, whence the number of zeros in
{Res > —C,|Ims| < r} grows linearly.

A Appendix

The following lemma is widely known in the literature, but we include a proof of the
general result here for completeness.

Lemma A.1  Suppose Q) C R? is an open, bounded, convex domain, and f: Q — Qs
an analytic contraction obtained from a holomorphic function on C identified with R?.

Let f: Q — Q denote the extension of f to a holomorphic contraction on a bounded,
pseudoconvex domain Qc (~C2. Suppose zy is the unique fixed point of f. Then the
pullback operator f*: H>(f(Q)) — H?(Q) has trace
= 1
(A.1) trf =
[det(r — df(z1))]
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We first prove this result in the case Q is a ball.

Lemma A.2  Suppose f: Br:(z0,1) — Bge(20,1") is an analytic contraction obtained
from a holomorphic function on C identified with R%, and let f : Bea(zg, 1) — B2 (20, 17)
be the holomorphic extension of f to C2. If z, is the unique fixed point of f, then the
pullback by f, f*: H*(Be (2o, 1")) — H*(Bc2(20, 7)) has trace

= 1

trf =————.

|det(I — df(z1))]
Proof Without loss of generality, zy = 0, and f: Be2(0,1) — B(0, p) for some
p € (0,1). Since the group SUc(2,1) acts transitively on the unit ball in C2, by
composing with appropriate Mobius transformations we may also assume z; = 0

(see [1]). We first consider f: Bg:(0,1) — Bg:(0, p). The assumption that f is
obtained from a holomorphic function on € means for z € C,

df(0)z = (a+ib)(x +iy) = (ax — by) + i(bx + ay)

for some a, b € R. But this implies d fy> (0) and hence d f(0) has the very special form
z a —b
af) = (b R ) , a,beR.
Thus d£(0) is always diagonalizable. Note then that if
= z1\ _ [(az —bzn
df(0) (.22) - (b21 +azz> ’
then the change of variables
w1\ z\ 1 a(a—ib) —bla—ib)\ [z
(A.2) <W2> =4 (zz> T a2+ b2 (b(a +ib) ala+ib) Z

makes d f (0) diagonal, and further, detA = 1.

We have an orthonormal basis for H?(B¢2(0, 1)) in the form {c,z% },en: for con-
stants ¢,. We can use the Bergman kernel to write the kernel for the pullback operator
on H?(B2(0, 1)),

Kp(z,9) =Y lea*(f(2))°5",
so that for each u € H*(B2(0, 1)),

frulz) = / K. (2, 5)u(s) dm(s).
Bu(01)
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Here dm(s) denotes the usual Le})esgue measure on 2. We will use the change of
variables (A.2) and the fact that f* is trace class to exchange the integral and sum in
the following to get:

tr f* = / K. (z,2) dm(z)
B(0,1)

_ / S leaF(F(20)°2° dm(z)
Ba(0)

:/ Z |cal(df(0)z + O(|2]*)*Z* dm(z)
B

2(0,1)

:/ an|2(<azlb a—Oib> w+(‘)(|w|2)) w dm(w)
Ba(0.)

=> (a+ib)" (a—ib)*

= |det(I —d f(0))|". |

Proof of Lemma A.1 Let B be the largest open ball with center at z; so that B C Q.
Since f is a contraction and we can always replace f with an appropriate iterate if
necessary, we may assume without loss of generality that f(Q) C B. Now suppose u

is a generalized eigenfunction of f * acting on H?( f (£2)) with nonzero eigenvalue .
That is,

(A.3) (FF =Nu=0, but (f*=N'u#o0

for some k € 7, and A # 0. We claim u can be extended to an eigenfunction of f*
acting on H?(B) with the same eigenvalue. Indeed, if (A.3) holds, we have

(7" =M= | (’;) (DN | u =0,

k
j=0
which motivates setting

k—1

(A.4) di= (—1)’<+1A—’<[

(§) v

Ths lowest order pullback on the right-hand side of (A.4) is order 1, and since f (B) C
f(Q), i is in H?(B). As (f* — A) commutes with )\f(f*)k*j, we have

j=0

(f*=XNka=0, but (f*—N'a#o.
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Lastly, if u is a generalized eigenfunction of f* acting on H?(B), clearly the restriction
of uto f(€) is a generalized eigenfunction with the same eigenvalue for f* acting on
Hz(f(fl)). Then the trace of f* acting on Hz(f(ﬁ)) and H?(B) are the same and we
can apply Lemma A.2 to get (A.1). [ ]
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