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Abstract

We define in an axiomatic fashion a Coxeter datum for an arbitrary Coxeter group W. This Coxeter
datum will specify a pair of reflection representations of W in two vector spaces linked only by a bilinear
pairing without any integrality or nondegeneracy requirements. These representations are not required to
be embeddings of W in the orthogonal group of any vector space, and they give rise to a pair of inter-
related root systems generalizing the classical root systems of Coxeter groups. We obtain comparison
results between these nonorthogonal root systems and the classical root systems. Further, we study the
equivalent of the Tits cone in these nonorthogonal representations.
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1. Introduction

The notion of root systems is an essential tool in the study of Coxeter groups. For
an arbitrary Coxeter system (W, R) in the sense of [1] and [20], its root system ®
is a set of vectors arising from the Tits representation of W as a group generated
by reflections with respect to some hyperplanes in a real vector space V. Here
the representation space V is equipped with a symmetric bilinear form, and it has
dimension equal to the cardinality of R, and @ consists of a set of representative
normal vectors for the reflecting hyperplanes. The elements of ® are called roots,
and those roots corresponding to elements of R are known as simple roots. Following
the convention of [22] and [23], we also use the term root basis for the set of simple
roots. Under this classical construction, the abstract Coxeter group W is embedded
in the orthogonal group of the chosen bilinear form on V, and hence the resulting
reflection representation may be referred to as orthogonal.

The work presented in this paper was completed under the support of the Australian Research Council
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In [1, Ch. V, Section 4] and [20, Section 5.3] simple roots are required to form a
basis for V, and for each pair of simple roots the value taken by the bilinear form is
completely determined by the order of the product of the corresponding reflections. In
particular, if the order is infinite, then the bilinear form takes the value —1.

The orthogonal representations studied in [1] and [20] gave a beautiful theory of
root systems for finite Weyl groups. However, the requirement that, for each pair
of simple roots, the value taken by the bilinear form is completely determined by the
order of the product of the corresponding reflections may not be necessarily satisfied in
an arbitrary geometric representation of Coxeter groups. Furthermore, since reflection
subgroups of Coxeter groups are themselves Coxeter groups, it seems desirable that
the set of roots corresponding to a reflection subgroup should itself constitute a root
system. However, this requires relaxing the conditions imposed on the simple roots.
Specifically, since a proper reflection subgroup may have more Coxeter generators
than the over group (as illustrated in [17, Example 5.1]), linear independence of
simple roots is not inherited by reflection subsystems. Moreover, the property that the
bilinear form takes the value —1 whenever the product of the corresponding reflections
has infinite order is not inherited by reflection subsystems either (as illustrated
in [17, Example 1.1]).

The notion of a nonorthogonal reflection representation for an infinite Coxeter
group W was put to use in [25] to study the Weyl groups of Kac—Moody Lie algebras.
A notable feature of this approach is the construction of a pair of root systems
generalizing the classical notion in two interrelated vector spaces V; and V,. The
resulting reflection representations are not embeddings of W in any orthogonal group,
thus explaining the term ‘nonorthogonal’. In [25], the vector spaces V| and V, are
linked by a nondegenerate bilinear form satisfying an integrality condition, and the
resulting root systems are required to form integral lattices in V| and V, respectively.
This approach gives a well-developed theory of root systems for the Weyl groups of
Kac—Moody Lie algebras, but it may not apply to general infinite Coxeter groups,
as commented in the remark immediately following the definition of root bases in
[7, 1.1.1].

In this paper, we give a generalization of the nonorthogonal reflection
representations studied in [25]. In particular, we remove the nondegeneracy and
integrality condition on the bilinear form. In this situation, the root systems need
not form integral lattices. Furthermore, in contrast to [25], the removal of the
nondegeneracy condition on the bilinear pairing implies that the two representation
spaces V| and V, may not necessarily be identified as algebraic duals of each other.

This paper also aims to give detailed comparisons between the root systems
arising from nonorthogonal representations and their classical counterparts. For
general Coxeter groups, in the literature, it appears that little attention has been
paid to comparing the root systems arising from nonorthogonal representations to
their classical counterparts. This paper presents a collection of basic combinatorial
and geometric results in nonorthogonal root systems for general Coxeter groups.
Specific to the approach taken in this paper, a number of basic results and their
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proofs, and in some cases even the statements, involve new ideas. For instance,
some of the resulting reflection representations have root systems which inevitably
involve potentially infinitely many different (positive) roots corresponding to the same
reflection; these appear in neither the Kac-Moody nor orthogonal Coxeter settings.

A number of studies on nonorthogonal representations of Coxeter groups exist in the
literature, for example, [5—7, 13—15]. Our approach presented here generalizes [5-7].
In particular, the paired representation spaces in those are all required to be algebraic
duals of each other, and in [5, 6] the root bases are required to be linearly independent.
In [13], a theory of root systems over totally ordered commutative rings is developed
with also the requirement that root bases are linearly independent. As observed in the
classical orthogonal case, the removal of the linear independence condition imposed
on root bases is essential in developing a unified theory of root systems applicable
to reflection subgroups, and consequently, in this paper, we do not impose the linear
independence condition on root bases. The techniques used in [13] may be combined
with those of the present paper to obtain a theory of root systems for arbitrary Coxeter
groups (and their reflection subgroups) over totally ordered commutative rings. Such
a theory has been described in [14], and we thank the referee of the present paper for
communicating [ 4] to us.

This paper begins with a section devoted to proving that after the removal of
a number of strong requirements of a set of root data in the sense of [25] we
can still construct a faithful reflection representation of an abstract Coxeter group
(Theorem 2.11). Many fundamental results in this section are also contained in [13]
and [14], and for completeness we include our own proofs to some of these results
in the present paper. We were unaware of [14] until informed by the referee, and
we thank the referee for communicating [13] and [15] to us. Section 3 collects a
number of basic facts about nonorthogonal root systems. In particular, the issue
with specifying a preferred way of expressing roots as linear combinations of simple
roots (ambiguity may arise, since simple roots are no longer required to be linearly
independent), and the issue of the possibility of many (positive) roots corresponding
to the same reflection are addressed. More interesting facts are then given in Sections 4
and 5, and these are the main results of this paper. In particular, Section 4 provides
comparison results (mostly in the form of inequalities) between constants associated
to nonorthogonal representations and those for the classical orthogonal representation.
These should be of utility in further study of nonorthogonal representations by
reduction to known results in the orthogonal setting. Finally, Section 5 studies
the equivalent of the Tits cone in nonorthogonal representations. In particular, we
generalize a well-known and useful result of G. A. Maxwell on the dual of the Tits cone
from special elements in the dual of the Tits cone to arbitrary elements (Theorem 5.8).
In particular, Theorem 5.8 of the present paper can be applied to the study of the so-
called imaginary cones of arbitrary Coxeter groups. The concept of the imaginary
cone was introduced by Kac in [21] to study the imaginary roots of Kac—Moody Lie
algebras, and was later generalized to Coxeter groups in [8, 9, 12, 14]. In [8, 9],
the imaginary cone played a significant role in exploring the geometric distribution
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of roots of arbitrary infinite Coxeter groups. Theorem 5.8 of the present paper may,
amongst other things, improve the understanding of a number of geometric properties
of the imaginary cones of Coxeter groups.

2. Paired reflection representations

Let S be an arbitrary set in which each unordered pair {s, ¢} of elements is assigned
an my, € Z U {00}, subject to the conditions that my = 1 (for all s in S), and my > 2
(for all distinct s,¢ in §). Suppose that V| and V, are vector spaces over the real
field R, and suppose that there exist a bilinear map (,): V; X V, = R and sets
I ={as|seS}cVyand I, = {8, | s € S} € V, such that the following conditions
hold:

(C1) (as,Bsy=1,forallseS;
(C2) (ay,B:) <0, for all distinct s, € S;
(C3) forall s,t€ S,

cos2(rt/my) if mg # oo,

y%, for some yg, > 1 if my = oo

<a's’18t><al’ﬂs> = {

(C4) {ay,pB;) =0if and only if {a;,B;) = 0, for all 5,1 € §;
(CS) Yes Asas =0 with A5 > 0 for all s implies A; = 0 for all s, and } g 4,8, =0
with A, > 0 for all s implies A; = O for all s.

Note that (C3) and (C4) together imply that {(«,, 5;) and {a;, B;) are zero if and only
if mg = 2. We can express (C5) more compactly as 0 ¢ PLC(I1;) and 0 ¢ PLC(I1),
where, for any set A, PLC(A) (the positive linear combinations of A) is defined to be

{Z daa

acA
DeriniTioN 2.1. In the above situation, if conditions (C1) to (C5) are satisfied then we
call € = (S, Vy, Vo, 111,115, {,)) a Coxeter datum. The my (s,t € §) are called the
Coxeter parameters of € .

A, >0forallacA, and A, > 0 for some a’ € A}.

Following [7, 1.1.1], we call ¥ free if both I1; and II, are linearly independent.
Throughout this paper, € = (S, Vi, V,, 111, Iy, (, )) will be a fixed Coxeter datum with
Coxeter parameters my,, unless otherwise stated. We stress that, in general, % is not
required to be free.

Remark 2.2. In a Coxeter datum %, if we take V, = Hom(V;,R) and take {, ) to be
the natural pairing on V| X Hom(V}, R), then the conditions (RB1), (RB2) and (RB3)
required in the definition of the root data of [7, 1.1.1] are automatically satisfied in &
(though here we have scaled each element of I1; and IT, by a factor of 1/ V2). Thus the
root data in the sense of [7] are special cases of a Coxeter datum defined here. Further,
if we assume that % is free then we have a set of root data as given in [13] (for the
case where the totally ordered commutative ring is R), whereas if we assume that (, )
is nondegenerate and (a;, ;) € Z for all 5,1 € S then we recover a set of root data as
given in [25].
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DerniTiON 2.3. Given a Coxeter datum 6 = (S, Vi, Vo, 11, I, {, ), for each s € S,
let py, (s) and py, (s) be the linear transformations on V; and V, defined by

oy, (9)(x) = x — 2{x, Bs)a

for all x € V{, and
Pv, () =y — 2ay, y)Bs

for all y € V,. For each i € {1,2} let R(%) = {pv,(s) | s €S}, and let W;(¥¢") be the
subgroup of GL(V;) generated by R;(%).

For each s € S, it is readily checked that py,(s) and py,(s) are involutions with
pv, (8)(as) = —a; and py, (s)(Bs) = —f;. Further, we have the following proposition.

ProrosiTion 2.4. Let x € Vi andy € V. Then forall s € S,

v, (5)(x), Py, ()(1)) = (X, y).

Though % lacks freeness in general, nevertheless, conditions (C1), (C2) and (C5)
of the definition of a Coxeter datum together yield the following lemma.

Lemma 2.5. Foreach s € S,
@y ¢ PLC(IT; \ {a,)) and B, ¢ PLCOL \ {B,)).

In particular, for distinct s,t € S, the set {ay, a,} is linearly independent, and so is

{Bs. Br}-

For each i € {1, 2}, the above lemma yields that py,(s) # py.(f) whenever s,¢ € S are
distinct.

LeEmMmA 2.6. Suppose that s,t € S such that s # t.
(1) Ifmg =2 then for eachn € N,
(ov, (S)pv, (D) (ay) = (=1)"'a; = pv, (D(py, ()pv, ()" (ay)

" (v, (9)pv, (D) (Bs) = (=1)"Bs = pv,(D(pv, (9)pv, (D))" (By).-
(ii)) Ifmg # 2 then for each n € N,
(ov, (S)ov, )" () = Py s + Augy s
(v, (), ()" (Bs) = Py s + %Stqff ‘
Pvi(D(pv, (9)pv, (D) (@s) = pylas + Auqyy

and

Pv, (D (pv, (9)pv, ()" (B) = P Bs an,Bl,
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where A = (\(a, Br)}ai, Bs)/ =1, Bs)), Vst is as defined in (C3),

in2n + 18
Sin@nt DO < oo, and 0=

sin @ Mgy
Py =12n+1 if my = co, and yy = 1;
sinh(2n + 1)6 . _
— 5 fmy=c0,andf=cosh Yys) >0,
and (20
sm-( ") if mg < oo, and 0 = L;
sin @ Mgt
4, =12n, ifmg =coandyg =1,
inh(2n)0
M if mg = oo, and 6 = cosh_l(ys,) > 0.
sinh 6

Proor. (i) If my = 2 then (a,, B;) = {a:, Bs) = 0, and hence the desired result follows
from the definition of py,(s) and py,(¢) (for each i € {1, 2}).
(i1) First we observe that if

(pVI (S)le (t))n(as) = pf,ta's + Astqzlat (21)
and
1
(o, ()pv, ()" (Bs) = pyBs + /l—q,i’ : (2.2)

both hold, then it follows from the linear independence of each of {«;, a;} and {B;, 5;}
and the fact that applying pv, (t) (ov,(#)) only changes the coeflicient of a; (5;) that

Pv, (t)(le(s)le (t))n(as) = Prslt&s + /lstqf,tﬂa'l
and

Py, (v, (v, ()" (Bs) = By qn+1ﬁt

Thus it only remains to prove (2.1) and (2.2).
First we consider the case m,, < co. Since {ay, B:){as, B;) = cos® @ in this case, the
matrix of py, (s)py, (f) in its action on the subspace with basis {a;, @} is

(—1 —2<a/,,ﬁs>)( 1 0 ) _ (4 cos?f—1 2(a/,,,BS))

0 1 ~2AaBy -1\ —2ay.B) -1
Observe that
—cos 6 —cos 6
4cos’0—1 2ay,fBs) _ cos 0|(4cos?6 -1 —2 cos 6 cos 0
_2<a'saﬁt> —l - <as(a)ﬁl> 1 ZCOSG <ataﬁs> 1
1 —cos 6 0](sin30 —sin20 —cos 6 0
~sing <a‘,/31> | sin20 —sinf <a’6ﬁs> 1 ’
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and hence an induction on »n yields that, for all n € N,

4cos?0—1 2ap, By
~2a, Br) 1

—cos 6 —cos 6
1 0] (sin(2n + 1)0 —sin2n6 0
- sm0[< s’ﬁt> 1]( : : _ 1)9)[<a'tbﬁs> 1]

sin 2n6 —sin(2n

Consequently (2.1) holds when my < oo with pif = (sin2n + 1)0)/sin, ¢ =

sin2nf/ sin 6, and Ay = +/{ay, B){ay, Bs)/ — {ay, Bs). An entirely similar calculation
shows that (2.2) holds in this case with the same p)/, ¢3' and A, thus establishing

(2.1) and (2.2) in the case where my, < 0.
Next consider the case mg = co. Since (ay, B, Xa;, Bs) = yf, in this case, the matrix
of py, (s)pv, (¢) in its action on the subspace with basis {a;, a;} is

-1 =2, B 1 0)_( 45-1 2anBy
0 1 AanBy 1) \2anp) -1 |

Observe that if y;, = 1 then

-1 _1
4y -1 2AanpBy) _ 0l(3 -2 0

and an induction yields that, for all n € N,

-1 -1
4y, -1 2<a/t,/3s>)n _ 0 (Zn +1 -2n ) 0
(_2<as’ﬁt> -1 - (as(’)ﬂt> 1 2n ( ) <ataﬁs> | .
Consequently (2.1) holds when my = oo and vy, = 1 with pif =2n + 1, ¢ = 2n and
Ag =1/ —Lay, ﬁs) An entirely similar calculation shows that (2.2) holds in this case

with the same p3, ¢&' and Ay, thus establishing (2.1) and (2.2) in the case my = oo and
vs = 1. Finally, if y,, > 1, then

(%—1 2an s >) [«;f;’t) 0](47@—1 ‘27“")[@:5» 0]
1 0 1

_2<a/s>ﬂt> -1 27st -1

<a_7;> 0)(sinh36 —sinh26 ((;7;3’) 0
P sinh2o —sinho || P )

- sinh 6
and hence an induction yields that, for all n € N,

4921 AanpBy))
~Aa, By -1

Vst 1 . —Y st
_ 1 0)(sinh(2n +1)§  —sinh(2n6) 0
~ sinh6 [<as(’)ﬂt> 1] ( sinh(2nf) ~ —sinh(2n — 1)0) (<a’6ﬂ % IJ :
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Consequently (2.1) holds when my = oo and y,, > 1 with p;| = (sinh(2n + 1)8)/sinh 6,
g% = sinh 2nd/sinh 0, and A, = y,/—{a:, Bs). An entirely similar calculation shows
that (2.2) holds in this case with the same p;’, ¢ and A, completing the proof. ]

n

Remark 2.7. Lemma 2.6(ii) follows readily from [13]. Using the polynomials P,, and
Q,, defined in [13, (1.9)] and setting a = —2{a;, Bs), b = —2(a,,B;), and | = ab, we see
that the formulas in Lemma 2.6(ii) can be obtained from [13, (1.10), (1.15)] by setting
=P, ¢ = VIQ,(I) and Ay, = vb/a. We thank the referee for pointing this out
to us.

RemArk 2.8. Let ord(py,(s)py, (1)) denote the order of py,(s)py,(f) in the group GL(V)),
for each i € {1,2}. Then:

(i) Lemma 2.6(ii) yields that ord(ov,(s)pv.(t)) > my when mg # co. Indeed, in the
subspace with basis {a;, a;} the m elements

as, (ov, ($)pv, (O)as, (ov, ($)pv, (1)) s, - - ., (Ov, ($)py, ()™ g

are all distinct, and the same holds in the subspace with basis {8y, 8;}.
(i1) Similarly, it follows from Lemma 2.6(ii) that ord(py,(s)pvy,(f)) = co whenever

Mg = 00,
The above observations naturally lead to the following proposition.
ProposiTiON 2.9. Suppose that s,t € S. Then for each i € {1,2},
pv,(S)pv.(t) has order my in GL(V;).

Proor. [13, Proposition 1.22], [14, Proposition, page 274], and [15] established the
current proposition under the setting where the paired real representation spaces are
replaced by modules over a totally ordered commutative ring, with the additional
requirement that root bases are linearly independent. For completeness and to account
for linearly dependent root bases we include a proof here.

We give a proof that py, (s)pv, (f) has order m, in GL(V;) below, and we stress that
the same argument will hold for py,(s)py,(f) in GL(V,). Observe that we only need
to consider the cases where my, ¢ {1, oo}, for the statement of the proposition follows
readily from Remark 2.8(ii) and the fact that each py, (s) is an involution, for all s € S'.
Next let @ € V) be arbitrary. Then

(v, ($)py, ) (@) = py, ()@ — Aa, Ba;)
=a - Xa,Boa, — 2a, Bi)a, — 2{ay, Bsray)
= a + (Ka, B, By) — 2, B))as — 2a, Ba;. (2.3)

If my, = 2, then (2.3) yields that

(v, (9)pv, (D) (@) = (pv,(Dpv, (H)(@) = @ = Aa, Bs)as — Aa. Bar,
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so that py,(s) and py, () commute. Thus ord(py,(s)py, (1)) = 2 when my =2, and it
remains to check the case where my, > 2. Observe that if @ = a, and @ = a;, then (2.3)
yields that

(ov, ($)pv, (O))(as) = (4cos(n/my) — Das — 2Aay, Ba,

and

(v, ($)pv, D)) = Aar, Bs)as — ;.

Therefore for those a ¢ R{a, @}, the action of py,(s)py,(f) on the subspace with
ordered basis {a;, a;, @} may be represented by the matrix

dcos’(n/my) = 1 AanBs)  Ha, ) Bs) — 2(a. Bs)
M = —2a. Br) -1 EEACH
0 0 1

It is readily checked that M has distinct eigenvalues e/, ¢=i2x/ms) and 1, Hence M
has order mg,, and so (py, (s)pv, (£))™ = 1 in GL(V;). Finally, in view of Remark 2.8(i),
it follows that ord(py, (s)pv, (¢)) is precisely my;. O

Remark 2.10. Given a Coxeter datum % = (S, Vi, Vo, I, I, (, ) with Coxeter
parameters my, (where s,t € S), let (W, R) be a Coxeter system in the sense of [16]
or [20] with R = {r, | s € S} being a set of involutions generating W subject only to the
condition that the order of the product rr; is mg whenever s, ¢ are in S with my # co.
Then Proposition 2.9 yields that there are group homomorphisms f;: W — W(%) and
far W — Wy(€) satisfying fi(ry) = pv,(s) and fa(rs) = py,(s) forall s € S.

The principal result of this section is the following theorem.

Tueorem 2.11. Let (W, R), fi and f> be as in Remark 2.10 above. Then f| and f, are
isomorphisms; that is, (W(€), R\(%)) and (WL(%), R2(%)) are both Coxeter systems
isomorphic to (W, R).

Remark 2.12. [13, 2.13 (b)], [14, Proposition, page 274], and [15] established the
above theorem for free modules over totally ordered commutative rings in which the
root bases are bases. For completeness and to account for linearly dependent root
bases, we include a proof to Theorem 2.11 in the present paper.

For each i € {1, 2}, since W;(%) is generated by the elements of R;(%), it follows
readily that each f; is surjective. Thus only the injectivity of f; needs to be checked.
Before we can do so, a few elementary results are needed. First we have a result easily
obtained from the formulas in Lemma 2.6.

Lemma 2.13. Suppose that s,t € S such that my # 2, and let n be an integer such that
0 <n <mg. Let Ay, uy, A, and p,, be constants such that

- PV (t)le(S)le (t)(as) = /1,1&5 + UnQt

n factors
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and
v (9)py, (Dpy, (s)(a) = A, + ;.

n factors

Then all four constants A,, w,, A, and [, are nonnegative.

Remark 2.14. The same argument applies equally well if we replace py, (), py, (1), @
and «; in the above lemma by py, (s), py, (%), 85 and B, respectively.

Nortation 2.15. Let W, fi and f, be as in Remark 2.10. Then f; and f, give rise to W-
actions on V| and V; in the following way: wx = (fi(w))(x) for all w € W and x € V|,
and wy = (fo(w))(y) forallwe W and y € V,.

DermiTion 2.16. Given W and R as in Remark 2.10, let £: W — N be the length
function of W with respect to R. For w € W, we say that an expression of the form
W =ry - rs, (Where si,...5; €§)is reduced if {(w) = L.

For any w € W, an easy induction on {(w) yields the following extension to
Proposition 2.4.

Lemma 2.17. Given a Coxeter datum € = (S, Vi, Vo, 111, 11o, {,)), and let W be as in
Remark 2.10. Then {x,y) = (wx,wy) forallw e W, x e Vi, and y € V.

The following is the key step in proving Theorem 2.11. It is an adaptation of the
well-known result in the orthogonal setting, and for completeness we include a proof
here.

ProrosiTion 2.18. Let W be as above, and let w € W and s € S. If £(wry) > {(w) then
wa € PLC(II,).

Proor. Choose w € W of minimal length such that the assertion fails for some « € I1;,
and fix such an ;. Certainly w # 1, since lay = @y is trivially a positive linear
combination of IT;. Thus ¢(w) > 1, and we may choose ¢ € § such that w; = wr, has
length €(w) — 1. If €(wirs) = €(wy), then £(w;r) > £(w;) for both r = r; and r = r,.
Alternatively, if {(w;r) < £(w;), we define wy, = wrg, and note that £(w,r) > £(w,)
will hold for r =r; and r = r, if €(wyry) > €(w;p). If this latter condition is not
satisfied then we define w3 = w;r;. Continuing in this way we find, for some positive
integer k, a sequence of elements wy = w, wi, wa, ..., wy with £(w;) = £(w) — i for all
i=0,1,2,...,k and, when i < k,

w;ry ifiis odd;
Wir] = s
HLZ Y\ wir,  ifdis even.

Now since 0 < £(wy) = £(w) — k, we conclude that £(w) is an upper bound for the
possible values of k. Choosing k to be as large as possible, we deduce that £(wyr) >
£(wy) for both r = r; and r = r;, for otherwise the process described above would allow
a Wiy to be found, contrary to the definition of k. By the minimality of our original
counterexample it follows that wya; and wia, are both in PLC(IT;).
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We have w = wyv, where v is an alternating product of rgs and r;s, ending in
ri, and with k factors altogether. This means that £(v) < k. But w = wyv gives
t(w) < €(wy) + €(v), so it follows that €(v) > €(w) — £(wy) = k, and hence £(v) = k.
Further, in view of the hypothesis that £(wrg) > £(w), and since wyvrg = wr;, we have

Ewi) + L(vry) = C(wry) 2 Ew) = E(wi) + k = Lwy) + L),

and hence {(vry) > £(v). In particular, v cannot have a reduced expression in which the
final factor is 7, for if so then vry would have a strictly shorter expression.

Since r; and r, satisfy the defining relations of the dihedral group of order 2my, it
follows that every element of the subgroup generated by r,; and r, has an expression
of length less than my + 1 as an alternating product of ry and r,. Thus £(v) < my.
Moreover, if my, is finite then the two alternating products of length my, define the
same element; so £(v) cannot equal m,,, as v has no reduced expression ending with r;.
Thus Lemma 2.13 above yields va; = 4@, + y1a, for some nonnegative coeflicients
Ay and y;. Hence

wa, = wpvas = wi(d1as + ) = Liwga + pywia; € PLCI1),
since wiay, wra, € PLC(I1;). This contradicts our original choice of w and a; as a
counterexample to the statement of the proposition, completing the proof. O
Now we are ready to complete the proof of Theorem 2.11.
Proor oF THEOREM 2.11. Suppose, for a contradiction, that the kernel of f; is
nontrivial, and choose w in the kernel of f; with w # 1. Then £(w) > 0, and we may
write w = w'r; for some s € S and w’ € W with £(w") = £(w) — 1. Since €(W'ry) > £(W'),
Proposition 2.18 yields w’a; € PLC(I1;). But then
@y =way = Wra, =w(raey) =w'(-a,) = -way,

and hence 0 = a, + w'a, € PLC(I1;), contradicting condition (C5) of a Coxeter datum.
In an entirely similar way it can be shown that the kernel of f; is trivial. O

DeriniTion 2.19. Let W and R be as in Remark 2.10. We call W the abstract Coxeter
group determined by the Coxeter parameters of the Coxeter datum %, and we call
(W, R) the abstract Coxeter system associated with €.

Observe that Theorem 2.11 yields that the W-actions on V| and V, induced by the
isomorphisms f; and f; are faithful.

3. Root systems and canonical coefficients

Derinition 3.1, Suppose that € = (S, Vi, Vo, 111, 1o, {, )) is a Coxeter datum, and
suppose that (W, R) is the associated abstract Coxeter system.

(i) Define ®(%) = WII; = {wa, |we W,s €S}, and similarly define ®,(%) =
WII, = {wB, |we W,s € S}. Foreach i € {1,2}, we call ®;(%) the root system of
W in V;, and its elements the roots of W in V;. We call I1; the set of simple roots
in ®;(%), and we say that II; forms a root basis for ®;(%).
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(i) Set ®F () = ®;(¢) N PLC{L,), and @; (¢) = =} (%) for each i € {1,2}. We
call @7 (%) the set of positive roots in ®;(¢), and @; (¢) the set of negative
roots in ®;(€).

Given the above notation, for each i € {1, 2}, we adopt the traditional diagrammatic
description of simple roots II;: draw a graph that has one vertex for each s € §, and
join the vertices corresponding to s,z € S by an edge labelled by my, if my > 2. The
label my, is often omitted in the case mg = 3. Thus the diagram ) A t corresponds to

I ={a;, as, a;} and I1, = {B,, B;, B:}. Suppose that

(anBs) ==1/4, (ag,p)=-1/6, (a,p,)=-1/10,
(awfr) ==l (anBs)=-3/2, (anpi)=-5/2.

Then

rs, = ay — Aay, fBas = a, + %as’
(rrrs)ay = r(a, + %a's) = %am

(rireroary = ri(3ag) = sa, + tar,

(rsrtrrrs)a'r = rs(%a's + %at) = %a't»

(rrrsrtrrrs)a'r = rr(%at) = éa't + %ar,

(rerprgrir rg)a, = rt(éa't + %ar) = 3_10ar-
In particular, we notice from the above example that it is possible for a nontrivial
positive scalar multiple of a root to also be a root, lying in the same W-orbit as the root
itself. Clearly if wa = da where @ € ®((%) then w"a = A"« for all n € N. Since it is
quite possible that A # +1, it follows that there could well be infinitely many nontrivial
scalar multiples of @ in ®(%). Further, all roots in the W-orbit of @ will possess this
same property. Of course, the same situation could arise in ®,(%’) as well. This is one
of the features setting (%) and ®,(%’) apart from the classical root systems studied
in [1, Ch. V], [16] or [20, Ch. 5].

Observe that as in [13, 2.9], Proposition 2.18 above has the following consequences:

Lemma 3.2. Suppose that € = (S, Vi, Vo, 111,11b,{, )) is a Coxeter datum, and suppose
that (W, R) is the associated abstract Coxeter system.
()  D@(E) = D} (C) W D; (), for each i € {1,2}, where W denotes disjoint union.
(i) IfweWandseS, then
fowr) tw) + 1 ifwa, € 7(E), and wh € O3 (?),
Wry) =
tw) =1 ifwa, € ®7(E), and wp, € ,(C). |

Remark 3.3. Part (ii) of the above lemma implies that for we W and s € S, wa; €
@7 (%) if and only if wB, € @ (%), and we, € O] (%) if and only if B, € O (F).
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Remark 3.4. Since € is not assumed to be free, although Lemma 3.2(i) makes it
possible to assert that each root in ®;(%) (for each i € {1,2}) is expressible as a linear
combination of simple roots from I1; with coefficients all being of the same sign, these
expressions need not be unique. Thus the concept of the coefficient of a simple root in
a given root is potentially ambiguous. To obtain a canonical way of expressing roots
in terms of simple roots, we employ a construction similar to those of [11, 19, 25].
We define a free Coxeter datum %’ on the same set of Coxeter parameters as those
of €. Then both € and the free Coxeter datum %" correspond to the same abstract
Coxeter system (W, R). It turns out that for each i € {1, 2}, there exists a canonical W-
equivariant bijection 7;: ®;(%) < ®;(¢”’) which maps simple roots to simple roots.
Since each ®;(%”) is free, there is no ambiguity of the coefficient of a simple root in
any given root of ®(%”), and this will provide a canonical expression of roots in ®;(%)
in terms of IT; via mr;. However, since €’ lacks the integrality condition assumed in [25],
the proof used in [25] will not apply here. Further, since it is no longer true that there
exists a bijection between ®;(%¢)" (i = 1,2) and the reflections in W, the proofs used
in [11] and [19] will not apply either.

Let V| be a vector space over R with basis II} = {a} | s €S} in bijective
correspondence with S, and let V) be a vector space over R with basis IT}, = {5 |
s € §}, also in bijective correspondence with §. Define linear maps 7 : V{ — Vi and
my: Vi — V, by requiring that

ﬂ](z /150/3) = Z Aoy and ﬂz(z ,us,B's) = Z,us,BS,

seS seS seS seS

for all Ay, uy € R, and define a bilinear map (,)": Vi x V) — R by requiring that
(a;, B1) =A{ay, By for all s,t€S. Then (x',y")" = (m(x'), m2(y")) for all X" € V| and
y evy.

Thus ¢’ = (S, V!, V2 LI, (L)) is a free Coxeter datum with the same parameters
as %, and therefore is associated to the same abstract Coxeter system (W, R). Applying
Theorems 2.11 to ¢” then yields isomorphisms f{: W — W(¢”) and f;: W —
W1(%”). These isomorphisms induce W-actions on V| and V; viawx’ = (f](w))(x") and
uy’" = (f;(w)(y'), forall w,u € W, x" € V{ and y" € V. Note that for each i € {1, 2} and
each s € S, it follows that f/(ry) = py/(s), and this in turn yields that 7; f (rs) = fi(ro)mi,
where f] and f, are as in Theorem 2.11. Since W is generated by {r; | s € S}, it follows
that 7r; f/ (w) = fi(w)m; for all w € W. Summing up, we have

mi(wz) =wni(Z) forallwe Wandz €V},
and hence each 7; is a W-module homomorphism.

ProrosiTioN 3.5. For each i € {1,2}, the restriction of n; defines a W-equivariant
bijection ®(E") - ©;(F).

[14, Proposition, page 274] and [15] established Proposition 3.5 under a similar
setting. For completeness we include a proof in the present paper, but before we can
do so we need a few elementary results and some further notation.
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DeriniTiON 3.6. For each i € {1, 2}, define an equivalence relation ~; on ®;(%) as
follows: if z; and z, € ®;(¥), then z1 ~; z, if and only if z; and z, are (nonzero) scalar
multiples of each other. For each z € ®;(%), write 7 for the equivalence class containing
z, and set O(%) = (7] z € Di(F)).

Observe that the action of W on ®;(%) (for i = 1,2) gives rise to a well-defined
action of W on ®,(%) satisfying wz = wz for all w € W, and all z € ©;(%).

DerniTion 3.7. For i € {1, 2}, and for each w € W, define
Ni(w) = {7 |y € ] (€¢) and wy € O ()}

Note that for w € W, the set Ny(w) (i = 1,2) can be alternatively characterized
as {y |y € (%) and wy € @ (¢)}. Hence 7 € N;(w) if and only if precisely one
element of the set {z, wz} is in @ (%). A mild generalization of the techniques used in
[20, Section 5.6] then yields the following result.

LeEMMmA 3.8.

() Ifs €S then Ni(ry) = (@} and No(ry) = {B;}.

(i1)) Letw € W. Then Ni(w) and N,(w) both have cardinality {(w).

(iii) Let wy, wp € W and let + denote set symmetric difference. Then N;(wyw;) =
wglNi(wl) + Ni(wy) for each i € {1,2}.

(iv) Letwy, wy € W. Then for each i € {1,2},

E(wiwy) = L(wy) + L(wy)  if and only if Ni(w;) C Ni(wiwy).

If wi,wy, € W with £(wywy) = €(wy) + €(w,) then we call w, a right-hand segment
of wiwy. f w=rgrg, -1y (Where we Wand sy,..., s, € S) with {(w) = [, then the
above lemma yields that

Ni(W) =A@y, Py @5, s Py s @y s o o5 P Fspy + - Fsy @, ) 3.1

and
NZ(W) = {ﬁs,s rslﬁsl,l 5 rs,rsl,lﬂsl,z, O T rSzﬁS] }

The following lemma is an adaptation of [13, 2.24] into the settings of the present
paper.

Lemma 3.9. W is finite if and only ifdf(?) is finite (fori=1,2).

Proor. It is clear that the finiteness of W implies the finiteness of (I)@) (fori=1,2).
Conversely, for each i € {1, 2}, assume that I(I)T(?M < oo, and define an equivalence
relation =; on ®;(%) as follows: for 71,z € @;(%), write z; ~ z; if there is a positive
A such that z; = Az,. We write 7 for the equivalence class containing z € ®;(%), and
set ©,(%) := (7| z € ®;(%)}. Observe that |0;(Z)| = 2|D,(%)| < . The action of W on
®,(%¢) naturally induces a well-defined action of W on (%) satisfying wz := wz. Now
for each w € W define a map o, : W) - W) by 0,(z) := wz for all 7 € W).
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Then o, is a permutation of d;,(\? ), and furthermore, w — o, is a homomorphism
o:W- Sym((ﬂ(\‘g )) (the symmetric group on W )). Now if w is in the kernel
of o then wz =7 for all z € ®;(%), and in particular, wz =7 for all z € IT;. But by
Lemma 3.2(ii) this means that £(wrg) > £(w) for all s € S, and therefore w = 1. Thus
o is injective, and hence |W| < ISym(CI,)—,'(\Cg ) = IW )I! < o0, as required. O

Remark 3.10. For each K € S, let Vix denote the real vector space spanned by
[T = {a, | s € K}, and let V¢ denote the real vector space spanned by Il,x = {8, |
s € K}. Furthermore, let (, )x denote the restriction of (, ) to V g X V. Then clearly
Cx = (K, Vik, Vak, 1k, Tok, (, Yk) is a Coxeter datum with parameters {my, | s, € K}.
Next we write Wi = ({r | s € K}) for the corresponding abstract Coxeter group, and
let 7: Wx — W be the homomorphism defined by r; > r, for all s € K. It follows
immediately from the formulas for the actions of W on V| and Wi on Vg that riy = ryv
for all s € K and v € Vg, and therefore wv = n(w)v for all w € Wi and v € V. Since
the action of W on Vg is faithful, it follows that 7 is injective. Thus Wg can be
identified with the standard parabolic subgroup of W generated by the set {r | s € K}.

Remark 3.11. Given K C S, and the Coxeter datum % (as defined ;n\ Remark 3.10),
it is a particular case of Lemma 3.9 that Wy is finite if and only if ®;(%%) is finite, for
eachi € {1,2}.

Remark 3.12. It follows easily from Lemma 3.2(ii) that if Wk is finite then there exists
a (unique) longest element wx € W satisfying the condition ®(6%) € N(wg). For
present purposes we require this only in the special case where K has cardinality 2.

Nortation 3.13. For r, s € S, if m,; < oo then {{r,, ry}) is finite, and its longest element,
denoted by wy, g, 1S r.rsr, - -+ = rgrpFs ..., where there are m, alternating factors on
each side.

Lemma 3.14. Suppose that s,t € S and w € W such that wa = A, for some positive
constant A. Let r € S be such that £{(wr,) < £{(w). Then

1) {ry, rs}) is finite;
(11) Ny (W{r,s}rs) = (Dl(%r,s}) \ {a'\s}x
(i) f(wrsw{‘r’ls}) = W) — EWyq7s).

Proor. (i) Since £(wr,) < £(w), Lemma 3.2(ii) yields that wa, € (Dl‘(%). Furthermore,
wa, # ,, for otherwise @, = a;, contradicting Lemma 2.5. Observe that then

wrsa, = w(a, — 2<araﬁs>a’5) = wa, - 2/l<a'raﬁs>a't-
€ ®7(%) \R{a;}  ascalar multiple of ¢,
Thus it can be checked that wra, € @7 (%). Now the fact that both wra, and wrya, are
negative implies that wr ('@, + ¢’ @) is a negative linear combination of I1; whenever
A, > 0. This means that ®,(%},.)) € N,(wry). Since N;(wry) is a finite set of size

{(wrs) by Lemma 3.8(ii), it follows from Remark 3.11 above that {{r,, r;}) must be
finite.
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(i1) First, wy, g exists by part (i). Next let pa, + va, € (DT(%) (where u,v > 0) be
arbitrary. By Remark 3.12, wy, g7s(ua, + vay) € CDT(%) if and only if r(ua, + vay) €
®7 (%), which by Lemma 3.8(i) happens if and only if 4 =0, and consequently
NI(W{r,s}rs) = (I)l(cg[r,sl) \ {(’1\3}’ as reqlﬁred'

(i) By Lemma 3.8(iv), to show that wy. 47, is a right-hand segment of w, it
is enough to show that N;(wy.q7s) € Ni(w). Suppose that a € <D1+(<5) such that
@ € Ni(wy.qrs). By (ii) above we may write @ = ¢ja, + c2a; for some ¢; > 0 and
¢ 2 0. Then wa = cywa, + cAa;. Suppose for a contradiction that wa € (DT(CK). Then
cda; = wa — cywa, € PLC(I1). Rearranging this equation gives A'a; = 3y g\ Ar @rs
where A’ is a constant and A, >0 for all ¥ € S \ {t}. Now if A” > 0 then we have a
contradiction to Lemma 2.5; on the other hand, if 2’ < 0 then we have a contradiction
to 0 ¢ PLC(ITy). O

We are now ready to prove Proposition 3.5.

Proor oF ProposiTioN 3.5. Since @1(%”) = {wa’, | w € W and s € S}, to prove that the
restriction of 1 to ®;(%”) is bijective it suffices to show that if m;(wa’) = m(var)),
for some w,v € W and s,t € S, then wa, = va]. Observe that m(we,) = way, and
m(va;) = va,. Hence it suffices to prove the following statement: if wa, = Aa;,
for some w e W, s,t€§, and A4 # 0, then we;, = A;. We assume that wa, = Aoy,
and proceed by an induction on {(w). The case £(w) = 0 reduces to the statement:
if @y = Aa;, for some s,7€ S, then a) = da;. Given a; = da;, Lemma 2.5 and
the requirement that 0 ¢ PLC(I1;) together yield that A =1 and s =¢, and we are
done. Thus we may assume that £(w) > 0, and choose r € S such that £(wr,) < £(w).
Lemma 3.14 yields that {({r,, ,}) is a finite dihedral group (hence m,, is finite), and
K(w(wm}rs)‘l) = {(w) — €(wy.575). We treat separately the cases m,, even and m,

odd.
If m,s = 2k is even, then wy, 5 = (r,r5)K = (ryr,)*, and the formulas in Lemma 2.6(ii)
yield
(W{r,s}rs)a's = W5 s = _(rsrr)ka's
_sin((mys + Dmr/my) —cos(m/m,s) sin(m)
B sin(rr/m,s) Y Aan By sin(/my)
. (3.2)
and by exactly the same calculation in V| we have
Wy rs)@y = ). (3.3)
Observe that (3.2) yields that
/1&; =wag = W(W{r,s}rs)_l(W{r,s}rs)a's = W(W{r,s}rs)_la's' (34)

Now since é’(w(w;r,s}rs)‘l) < {(w), the inductive hypothesis combined with (3.4) gives
us
A, = wwygrs) . (3.5)
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Then it follows from (3.3) and (3.5) that
Wa'; = (W(W{r,s}rs)_l(W{r,s}rs))a'/s = W(W{r,s}rs)_la'{; = /la';,

and the desired result follows by induction.
Next if m,; = 2k + 1 is odd, then

— _ k
Wigts = .. Ity = (Fshy) .

(m,s — 1) factors
Then the formulas in Lemma 2.6(ii) yield that

k
(W{r,s}rs)a's = (rxrr) e

_ sin(n) —cos(rr/my,) sin(2km/m,.)
Csin(r/my) 0 (@nBs) sin(r/myg)
= Ma,; (3.6)
(@, Bs)
and by exactly the same calculation in V| we have
,  —cos(z/mys) ,
WirgFs)dy = —————a,. 3.7
. (@r.Bo)
Observe that (3.6) yields that
_ — —COS(ﬂ/m,S)
Aa; = W(W s rs) 1(W r,s rs)ax = W(W r,s rA‘) 1(— r) (38)
o e o @By

Since f(w(w{r,s}rx)‘l) < {(w), (3.8) together with the inductive hypothesis yields that

—cos(r/my.) ) (3.9)

@By )

A, = w(w{,,s}rs)_l(

Finally, it follows from (3.7) and (3.9) that

_ _{—cos(m/m,)
WCY/S = W(W{r,s}rs) l(w{r,s}rs)a; = W(W{r,s}rs) 1(—”0';)
(a,,Bs)
= Aa;,

completing the proof that m; restricts to a bijection @(%”) & ®(¥). A similar
reasoning also yields that m, restricts to a bijection ®»(%¢”) & ©,(%). O

Under the freeness condition of %", each root @’ € ®(%”) can be written uniquely
in the form o’ = } g A,@}; we say that A; is the coefficient of a, in o’, and denote it by
coeffs(a’). Similarly each root 8’ € @,(¢”) can be written uniquely as 8 = Y 1554
we say that y; is the coefficient of ), in 5, and denote it by coeft;(58’).
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DerintTION 3.15.

(i) Let a € ®(%) be arbitrary. For each s € S, define the canonical coefficient of
a; in the root «, written coeff (@), by requiring that coeff (@) = coeffs(ﬂfl(a)),
where 7| is as in Proposition 3.5. The support of the root a, written supp(a), is
the set {a; | coeff (a) # 0}.

(ii) Let B € ®(%¥) be arbitrary. For each s € S, define the canonical coefficient of
By in the root B, written coeff(8), by requiring that coeff(8) = coeff(r; 1B)),
where 1, is as in Proposition 3.5. The support of the root 8, written supp(B), is
the set {B; | coeff,(B) # 0}.

Remark 3.16. By the above definition, the canonical coefficients arise from the free
Coxeter datum %”’. Thus when dealing with canonical coefficients, we may, for
simplicity and clarity, assume that the Coxeter datum concerned is free.

Prorosition 3.17. Suppose that s,t € S. If way = Aa, for some w € W and some
nonzero constant A, then wB; = (1/)B;.

Proor. Since wa; = Aay, it follows from Remark 3.3 and Lemma 3.8(i) that wg, = uf;
for some u # 0. Then Lemma 2.17 yields that

1= <a's’,85> = (way, Wﬂs> = </la'tvﬂﬁt> = /lﬂ,
hence u = 1/A4. O

Remark 3.18. Proposition 3.17 is a direct consequence of [13, 2.13(d)], and we thank
the referee of the present paper for suggesting to us the above proof which replaces a
much longer proof used in an earlier version of the present paper.

In particular, Proposition 3.17 implies the following: if w;as; = woa;, for some
s,t €S and wy,w, € W, then w8; = wpB,. Thus there exists a well-defined map
¢: ©1(6) - P(%) satisfying the requirement that wa, > wp, for all s € S and w €
W. This is clearly the unique W-equivariant map ®©(%’) — ®,(%) satisfying a; — S,
for all s € S. Similarly, there exists a unique W-equivariant map ¢’ : ®,(%) — ©(%)
satisfying B, — a; for all s € §. It is clear that the products ¢’ o ¢ and ¢ o ¢’ are the
corresponding identity maps on ®1(%’) and ®,(%), respectively. Hence we have the
following proposition.

ProrosiTion 3.19. There exists a unique W-equivariant bijection
¢: ©1(%) - (%)
satisfying ¢(ay) = B forall s€ S.

For the rest of this paper, we shall fix ¢ for the W-equivariant bijection in the
above proposition. Observe that Remark 3.3 then immediately implies the following
corollary.

Cororrary 3.20. Let a € @(%) be arbitrary. Then a € ®1(€) if and only if ¢(a) €
O3 (6); and a € D7(E) if and only if p(a) € D ().
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Note that Proposition 3.17 can be generalized as follows.

Lemma 3.21. Suppose that a € ®((%), and suppose that A is a nonzero constant such
that Aa € ®1(€). Then ¢(Aa) = (1/)d(a).

Proor. Write a = wa, for some w € W and s € S. The fact that Aa € ©(%) implies
that w™l(1a) = Aw™la = da, € ®(%). Then ¢(day) = (1/)¢(a,) by Proposition 3.17.
Now it follows from the W-equivariance of ¢ that

1 1
¢da) = p(dwas) = plwiay) = w(day) = swhlay) = ~¢(a). o

DerNiTION 3.22. Let € = (S, Vi, Vo, 111,15, {, )) be a Coxeter datum.
(i)  Foreach i€ {1,2} and z € ® (%), define the depth of z (written dp, ;(z)) to be

dpy ;(z) = min{f(w) | w € W and wz € @; (¢)}.

(i) Foreachie {1,2}andz;,z; € @ (€), write 7; <; 2, if there exists w € W such that
22 = wzy and dpy ;(22) = dpy ;(z1) + €(w). Furthermore, write z1 <; 22 if 21 <; 22
but z; # z5.

A mild generalization of [2, Lemma 1.7] yields the following lemma:

Lemma 3.23. Suppose that € = (S, V1, Vo, 111,115, {, )) is a Coxeter datum. Let s € S,
a € O7(€) \ Rlay}, and B € D3(€) \ R{B,}. Then

dpy (@) =1 if{a,Bs) >0,
dpe 1 (rs@) = {dpy (@) if{a,Bs) =0,
dpy (@) + 1 if{a,Bs) <05

and
dp (B -1 if{e;,8) >0,
dpe o (rsf) = dp4,(B) if {as,B) =0,
dps,(B) + 1 if ey, B) <O.

Lemma 3.24. Suppose that € = (S, Vi, Vo, 111,15, (, )) is a Coxeter datum, and a €
O (). Then dp, (@) = dp 5(p(@)).

Proor. Let w € W be such that wa € (%) and dp, (@) = £(w). Corollary 3.20
then yields that ¢(wa) € @, (%€), and it follows from the W-equivariance of ¢ that
w(g(a)) € O3 (%'). Hence

dpe»(d(@)) < £(w) = dpe 1 (@).

By symmetry, dp, | (@) < dpy ,(é(@)), whence equality. O
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Lemma 3.25. Suppose that € = (S, Vi, Vo, 11,11, {, )) is a Coxeter datum. Let
a€®(€)and s€S. Then

(@,B5) >0 if and only if (a;, p(a)) > 0,

and
<a,ﬂs> =0 lfand Oi’lly if<as, ¢(a')> = Oa
and
(@Bs) <0 ifand only if ey, $(e)) <.
Proor. Combine Lemmas 3.23 and 3.24, then the desired result follows. |

In fact, the above gives rise to a more general result, stated in the following
corollary.

COROLLARY 3.26. Suppose that € = (S, V1, Vo, 111,115, (, )) is a Coxeter datum, and
a1, € q)l(cg), Then

(a1, ¢(@2)) > 0 if and only if (@2, $(a1)) > 0,
and
(a1, ¢(@2)) =0 if and only if (@2, $(a1)) = 0,

and

(a1, ¢(@2)) <0 if and only if (@, ¢(a1)) < 0.

Proor. Write @, = wa;, for some w € W and s € S. Given the W-invariance of (, ) and
the W-equivariance of ¢, we have

(a1, (@) = (a1, whs) = (W' ay, By).

It then follows from Lemma 3.25 that (w™'a, B,) > 0 precisely when

(a5, oW 1)) = (way, glar) = (@2, ¢(@1)) > 0.

The rest of the desired result follows in a similar way. ]

4. Comparison with the standard geometric realization of Coxeter groups

In this section we recover the root systems of Coxeter groups in the sense of [16] or
[20] as special cases of root systems arising from a Coxeter datum. Subsequently we
give comparison results between such special cases and the more general root systems
arising from a Coxeter datum. These comparisons will provide a useful reduction
of the nonorthogonal representations studied in the previous sections into those
of [16, Ch. V] or [20, Sections 5.3-5.4].

Fix a Coxeter datum € = (S, Vi, V», 11}, 115, ¢, )), and let V be a vector space over
R with a basis Il = {y, | s € S} in bijective correspondence with S. Suppose that
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(,): VxV — Ris asymmetric bilinear form satisfying the following conditions:

(Cl) (y5,7s)=1,forallseS;
(C2") (ys,y:) <0, for all distinct s, € S;

(C3) (y5,70)* = {as. B, Bs), forall 5,1 € S

Then €” = (S,V,V,ILII (,)) is a free Coxeter datum with the same Coxeter
parameters my;, (s,t € S) as those of %, and hence ¥ and ¥ are associated to the
same abstract Coxeter system (W, R). It is easily checked that ®(€") = ®(€"),
allowing us to write @ in place of (%) and ®,(%"). Furthermore, we write ®* and
@~ for the corresponding set of positive roots and negative roots, respectively. It is also
readily checked that W can be faithfully embedded into the orthogonal group of the
bilinear form (, ) on V. If € satisfies the further condition that (y,,y;) = 1 whenever
mg = oo, then € gives rise to the orthogonal representation of W as defined in [1,
Ch. V], [16] and [20, Sections 5.3-5.4]. We refer to such V as the standard geometric
realization (Tits representation) of W or simply the standard Tits representation of W
(as in [27]).

It follows from Lemma 2.17 that (, ) is W-invariant. It is well known (and can be
readily checked) that if x and Ax are both in ® for some constant A, then A = +1. Since
€ is free, it follows that each y € ® can be written uniquely in the form y = Y ¢ AsYs.
We say that A is the coefficient of y, in vy, and denote it by coeff;(y). Finally, to
simplify notation, for any y € ® we write dp(y) in place of dp. ;(Y)(= dp4r 2(¥)),
and for y;,y, € ® we simply write y; <y, when y; <| vy, (and y; <5 ).

Similar arguments as for Proposition 3.5 give us the following proposition.

ProprosITION 4.1. There are W-equivariant maps ¢1: ®(€) — ®©, and ¢, : ©(€) —
@, satisfying ¢1(as) = vs = ¢2(Bs), forall s € S.

REmaRrk 4.2. We stress that, unlike 7y, 7, of Proposition 3.5 and ¢ of Proposition 3.19,
the new maps ¢; and ¢, are not injective in general, and we shall see more on this fact
in Lemma 4.9(ii) below.

Levma 4.3. Suppose that « € ®(€). Then a € @7 () implies that ¢\(a) € ¥, and
a € 7 (€) implies that ¢ () € D

Proor. We may write @ = wa,, where we W and reS. If ae @T(%), then
Lemma 3.2(ii) yields that £(wr,) = {(w) + 1. Hence Lemma 3.2(ii) applied to the
Coxeter datum € yields that ¢;(a) = ¢1(wa,) = woi(a,) = wy, € ®*. Likewise we
see that @ € @7 (%) implies that ¢ () € O™ O

Using the same argument as in Lemma 3.24 we have the following lemma.
Lemma 4.4. Suppose that a € (I)T(CK). Then dp (@) = dp(é1(a@)).

COROLLARY 4.5. Suppose that a € (%), and s € S. Then

(p1(@),vs) >0 ifand only if {a,Bs) > 0,
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and
(¢1(@),y5) =0 ifand only if (e, Bs) = 0,
and
(¢](C¥), 7;) <0 lf‘al’ld Only lf<a’ﬁs> <0.
Proor. Follows from Lemmas 4.4 and 3.23 applied to €. O

Next we have a well-known result on Coxeter groups (a proof can be found in [4],
in the discussion immediately before Lemma 2.1) which we shall use repeatedly in
later calculations.

LemmA 4.6. Suppose that I €S and w e W. Let W, denote the standard parabolic
subgroup in W corresponding to I, as defined in Remark 3.10. Choose w' € wWj to be
of minimal length in the left coset of Wy in W containing w. Then {(wW'v) = (W) + £(v)
forallve W,

ProposiTION 4.7. For each a € ®(€) and each r € S,
coeff () coeff,(¢(@)) > (coeff,(¢1(@)))*.

Proor. Replacing @ by —a if needed, we may assume that a € ®(%), and we may
write @ = way, where w € W and s € § (so £(wrg) = €(w) + 1). The proof is based
on an induction on £(w). If £(w) =0 then the result clearly holds with equality.
Thus we may assume that £(w) > 1, and choose ¢ € S such that {(wr;) = {(w) — 1
(in particular, s # t). Observe that w = wyw,, where w; is of minimal length in the
coset w({ry, r;}), and w; is an alternating product of ry; and r, which cannot end in
rs. This implies, in particular, that my # 2. Furthermore, Lemma 4.6 yields that
Ew) = €wy) + €(wy), £(wyrg) = L(wy) + 1, and €(wir;) = €(w;) + 1. Consequently,
wias € O () and wia, € @7 (¥€) by Lemma 3.2(ii). The formulas in Lemma 2.6(ii)
yield that wyay = pas + Aga; and w85 = pBs + (q/)B:, where A is a positive constant
and pg > 0. If p and g are both negative, then

@ = way = wiwa, = wi(pag + Aqa;) = pwia, + Agwia; € O (F),

contradicting the assumption that a € ®7(%). Therefore p,q > 0. By Lemma 2.5,
{ay, a;} is linearly independent, hence coeff,(w,a;) = p, and coeff;,(wra;) = Agq.
Lemma 2.6(ii) applied to the Coxeter datum € yields that woys = pys + qy;. And
Lemma 2.5 implies that coeff(w,8) = p and coeff,(w,5;) = g/A. Next we set

x =coeff (@), x' =coeff.(¢p(a)), x" =coeff.(¢;(a));

and
y = coeff,(wiay), ¥ =coeff,(wiB;), ¥’ = coeff,(wiyy);

and
z = coeff,(wia;), 2’ =coeff,(w8), 2" = coeff.(wiy,).
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Then

’ 17 / 1 ’ 17 24
xx' —x"? =(py+ ﬂqz)(py + ZqZ)— (py” +qZ")

’ 17 ’ ’7 1 ’ 4 " _r
=P’y -y + G -+ pq(;yz +Azy =2z ) (4.1)
Since £(wy) < £(w), it follows from the inductive hypothesis that

oz
and so the first two summands in the last line of (4.1) are nonnegative. Next apply the
geometric mean and arithmetic mean inequality to the terms (1/4)yz’ and Ay’z , and
we can conclude that (1/2)yz’ + 1y’z > 2+/yy’zz’. But the inductive hypothesis yields
that yy’zz’ > (y”"z”)?, showing that the third summand in the last line of (4.1) is also
nonnegative, whence xx’ — x'"? > 0, and the desired result follows by induction. O

"y and 7z’ = (Z7)%

RemMark 4.8. In the case where |S| = 2 the inequality in Proposition 4.7 is in fact an
equality. Then the group element w; in the proof of Proposition 4.7 is the identity,
and hence a = wa, = wya,; = pay + Aga;, ¢(a) = wBs = wys = pBs + (q/)B;, and
d1(@) = wy, = wyys = pys + qy;, for the same constants p, ¢ and A as in the proof
of Proposition 4.7. Consequently, coeff,.(a) coeff,(¢(a)) = coeff,(¢1(a))?, for each
r € {s,t}. We thank the referee for pointing this out to us.

Lemma 4.9. Suppose that a € @((F).
(i) LetteS. Then
coeff;(@) =0 if and only if coeft,(¢(a)) =0,
coeff,(@) > 0 if and only if coeft,(¢1(a)) > 0,
coeff,(@) <0 ifand only if coeff,(¢;(a)) <O.
(1) The situation ¢\ (@) = xy, (s € §) arises if and only if @ = Aay, for some nonzero

constant A.

Proor. (i) Recalling Remark 3.16, we may assume that € is free. Under the freeness
of &, Lemmas 3.2(i) and 4.3 together imply that to prove the desired result we only
need to show that coeff;(a) = 0 if and only if coeff,(¢,(a)) = 0. Since ¥ is free,
it follows from [13, (2.15)(b)] that coeff,(@) = O if and only if wa = Ada, for some
w € Ws\in, s €S \ {t}, and 4 # 0. Observe that this happens if and only if precisely
one of rywa and wa is positive, and this, in view of Lemma 4.3, happens if and only
if precisely one of r,w¢; (@) and we, () is positive. The last statement happens if and
only if wg;(a@) = +y,, which happens if and only if coeff;(¢;(@)) = 0.

(i) Follows readily from part (i) above. O

RemaRrk 4.10. Suppose that 8 € ®,(%), and ¢ € S. Then the same arguments as those
used in the proof of the above lemma yield that

coeff;(8) =0 if and only if coeft,(¢,(5)) =0,
coeff,(8) > 0 if and only if coeff;(¢2(8)) > O,
coeff;(8) < 0 if and only if coeft,(¢,(8)) <O0.
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The next result is taken from [3].

Lemma 4.11 (Brink [3, Proposition 2.1]). Suppose that vy € ® and r € S. Then
coeff,(y) > 0 implies that coeff,(y) > 1.

Further, suppose that 0 < coeff,(y) < 2. Then either coeff,(y) = 1 or coeft,(y) =
2 cos(mt/my,y,), where ry, rp € S with4 < m,,,, < . O

Combining the results in Proposition 4.7 to Lemma 4.11 (inclusive) and an
argument similar to the one used in the proof of Proposition 4.7, we may deduce the
following proposition.

ProrosITION 4.12. Let @ € ®1(%) and t € S be arbitrary. Then
coeff;(@) > 0 if and only if coeft,(¢(a)) > 0,
and in this case coeff,(a) coeff,(¢p(a)) > 1. In particular,
¢(supp(a)) = supp(¢(@)).
Furthermore, suppose that 1 < coeff;(a) coeft,(¢(a)) < 4. Then either
coeff;(@) coeft,(d(@)) =1, orelse coeff, (@) coeft,(d(a)) =4 cosz(%),

where m = my,,,, for some ri,rp €S with 4 <m < oco. In particular, in the case
a € GDT(%) we have coeff(a) coeft,(¢(@)) = 1 if and only if coeff, (¢, (@)) = 1. O

ProposITION 4.13. Suppose that ay, a € ®(€). Then
(a1, p@2)Xaz, p(@1)) = (B1(x1), ¢1(@2))’.

Proor. Since both (, ) and (,) are W-invariant, and ¢, ¢, are W-equivariant, we may
replace @ and a; by ua; and uq; for a suitable u € W such that @, € I1;. Furthermore,
replacing @) by —«; if need be, we may assume that a; € ®{(%). Therefore it is
enough to prove that (@1, B, ), $(@1) = (1(1), ¥5)2, for all @ € B (%) and s € S.
We proceed with an induction on the depth of «;.

If dpy, (@) = 1, then @ = Aa,, for some positive constant A and some r € §. It
follows from Lemmas 3.21 and 4.9(ii) that ¢(a;) = (1/4)8, and ¢ (@) = y,. Therefore,
forall se S,

1
<alaﬁs)><asa ¢(a'1)> = ﬂ(“rvﬂs)i(“ssﬁr)

= <ar9ﬂs><asugr> = (%, 7s)2 = (¢l(a'l)a ’}/x)z-
Thus we may assume that dp, (1) > 1. First, if s € S such that {(ay,8;) > 0 then
Lemma 3.23 yields that r;a; <) @1, and hence

(@1, Bs)as, plar)) = (rsan, rePsXrsas, rid(ar))
= (—(rsan, Bs)(—(ay, ¢p(rsa1)))
> (¢1(ryay), %)2 (by the inductive hypothesis)
= (¢1(@1), =y,)’
= (¢1(a1),y,)

as required.
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Next we consider those s € S with (a1,;) < 0. Fix an arbitrary such s, and letz € S
be such that r;@; <; @;. Then Lemma 3.23 yields that {@,8;) > 0, and, in particular,
s # t. Then we have the following two possibilities to consider:

(Al) a; € Ra; + Ray;
(A2) a; ¢ Rag + Ra;.

In case (A1), we first observe that my, # 2, for otherwise (@, 8;) < 0 and (a1, ;) >
0 together imply that a; = A, for some A > 0, contradicting the assumption that
dpy j(@1) > 1. Then either a; = (r;ry)"; or else ay = r(ryr;)"ay for some n < my /2.
Then it follows from Lemma 2.6(ii) that either

1
) = pffat + /l,sqffas and ¢(Ql) = pils : + /l—qﬁls S (42)
ts
or else
1
a1 = pyas + Auqyyer and - gl@n) = pyBs + =B (4.3)
st

Furthermore, Lemma 2.6(ii) applied to ¢ yields that either
d1(ar) = plly +qlys  (f (4.2) is the case)

or else

1)) =p)ys+ 4y (f (4.3) is the case).

If (4.2) is the case then

1
(@1, Bs)ag, plar)) = (pia; + Auql a, ﬁs><as, PiB+ ﬂ—qff s>
ts

1
= (P as, BiXas, Bs) + — Piq (e, Bs)

ts

+ D By + (g
= (P2, BiXas, Bs) — 25 e, BiXas, Bs) + (¢5)*
ts ts

= (pizx)z(')/s, %)2 + 2])’1 q, (')/s, 7t) + (q;s)z
= ($1(@1).75)’,

where the second last equality follows from the fact that A, =

Vi@, BiXay, Bsy/ — {ay, By (see Lemma 2.6(ii)). On the other hand, if (4.3) is the

case then

https://doi.org/10.1017/51446788714000263 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788714000263

[26] Nonorthogonal realizations of Coxeter groups 205

(@1, By b)) = (pllar + As,q,ialatﬁo(as,pn o+ —q,,+1ﬁt>

st st

=(p) + pf,’qf;il (a5, B1) + Aapsq (o, Bs)

+ (qn+1>2<a,,ﬁ e Br)
= () = 23 @)y Vs, Br)a B)

+ (g, ) s Bi) e, B)

=) + 2000 e v) + (@) (v v
= (B1(1), 7)),

where the second last equality follows from the fact that A, =
VS, By, Bs)/ — (s, Bs) (see Lemma 2.6(ii)), completing the proof in the case of
(Al).

Finally, let us consider case (A2). We first observe that (3.1) yields that wa; €
®7(%) for all w in the dihedral reflection subgroup generated by r, and r,. Set
a1 =y and wy =r,. If (@1,6s) <0 then stop; otherwise set a;, = ryr,; and
wy = rety. If (@12, 8:) <0 then stop; otherwise set a3 = ryrsr;a; and ws = ryrgry, and
so on. Then

C<1a13<1a12 <1 a1, <1 Q1.

Since each a;; € CDT(CK), it follows that the sequence a1 1, @12, @1 3, . .. must terminate
at some a;, where n < dpg, |(@;). Observe that this sequence terminates at @y, only

if both
(Waa1, Bs) = (@10,B85) <0 4.4)
and
(Waar, Br) = @10, B8) < 0. 4.5)
In particular, w, # 1. Since dpy ;(w,a@1) < dpy j(@1), the inductive hypothesis yields
that
W1, B s, BWa1)) = (¥ b1 (Wn1)) (4.6)
and
Waarr, B, gwna1)) = (v d1(wa1)). 4.7

For any reduced expression w, = ry, ... 1, (s; €), it is readily checked that r; @) <;
a1, and so it follows from Lemma 3.23 that {a,5,,) > 0. Therefore s, # s, and w, has
no reduced expression ending in r;. That is, w, is a product of r; and r; with strictly
fewer than my, factors. Thus by applying Lemma 2.6(ii) to 6" and %', we may deduce
that

q
WiYs = PYs + QY WaQs = pag+ Aqa, and  w,Bs = pfs + zﬁz,
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for some nonnegative constants p, g and positive constant A. Thus

(a1, BsXas, d(ar)) — (s, 1 (1))
= (W1, WX Wns, dWn1)) — (Wyys, b1 (War1))?

(since (, ) and (, ) are W-invariant, and ¢ and ¢; are W-equivariant)
= <Wna'1’pﬁs + %Bz><pas + Aqay, pwar1)y — ($1(Wat1), pYs + q¥1)°
= PP((wa1, ByXas, pwn@1)) = ($1(wa1), ¥5))

A
+ @ (waat, B ar, pw,a)) — (p1(waar), v1)?) +C,
B

where
1
C= pq(/—l<wna1,ﬁz><as,¢(wna1)> + Awpar, By, p(wpar))

- 2(¢1<wna1),m)(«zsl(wnal),m).

It follows from (4.6) and (4.7) that A and B are both nonnegative. It follows from (4.4)
and (4.5) that
1
Z(Wna’l’ﬁtxa’sv Pwn1)) + Awpar, BsXar, p(wpar))
2 (war, Bo)as, dwa)) X waart, B, p(war))
2(¢1(wnar), ys)(@1(wn1),y:)  (by (4.6) and (4.7)),

that is, C > 0 as well. Therefore (a1, B,){ay, d(a1)) > (vs, ¢1(a1))?, and the desired
result follows by induction. O

vV v

REmMARK 4.14. The calculations establishing case (A1) in the proof of Proposition 4.13
can also show that the inequality in Proposition 4.13 is in fact an equality if @, a; €
Ra, + Ray, for some s, € S. We are very grateful to the referee for pointing this out
to us.

5. Tits cones and a nonpositivity result

Let € = (S, Vi, Vo, 111,115, {, )) be a fixed Coxeter datum, and let (W, R) be the
corresponding Coxeter system. In this section we study a class of cones associated
to € that are analogous to the Tits cones in the classical setting (as defined in [26] or
[20, Section 5.13]). Furthermore, we investigate certain W-invariant sets in V; and V;
that are closely related to these cones. The key result of this section is a generalization
to [24, Proposition 1.2] and [19, Proposition 3.4]. For this section we impose one
additional condition on %, namely,

(C6) Vi =span(Il}) and V, = span(I,).
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‘We retain all other conventions and notation of earlier sections.

Notartion 5.1. Foreachi € {1,2}and I C §, recall the notation of IT;; and V;; introduced
in Remark 3.10, and set P;; = PLC(I1;;) U {0}. When I = § we write P; in place of P .

For each i € {1,2} and subset I of S recall the notation W; (introduced in
Remark 3.10) of the standard parabolic subgroup of W corresponding to [; it is
clear that W; acts (faithfully) on V;. This allows us to specify a W;-action on
Hom(V;;,R) as follows: if w € W; and g € Hom(V;;,R) then wg € Hom(V;;, R) is given
by (wg)v = g(w™'v) for all v € V;;. Naturally, when I = S the Coxeter group W acts on
Hom(V;,R) in a similar way.

Notation 5.2. For each i € {1,2} and subset I of S we set
P! = {f e Hom(V;,R) | f(x) > O for all x € Py}

and
Pif ={xe V| f(x) > 0forall f € P}}.

Moreover, we set Ui = U,yew, wPfI, and write

Ut ={xeVy| f(x)>0forall fe Uy).
When I = S we write P¥, P#, U; and U? in place of P¥, P¥, U;s and U%,, respectively.
We call a (convex) subset of a real vector space a cone if it is closed under addition

and multiplication by positive scalars. It is clear that Py, P¥ and P4 (i = 1,2) are
cones foreach I/ C §.

Lemma 5.3. Forie {1,2} and each f € Hom(V;,R), set
Neg(f) = [X€ ®i(%) | x € /(%) and f(x) < 0},
Then U; = {f € Hom(V;,R) | Neg(f)] < o},

Proor. It is enough to prove the U; case. Let f € U; be arbitrary. Then f = wg
for some we W and g € P’f. Let x € @f(%) be such that f(x) <0. Then (wg)x =
gw'x) < 0. Since g€ P, it follows that w™'x € (%), whence X € Ny(w™).
Because |[N;(w™!)| < oo, therefore U, C {f € Hom(V},R) | [Neg(f)| < oo}. Conversely,
suppose that f € Hom(V},R) with |[Neg(f)| < co. If [Neg(f)| =0 then f € PT cU,.
Thus we may assume that [Neg(f)| > 0, and proceed with an induction. Observe that if
[Neg(f)| > O then there exists some s € S such that f(a;) < 0. Itis then readily checked
that |[Neg(r,f)| = [Neg(f)| — 1, and hence it follows from our inductive hypothesis
that r,f € U;. Since U] is clearly W-invariant, it follows that f € U, and therefore
{f e Hom(V{,R) | INeg(f)| < oo} C Uy, as required. O

The above lemma yields that U; and U, are cones. In fact, for each / C S we can
show that U; and U, are cones. These cones generalize the notion of the Tits cones
as defined, for example, in [20, Section 5.13].
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DerniTioN 5.4. We call U; and U, the Tits cones of the Coxeter datum %; and
for each 1 €S we call U;; and U,; the Tits cones of the Coxeter datum %; =
I, Vi, Vor, Iy, Iy, {, )1) (Where (, ); is the restriction of {, ) to Vi; X Va).

For i € {1, 2}, observe that:

Ul ={veVi|(wf)v=0forall f € P andwe W}
= (|ve Vil fov™'v) 2 Oforall f € P

weW
= ﬂ{wve Vil f(v) ZOforallfePf}
weWw
= ﬂ wPf#,
weW
and similarly,
Ut = ﬂ wP#  foreachICS. 5.1
weW,;

The following is a well-known result (a proof can be found in [18, notes (b) and (c),
page 4]).

Lemma 5.5. Let I be a finite subset of S. For i € {1,2}, the condition 0 ¢ PLC(I1;;) is
equivalent to the existence of an f; € Hom(Vj;, R) such that fi(x) > 0 for all x € T1;.
Furthermore, Pz# =P

Lemma 5.6. For i€ {1,2}, if I1; is linearly independent then
P¥nv, c P,
for each subset I of S.

Proor. We prove that P N Vi, C P, and comment that the other case follows
analogously.

Since I1; is a basis for V1, it follows that for I C S, every f € P*i* ; can be extended
to an f’ € P’f by setting f’(a;) = f(ay) for all s €I and f'(a;) =0 for all s€ S \ I
Let x € P¥ N Vy; be arbitrary. Then for each f € P¥,, we have f(x) = f’(x) > 0 (since
f’ € P%, and x € P¥), and consequently x € P#. O

Let x; € V; (i = 1, 2) be arbitrary. Given condition (C6) of €, it follows that x; € V;;
for some finite subset / of S. From this fact we may prove the following lemma.

Lemma 5.7. Fori € {1,2}, suppose that 11; is linearly independent and x; € U?. Let I be
a subset of S such that x; € V;;. Then x; € Uf;. Furthermore, if 1 is finite then x; € Py.
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Proor. Observe that for i € {1, 2},
X; € Uz# N Vy
c ﬂ (WP?# N V,'[)
weW;

ﬂ w (Pf# N Vi) (since W; preserves V)
weW;
ﬂ wPi = U (by Lemma 5.6).

weW;

N

Finally, it follows from Lemma 5.5 that x; € (,,ew, wPi; € P;; whenever [ is finite. O

We are now ready for the central result of this section:

TueoreM 5.8. If Iy and 1, are linearly independent, then (vi,v,) <0, for all v € U*l*
and v, € U3.

Proor. Suppose for a contradiction that there are v € U‘f and v, € U‘; with (vi,v2) > 0.
Replacing v, by a positive scalar multiple of itself if necessary, we may assume that
(vi,v2) = 1. Let I be a finite subset of S with v; € Vy;, and let J be a finite subset
of § with vy € V,;. Next, set K =7U J. Then Lemma 5.7 yields that v; € UfK and
vy € U’; - Since K is finite, it follows from Lemma 5.5 that there are linear functionals
fi €e Hom(V g, R) and f, € Hom(V,k, R) such that fi(a) > 1 for all @ € I1jg, and
£(B) > 1 for all B € II,x. Now set

o ={xe Uk | (x) < H(v2) and (z,x) > 1
for some z € U, with fi(z) < fi(v1)}.

Observe that &7 # 0, since v, € 7.

Next, put € = 2/(|K|f1(v1)). We claim that for any given x € <7, there exists y € &/
with f>(¥) < fo(x) — €. If we can prove this claim, then starting with x = v,, a finite
repetition of this process will produce some y € &7 C Us, C Pox with f>(y) being
negative, contradicting the fact that f,(y) € f2(P2k) C (0, 00). Thus all that remains
to do is to prove the above claim. Given arbitrary x € o7, let z = Y ey, Ao € U’fK
be such that (z, x) > 1, fi(z) < fi(v1), and A, > 0 for all @ € [1;x. Note that these
conditions imply that X ,cry,, dof@, x) > 1, which in turn implies that Ao, (@y,, X) >
1/|K]| for some sy € K. Then

1 €

1
{ag,, x) > > =-,
v = 0K T AODIKT T 2

since Aoy, < fi@ < fi(vy). Sety = rg,x. Observe that (5.1) indicates that U’Z*K is Wg-
invariant, and given that r,, € Wg, we have y € Ug k- Moreover,

HO) = fo(x) = 2Aay, ) (Bs,) < fo(x) — € < fa(v2).

Thus to establish our claim, we only need to show that y € o/, and this in turn
amounts to finding some ¢ € U’I*K such that (z,y) > 1, and f;(¢) < fi(vy). First, suppose
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that (z,B,,) > 0. Put 7 = ryz. Since U?, is Wg-invariant and z € U%,., it follows that
t € U¥ .. Moreover,

<st> = <rSOZ3 rsox> = (Z, x) >1

and
fi@®) = fi(@) = 2z, Bs ) filas,) < fiR) < fi(vy),

thus proving y € 7 in the case (z,85,) = 0. Next, suppose that (z,8;,) <0. Thent =z
will suffice; indeed,

(2, y) = (2, x = g, X)Bs,)
=z, X) = sy, Xz, Bsy)
>(z,X)
>1

= 1>

and by our construction, z € UfK and fi(z) < fi(v1), thus proving y € &7 in the case
(z,Bs,) <0 too. This completes the proof of the claim, and hence the theorem
follows. o
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