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ASYMPTOTIC PROPERTIES OF SEMILINEAR EQUATIONS

BY
ALLAN L. EDELSON

ABSTRACT. We study the asymptotic properties of positive
solutions to the semilinear equation —Au = f(x, u). Existence and

asymptotic estimates are obtained for solutions in exterior domains,

as well as entire solutions, for n = 2. The study uses integral

operator equations in R", and convergence theorems for solutions of
Poisson’s equation in bounded domains. A consequence of the
method is that more precise estimates can be obtained for the growth
of solutions at infinity, than have been obtained by other methods.
As a special case the results are applied to the generalized Emden-
Fowler equation —Au = p(x)u’, for y > 0.

1. Introduction. The equation under study is the semilinear elliptic equation
(1.1) —Au = f(x, u), x € Q.

© can be either R" or an exterior domain in R", n = 2. A is the n-dimensional
Laplacian, and f € C[ (2 X R), 0 < a < 1. We assume f(x, u) > 0 for
|x| > 0 and u # 0. An important example, and one which has been widely

studied, is the Emden-Fowler prototype
(1.2) : —Au = p(x)u’, y > 0.

Linear equations of the form (1.1) have been studied by Meyers and Serrin [6],
with respect to the Dirichlet problem. We consider two problems:

(I) Q an exterior domain, and f either sublinear or superlinear.

(I1) & = R", and f sublinear. ’

Problems (I) and (II) have been studied by Kusano and Swanson [4], and by
Noussair and Swanson [9], using the barrier method. This study will be based on
classical integral operator equations in R". A solution of the integral equation
will be shown to solve (1.1) by means of convergence theorems for solutions of
Poisson’s equation in bounded domains.

Our basic existence theorems for the exterior domain problem are analogous
to those of [4]. The method is of interest, however, because it allows us to obtain
more precise estimates for the rate of decay at infinity. As in the case of
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bounded harmonic functions in exterior domains, we derive conditions suffi-
cient for solutions to have limits at infinity. Furthermore, we do not require the
assumption of radial symmetry. For the linear problem, this limiting value
uniquely specifies the solution to the Dirichlet problem.

DEFINITIONS AND NOTATION
(i) @y ={yeR"M=|yl}
(i) Qyy ={y € R: M= |x| = N}

(111) B,(X) = {y € R™ IX - )’l = r}a Br = Br(O)

(iv) S,(x) = 9B, (x) = {y € R": |x —y| =r}, S, = S,(0)
V) 0,(R) = {g € Cioo(®; I): g(x) < ¢, x € Q}, I = (0, 00)
(Vi) Q. Q) = {g € Co2;1): 0 < ¢ = u(x) = ¢’}

(vii) QUQ) = {g € Cio(Q; I): limy, o, g(x) = ¢}

(viii) Qf(x),g(x)(ﬂ) = {q € C?OC(Q; I):o <f(x) =S gqx) = g(x)}
(ix) w, = volume of unit ball = 27" 2/nI‘(n/ 2)

1

1.3 M(x —y)=———Ix —yP " n>2
(1.3) (x =) n(2—n)wn|x Y= n

(1/27) loglx — yl, n = 2.

We assume throughout that f(x, u) satisfies the following condition:
(H) There exist functions P, p, € Cj. (I X I, I) with P(r, t) and p(r, 1) either
non-increasing or non-decreasing in ¢, satisfying

p(lxl,u) = f(x, u) = P(lx], u).

In Section 2 we obtain conditions sufficient for the existence of solutions to
(1.1), positive in an exterior domain, and satisfying the asymptotic conditions

(1.4a) o<c<ulx)y<c,n=3
(1.4b) 0o < cloglx| < u(x) < ¢ log|x|, n = 2.
Section 3 concerns the existence of solutions satisfying
(1.5a) o< clxPT"<ux)< dxPT"nz=3
(1.5b) o< c<ux)y<c,n=2.

For linear elliptic equations, solutions to the exterior Dirichlet problem are
uniquely determined by their limiting values as |x| — oco. We will show in
section 4 the solutions given here also satisfy the asymptotic conditions
limy, | u(x) = ¢, and lim, |, |x " 2u(x) = c.

In Section 5 we consider the problem of global solutions to (1.1), with f(x, u)
sublinear in u. These results generalize those of [4], which required radial
symmetry of f.
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2. Existence of (maximal) positive solutions. Consider first the case of
positive solutions to (1.1), which for |x| sufficiently large satisfy (1.4). Proofs
will be given for the case P, p non-decreasing. The non-increasing case is
analogous. Define integral operators

(2.1a) Tlu)(x) = ¢ — LM I'(x = »)f(y, u(y))dy,n = 3
Ix —
Iyl

LEMMA 2.1. The operator T of (2.1) maps Q. .(Sy) (n = 3) [resp.
Qtoglxl.toghx|(Rn) (n = 2) 1 into itself, for sufficiently large M, provided

W u(y))dyn = 2.

(2.1b)  Tlul(x) = clog|x| — ,[z log

(2.2a) f TP, Nt < oo, (n = 3)

[e]
(2.2b) / tP(t, ¢’ log t)dt < oo, (n = 2)

Proor. For u € Q. (R,,), we have
Tlul(x) = ¢ = AM LG = )y u(y))dy
1

n(n — 2w,

A

x|
’ _ 2—n
o P, ) fsp Ix — y|° "dsdp

1 /00 / .
+ —_— P(p, ¢ — "dsd,
N (o, ¢) s, Ix — yl P

1
+
nn — 2w,
1

(o]
c+4—f P(p, Ndp < ¢’
nn — 2, v PP (0, ¢)dp

lIA

|x]| _ 00
( f ” p" xPT"P(p, ydp + f | PP (P, C’)dp)

lIA

provided M is sufficiently large. Note that if P(r, ) and p(r, t) are non-
increasing in ¢, the proof is completely analogous.

The case n = 2 is significantly more complicated, due to the non-positivity of
the fundamental solution. We define

lx — yl
Iyl

Then Q% is a half plane on which the inequality

(2.5) Q+[resp. Q7] = {y: log > 0 [resp. < 0]].

=yl Ikl vl kM
i 1 M

is satisfied. Therefore for u € Q jog)¢| loglx[(a);

yEQ+
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Ix — yl Ix — yl
LM log N Sy, u(y))dy < o log N S(y, u(y))dy
x| + M

< log oy POyl u(y))dy

+ M [
= 27 log |X|_M_ fM pP(p, ¢’ log p)dp

and this is less than (¢’ — ¢) log|x]| if M is sufficiently large.
To obtain a lower bound we define
2.6) Q,[resp. @ 1 = {y € Q. loglx — y| > 0 [resp. < 0] }.

In the region M = |y| = 2|x| we can write

f log = ‘;ly Ly, utr) v = f loglx = y| f(y, u(y))dy

- floglyl Sy, u(y))dy,

and therefore

ki 10 =270 u) b [, o t08ix = 51 700wt )y

[y1<2x|

= Jyeq, logyl Sy u(y))dy + £|x|<|y| log
ly1<2lx|

|x
|

mELY VS
yl

+ ‘/;L log Ix I;l)/‘f(y, u(y)) =1 — I, + I + I,

We can estimate these integrals as follows:

xI—1
(1) I, > 2 log |x| f »  Pp(p, clog p)dp

x|
(i1) I, < 2m log |x| f a PP(p, ¢’ log p)dp

2|x|
+ 27 log 2 f ] pP(p, ¢’ log p)dp

(iii) For 2|x| < |y| < oo we have

Tyl = el _ =yl _ Iyl + x| _ 3

2 52 %) . Y 2

Therefore
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[e9)

Il = 2mlog 2 | pP(p, ¢ log p)dp
(iv) Iy = ﬁz loglx — y1 f(y, u(y))dy

- L log|y| f(y, u(y))dy.

The first integral in (iv) is o( |x|) and — [ log|y| f(y, u(y))dy > 0. It follows
that for M sufficiently large, T[u](x) > ¢ log|x|, and this establishes the in-
equalities ¢ log|x| < u(x) < ¢’ log|x|.

LEMMA 2.2. Under the hypotheses of Lemma 2.1, T is continuous and compact,
with respect to the topology of uniform convergence on compact sets.

Proor. Let {u,,} be a sequence in Q. (§,,) with lim, ., u, = u. Then

T, )(x) — Tlul(x) |
= LM T(x = I, u,(»)) = [y, u(y)) ldy
= ﬁlw Fx = s, (9)) = Sy, u(p)) ldy

+ /S;N T = I, uy(»)) = [y, u(y)) ldy, 0 < M < N.

The second integral is

€
=2 LN L = »)P(Iyl, Ndy < 3

provided N is sufficiently large. Since f € Cj, there is a constant K, depend-

ing on N, such that |f(y, u,(y)) — f(y, u(y))] = Klu,(y) — u(») I,
uniformly in &,/ . Let m, be so large that for

m > m,, |u, — ul* <

€l _
3 K ~/5;M.N I'(x — y)dy

Then the first integral is less than e/2, and this shows that T is continuous.

We will show that T is compact. Clearly, the image of T is uniformly bound-
ed. The Ascoli-Arzéla theorem can be applied if the image is equicontinuous in
Qu. Forx, x’ € @, let S = |x — x|, § = (1/2)(x + x’). Then for

u € Q. (), Tlul(x) — T[ul(x)

= LM Tx —y) =T =y f(y, u(y))dy = I, + I,

where
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L = /;5(5) Tx = y) = T = »))f(y, u(y) )dy

L= [ZM\BS(Q (Tx = y) = T = ) f(y, u(y) )dy.

Estimating I, we obtain

2 f ’—
< _ n
| = = 20, S e = yI7 Ay, u(y))dy
n—2 foo
=2 U0 P crods.
nn — 2w, 2
To estimate I, we write Bg(§) = Bgsu(x)Bs/s(x)UQ, where @ =

Bs(§)\(Bs,4(x)U Bg,4(x’) ). So

L = (,/;5/4(” + Lm(x,) + L)(F(x —y) = TG = y) [y, u(y))dy
=1+ I, + I

1151 = AM(X) IT(x = y) = TG = ») Iy, u(y) )dy
_r
n(n — 2w,

+ 1
nn — 2w,

1A

2—n
_ P ’
Sy o bt = BRI

’ 2—n ’
- P .
LM(X) ' = yP7"P(Iyl. ¢)dy

The classical arguments show that these integrals tend to zero as § tends to zero,
uniformly with respect to x, x” in compact sets.
For n = 2, the proof of Lemma 2.2 is similar, and will be omitted.

THEOREM 2.1. Equation (1.1) has a solution win Q. AS2,,) N C2+°’(QM) (n=3)
[resp. Qeioglx|.togl(@n) N C*T%Qy) (n = 2)] provided (2.2) is satisfied and
M is sufficiently large.

Proor. By Lemmas 2.1 and 2.2 T is a continuous, compact mapping of
Q.(2y) (n = 3) [resp. choglxl,c’loglxl(QM) (n = 2)] into itself. These are
closed, convex sets, and by Schauder fixed point theorem there exists a solu-
tion of the integral equation u(x) = T[ul(x), x € Q,, We will show that
u € CL1%(Q,,) and that u is a solution of (1.1).

Because u is a continuous solution of the integral equation, it is certainly

1oc(27). We will express u as the limit of a sequence of solutions of the Poisson
equation

2.7 Av + f(x, u(x)) = 0.
Fix N, > M, and for N > N, let uy be the solution of (2.7) defined by
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uy(x) = LM,N T(x = y)f(y, u(y))dy.

Then uy € C2+"‘(Q MA, ) and by Corollary 4.7 of [6], some subsequence of {uy }
converges uniformly on N, toa solution of (1.1). But, the entire sequence
{uy } converges uniformly to u on QM’M . To verify this,

lu(x) — uy(x) | = LN PG = Sy u(y))dy = [ZN LG = »)P(lyl, dy

and this —0 as N — oo. It follows that u satisfies (1.1) in £, 5, and hence in
all of ,,.

3. Existence of (minimal) positive solutions. In this section we discuss briefly
the question of the existence of positive solutions to (1.1) satisfying the
asymptotic conditions

(3.1a) o< clxPT"<ux) < dIxP " n=3
(3.1b) o<c<ux)<cdc,n=2

The methods are similar to those used in Section 2, so many details will be
omitted. We again define integral operators

(32a)  S[ul) = elxFT" — LM T = y)f(, u(y))dy, n = 3

Ix —

(3.2b) S[ul(x) = ¢ + LM log Y u(y) )y n = 2.

x|

For n = 3 we work in the space Q. p-n .2~ topologized by [lull =
SUp|y |z M lu(x) | |x "2 and for n = 2 the space Q. .

LemMA 3.1. The operator S is a continuous, compact mapping of
Qw2 e p(y) (n = 3) [resp. Q. ARy) (n = 2)] provided M is sufficiently

large and

[ee]
(3.3a) f P PN < oo (n 2 3)
(3.3b) f t log tP(t, ¢')dt < oo (n = 2).

THEOREM 3.1. Equation (1.1) has a positive solution satisfying (3.1) in an
exterior domain Q,;, provided M is sufficiently large and (3.3) is satisfied.

4. Existence of limits at infinity. For linear elliptic equations, solutions to the
exterior Dirichlet problem are uniquely determined by their limiting values as
|x| — oco. We will show that for n = 3, solutions given by Theorem 2.1
satisfy
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4.1 lim u(x) = ¢,
x| =00
and that those given by Theorem 3.1 satisfy
4.2) lim [x* "u(x) = c.

[x |00

Considering first the case of maximal solutions, recall that the solution given by
Theorem 2.1 satisfies the integral equation

ux) = ¢ — LM LG = )y, u(y) )dy.

Assuming the growth condition (2.2a), we have .

(4.3) lim = Jo T = »)f(y, u(y))dy = 0.

|x |00

First observe that for ¢, > 0, there exists an N(¢;) > M such that

1
(4.9) LN L = )f (G u(y))dy < s, Vx € Q.

In fact, following the proof of Lemma 2.1 it is clear that (4.4) can be satisfied
for x € SZNI. It is only necessary to estimate the integral for x € m.n,- But

1 o0 _
LN, L = ) f(y, u(y))dy = ———— /Nl P(p, ) ,[q,, Ix — y|*~"dsdp

n(2 — n)w,
! f - P(p, c')d,
= B 4 )
n2 — n)w, N, PEEP P
and clearly this is small for N, sufficiently large, for all x € &,y .
Next we define a function I by
Lx=y)=Tkx=y)lx -yl =g
1 2—n
= —€ ,lx = < €.
n2 — n)w, 2 vl :
By the dominated convergence theorem,
M,N,

|x |00

Therefore there exists an N,(N,, €;) such that for |x| > N,,

1
4.5) [2 L& = 0 uy)dy < 2e.
MN, 3
Finally
lim TG = S0, u(3)dy = 0,
|x|—00 &\ X
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therefore there exists an N;(¢;, €,) such that

1
(46) Lz{x) P = 9)f(y, u)dy < S x> N,

From (4.4)-(4.6) we have that for |[x| > N = max?zl{N},

js;M TF(x = »)f(y, u(y))dy

B (LM,N. + ANI)F(JC — Py, u(p))dy
= ’[1”‘”' To(e =IO u))dy + fBEz(x) L(x — »)f(y, u(y))dy

+ ,[gNl Px = ) f(y, u(y))dy < e.

THEOREM 4.1. For n = 3 equation (1.1) has a solution u in C2+“(SZM) which
satisfies (4.1) provided (2.2a) is satisfied.

The analogous result holds for minimal solutions.

THEOREM 4.2. For n = 3 equation (1.1) has a solution u in C2+°‘(QM) which
satisfies (4.2) provided (3.3a) holds.

PROOF. As in the previous case, for ¢, > 0 there exists an N(¢;) > M such
that for all x € Q,,,

. - 1
(4.6) (1) "2 LN Lee =P uy)dy < S,
.. 1
(ii) L Sy u(y))dy < 2€.
N 4
With I, defined as before, the dominated convergence theorem implies
47 tim 5P T = /0, w0y
|x|—00 MN,

= LMW Sy, u(y) )dy.
Then

x| 2 LM T(x — y)f(y, u(y))dy — /s;Mf(y, u(y) )dy.

w2 [T SOy — fy o) ]

+ | " LN T(x = Sy, u(y))dy — LN 1y, u(y))dy‘
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By (4.6) the second term above is <(1/2)e,, for all x € Q,,. Exactly as in the
previous case, we can approximate I'(x — y) by I;z(x — y), and show that for
|x| > N(g;), the first term is <<(1/2)e,. This implies (4.7), and completes the
proof of Theorem 4.2.

5. Entire solutions to sublinear equations. We will prove the existence of
entire, positive solutions to the sublinear equation

(5.1) —Au = f(x)i), 0<A<1 xeR"

The solutions we obtain decay uniformly to zero as |x| — oco. They are in fact
minimal positive solutions, in terms of the rate of growth of the spherical mean.
We assume f € Cj(R"), and define,

(5:2) p@) = |if1=f, f(x), P@) = Sup. J).

THEOREM S5.1. Equation (5.1) has an entire, positive solution which decays
uniformly to zero as |x| — oo provided

[ee)
(5.3) / "TIHACTIP(Hdr < oo,
This solution satisfies the condition
(5.9 llligl X" 2u(x) = ¢,

for some positive constant c.

It is known (see [4]) that if f(x) satisfies the additional hypothesis lim
Sup, ., [P(¢)/p(t)] < oo, then (5.3) is in fact a necessary condition for the
existence of minimal solutions, even in an exterior domain.

Theorem 5.1 will be proved by means of the integral operator

T[u)(x) = Jp Tx = p)f(2)N(y)
operating in the space
Q = {u € CR"):k™'¢(Ix]) < u(x) < ke(Ix|)}.

Here k > 1 is a constant and ¢(¢) = min{l, tz_"}. The major effort in proving
Theorem 5.1 is contained in the following result.

LEMMA 5.2. For k sufficiently large, T maps Q into Q.
Proor. For u € Q, we estimate T[u](x).

0=1xl=1

1) = ( [y + o+ )6 = 0700y
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Estimating each of these integrals;
r [ A 2n [N o
L=k P(p) |, T(x — y)dsdo = Ko, _1[x?™" | = 0"~ 'P(p)dp
p=0 S, 0
N Ix]
= Ko, 0 oP(p)dp.
1 1
L = K fp=|x| P(p) /; I'(x — y)dsdp = k}‘wn,] /|XI oP(p)dp.
L=K foo 2-n'p( )f T(x — y)dsd,
3 = p=1 p p s, y P

oo
é k)\wn._] fl p()\+l)(2_n)P(P)dp.

Therefore

Tlul(x) = k*wn_l{ f :) pP(p)dp + f To p“*”““”P(p)dp]

and this is = k¢( |x|) provided

1 o
(5.3) f o PP(0)dp + f L PN TVETOP()dp = w0,k

n—1
1 = x| = oo
1 = (f o+ f o+ o Jre = nsowton
1 1
I = % /p=0 P(p) fg T(x — y)dsdp = kkwn;llxlzin /0 o" P (p)dp.
P
Ix| _
L= f o1 0CT P (p)dp Ji v — yyasao
P
Ix]
= k}\wn-llxtz—n f] pn—1+A(2—n)P(p)dp‘

I, = ik f L PMTIP(p) f I(x — y)dsdp
p=Ix| S,

00
A 2— —1+A2—
kwn_11x| nf’Xl o (2=n)

Therefore

1 0o
Tlul(x) = Ko, |x]*™" { f o P 'P(p)dp + f | p"“‘“‘z““P(p)dp}

and this is = k¢( |x|) provided

lIA

1 (]
(5.4) fo 0" 'P(p)dp + fl p" TP (pydp = w LK TN

n—1
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Having established the upper estimates (5.3) and (5.4), we consider lower

estimates. Using the same notation as for the upper estimates we have the
following:

0=ix| =1
Ix1
R f _o P@)o(0)" f T(x — y)dsdp
—-A 2-n x| n—1 —A x| n—1
=k "w,_lx] o P opede =k T,y | 0" p(p)dp.
) o) PO)H0) Ji re — yydsae
P
‘}\ l
(o]
Lz f 1 P00 f T(x — y)dsdp

= k—)\wn_] /l p1+>\(2 n) (p)dp
It follows that

1

x|
Tlu)(x) = k‘%,,_l{ S0 o oo + f | PP (0P

1
Z k7w, 19( |x|)[ f 0"~ 'p(p)dp + f p! FACT) (p)dp]

Therefore T[u](x) = k~ '¢( |x|) provided

1
(5:5) J oo oo + f o' N p (o = w0, 1K

1 = |x] = oo
1 1
Lzk? f o P(P) f T(x — y)dsdp = ko, |x[*™" f o " 'P(p)dp.
A M -
K2 ] oo #0770 g TCx = y)dsdp

_ _ Ix]
=k }\wn‘llx|2 nfl p —1+A2—n) (P)dp

e
v

L=k f ot @R () f T(x = y)dsdp

= k_}\""n-llxlz_n{_/lx| n—1+A2—n) (p)dp}
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So

1 (e's)
T[u)(x) = ke, 16( |x|>{ f o 0" 'p(p)dp + f 1 p"‘”“z‘"p(p)dp}.

Therefore T[u](x) = k™ '¢( |x|) provided
I (=]
(5.6) f o 0 p(p)dp + f e T T (0)dp = w0, i

Now observe that for 0 < A < 1, the inequalities 5.3-5.6 can all be satisfied if
k is sufficiently large. This proves Lemma 5.2.
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