Glasgow Math. J. 59 (2017) 595-621. © Glasgow Mathematical Journal Trust 2017.
doi:10.1017/S0017089516000422.

DEGREE CONES AND MONOMIAL BASES OF LIE
ALGEBRAS AND QUANTUM GROUPS

TEODOR BACKHAUS and XIN FANG

Mathematisches Institut, Universitdit zu Koln, Cologne, North Rhine-Westphalia, Germany
e-mails: thackha@math.uni-koeln.de, xinfang. math@gmail.com

and GHISLAIN FOURIER

School of Mathematics and Statistics, University of Glasgow, United Kingdom
Institut fiir Algebra, Zahlentheorie und Diskrete Mathematik,
Leibniz Universitdt Hannover, Hannover, Lower Saxony, Germany
e-mail: fourier@math.uni-hannover.de

(Received 10 June 2016; revised 29 September 2016; accepted 30 October 2016;
first published online 20 March 2017)

Abstract. We provide N-filtrations on the negative part U,(n~) of the quantum
group associated to a finite-dimensional simple Lie algebra g, such that the associated
graded algebra is a skew-polynomial algebra on n~. The filtration is obtained by
assigning degrees to Lusztig’s quantum PBW root vectors. The possible degrees can
be described as lattice points in certain polyhedral cones. In the classical limit, such
a degree induces an N-filtration on any finite-dimensional simple g-module. We prove
for type A,, C,, Bs, Dy and G, that a degree can be chosen such that the associated
graded modules are defined by monomial ideals, and conjecture that this is true for

any g.

1. Introduction.

1.1. Motivation. Let g be a finite-dimensional simple Lie algebra with a
triangular decomposition g = n* @ b @ n~. Let U(n") be the corresponding universal
enveloping algebra. Lusztig [18] introduced the canonical basis for the quantized
enveloping algebra U,(n™). Subsequently, Kashiwara [14] gave a different construction
of this basis under the name global crystal basis. When the quantum parameter is
specialized to 1, the canonical basis is specialized to a linear basis 5 of U(n™). Let V' ())
be the finite-dimensional irreducible representation of U(g) of highest weight A and v;,
be a fixed highest weight vector. The canonical basis B of U(n™) induces a canonical
basis of V(1) by

B,\z{b-vxlbeB,b-v,\qéO}.

This is one of the most important properties of the canonical basis.
In this paper, motivated by [7-9], we are interested in the existence of monomial
bases £ of U(n™) satisfying the following properties:

(P1) There exists an N-filtration F on U(n™) such that the associated graded algebra is
the polynomial algebra S(n~); the set £ is a linear basis of the associated graded
algebra.
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(P2) Let V7 (1) be the associated graded S(n~)-module with cyclic vector v/,
E={b-v] |be& b-v] +£0}

is a linear basis of V7 (1), hence a linear basis of V(1)
An equivalent formulation of (P2) in terms of monomial ideals is:

(P2) find an N-filtration F on U(n~) such that for any dominant integral weight A,
the defining ideal of gr” V(1) is monomial.

By turning back to quantum groups, we may ask similar questions:

(Q1) Isthere an N-filtration of U,(n~) such that the associated graded algebra is S,(n™)
(a skew-polynomial algebra on the vector space n™).

1.2. Answering (Q1). The answer to (P1) is rather trivial. We fix a weighted basis
of n~, indexed by positive roots A™, and letd : n~ — N be a degree function on n~
such that for any basis elements x, y € n™:

d(x) +d(y) > d([x, y].

This induces an N-filtration on U(n~) and the induced associated graded algebra is
isomorphic to S(n~). We denote D, called the classical degree cone, the real cone
generated by all degree functions on n™ (respectively A™) satisfying these inequalities.

To construct an N-filtration on U,(n~), it is not enough to consider its Chevalley
generators Fi, ..., F,, since U,(n™) is already a graded algebra for any grading on
these generators, and the defining ideals of simple modules are seldom monomial.

There is another basis of U,(n™) given by Lusztig [19], called quantum PBW basis.
Letw, ==, ...s;, beareduced decomposition of the longest Weyl group element. We
associate a sequence of elements Fg,, ..., Fg, € U,(n™), where {81, ..., Bn} is the set
of positive roots and Fpg, is a quantum PBW root vector of weight —pg;. Then, Lusztig
has shown that ordered monomials in Fg , ..., Fg, form a linear basis of U,(n™).

The naive approach of setting the degree of Fg, to 1 for all g; does not provide
gr U,(n™) = §,(n7) for the induced filtration:

EXAMPLE. Let g = sl4 be of type A;. Fix the reduced decomposition w, = 515251535251
of the longest element wy in the Weyl group of g. We denote by F; ;y1..x the quantum
PBW root vector corresponding to the root —(«; + ;1 + - - - + ax). The following
relation holds in Uy(n™):

Fy3Fiy = FioFyy — (¢ — ) FaFios.

In general, the commutation relations in U,(n~) are given by the following
Levendorskii—Soibelman (L-S for short) formula: for any i < j:

— . i i
Fﬂ/Fﬂ[ —q (ﬁ"ﬂ’)Fﬂ[Fﬁ/. = Z c(Pigty -, nj_l)ngL' - Fﬁj_ll'

Nigtsjo120

These commutation relations depend heavily on the choice of reduced decomposition
w,. For a given reduced decomposition w,,, we seek for degree functions on the set of
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positive roots
d: A+ — N,

such that letting deg(£) = d(B) for B € A, defines a filtered algebra structure on
U,(n~) and the associated graded algebra satisfies gr! U,(n") = S,(n~). Inspired by
the LS formula, we define for any reduced decomposition w,, the quantum degree cone
Dy, by

j-1
D;O = {(dp) € R‘f” | for any i < j, dg, + dp, > Z midg, if c(nigr, ..., mj_y) # 0} .
k=i+1

The first main theorem of this paper is:
THEOREM A. Let w,, be a reduced decomposition. Then,

(1) the set DY, is a non-empty, open polyhedral cone;
(2) adegree functiond : At — N defines a filtered algebra structure on Uy(n™)
such that gr* U,(n™) = S,(n") if and only if d € DY, N ZV.

Itis natural to ask whether there is a uniform degree function d which is compatible
with every reduced decomposition. We will show that for a simple Lie algebra g, such
a function exists if and only if the rank of g is less or equal than 2, i.e. for any g of rank
larger than 2, we have

m D;() = @’

wyER(wo)

where R(wy) is the set of all reduced decompositions of wy.

Suppose g is of simply laced type and the reduced decomposition is adapted to
an orientation of the associated Dynkin quiver. Using the Hall algebra realization
of U,(n™), the coordinates of the lattice points in the quantum degree cone have
an interpretation as dimensions of certain homomorphism spaces for the particular
Dynkin quiver [7].

1.3. Answering (P2). We turn from the quantum situation to the classical one
and analyse the implication of the induced filtration for finite-dimensional simple
modules.

Let V(1) be the simple module of highest weight A. Since V(1) = U(n™) - v;, any
filtration on U(n~) induces a filtration on V'(1).

Letd: A; — N be a degree function for U(n™) such that gr! U(n~) = S(n~). The
associated graded module gr? V(1) of the induced filtration is a cyclic S(n~)-module.
Hence, there exists an ideal 7%(1) C S(n~) such that gr® V(1) = S(n™)/I%()).

Our second aim of the paper is to find monomial bases of grt V(). If the ideal
I9()) is monomial, there exists a unique monomial basis for gr? 7(1). We will focus on
this case in the paper.

The global monomial set Sgr, consists of all degree functionsd : A — N such that
for any dominant integral weight A, 74(1) is a monomial ideal. As the other main result
of this paper, all monomial bases appearing in the context of PBW filtration in the
literature can be actually obtained through a degree in the global monomial set.

https://doi.org/10.1017/5S0017089516000422 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089516000422

598 TEODOR BACKHAUS, XIN FANG AND GHISLAIN FOURIER

THEOREM B. Let g be a simple Lie algebra of type Ay, Cy, Bs, Dg or Go. Then, Sgm # 9.

We provide a degree function in the global monomial set in each case (for the
A,-case this has been done already in [7]). Based on the evidence of several further
examples, we conjecture:

CONJECTURE. (1) Sgm # ¥ for any simple finite-dimensional Lie algebra g.
(2) For any simply laced simple Lie algebra, there exists w such that Sem N Dy, is
non-empty.

1.4. Remarks on the boundary of the classical degree cone. Let g be of type A,.
The boundary of D, denoted by dD, is defined as the difference of the closure of D
and its relative interior. Let S(9D) := 3D N Z*+ be the lattice points in D.

Letd € S(3D). Then, d defines a filtration 74 on U(n™). In general, the associated
graded algebra is no longer the commutative algebra S(n~), but some algebra which
is a degenerated version of U(n~) and admits a further degeneration to S(n~). This
associated graded algebra is the universal enveloping algebra of the Lie algebra n—4,
which is a contraction the Lie bracket of n~ on the prescribed roots by d (see [4] for
details).

For A € P, we can similarly define the associated graded module V4(1): It is a
cyclic U(n~%)-module with cyclic vector vd. It is proved in [4] that the highest weight
orbit

FU) = exp(n=9) - f] € P(V*(1)

is a flat degeneration of the partial flag variety F ().

Moreover, for some d € S(3D), it is conjectured in [5] that a monomial basis of
the representation V9(1) can be parameterized by the lattice points in a chain-order
polytope associated to a marked poset.

1.5. Organization of paper. In Section 2, we fix notations, introduce the classical
degree cone, the local and global monomial sets. Quantum degree cones are defined
in Section 3, where Theorem A is proved. We provide examples and properties of
the quantum degree cone in Section 4. In Section 5, examples for local and global
monomials sets are given and Theorem B is proved. We conclude with some examples
on quantum degree cones in Section 6.

2. Lie algebras and the classical degree cones.

2.1. Notations and basic properties. Let g be a simple Lic algebra of rank n over
the field of complex numbers C. We fix a triangular decomposition g=nt @ h o n~
and a set of simple roots IT = {«, ..., «,} of g. The set of positive roots of g will
be denoted by A, with cardinality N. Let @, = }"/"; No; be the root monoid. Let
p=1 > _wea, @ be the half sum of positive roots. For o € A, we pick a root vector f,
of weight —a. Let w;, i = 1, ..., n be the fundamental weights, P be the weight lattice
and P, = "I, Na; be the set of dominant integral weights. For a dominant integral
weight A € P,, let V(1) be the finite-dimensional irreducible representation of g of
highest weight A and v, a highest weight vector. Let U(n™) be the enveloping algebra
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of n~ and S(n™) be the symmetric algebra of n=. For A = Y _'"_, M;w; € Py, denote the
height of A by [A| := Y1, m;.

We define R2+ := {f : Ay — Ris a function}. It is an R-vector space of dimension
N. Let ng C R?+ be the set of functions taking positive values, we define similarly
N4+ and Z*+. A function d € R*+ is determined by its values (dg := d(8))gea, - Once
a sequence of positive roots (B, Ba, ..., By) is fixed, R+ is identified with RV via:
d— (dﬁl s dﬁzv ey d/gN).

Let W be the Weyl group of g with generators sy, . .., s, and wy € W be the longest
element. We denote R(wy) the set of all reduced decompositions of wy.

For any reduced decomposition w, = s;, ...s;, € R(wg), we associate a convex
total order on A;: for 1 <t<N, we denote B, =y ...s;, ,(a;), then A L =
{B1,.-., By} and B; < By < ... < By is the desired convex total order. It is proved

by Papi [20] that the above association induces a bijection between R(wg) and the set
of all convex total orders on A .

For the simple Lie algebra sl,,; of type Apand 1 <i <j < n,wedenote;; := o; +
4o, then Ay = {;; | 1 <i <j<n}. For thesimple Lie algebra of type B, and 1 <
i <j<n,wedenote o;; == at; + -+ q; andforcxij =it tato A+ 4
then Ay = {«;), o7 1 <i<j<n, 1 <k<]I<n} For the simple Lie algebra sp,,
of type C,and 1 <i <j < n, we denote o;; := ai—l—-n—i—ajandalj =+ - +a,+
.-+ + o, notice that o, = a5, then Ay = {o;, a1 <i<j<n}

Fors = (so)aca, € N2+, wedenote /™ ;=[] ... f3 € S(n™). For any d € N2+, we
denote degy(/®) == > cn, Sada-

aeAy

2.2. The classical degree cone. We start with the classical degree cone.

DEFINITION 2.1. The classical degree cone D is defined by

D:={de Rgg | forany o, B,y € Ay such thata + B =y, dy, +dg > d,}.

EXAMPLE 2.2. The element e defined by e, = 1 for all « is in D for any simple Lie
algebra.

By definition, D is an open polyhedral cone. We let S(D) := D N Z%+ denote the
set of lattice points in D. For any d = (dg)gea, € S(D), we define a filtration F4 on
Un™) by

}"SdU(n_) :=span{f,.f,, ... [y | Vi, ..., ¥k € Ay such thatd, +d, +---+d, <s}.

By the cyclicity, every irreducible representation /(1) admits a filtration arising from
F
FYv() = FlUMm™) - v,.

Note that for d = e, this is the PBW filtration, which has been subject to a lot of
researches in the past 10 years.

LEMMA 2.3. For any d € S(D), we have the following:

(1) Fd:.= (.7-'0d C .7-'1‘i C...C FYC...) defines afiltration on U(n~) whose associated
graded algebra is isomorphic to S(n™).
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(2) Let V(L) be the graded module associated to the induced filtration. Then, V(L) is
a cyclic S(n™)-module.

Proof. The universal enveloping algebra U(n™) is a quotient of the tensor algebra
T(n™) by the ideal generated by x® y—y® x — [x, y] for all x,y en™. In n~, for
o, B,y € AL witha + 8 =y, [fs, fglisamultiple of f,,; if d € D, we have d, + dg > d,,
which proves the first part of the lemma. The second part is clear. ]

Let vd be a cyclic vector in 4(1). By (2) of the lemma, the S(n~)-module map
¢:Sm7)— Vi), x> x- vg

is surjective. We denote 79(1) := ker ¢ and call it the defining ideal of V4(3).

2.3. The local and global monomial set. We are interested in some particular
degrees such that the associated graded module admits “good” bases.

DEFINITION 2.4. The local monomial set Sy, is defined by

Sim :={d = (dg)gea, € S(D) | foranyi=1,2,...,n, Id(w[) is a monomial ideal}.

REMARK 2.5. For any simple Lie algebra g, the local monomial set Sy, is non-
empty. For example, one possibility is to linearly order a monomial basis of any fixed
regular representation. The induced order will be in the local monomial set.

DEFINITION 2.6. The global monomial set Sy, is defined by

Sem = {d = (dg)gen, € S(D) | for any 1 € Py, I%()) is a monomial ideal}.

It is clear that Sgm C Sim.
The main goal of this paper is to study the following questions:

(1) Whether the global monomial set S, is non-empty? That is to say, does there
exist a filtration on U(n™) arising from d € D such that for any finite-dimensional
irreducible representation, the defining ideal of the associated graded module is
monomial?

(2) If the answer to the above question is affirmative, for any A € P,, we obtain a
unique monomial basis for V'4(1) parameterized by S(1) := {s € N4+ | £ . v4 £ 0}.
Whether there exists a lattice polytope P(1) such that S(A) is exactly the lattice
points in P(A)?

2.4. Criteria for the local monomial set. We first give a criterion to decide whether
d € D is contained in Sy, which is useful in the rest of the paper.
We fix A € P,. For u € P such that r, := dim V(1) # 0, we denote

S,=1seN* | f . v, #0¢e V(r) and Zsaa=k—u

aeA;
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this is a finite set. Suppose that S;, = {s1, 2, ..., sy, } with

degy(f™) < degy(f™) < ... < degy(f>).

LetT, = {sx | f* - vx ¢ span{f™ - vy, ..., %" - v:}}. Then by construction, the set
{f>.v, | s € T,}is a basis.

LEMMA 2.7. Let u € P. Suppose
sk ¢ T, = deg(f™) > deg(f®) for all s; € T, withl < k,
then the defining ideal 14(.) is monomial.
Proof. 1t suffices to show that if s, ¢ T, then /% € I9(%),. Indeed, by definition,

si ¢ T, implies that f% - v, is a linear combination of (% - vy, ..., f% - v, with
si, € T,,. By assumption, deg(/*) > deg(f*), hence in the graded module, we have
[ e 1Y), O

The following corollary is a special case of the lemma; it will be used repeatedly
when dealing with the examples.

COROLLARY 2.8. The defining ideal 1%(1.) is monomial, if for any ju € P withr, # 0:

(1) if'ry =1, degy(F™') < degy(f™);
Q) ifr, > 1, #{degg(f) | 1 <k < m,} =my,.

2.5. How local and global monomial sets are related. We give a sufficient condition
for an element in Sy, being contained in S,n. Let d € Sy and for 1 <i <n,
S%(w;) = {a e N+ | f*. v £ 0}. For an integer m > 1, let S%(w;)™ denote the m-
fold Minkowski sum of S4(w;). We will write S(z;) to instead S%(z;) when the context
is clear.

THEOREM 2.9. For any A = myw| + myws + - - - + muw, € Py, if #(S(w))™™ +
S(@2) ™ + - - + (@) ) = dim V(3), then d € Sgn.

The rest of this paragraph is devoted to the proof of this statement. This is based
on the proof of [7, Theorem 3], which handles type 4. For any t = > ., rym; € Py,
we define

S(r) 1= S(@1)*" 4+ S(@2) " + - -+ S(a) .

We want to show simultaneously that for A, u € Py,

(1) {f*- v, |'s €S+ pw)isabasis of VI + p);
(2) the defining ideal 74(A + ) is monomial.
The statements will be proved by induction on the height of A + w. The height 1
case is the assumption d € Sj,. The induction step will be divided into several parts.
Let < be a total order on {fg | B € A;} refining the partial order defined by
d = (dg)gea, and consider the induced lexicographical order on the monomials in
U(n™). The following proposition is proved essentially in [10, Proposition 2.11]; in [7,
Proposition 4], it is proved in detail for a particular degree function for type A, but
the proof used there is valid for a general d. Both of the following two propositions are
independent of the assumptions in Theorem 2.9.

https://doi.org/10.1017/5S0017089516000422 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089516000422

602 TEODOR BACKHAUS, XIN FANG AND GHISLAIN FOURIER

PROPOSITION 2.10. For any A, u € P+ the set {f* - (vl ® vg) |'s € S(A + w)} is linear
independent in V(1) @ V().

This set lies in the Cartan component of V4(1) ® V4(u) and since |S(A + u)| =
dim V(1 + p) this set is a basis of the Cartan component of V(1) ® V(n) and of
V(A + ), respectively.

PROPOSITION 2.11. If's ¢ S(A + ), then f* - vl = 0in VI + ).
Proof. We fix s ¢ S(A + ) and write

L= Y et v in V4 ). (1)
teS(A+u)

Since V(A 4+ p) C V(1) ® V (), we have an expansion of the equation (1):

)= ) acn/t v ®f" v, in V) ® V(w.

teS(A+un), a+b=t

Byreplacingthosea ¢ S(1) (resp. b ¢ S(w)) by a sum supported on S(A) (resp. S(u)), we
obtain a unique expression. By induction, the corresponding monomials have strictly
lower degrees then deg(f) (resp. deg(f?)). This implies that we have for all t appearing
in this unique expression deg(f*) < deg(f®). O

PROPOSITION 2.12. Suppose the assumptions of Theorem 2.9 are satisfied, then the
set B={f5- vAdJm |'s € S(A + )} is a basis of V(A + ).

Proof. By considering each filtration component, this is a direct consequence of
Proposition 2.11. O

We are left with proving (2), the monomiality of the annihilating ideal. This follows
immediately from the following proposition.

PROPOSITION 2.13. Suppose the assumptions of Theorem 2.9 are satisfied, then the
defining ideal of the Cartan component of V4(1) @ V4(w) is monomial and there exists an
S(n~)-module isomorphism from the Cartan component of V(L) ® V() to V(A + ).

Proof. We have fors ¢ S(A 4+ u) = S(A) + S(w):
Someu)= Y [T @f v, in V)@ V()
ti+to=s

and t; ¢ S(A) or t; ¢ S(u). Hence, by Proposition 2.11, we can conclude that either
S vd =0in V() or /- v} = 0in V(). We obtain

f-ievy) =0 in Vi) @ Viw). (@)

Therefore, we have monomiality.

By Proposition 2.11, there is a surjective map of S(n~)-modules from the Cartan
component of V4(1) ® V4(u) to V(A + w), which is an isomorphism for dimension
reasons. O

This proves the monomiality statement (2) and hence Theorem 2.9, i.e. d € Sgp.
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3. Quantum groups and quantum degree cones.

3.1. Quantum groups. Let C = (c¢j)uxn € Mat,(Z) be the Cartan matrix of g
and D = diag(d,, ..., d,) € Mat,(Z) be a diagonal matrix symmetrizing C. Thus,
A = DC = (aj)nxn € Mat,(Z) is symmetric. Let U,(g) be the corresponding quantum
group over C(g): As an algebra, it is generated by E;, F; and K£! fori=1,...,n,
subject to the following relations: Fori,j =1, ..., n,

KK'=K'K=1, KEK ' =4'E. KEK' =qF,

K, — K

LiFj — FE; = §; T

qi —qi
and for i # J,

I—¢ ¢y

Z(_I)I,Elgl—cy—r)EjE[(r) =0, Z(_I)IAFI'(I_CHI_’A)EV/AFVI'(F) =0,

r=0 r=0
where
non_ ,-n E" Fn
o di ' m _ i m _ L
=q4%, [n],! = - EY=—"— and F"" = /.
a=dt =11 B =g T Dy

Let U,(n™) be the sub-algebra of U,(g) generated by Fifori =1, ..., n. Fori € P,
we denote by V(1) the finite-dimensional irreducible representation of U,(g) of highest
weight A and type 1 with highest weight vector v;.

When ¢ is specialized to 1, the quantum group U,(g) admits U(g) as its classical
limit. In this limit, the representation V() is specialized to V'(}).

3.2. PBW root vectors and commutation relations. Let 7; = Ti/,/l’ i=1,...,nbe
Lusztig’s automorphisms:

T(E) = —FKi. Ti(F)=—-K'E. Ti(K)=KK;".
fori=1,...,n,andj # i,

TWE) = Y (V¢ EVEED, T(F)= Y (-1)qFOEFY.

rs=—cj rs=—cj

For details, see Chapter 37 in [19]. We fix a reduced decomposition wy =s;, ... S;, €
R(wy) and let positive roots By, B, ..., By be defined as in Section 2.1. The quantum
PBW root vector Fg associated to a positive root §; is defined by

Fﬁ, = T'lll T'l'z e T}r—l(Fl'z) S Uq(nf).
The PBW theorem of quantum groups affirms that the set
(F =FyFg .. F)|s=(s1.....sny) e NV}

forms a C(g)-basis of U,(n™) ([19], Corollary 40.2.2).
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The commutation relations between these quantum PBW root vectors are given
by the following L-S formula: For any i < j,

FyFp—q P PFaFy = Y clmpr,....m D)F" . Fy (3)
gy yenns }’l,;]ZO
where ¢(ni11, ..., nj—1) € Clg*']. We denote

M = {Fg Fg" .. -F;;:f | niv1Biv1 + nipafo + -+ - +mi1 B = Bi + Bih

then for weight reasons, the sum in the right-hand side of (3) is supported inside M, ;.
Denote by M| ,q ; C M,;, the set of monomials which actually appear with a non-zero
coefficient in the right-hand side of (3). It should be pointed out that the right-hand
side of (3) largely depends on the chosen reduced decomposition. In general, it is hard
to know which monomials appear in M’ [qj

Let us have a closer look on how these formulas depend on the reduced
decomposition. Let w,, wy € R(wp) be two reduced decompositions such that they
are of form:

J— / —
Wy = Wy SpSqWpr, Wy = WySgSpWpr

with 1 <p # g < nand s,5, = 5,45,. We define / = £(w;).
Let the convex total order on A, induced by w, (resp. wy) be

Br<PBr<...< By (resp. B; < B5 < ... < By)

For s < [, the L-S formula (3) reads

Fﬂ.\-FﬁHZ — q(ﬁ’“ﬁ’“)f’—'/g/*_z1'7}3‘y = Z C(ns+1, e, I’l[Jr])F;:ll .. F;[ILI (4)

Ny 1541 >0

For ¢t > [ + 3, the L-S formula (3) reads

FyFp., —q PPOF, Foo= > cnya,...on )Fp7 . Fyo (5)

Bi+2
N2, 20

LEMMA 3.1. In the formula (4), njy1 = 0, in the formula (5), njo = 0.

Proof. We prove for example the first statement, the second one can be shown
similarly.

First, notice that for any i # [+ 1, [+ 2, B; = B}, Brr1 = Bl > B2 = By, The
same argument can be applied to quantum PBW root vectors: Let Fg , Fp,, ..., Fg,
(resp. Fy, Fy,, ..., Fg ) be the quantum PBW root vectors obtained from w, (resp.
wg). Then, forany i # [+ 1,1+2, Fg, = Fy, Fp,, = Fy , Fp, = F . Fors <1, we
apply the L-S formula to F; and Fy_, it gives

ot BBl B A Mgy my
FyFp, = d"P0F By = YL dOmgas o ompFG
Mgy, >0
Comparing it to (4) gives n;.; = 0. O
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3.3. Quantum degree cones. We fix in this paragraph a reduced decomposition
w, € R(wg) and positive roots fi, ..., By obtained from w, as explained in
Section 2.1.

DEFINITION 3.2. The quantum degree cone associated to w,, is defined by

Jj—1

A o ) .
Dio =1 (dp)pen, € RS | Vi <, dy, +dp, > Z nidg, if e(ig, ..., ni_y) # 0in (3)} .

k=i+1
We denote the set

D= |J DY CR.

Wy
wy€R(wp)

Let D C Rig be the classical degree cone. Specializing the quantum parameter ¢
to 1 proves the following lemma:

LEMMA 3.3. We have D1 C D.

REMARK 3.4. Except for small rank cases g = sl, sl3 (see Example 4.1), the
inclusion in Lemma 3.3 is strict. For example, the constant function 1 taking value
1 on each positive root is in the classical degree cone D, but for g # sly, sl3, there is
no reduced decomposition wy, such that 1 ¢ D, . See for example [7, Section 2.4] and
Example 4.2 for type Ca, Section 4.3 for type G,.

Let d = (dg)gen, € S(D,) =: Di, NNA+. For a monomial F' where t=
(t1, ..., tx), we define its d-degree deg, by

degd(Ft) = lldﬁ] + fzdﬂz +-- 4+ tNdﬂN~

THEOREM 3.5. The set D4, is a non-empty open polyhedral cone.

Proof. By definition, D}, is an open polyhedral cone. We describe an inductive

=0
procedure to construct an element d = (dg,, ..., dg,) € Di,.
We set dg, = 1. Suppose that dp,, ..., dg, are chosen such that they satisfy the
inequalities in the definition of Dy, .
Let M{, =, MY, . Since M{,  is a finite set, we set
dg,., = 1+ max (degy(F")).
FleMy,,
Since Fte M,‘C’Jrl is a monomial on {Fg,..., Fg}, the degree is well-defined. By

definition, for any 1 <s<k and any F'e M?

skl dﬁj =+ dﬂk+1 > degd(F‘). This
terminates the proof. O

Ford € S(Dj,), wedefineafiltration Fd = (F§ c Fl c...Cc Fl C...)on Uy(n")
by

FRU,n") := span{F" | degy(F") < k).
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Let S,(n™) be the algebra generated by xi, x,...,xy, subjects to the following
relations: For 1 <i<j <N,

XiXj = q(ﬁ”ﬂf)xjx,-.
The following proposition is clear from the L-S formula (3).

PROPOSITION 3.6.

(1) The filtration F, endows U,(n™) with a filtered algebra structure.
(2) The associated graded algebra gr U, (n™) is isomorphic to Sq(n™).

For A € P, the above filtration on U,(n™) induces a filtration on V,(}) by letting
FeV4() == FlU,m) - ;.

We let V;()») denote the associated graded vector space: It is a cyclic S,(n~)-module.
Let v! be the cyclic vector corresponding to v;.

4. Examples of rank 2 and properties of quantum degree cones.

4.1. Examples of rank 2. Before studying properties of these cones, we examine
some small rank examples.

ExAMPLE 4.1. Let g = s(3 be the Lie algebra of type A,. Ford € D, let d;; = d(o; ).
We fix a sequence of positive roots (a1, @12, @2.2). The classical degree cone D is
given by

D ={(di1.d12.dro) € RSy | diy + do > dy o).

We consider the quantum degree cones: R(wg) = {s15251, s25152}. For the reduced
decomposition w, = sys281, let F1,1, Fi, Fa be the corresponding quantum PBW
root vectors. The formula (3) reads

FiaFp=q '"FoaF1 1 —q 'Fia,
implying Dy, = D. For wj, = 2515, the same computation shows that Dﬂqo =D.

ExXAMPLE 4.2. Let g = sp, be the Lie algebra of type Cs.
Ford € D, let d;; := d(;;) and d;; := d(«; ;). The classical degree cone D is given

by the following inequalities in Rgg :
dii+dry>dia diy+dip>dT

Fix a reduced decomposition w,, = 5525152 of the longest element wy in the Weyl
group of g. Let

Fi1, Fi1, Fip, Fao
be the corresponding quantum PBW root vectors, their commutation relations are

Fi F 1 =¢qF 1F11, FiiFio=FF—(q+q F 1,
Fi1Fop = q *F>0Fi 1 — q °Fi o,
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o 2
FiiF12= 612F1,2Flj, FiiF = FoF 1+ (1 —¢q 2)F1(,2)7 Fi2F> 2 = ¢*F25F) 5.

The quantum degree cone Dy, C D is given by

diitdro>dia, din+dia>d g, dho+d7>2d,. (6)
The same construction with the reduced decomposition wj, = 52515251 shows that
Dj, =),

EXAMPLE 4.3. Let g be the Lie algebra of type G, with positive roots
Ay = {ag, a2, o1 + ap, 201 + a2, 31 + a2, 3oy + 2000}

For d € RS}, we write di = d(a1), d> = d(e2), di> = d(er1 + ), dip2 = 20y + o),

di112 = d(Ba; + ap) and dy1120 = d(3; + 2a3). The classical degree cone D C R+

oo 18
determined by the following inequalities:

di +dbr > dyp, di +dir > din, di+din > dins,

dr +diz > dinn, din +dio > dinm.

For example, (di, di112, di12, iz, diz, d) = (2,1,3,1,3,2) € D.
We fix a reduced decomposition w, = 515251525152 € R(wp). Let

Iy, Fup, Fi, Fiun, Fo, B

be the corresponding quantum PBW root vectors. The quantum degree cone D@O inD
is given by the following inequalities:

di +dinon > 2diz, din + dinxn > 3din, dine + di > 2dio,

(7
dinn +dy > dip +dia, diin+da > 2din, dinn + do > 3dps.

These inequalities are the same for the other reduced decomposition wj =

528152818251 € R(wy). It is clear that d ¢ D@O for any w, € R(wp), we see once again
that the quantum degree cone is different from the classical degree cone.

In the rank 2 case, the quantum degree cone does not depend on the reduced
decomposition.

PROPOSITION 4.4. Let g be a simple Lie algebra of rank no more than 2. For any
w, € R(wo), we have D! = D@O.

Proof. The proof follows from the preceeding examples. ]

4.2. Properties of quantum degree cones. The first property of the quantum degree
cones we will prove is the following:

THEOREM 4.5. Let g be a simple Lie algebra of rank n > 3, then

m Di() =

wyER(wo)
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Proof. We show that there exist two reduced decompositions g(l), gg € R(wp) such
that D!, N'D?, = ¢). When g is a simple Lie algebra g of rank 3, this is proved in Section
Wy Wy

6.1-6.3 by explicit constructions.

Let g be a simple Lie algebra of rank > 3. There exists a Lie sub-algebra g’ C g of
rank 3 such that g’ is a simple Lie algebra, we denote it by X3. The set of positive roots
of X3 is denoted by A’ . We take w; and w/ as in the example of X3 in Section 6.1-6.3,
such that Dg,, N Di,L =0. Let w) = w, wp and w} = w; wi € R(wy). We claim that

Dz}l N Dzz =@. Letp: Dil — [Rfé be the restriction of functions. Then by definition,
W, wy Wy =
p(Dy) =Dy, p(Dy.) =Dy, .

This terminates the proof. O

This theorem implies that there is no degree function working for all reduced
decompositions. In general, to study the relations between the cones associated to w,
and w; € R(wo) is a difficult task. But in some cases, the cone remain the same.

Two reflections s, and s, in W with p # g are said to be orthogonal if 5,5, = 545,.
Two reduced decompositions w,, w; € R(wp) are said to be related by orthogonal
reflections if one can be obtained from the other by using only orthogonal reflections.

PROPOSITION 4.6. Let w,, wy € R(wo) such that they are related by orthogonal
reflections. Then, D4, = DI

/.
w,

Proof. By definition, it suffices to consider the case where
/
Wo = WyspSqWp, Wo = WySeSpWpg

with 1 < p, g < nsuch that s,s, = s45,. In this case, Lemma 3.1 can be applied to finish
the proof. O

5. Local and global monomial sets.

5.1. Local monomial set for type A,. Let g = sl,;; be the Lie algebra of type A,.
The following lemma gives an easy criterion to determine whether a degree is in
the local monomial set.

PROPOSITION 5.1. Let d € S(D). The following statements are equivalent.

(1) For any four different positive roots o, B, y, 8§ satisfying o + =y + 8, dy + dg #
dy + ds,
(2) d € Sim.

Proof. (1)=(2): Since in the A, case, all fundamental representations are minuscule.
The proof of [7, Proposition 2] can be applied to show the validity of the hypothesis of
Corollary 2.8.

(2)=(1): Since g = sl,41, we can suppose that « = o, B = a1, ¥ = oy and § = o
with i < k <j < [. We consider the fundamental representation V' (w): In I(wy;), there
is a relation f; jfx jVw, & fi 1fk jVw, = 0. Since I%(z;) is monomial, either f; ;fx; or fi ifx;
is in I%wy), which forbids the case dy,, + du,, = du,, + du,- O
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EXAMPLE 5.2. In general, the inclusions D, C Sim and Sy C DY do not hold.
Let g be of type A3. The reduced decomposition w, = 515253525152 € R(wp) induces the
convex order on A :

051,1 < 0[1’2 < 0{173 <033 <023 <022.

We fix this sequence and identify N4+ with Ne. Let d=(1,1,1,1,1,1), d =
2,2,1,1,1,)andd” = (1,1, 1, 1, 1, 2). By Proposition 5.1, d ¢ Sy, d’, d” € Sy, but
d,d e D@O, d’ ¢ D1,

We show in the following example that Sgy, is in general a proper subset of Sy

EXAMPLE 5.3. Let g be of type A, and let d be defined by d,,, = 2""D=0=)_ It is
clear that d € D. If «;, ax s, oy, o j are four different positive roots in Ay such that
o;j+ o = a;; + o j, the indices must satisfy 1 <i < k </ <j < n. In this case, we
have d,,; + dy,, > du,, + du, ;. Hence, by Proposition 5.1, we have d € Spy.

For arbitrary 1 <i < n, let P(ww;) be the polytope obtained in [1], such that its
lattice points S(w;) := P(w;) N N+ parameterizes a basis of V(z;). Furthermore, by
the choice of d, we have

S(@) = {s € N* | /> 08 £ 0in Vi(wy).

But in general, for A = myw; + - - - + m,w, € P,, the Minkowski sum of lattice points
S(z )t + ... + S(w,) ™ may not parameterize a basis of V()). For instance, let
g be of type A4, we have [loc.cit]: #(S(@1) + S(@») + S(w3) + S(wy)) = 1023 but
dim V(| + @w> + w3 + wy) = 1024. Hence, in general, d ¢ Sgp,.

5.2. FFLV polytopes. We start with recalling the Dyck paths and FFLV polytopes
8], [9].

A sequence b = (81, ..., d,) of positive roots is called a Dyck path of type A, if
81 = a;; and 8, = o for i < j are simple roots, and if §,, = 4, then 8,41 = ap11,4 OF
Omt1 = ®p g+1-

Let A={1,2,....,n,n—1,...,1} be the totally ordered index set 1 <2 < ... <
n<n—1<...<1.A symplectic Dyck path is a sequence b = (81, ..., 8,) of positive
roots (of sp,,) such that the first root is a simple root, 8; = «;;; the last root is either
a simple root B, = o or B, = a;5 (i <j < n); if B = oy With 1, ¢ € A, then By, 18
either o441 Or a41,4, Where x + 1 denotes the smallest element in 4 which is bigger
than x.

For a dominant integral weight A = Ajw| + Moy +---+ A,@w, in the
corresponding weight lattice, the FFLV polytopes P, (1) and P¢ (}) are defined by

b

Po(h) = {m c RQS | for any i = 1,...,nandanyDyckpathsb=(81,...,6,‘)}

Starting in iy ending in o Z;:l ms, < A+ )Lj

foranyi =1, ..., nand any symplectic Dyck paths b = (51, ..., 8r)
. A starting in o;;, ending in o 0 Y y_ ms, < A+ + A
Pe,(A)= qm € REO | forany i =1,...,n and any symplectic Dyck paths b = (8, ..., §,)
starting in o, ending in o5 0 Y7y ms, < A4+ 4 Ay
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Let Sa, (A) and Sc_ (1) denote the set of lattice points in the corresponding polytopes.
It has been shown in [8] and [9] that the polytopes satisfy for all L = 1| + A;:

Sa, (M) = Sa, (k1) + Sa,(A2) and S, (2) = Se, (A1) + Sc, (22). ®)

5.3. Global monomial sets: A,. For A, consider d € D defined by d,,,, = (j — i +
1)(n — j + 1), then the following theorem has been proved in [7]:

THEOREM 5.4.

(1) Wehaved € Sgm. Moreover, let wy = (S, ... 81)(Sn...52)...(SySu—1)Sy, thend € Dio.
(2) The set {f* - vg | a € Sy, (M)} forms a monomial basis of VI(1).

5.4. Global monomial sets: C,. Let us consider the C, case and d € D defined by
dij:=dy;, = C2n—j({—i+1), d; = dah7 =j2n—i—j+1).

This degree arises from an embedding of g into a Lie algebra of type Ay, 1. We will show
that d € Sy and moreover, the monomial basis of V%(%) is parameterized by Sc, (}).
For this, we need an explicit description of the monomials associated to Sc, (wy) from

[9]:

{/[il,jg—l"’fiy,jl—l | 1 < I <...<ig§k§j] <...<jg}.

LEMMA 5.5. The degree function d € Sy and for any fundamental weight wy,,

{r*- vdwk | a € Sq, (o)) is a basis of V(wy).

Proof. We need to show that the annihilating ideal of V4(w}) is monomial for all
@x. We start with the natural representation, namely the vector space C* with basis
{e1,...,en en, ..., e7} and operation f; e, = 8;¢c; e;11 for some ¢;; € C* (when j =p,
we set j + 1 := p — 1). We will further use that we can identify V() uniquely with a
submodule in A C2".

First of all, since d € D, we see that we can restrict ourselves to the nilpotent
radical of the fundamental weight @y (since all other root vectors are acting by 0 on
Ve, € V(wy)and hence on V4(ey)), e.g. we have to consider monomials in My := {f;. Jl
i <k <j} only. We will prove the lemma in two steps:

(1) Foranyi < k < j, there exists a unique monomial m in the variables from Mj with
minimal degree such thatm - ¢; = ¢;.

(2) For any ji <jo <...<jix with e, A...Ae;, € V(wy), there exists a unique
monomial m in the variables from Aj; with minimal degree such that m-e; A
N Neg=e¢ej Nep N...Nej.

Then, the second step implies the Lemma. B
We start with proving (1). Suppose i < k <j < k, for weight reasons, there exists a

unique monomial m in the variables from M such that m - ¢; = ¢;, namelym = f,, ;_;.

Suppose i < k < n < k < p, and for simplicity, we assume that i < p (the p < i case is
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similar). Let m be a monic monomial in the variables from M) such thatm - ¢; = €T
then for weight reasons m is in one of the following sets:

Vig-tpa- fidhg-1 1a=k+1,....n} U{finfpn} U {fip}- )

We will see that among these monomials, f; 5 is the unique monomial of minimal degree,
namely of degree p(2n —i —p + 1).
Leti < ¢ < nand denote

forp < ¢, Y(@:=q@n—i—qg+ 1)+ 2n—(q—1D)g—p);

forp > ¢, Y(q) =q2n—i—q+1)+Q2n—p)p—q+2);

forany p, X(¢) =QCn—(q—1)(¢g—1)—i+1)+g9g2n—p—q+1).
‘We have

if p < ¢, then degy(fig-1/p.9) = X(9);
if p > g, then degy(fiy-1fsp) = X(9);
if p < ¢, then degy(figfp.¢-1) = Y(9);
if p > ¢, then degy(figfy-1.,,) = Y ().
Now, it is straightforward to see that for ¢ > i:
X(g) > X(¢ — 1) and moreover X(i) > p2n—i—p+1),
as well as
Y(q) > Y(g+ 1)and Y(n) = X(n).
Combining both gives
Y@O)>...>Ym)=Xn)>...> X)) >p2n—i—p+1)=degyfip.
Moreover,
degy(finfpn) =n2n—i—p+2)>p2n—i—p+1)=p2n—i—p+1)=degyfip.

This implies, that f; 5 is the unique monomial of minimal degree among all monomials
in (9) and the first step is done.

We are left with step (2). Let e;; A ... A e € V(wy) C /\k C*, with i} < ... < iy
and i; € {1,..., 1}. Let m be a monomial of minimal degree in the variables from M
such that

m-ejA...Ne=¢; N...Ne; + rest.

Due to the operation on the tensor product, there exists a factorization m = I—[lgzl m
and a permutation o € &y, such that m; - ¢, = ¢; . Since m is in the variables from
M. only, we see that if £ € {i,..., i} N{l,...,k}, then m;, = 1 and hence i, (¢) = £.
So without loss of generality, we may assume thatk < i <i < ... < i.

Suppose now there exist £ < j with o (¢) < o(j). We have

mym; - e; N\ e =€, A iy + rest.
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From step (1), we deduce that if m is of minimal degree, then

my =f€,iau)—1 , My ijia(/)—l‘

Similarly to the A, considerations (recall that the C,-degree is a obtain from an A, 4-
degree), we see that

degd(ﬁ,igu)—lﬁ,iﬂg,—l) < degd(ﬂ’,iau)—l jvio(/)_l)'
/e
We denote m’ := £y, 1fji,0-1 (]—[i#’g m,-), then
deggm > degym'.
But by construction,
m-ejA...Ae=e; A...Ae + rest,

we have a contradiction to the minimality of the degree of m and hence o (¢) > o (j) for
all ¢ < j.

Let {ii....0i}={p1 <...<pJU{l; <... < ¥}, where £;_; <k <p; and
{qg1 <...<gqs} be the complement of {£{; <...< {€;_} in {1,...,k}, then the
monomial of minimal degree to obtain e; A ... A¢;, is

fql.,prl o 'fqmprb

This proves that d € Sy, and moreover these are precisely the monomials associated to
SC,, (Wk) |:|

From here, we can deduce by using (8) and Theorem 2.9:
THEOREM 5.6.

(1) For the degree function, d € Sgm.
(2) The set {f*- vl | a € Sc (1)} forms a monomial basis of V(1.
(3) Ifd € Sgm and the corresponding monomial basis is associated to Sc,(A), thend ¢ DA

Proof. Part (1) and (2) are deduced from the lemma, by using (8) and Theorem 2.9.
It is left to prove the part (3), i.e. we assume that d € D satisfies (1) and (2) and we want
to show d ¢ D?. We consider the simple Lie subalgebra g, of type C, in g with positive
TOOtS 0y— 1,15 &1 =Ts %n—1on and o, ,. In the subalgebra U,(g>) C U,(g), we have the
following relation, independent of the chosen reduced expression (see Example 4.2),
F _1’ﬁFn,n = Fn,nF a1t (1 - q_z)F(Z)

n n—1,n—1 n—1,n°

implying that every d' € D? satisfiesd - +d,, >2d, ;.
Since d satisfies (1) and (2), in V%(w,,), we have fo_i zfyn - v5 # 0andf? | v =

0 which implies d,_, ;=1 +d,» < 2d,—; ,. Hence, d ¢ D. '

REMARK 5.7. If Sgm # ¥, then there exists an N-filtration arising from d € Sgp,
such that for any A € P, V4(1) has a unique monomial basis.

Ifde D@O N Sgm, then, by the argument in [7, Theorem 5], there exists an N-
filtration on U,(n™) arising from d such that for any X € P,, V;(A) has a unique
monomial basis in S,(n7).
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5.5. Global monomial set: C,. Consider the quantum degree cone Dy, defined in
(6). We pick a solution such that the sum a; + a + a3 + a4 takes its minimal value:

d=(di1.d,7,d12,ch2)=(1,1,1,2).

Since d € D, we consider the induced degree on the enveloping algebra with PBW root

vectors 1.1, f1 1,./1,2 and f2 .
We turn to study whether d is in the global monomial set Sgp.
Let SP4(m;, my) C R* be the polytope defined by the following inequalities:

X1, X2, X3, X4 =0, x; <my, x4 <my,

2x1 + X2 + 2x3 + 2x4 < 2(my +m2), X1+ X2+ X3+ 2x4 < my + 2my.

Let S(m,, my) denote the lattice points in SP4(m, n1,).
THEOREM 5.8. For any & = myw + myw, € Py, the following statements hold:

(1) The set {fPvd | p € S(my, ma)} forms a basis of V(A), hence a basis of V(1.
(2) We have d € Sy, i.€. the defining ideal I1°(\) is monomial.

The proof that d € Sy, can be deduced with the help of Corollary 2.8 (1). The rest
of this paragraph will be devoted to prove this theorem.

PROPOSITION 5.9. For any my, my, my, nt, € N,

S(my, my) + S(m, my) = S(my + my, my + mj).

Proof. Tt suffices to prove that for m; > 0 and m, > 0,
S(m; — 1, mp) + S(1, 0) = S(my, my) and S(0, my — 1) + S(0, 1) = S(0, my).

First, suppose that m; # 0 and pick s = (a;, @z, a3, a4) € S(my, my).

(1) Ifay #£ 0,wesett; = (a1 — 1, a2, a3, ag) and t; = (1,0, 0, 0); thent, € S(1, 0). Since
s € S(my, my), 2a; + ar + 2a3 + 2a4 < 2(my + my) 1mp11es that 2(a; — 1)+ a> +
2a3 + 2a4 < 2(my — 1 +my); a) + ap + a3 + 2a4 < my 4+ 2my implies thata; — 1 +
a + a3 + 2a4 < (my — 1) + 2m,. Combining them together, we get t; € S(m; —
1, le).

(2) If @y = 0 and a3 # 0, the very similar argument with t, = (0, 0, 1, 0) implies again
tir=s—t, € S(m — 1, my).

(3) Suppose that a; =0, a3 = 0 but a, # 0. The inequalities for s € S(my, my) are
reduced to a, + 2a4 < m; + 2m,. We see that s = (0,a, — 1,0, a4) + (0, 1,0, 0)
gives a decomposition in S(m; — 1, my) + S(1, 0).

(4) When a1 = a; = a3 = 0 but a4 # 0, the decomposition is obvious.

Suppose now m; = 0 and pick s = (a1, @z, a3, as) € S(0, my). Then, a; = 0 and the

inequality a; 4+ a3 4+ 2a4 < 2m, is redundant.

(1) Suppose a3 # 0, then we decompose s = (0, ax — 1, a3, as) + (0, 1, 0, 0): It is clear
0,1,0,0) € S(0, 1); since ap + 2asz + 2a4 < 2my, we get a, + 2(az — 1) + 2a4 <
2(my — 1), it implies (0, ay — 1, a3, as) € S(0, my — 1).

(2) The case a; = a3 = 0 but a4 # 0 can be dealt in a similar way.
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(3) We are left with the case where 0 # ay < 2m;,. If a; < 2, there is nothing to be
shown; if a; > 2, we decompose it as (0, a; — 2,0, 0) + (0, 2, 0, 0).

Repeating this procedure shows that any element in S(m,;, m,) can be decomposed as

the sum of elements in S(m; — k, my — £) and in S(k, £). O

To apply Theorem 2.9 to terminate the proof of Theorem 5.8, it suffices to count
the number of lattice points in SP4(m1;, m;).

For any integers a, b € N, we define a polytope P(a, b)) C R?> by the following
inequalities:

x>0, y>0, x+2y<a, x+y<bh.

Let N(a, b) denote the number of lattice points in P(a, b).

LEMMA 5.10. The number of lattice points N(a, b) has the following expression.

i+ ifa=21-1;
(1) N(a,a) = (Z+1)2 ifa=2l
N(a, a), if'b > a;
1 .
Lo+ Db +2), ifa > 2b;
— 2
@ N@D=3_polh 1 1 b4 141, if2b>a>banda= 2
—P+20b— 10> +3b+1, if2b>a>banda=2l+1.

Proof. It amounts to count the integral points in the closed region cutting by the
lines x + 2y = a, x + y = b and the two axes in R? which depends on the position of
the intersection of these two lines. ]

PROPOSITION 5.11. The number of lattice points in SP4(m, my) is

1
glm + Dmy + D0my +my + 2)(my + 2mz + 3).

Proof. Let H be the intersection of hyperplanes x; = o and x4 = 8 in R* with
coordinates (xy, X2, X3, x4) where «, 8 > 0. By definition,

H NSPy(my, my) = PQmy + 2my — 2a — 28, my + 2my — a — 2B).

Therefore, by Lemma 5.10, the number of integral points in SP4(m1, n1;) equals

nm ny

D> ONQmy A+ 2my — 20— 2B, my + 2my — o — 2B). (10)
a=0 =0

Since @ < m; and B < my, it falls into the third case in Lemma 5.10 (2) and (10) reads
(where / =my +my —a — Band b =m; + 2my — a — 28):

m ny

1 3
Zzzaz—l-Zoe,B—l-,Bz—<m1+2m2+§>a—2(m1+mz+l)/3

a=0 =0

1 3
+ (Em% + 2mymy +m§ + Eml +2my + 1) .

An easy summation provides the number in the statement. Il
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By Weyl character formula, for A = m@| + myw, € P, dim V(i) coincides with
the number of lattice points in SP4(m1;, m,). This terminates the proof of Theorem 5.8.

REMARK 5.12. By permuting the second and the third coordinates, the polytope
SP4(m;, my) coincides with the one in Proposition 4.1 of [15] (see also [16]), which
is unimodularly equivalent to the Newton—Okounkov body of some valuation arising
from inclusions of (translated) Schubert varieties.

There are several other known polytopes parameterizing bases of a finite-
dimensional irreducible representation V(1) of sp,. For example, the Gelfand—Tstelin
polytope P;(2) [3]; the FFLV polytope P,(1) [9]; the string polytope P3(1) associated
to the reduced decomposition w, = 51525152 [17]; the string polytope P4(A) associated
to the reduced decomposition w, = 5251528 [loc.cit.]; when A = myw) + nmyw», the
polytope SP4(my, m»).

With the help of Polymake [11], one can verify that the polytopes Pi(1), P>(A)
and P4()) are unimodular equivalent; but the polytope P3(A) and SP4(m;, m,) are not
unimodular equivalent to any other polytopes.

REMARK 5.13. Using the polyhedral cones associated to these polytopes, the
construction in [6] can be applied to produce three non-isomorphic toric degenerations
of the spherical varieties associated to the symplectic group Spy, see for example [6,
Sections 10, 12, 13].

5.6. Global monomial set: D,. We prove that the global monomial set for Dy is
non-empty. We refer to Section 6.4 for details on the cones and the enumeration of
positive roots. Letd = (5, 5, 1, 2,4, 1, 1, 2, 6, 10, 12, 20). It is shown in Section 6.4 that
there exists a w, € R(wp) such thatd € D@O. We will freely use the notations in Section
6.4.

Let Pp,(*) be the polytope defined in [13, Section 3] and Sp, () be the set of lattice
points in Pp,(}).

THEOREM 5.14.

(1) We haved € Sgp,.
(2) The set {f*-vd |'s € Sp, (1)} forms a monomial basis of V4(1).
(3) Let wy = $25152535254525152535284 € R(wy), thend € D@O.

Proof. The part of the proof that givesd € Sy, is straightforward with Corollary 2.8.
By a straightforward comparation, we obtain

Sp, (@) ={s e N* | /208 £0in Vi(wy)}, i=1,234.
It is shown in [loc.cit.] that for any A, u € P, we have
Pp,(A) + Pp, (1) = Pp,(A + ) and Sp,(A) + Sp, () = Sp,(A + 1)
and dim V(1) = #Sp,(1).

The statements (1) and (2) follow from Theorem 2.9. The part (3) is shown in
Section 6.4. O

5.7. Global monomial set: B;. Let g be of type Bs. For A € P, let Pg,(A) denote
the polytope defined in [2, Section 5] and Sg,(A) be the set of lattice points in Pg (1).
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Let fi; and f;; be the PBW root vectors associated to the positive roots «;; and
a5, respectively. For d € Rgg , we write d;; = d(e;;) and d;; = d(e;;). We consider the

elementd € Rig defined by
dl,l = 4, dl,z = 3, dz,z = 3, d1’3 = 3, dl.i = 1, d1,§ = l, d2.3 = 4, d2,§ = 3, d3,3 =2.

We will show in Section 6.2 thatd € D.
THEOREM 5.15.

(1) We have d € Sgm, and the set {f* - vl |'s € Sg, (1)} forms a monomial basis of V(L)
(2) For any e € D satisfying (1), we have e ¢ D1.

Proof.

(1) Asbefore by computing each weight spacein V4(w;), i = 1, 2, 3, we obtaind € Sip,.
By comparing the basis arising from the monomiality of the defining ideals 7%(z;)
with the basis obtain in [loc.cit.], we get fori = 1, 2, 3:

Seo(@i) = {s € N® | f*- vy, # 0in V(@)
For any A, u € Py, we have
Pg,(X) + Pp (1) = P,(A + 1), Sp,(X) + Sp, (1) = Sp, (A + )

and dim V(1) = #Sg,(1). By Theorem 2.9, d € Sgm.

(2) Lete € Sgn. From reading the lattice points in Pg,(@2), we get f12f; 3 - v5,, # 0 in
V¢(@>). Since the corresponding weight space is one-dimensional andflz’3 has the
same weight, /7, - ve, = 0.

Assume w, € R(wy) such thate Dio. Let < be the induced convex order on A .

Without loss of generality, we suppose that o < «; 3.

CasE 1. Assume o1 <3 < a3, for the quantum degree cone D@O, by
computing the L-S formula explicitly, this would imply the following
inequality: dy » + d, 5 > 2d, 3. This implies, turning to the classical case,
S5 ve, # 0, which is a contradiction.

CASE 2. Assume a3 < @12 < «; 3. Consider the root o3 3: By the convexity, it
must be simultaneously larger than «; 5 and smaller than o . This is a
contradiction.

CASE 3. Assume o), < o3 < a3, with similar arguments as in Case 2 we get a
contradiction.

As a conclusion, for any w, € R(wy), e ¢ Dio.

O
5.8. Global monomial set: G,. Let g be of type G,. We use the notations in Section
4.3. Consider the following d € D:
di=2, dun=1, din=3, din=1, do=3, dy=2.

It is clear thatd € D.
Let Pg,(1) be the polytope defined in [12, Section 1], the set of its lattice points
will be denoted by Sg,(1). With similar arguments and calculations as before, we
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obtain the first statement of the following theorem. The second statement follows from
Section 4.3, there we show, for each e € DY, there exist a unique monomial basis of
Ve&(w;),i=1,2, i.e. e € Sy, which does not coincide with the basis of the following
theorem.

THEOREM 5.16. We have d € Sgp, and the set {f* - vl |'s € Sg, (1)} forms a monomial
basis of V4(1).

REMARK 5.17. Thereisnod € DY, such that {f* - v,‘\l |'s € Sg,(1)}isabasis of V4(1).

5.9. Local monomialsets: G,. Let g be of type G,. By Proposition 4.4, the quantum
degree cone D@O does not depend on the choice of w, € R(wy). Let

d = (d\, diz, dviz, dinin, din, db) = (2,2, 1,2, 2,5).

We will show in Section 4.3 that d € D@O. Let f1, fi112, f112, fi1122, f12, f> be the PBW
root vectorsin n—.

PROPOSITION 5.18. We have d € S, i.e. the defining ideals 1%(w) and 1%(w») are
monomial.

We omit the proof as before.

We want to examine that this degree function is quite interesting, due to the fact
that the induced semigroup is not saturated as we will explain.

Let S(m») ={s e N»+ | f5. v"w2 #0}. We have by construction #S(w3) =
dim V(@) = 14, but there are 16 lattice points in the convex hull P = conv(S(@?)).

We fix the sequence of positive roots (&, a1112, 0112, @11122, ¢12, &2) to identify R4+
and R®. Let G3"(m;) C R® be the polytope defined by the inequalities:

X1, X2, X3, Xa, X5, X6 =0, x1 <my, X6 <0, 2x1 4+ 2x3 + x3 + 2x4 + 2x5 < 2my.
Let G3*(m>) C R® be the polytope defined by the inequalities:
X1, X2, X3, X4, X5, X6 >0, x1 <0, 2x2 4+ x3+ X4 + x5 + 2x6 < 2m.

Let {e}, e, ..., e} be the standard basis of R®.
Let A = my@m; + myw, € P,. We conjecture that the number of lattice points in
the Minkowski sum

m Gy (1) + my (G3*(1) U (3e3, 3es})

coincides with dim V(m,w| + mywy»).

REMARK 5.19. Note that the proof of Lemma 5.18 does not depend on the choice
of d € Dy, . Further we have DY = Dj, (see Proposition 4.4). This implies the inclusion
D! C Si.

REMARK 5.20. Let G be the complex algebraic group of type G, and U (resp. U™)
be the maximal unipotent subgroup of G having n* (resp. n™) as Lie algebra.

Let S = (a1, a1112, @112, ®11122, ®12, @2) be a birational sequence for U~ (see [6,
Section 3] for definition). Using S, we identify N+ and N°. We fix the integral weight
function ¥ : A, — N by W =d and the lexicographic order on N°. Let > be the
total order on N° defined in [6, Section 5] by combining W and the lexicographic
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order. In [loc.cit], a monoid T' = I'(S, >) C Pr x N® is attached to G/ U to study its
toric degenerations. Let 771 : Pr x N® — Pg and 75 : Pr x N® — N be the canonical
projections.

We claim that I' is not saturated: First notice that 7y om Y@n) = S(@»).
Pick a lattice point q € P which is not in S(@;). Since ¢ € conv(S(w3)), there
exists s1,...,5, € Q and py, ..., pn € S(wy) such that s;+---+s, =1 and q =
$1p1 + - - - + SmPn- Multiplying both sides by the least common multiple M of the
denominators of sy, ..., s,, we know that (Mw,, Mq) € I" as ' is a monoid. If T’
were saturated, (Mw», Mq) € I" will imply (>, q) € I', contradicts to 7> o 7| Yy =
S(ZD‘z).

This example explains that the saturated assumption in [6] is necessary. We thank
Peter Littelmann for pointing out this application.

6. Higher rank examples of quantum degree cones.

6.1. Lie algebra A;. Let g be of type A3. Ford € Rig , we write d;; = d(a;;). The
classical degree cone D C Rig is defined by the following inequalities:
dii+dry>dia, drp+diz>das, din+das>dis, diapt+diz>ds,

Let w) = sisosis3s051 and w3 = 515352535182 € R(wp). We claim that the

corresponding quantum degree cones satisfy DY N DY, = @.
Wy Wy

Let Fj; (resp. F;) denote the quantum PBW root vector associated to wy (resp.

w?) and root «;;. We have the following commutation relations between the quantum
PBW root vectors:

F1’2F2,3 = F2q3F1,2 + (q — q_l)F2,2F1‘3, F{,3F£,2 = Fé,ZF{j + (q — q_l)FiyzFéy_g,
giving two contradicting inequalities in the corresponding quantum degree cones:
dip+drz>dop+dis, diz+day>dip+ds.

Projecting to the corresponding coordinates proves the claim.

6.2. Lie algebra B;. Let g be of type Bs. The set of positive roots
Ay =A{or1, 012,013,002, 023, 033,03, 0p3, &) 5}

For d e Rig, we write d;; = d(e;;) and d;; = d(e;;). The classical degree cone D is
determined by

dii+drp>din, dig+doy>dis, dint+dyz>diz, diat+diz>ds,
dip+dyz>d 5 dhpotdiz>drs, dop+diz>ds,
diz+drz>d;5 diz+diz>d3z d3+diz>ds.

For example,d = (4,3,3,3,1,1,4,3,2) € D.
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We consider
Q(l) = 515251535251535253 and w% = 5153525352515283852 € R(wo).

The quantum degree cone DY, in D is defined by the following inequalities:
%

dii+d5>2d;3 diat+ds>do+2dis, diptdz>2d;, dio+dys
> dyo + dl,i’

diat+dyz>di3+dia, dho+dyz>2drs, dizt+dyz>diz+dags,
dis+dyzs>d3+2d;, diz+diz>diz+dys, diat+drs>diz+dn.

The quantum degree cone Duj]z in D is defined by the following inequalities:
Wy

dii+d5>2d5 diat+ds>diatdz diptdz>2d;, dizt+das
>di3+d,3,

diz+dy>di3+dos diz+dry>dia+dyz, diz+das>din+d3,
dys+doy>2dp3, diz+day>din+dys.

By the contradiction of the last inequalities, we obtain Du'fl N Du‘fz =0.
W, wy

6.3. Lie algebra C;. Let g be of type C3. Ford € [Riia, we write d; = d(o1), d» =
d(a12), ds = d(ay 1), ds = d(1 3), ds = d( 3), do = d(@2,2), d7 = d(@,3), ds = d(a2,3)
and dy = d(ws.3). The classical degree cone D C [R;; is determined by

di+ds>dy, di+ds>dy, di+dy>ds, di+ds >ds, do+dy>ds,
dy+dy >ds, dh+dy>ds, dy+ds>ds, ds+ds >dy, ds+do > ds.
We consider the reduced decompositions
Wh = 515253525152838253 and w3 = 515352535251 528382.
Moreover, the inequalities determining the cone qu}) in D are
di+ds>dy+ds, ds+dy>2dy, dy+dy>2ds, ds+ d7>2ds,
dy+d;>di+ds, da+dy >ds+ds, ch+d>ds+2ds, ds+dy > ds+ds+ ds,
dy +dy > 2dy +2ds, ds+ds >ds+ds, ds+ds >2dy+ds, dr+dy > ds+ds.
The inequalities determining the cone D&‘% in D are
di+ds>dy+dy, dy+dy>2dy, d7+do>2ds, dy+dy>2ds,
di+di>do+dy, dy+dy>ds+dy, ds+dy >do+ds+dg, d3 +dy7 > 2dr + 2d, ,
dy+ds>do+ds, ds+ds>2dr+ds, da+dy>do+dsy, di+ds>dr+ds.

Notice that there is a contradiction in the last inequalities, implying that Df] N Dujlz = 0.
Wy Wy
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There are four elements in Du‘fl, which are minimal regarding the sum over all
. w,
entries:

=2 1L1L1L1,1,445), d&=0(3,22111334),
d=(5,44111112),d;=(4,3,3,1,1, 1,2, 2, 3).

Since dy, dy, d3, d4 € D, we go back to the classical case. We consider the fundamental
module V(w») and the weight v = 2a; + 3 + a3 whose weight space V(w@2)g,—: 1S
of dimension 1. We have to choose an element with minimal degree from the following
set, where we neglect the elements which have obviously a higher degree:

a3/

For each of the above elements in D@O, both monomials have the same degree, so we
do not obtain a monomial ideal 1%, 1 < i < 4.

By taking larger degrees d € Dy, , it is possible to obtain a unique monomial basis
of V4(w»), where it is possible to obtain a basis with either of both monomials applied
to vaz. We conclude D;O 5Z Sim, but D@O N Sim # ¥. We also see, different elements
in Df, can produce different monomial bases. This observation still holds, even if we
consider elements where the sum over the entries is the same.

6.4. Lie algebra D,. Let g be of type Dy. In the Dynkin diagram, we let 2 be the
central node. We consider the following reduced decomposition
Wy = $251525352545251 52535254 € R(wp).

For a positive root ac; + bay + casz + day € A, we let f,5.4 denote the corresponding
quantum PBW root vector. In the convex order on positive roots given by w,, they are

Jot00, 1100, fio00s fi110. fotwo, fi2it, Sfiio1, Sfiuits Jfootos forits fotors fooor-
For d € R%:

0 let d; be the value of d at the positive root corresponding to the ith

quantum PBW root vector above. The quantum degree cone D@O C Rig is defined by
di+dy > dy, dy+dy>ds+dy, di+ds>ds, di+dy>ds, di+dp>d

dh+dy>ds+ds+d;, dy+dy>ds+ds, dh+ds>di+dy, do+dy>ds+ ds,
d+dy >ds, dr+dy>ds, do+dir>di+dy, d+dn>d;
ds+ds > dy, ds+dyo>di+dy, ds+dyo>ds, ds+dy>d;
dy+dio>ds+d;+dy, dy+dio>ds+dg, ds+dio>ds+do
dy+dy >ds+dy, da+dy >ds, ds+din>ds, ds+dy > dg,

ds+diy > do +dy1, ds +diy > dio, ds+dia > di+dy+d, ds+din > dy +dio

ds +dyp > dy +dy1, di+do > dy, dy+dyy > dio.

For example, d = (5,5,1,2,4,1,1,2,6, 10, 12,20) € Dy, .
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