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Abstract

In this paper we extend a theorem of Mallet-Paret and Sell for the existence of an inertial manifold for a
scalar-valued reaction diffusion equation to new physical domains €2, C R", n = 2, 3. For their result
the Principle of Spatial Averaging (PSA), which certain domains may possess, plays a key role for the
existence of an inertial manifold. Instead of the PSA, we define a weaker PSA and prove that the domains
2, with appropriate boundary conditions for the Laplace operator, A, satisfy a weaker PSA. This weaker
PSA is enough to ensure the existence of an inertial manifold for a specific class of scalar-valued reaction
diffusion equations on each domain £2, under suitable conditions.
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spatial averaging.

1. Introduction

During the last twenty years there have been a number of major developments in
the study of the long time behavior of solutions of a large class of nonlinear evolu-
tionary equations. One of these advances was the discovery that a dissipative partial
differential equation has a compact global attractor with finite Hausdorff dimension
(Mallet-Paret [8], Maii¢ [10]). Because of this basic structure of the global attractor,
it was widely believed that the long time behavior of the solutions should strongly
resemble the behavior of the solutions of a finite system of ordinary differential equa-
tions. Recently, it was shown that, under suitable conditions, a dissipative nonlinear
evolutionary equation possesses a finite dimensional inertial manifold. By an inertial
manifold for the flow on a Hilbert space H, we mean a subset .# of H satisfying the
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following properties: .# is a finite dimensional Lipschitz manifold, it is positively
invariant, and it attracts all the solutions exponentially. Furthermore, the dynamics
on this manifold can be determined completely by a finite dimensional system of
ordinary differential equations, which we call an inertial form. By these properties, an
inertial manifold can be a useful tool in the study of long time behaviors of solutions
and has been studied by many authors. See, for example, Fabes, Luskin and Sell [1],
Foias, Sell and Temam [2], Foias and Temam [3], Jolly [4], Kwak {5, 6], Kwean [7],
Mallet-Paret and Sell [9] and Temam [13].

Of particular interest from the point of view taken in this paper is the problem of
finding sufficient conditions for the existence of an inertial manifold for the differential
equations which can be transformed to an abstract form of the nonlinear evolutionary
equation

d
(1.1) & o vAu = R
dt

on a Hilbert space H, where v > 0 is a viscosity parameter. One of the typical results
on this problem was made by Mallet-Paret and Sell [9]. Under suitable conditions,
they proved the existence of inertial manifolds of a class of scalar-valued reaction
diffusion equations of the form

(1.2) uy=vAu+f(x,u), xe CR", ueR,

for any 2-dimensional rectangular domains and some cubic domains. For their results,
they introduced a new concept: the Principle of Spatial Averaging (PSA). The PSA
is a property which the Laplacian over a bounded Lipschitz region 2 C R",n < 3,
may or may not have. It is not clear at all for which domains and boundary conditions
PSA holds.

The purpose of this paper is to extend the result of Mallet-Paret and Sell [9] into
new physical domains 2, C R", n = 2, 3, where 2, is a bounded domain of the
following form:

Q, = (equilateral triangle of side )

(1.3)
;3 = (equilateral triangle of side ) x [0, L],

where L? is rational. For these domains, we do not know whether PSA holds or not.
However, we formulate a weaker form of PSA and we prove that the weaker PSA is
enough to guarantee the existence of inertial manifolds for (1.2) and (1.3).

2. An abstract invariant manifold theory

For convenience we present an abstract theory developed in Mallet-Paret and Sell

[9].
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Let H be a Hilbert space with an inner product (-, -) and a norm || - ||, and let &
be a finite dimensional subspace of H with orthogonal projection P, and let 2 be the
orthogonal complement of &? with complementary projection Q = I — P.

Writing u € H as u = (p, q) where

p=PuePH=2, q=Que QH=2,
we consider an abstract differential equation

p =F(p,q),

2.1) )
q =-Aq+ G(p, q).

We assume A is a closed self-adjoint linear operator on 2 with dense domain D(A) C
2. We assume further that —A generates a C°-semigroup e~*’ in 2 for t > 0, and
that A has a compact resolvent on 2. The (nonlinear) functions

F:H—> 2, G:H-—> 2

are assumed to be locally Lipschitz continuous in H. These assumptions on A, F,
and G are standing assumptions throughout this section. Under these assumptions,
the system (2.1) with initial condition uy = (po, go) € H has a unique, maximally
defined solution u(f) = u(r, uy) = (p(t, po. qo), q(¢, po, go)) on some interval [0, w)
where w = w(py, go) € (0, o).

Furthermore, the existence of an invariant manifold .# for the system (2.1) can be
proved under the following five hypotheses.

(I) (Regularity Condition) There exist constants R, and R; such that both F and
G are C' in the convex set & x €, where

d={peP:|pl<R}) ¥={qeDA)C2:|Aqll <R}
(I) (Dissipative Condition) If p € cl(H\ &), then
{p, F(p,0)) <0 and G(p,0) =0.

(IIT) (Sobolev Condition) If py € & and f, > 0 are such that p(¢, po, 0) € & holds
in [0, 5], then g(¢, po, 0) € € in [0, 5]

(IV) (Linear Stability Condition) (g, Aq) > Allq||* for all ¢ € 2, for some A >
2y, where y = sup{|[DG(p, q)le : (p,q) € & x ¥}, and ¥ = ¥ (H, 2).

(V) (Uniform Cone Condition) With V = 1|lo||> — 1|lpl|> and V' = (0,0") —
{p, '), where p € 2,0 € P C 2, and p’ and ¢’ are given by the linear variational
equation form of (2.1), that is,

p'=DF(p,q)(p.0),

(2.2)
o' =—Ao + DG(p, 9)(p, o),
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there exists n > Osuchthat V' < ~nforallu e & x€,pec Pando € 2 C 2
with ||lpll = lio|l # 0.

Before we state the theorem we introduce the following notation. Let ® : & — 2
be a function. The graph and the support of ¢ are

graph (®) = {(p, ®(p)) : p € &}, supp(P) =cl{p € P : (p) #0}.
Let & denote the following subset of &/ x %
€ ={(p,q) € H xE:|ql <dist(p, )}
Finally we let
(2.3) Y =EU(Z x{0)).

THEOREM 2.1. Assume that the differential equation (2.1) satisfies conditions (I)—

(V) in addition to the standing assumptions on A, F and G given above. Then there
exists a C'-function ® : & — 2 with ||D®||,, < 1 satisfying

supp® C &, d(p)e¥ for pe 2,

and such that the graph, # = graph (®), is an invariant manifold for (2.1) with
M C Y, where G is given by (2.3). Furthermore .# is locally attracting in the
following sense: there exists a > O such that if u(t) = (p(¢), q(t)) is a solution of
(2.1) satisfying u(t) € & forall t > 0, then

dist (u(t), A) < 2e *diam¥, t> 0.

That is, u(t) approaches # at a uniform exponential rate.

See Mallet-Paret and Sell {9] for the proof.

3. Eigenvalues and eigenfunctions of the Laplacian
and geometric properties of lattices

3.1. Eigenvalues and eigenfunctions of the Laplacian. Since the weaker PSA
depends on the eigenvalues and the eigenfunctions of the Laplacian, we need to find
those of the Laplace operator for the domains 2, C R" given in (1.3) with suitable
boundary conditions. Let Z, denote the positive integers and Zg = Z, U {0}. Then
we obtain the following results.
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LEMMA 3.1. Let Q, C R" be given in (1.3) for n = 2, 3. Then the eigenvalues
and the eigenfunctions of — A for Dirichlet boundary conditions are of the form: for
Q, C R?,

16
A = E—(k2+k2—kk2)

ful,x) =) Eexp (2 ) (kle + 2k:/;k2x2>,

(k1.kz)

3.1

and for Q3 C R,

2

k
= E(kz + Kk — kiky) + —3-,

(3.2) ks 2i 2k — k
Sfi(xy, X2, x3) = sin (—L—x3) Z :i:exp( ) (kle + 1\/5 2x2) ,

(k1.k2)

where k = (ky, k2) € Z% (k = (ky, ka, k3) € Z? x Z, for n = 3) satisfies (1) k; + ky is
multiple of 3, (i) k; # 2k,, (iii) k; # 2k, and (k\, k,) in the summation ranges over
& C Z% || = 6, and £ is determined by the following rules:

(k1, k3)
/! N
(ky — k1, k2) (k1. ki — k)
1) 3
(k2 — Ky, —ky) (—k2, ki — k2)
N Ve
(—ka, —k1)

Each leg of the cycle induces a change of the sign in the (ky, ky) entry of (3.1) and
(3.2). For example, if (k;, ky), (ka — ky, —ky), (—ka, k; — k2) have positive signs then
the others have negative signs.

LEMMA 3.2. Let Q, C R” be given in (1.3) for n = 2,3. Then the eigenvalues
and the eigenfunctions of — A for Neumann boundary conditions are of the form: for
2, C R,

16
Ay = 57(/(;2 + k5 ~ kiky),

2i 2k —k
gelxi, x2) = ) exp(3)<k2x1 + 1\/3 sz),

(ki kz)

(3.3)

and for Q3 C R3,

2

k2
A = —(k2 + k3~ kiky) + =2

27 L2’ )
(34) (x ) cos k3x Z - 2 > k + 2k1 - k2
1 X2, X = o € X X y
8rlXy, X2, X3 L 3 P 3 2X] «/?: 2

(ky.k2)
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where k = (ki, k;) € R? (k € Z* x Zg for n = 3) is such that k; + k, is multiple of
3, and the summation has the same restrictions as in Lemma 3.1 except the sign.

REMARK. The eigenvalues and the eigenfunctions in (3.1) and (3.3) are the direct
consequences of Pinsky [11]. Then for the 3-dimensional case, we obtain (3.2) and
(3.4) by applying the separation of variable method.

3.2. Geometric properties of lattice points. Here we introduce two geometric
properties of a lattice in R>. In particular, the second property is crucial to the proof
of a weaker PSA (see Section 4) for each domain §2, C R".

The first property is a Gap Theorem of Mallet-Paret and Sell [9]; see also Richards
{12].

THEOREM 3.1. Let I be a finite collection of functions T of the form
T(ki, k) = ak? + bk\ky + ck3 + sky + thy + r,

with rational coefficients and negative discriminant, that is, b* —4ac < 0. Then given
any h > 0 there exists arbitrarily large m such that

(3.5) T(ky, ky) ¢ [m, m + h},
forallTe  and k,, k; € Z.

For the next theorem, we consider the three linearly independent vectors in R> :

7) +=(5559) o= (07)
e = T =y Y, ) €& =\———=, =, ) €3 = y Uy T
1 3\/-3- 2 3\/§3 3 L

and we define a new inner product and a norm induced by

3 3
(3.6) . y) = (szes, Zy,e,) P = (xx)
s=1 t=1

where x, y € R?® and (-, -) is the usual inner product in R*.
Now we prove the following theorem.

THEOREM 3.2. Assume that L? is a rational number. Let k = (k, ky, k3) € Z> and
consider

2

16 k
(3.7) k][> = 5-7-(kf + k2 — kiky) + -Liz

Then there exists & > 0 such that for any k > 1 and d > 0, there exists an arbitrarily
large A satisfying two conditions:
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(i) whenever |[K]]%, |[11)> € (A —k, A + k] withk, | € Z3, one has either k = |
or|lk—1]| > 4,
Gi) [IKIP ¢ (A — £/2, A + £/2) for each k € Z°.

PROOF. We follow Mallet-Paret and Sell’s approach [9]. Let L? = q/p where p
and g are relative prime integers. Let « = LCM{27, 4} be fixed where LCM means
least common multiple. Then for any k € Z3, there exist integers n and r such that

|[k]s2=n+§, 0<r<a.

Therefore, with § = 1/(2¢) we see that there exists arbitrarily large A such that
[[k])® ¢ (A — &/2, A + £/2). For the rest of the proof we consider only such A. Let A
be fixed and let N} be the annular region

Ny={xeR :hA—x <|x]*<i+«}
Suppose that k, l € N; N Z*>and 0 < |[k — ]| < d. Thenforj =1 —k,
P =10 + &P =101+ 2k, j) + | k]I,

where (-, -} is defined in (3.6). As aresult,
1
Ik, ) < 5 112 = (k1P = 1111

1 1P
- 2 2 2
< > " — L&) I+2IU]
d2

< K+ —.

2

For each j with 0 < |[j]] < d,let S; = {x € R® : |(x,j)| < «x + d*/2} and let
S = Uocpjji<a Si- If the property (i) fails for some A, then SN Ny N Z°> # 0. If
k € SNN;NZ3, then

dZ

k,j —
[k, j} <k + >
and

. 8, .. . 8k, . . ksjs
y=1(,j)= —27(2]1 —-j»+ '2—7-(212 —JjD+ N

for some j and some y = n/a where 0 < |[j]| < d and n is an integer such that
|n/a| < k +d*/2. Since y = n/a for some integer n, there is only a finite number of
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y satisfying |y| = |n/a| < k +d?/2. On the other hand since j # 0, we may assume
that j;3 % 0. Then by solving (k, j) = y for k3, it is found that

8k -
ky = —— ~‘ = Qjy =) + 2 Qja—j) -y
J3 27

and hence by substituting ks,

2

16 k
I(k1? = E(kf + k5 = kiky) + 23;

16+L 16 2+ 16\, (16 @
27 77) it ) i) v
2

+< 16+L2<2<8)‘ (16) ,
- s Jiuj2—
38) 27 27 27
16\* 8\
+2<27) Jiujz — (ﬁ) J;')) kik;
16 L2 8\, [(16\ ., [16
. il 22 k2
+ (27 T3 ((27) + (27) /2 (27) iz

+ sk + k1,

where s; ,, t;., and r;, are rationals depending only on j and y. Now by taking
coefficients in (3.8), we define a quadratic function 7; , on Z? with rational coefficients
of the form

(3.9) T, h)=all+blLL+cl+s,L+4,L+r,.

Then the discriminant of 7} , in (3.9) is negative. Also since k € NJ,

(3.10) T, (ki ky) € (A~ k, A +«].

Now let 7 be the set of all quadratic functions T}, of the form in (3.9) for j € VA
and y = n/a with 0 < |[j]| < d, |y| = |n/a] < k + d*/2. Then since the indices
J and y range over finite sets, 7 is a finite collection of functions T; , satisfying all
hypotheses of Theorem 3.1. With 2 = 2 + 2«, there exists m in the statement of
Theorem 3.1 such that forany T, , € Z and l € Z*

L, h)¢mm+hl, (A-k,A+«]lC[m m+h]

for some A satisfying the second assertion (ii). Therefore (3.10) is impossible for this
A. As m can be chosen arbitrarily large, the proof is now complete. O
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4. The existence of inertial manifolds

We turn our attention now to the specific class of scalar partial differential equations
of the form

3
(4.1) a—'t‘=uAu+f(x,u), x€Q CR, ueR

where the domain €2, is given in (1.3). The main goal is to show the existence of an
inertial manifold for (4.1) on each domain €2, given in (1.3). In particular, for 25 in
(1.3), we assume that L? is rational number.

The nonlinearity

f:QxR—>R
is assumed to satisfy the following conditions for some positive constants K, and K5:
fisC'inQ, x R,

(42) |f(xs u)l’ IDxf(x, ll)l < K1|ul -+ K2 inﬁ,, X R, al'ld
|ID,f (x,uw)] <K, in§,, X R.

We consider one of the following boundary conditions for the equation (4.1):
Dirichlet : u=0 onodf,,

4.3) 3
Neumann : a_u =0 ondf,.
n

Then equation (4.1) can be written as an abstract differential equation

du -
44) T vAu+ f(u)

in the phase space H = L*(2,) and f~ is a Lipschitz continuous mapping on H such
that

If ) = f ) < Killwy —wall,  forall w,u, e H

4.5) .
If (Wl < Killull + K5, forall ue H

where K; = (vol Q,)"?K,. In this setting 2 denotes the Laplace operator with the
domain

(4.6) 2 = {(u € H? : the boundary conditions (4.3) hold}.
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For simplicity we assume v = 1 and for any » > 0, let P, denote the canonical
orthogonal projection onto the finite dimensional subspace

P, = Span{e,, : A, < A}

of H where {¢; : j = 1,2,...} is a complete orthonormal set of eigenfunctions e,
corresponding to eigenvalues A; of —A and let g, = I — P,. Then by applying P,
and Q; to equation (4.4), we obtain the system

p'=Ap+Pfp.q

(4.7 B
"=Aq+ Q:f (p.q)

where p = Pyuand g = Q,u.
The modified equations, to which Theorem 2.1 will be applied, are

p = —¢(ApIHAp + v (lpIDIp + Pif (P, @)1,
(4.8) g =—-Aq+q+vpIHOif (. q)

where A > 0 is appropriately chosen and A is the positive self-adjoint operator
A=1—-A,

¢, ¥ : [0,00) — [0,1] are C! functions such that with a sufficiently large fixed
R > 0, ¢, ¥ satisfy

$'(r) <0 in [0, 00),
(1) + () =0 in [0, 00),
p(r) =1 in [0, R?],
(4.9) ] )
p(1) = 5 in [KsR? 00) forsome K, > 1,
Y(r) =1 in [0, K4R?],
Y(r)=0 in [KsR? o0) forsome Ks> K,.

First, we prove that the system (4.8) satisfies main hypotheses (I)-(V) of Theorem
2.1. To do this, we introduce a weaker PSA as follows: for any v € L™ we let B,
denote the operator on L? defined by

(Byu)(x) = v(x)u(x), uel?

and let v denote the mean value

U= (vol )7} / v(x)dx.
Q
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DEFINITION. For a given (bounded Lipschitz) domain £ C R", n < 3, and choice
of boundary conditions for the Laplacian, we say the weaker principle of spatial
averaging holds if there exists a quantity £ > 0 such that for every € > 0, « > 0 and
any bounded subset Z C H?, there exists arbitrarily large A = A(%#) > «, such that

(4.10) | (Prse — Paoi)(By — 0D (Prye — Pio)llop < €
holds for any v € &, and such that

4.11) Ami1 — Am > &

where m satisfies A,, < A < A,,;.

The main difference between the weaker PSA and PSA is the choice of A and the
upper bound of the estimate (4.10). In the weaker PSA, the quantity A is allowed to
depend on the bounded subset & while the original PSA requires the existence of
A > « such that

1(Pysx = Poim)(By — 01 (Prsc — Pic)llop < €llvlla2

holds whenever v € H?. In the point of our concern, what we really need is to show
that the operator norm of (4.10) can be arbitrarily close to 0 on any bounded subset
of H?. However in the original PSA, the dependence of the estimate on ||v| 4 and
the requirement of the inequality for all v € H? cause some difficulties for proving
PSA. Actually Mallet-Paret and Sell used some technical lemmas (see [9]) which are
difficult to prove for general domains. The advantage of the weaker PSA is that it can
not only replace PSA for the same result but also enables us to drop all their technical
lemmas.

The importance of the weaker PSA is that it implies the Uniform Cone Condition
and hence the existence of invariant manifold for the system (4.8).

THEOREM 4.1. Assume that the domain 2 and the boundary conditions for — A
satisfy the weaker PSA. Assume f satisfies the regularity and growth conditions (4.2);
assume also that the function D,f is C? on Q x R. Fix functions ¢ and  satisfying
(4.9). Then there exist arbitrary large A such that the system (4.8) satisfies all the
hypotheses of the invariant manifold Theorem 2.1.

Note that the conclusion of Theorem 4.1 holds for certain large A, not necessarily
for all large A. Since the proofs of the main conditions (I)~(IV) are exactly the same as
in Mallet-Paret and Sell [9], we only prove the Uniform Cone Condition. Moreover,
if ||[Ap| > K4V ’R, we can easily show the Uniform Cone Condition. On the other
hand, if |Ap|| < K,”*R, we have

(4.12) V' ={(0,0") = (p,p') < —(g, Ac) + [|Ap]l + ((=p, ), Df (w)(p, o))
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where D f~(u)(x) = D,f (x, u(x)), and p" and o' are given by the variational form of
(4.8). Therefore, to complete the proof of the Uniform Cone Condition, it suffices to
show that the right hand side of (4.12) is negative and bounded away from zero.

LEMMA 4.1. Assume that all assumptions of Theorem 4.1 hold. Let B be any
bounded subset of 2. Then there exists n > 0 such that for all u € B and (p,0) €
P, x 2D,, with ||p|| = |lo|| = 1, there exists arbitrarily large ) such that

—(0,Ad) + |Ap|l + ((=p, o), Df (w)(p, o)) < —n.

PROOFE. By the smoothness of f and the boundedness of Z C 2 C H?, for each
ueRB

Df (u)(x) = D,f (x, u(x)) € H>

and B, = {v : v(x) = Df~(u)(x), u € A} is also bounded subset of H2. Moreover,
as a multiplication operator B, for each v € 4, it is bounded on 4, that is, there
exists a number K¢ > 0 such that

(4.13) I Byllop < K, forall v e 4B,
where || - ||op is the operator norm on L?. Choose quantities ¥ > 0 and ry > 0 so that
4.14) Kk —2K¢ > rg.

From now on, we fix «, K, ro and a bounded subset #, throughout the rest of proof.
Then by the weaker PSA, there exists a quantity & > 0O such that fore > 0, x > 0
and %, C H?, there exists arbitrarily large A > O satisfying (4.10) and (4.11). We
only consider such A. Let u € & and (p,0) € &, x 2, with |p|| = |lol| = 1. We
consider two cases:

(1) (Piye — Pio)p=00r (Py — Pi)o =0,
(i) (Piyx = Pio)p = pand (Pyyy — Piy)o = 0.

For the case (i), without loss of generality, we assume that (P,,, — P,_.)p = 0. Let
v = Df (u). Then by (4.13) and the choice of «, ry,

—(0,Ac) + |Ap|l + {(=p,0), v(p,0)) < —Kk +

/ v(x)(o? — pPdx
Q

< —K +2K6 < —ry.
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For the case (ii), with the choice of A and the property of the weaker PSA, we have
— {0, Ac) + Ap|l + ((—p, 0), v(p, 0))

/ v(x)(0? = p¥)dx
Q

/ v(o? — pHdx
Q

S0 +An) +A+25) +

IA

—§+ +

/(v(x) — 9)(o? = pP)dx
Q
<-4 2e.

Since the existence of & > 0 is independent of the choice of ¢ > 0, there exist
arbitrarily large A > O satisfying (4.10) and (4.11) for € which is less than £/4 and

hence
3
- 2 —=.
£E+4+2 < 3
Therefore, by choosing n = min{r,, £/2} the proof is complete. O

Next we prove a main objective in this paper.

THEOREM 4.2. The weaker PSA holds for each domain 2, given in (1.3) with
either Dirichlet or Neumann boundary conditions.

For n = 2, by Theorem 3.1 and Lemmas 3.1 and 3.2, we have arbitrarily large gaps
in the spectrum of A = I — A and hence we can choose A > 0 so that the interval
(A — k, A + k] contains no A,, and hence P, — P,_, = 0. If n = 3, we do not have
this property. However, the next lemma yields the weaker PSA for n = 3.

LEMMA 4.2. Let Q C R’ be given in (1.3). Fix Neumann boundary conditions for
Laplace and let 9B be a bounded subset of H>. Then for any € > 0 and k > 1, there
exist arbitrarily large A = A(#B) > « such that

f(v — D)pldx
Q

forany v € 9B and p € Range (Py« — Pi_c) C L2 with |jp] = 1.

(4.15)

<e€

PROOF. Let {¢; : k € Z% x Zg} be a complete orthonormal set of eigenfunctions of
— A for the domain . Since 4 is a bounded subset in H?, the compact imbedding
H? — L* implies that & is a compact set in L™, Hence, for a given € > 0, there
exist vy, va, ... , v, € & such that for any v € B,

4.16) v — vl < forsome j =1,2,...,n.

€
39
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On the other hand, since H> C L? and {e, : k € Z* x Zg)} is a complete orthonormal
basis, there exists a d > O such that forany j,1 <j < n,

1/2
4.17) (Z ;v,,,(|2) < < (vl @)
|(kllzd 18

where v; , = (v}, &) is Fourier coefficient with respect to e, for each k € Z? x Zg,.
Fix this d > 0 throughout this proof. Then for this d > 0 and ¥ > 1, we can choose
and fix arbitrarily large A > « satisfying (i) of Theorem 3.2. Now consider a function

p € Range (Pyyc — Pio) ol =1
Its Fourier expansion
px) = Z Py €x
involves only terms for which
A—k < |[k]? <A+«

Then, forany v;,1 <j <n,

/(Uj - ﬁj)le = l/(vj - 7)) (Z pU‘)e") (Z ﬁ"’é’>
Q Q k 1

6
ZZP(&)@I) (Z /;z(vj - ﬁj)ek—5x>
k 1 s=1

(4.18) =

where §; are given by:

51 = (11» lzg 13), 52 = (11, l1 - lz, 13), 33 = (—12, 11 - lz, 13),
(419) 84 = (_129 —lls 13)’ 55 = (—ll + 127 _ll, 13)7 86 = (12 - lls 121 13)

However, since |[I]]> € (A — k, A +«] and |[&]]* = |[/]}* forall s = 1,2,...,6, by
(i) of Theorem 3.2, we obtain, for each s, either

(4.20) [k =8}l >d, or k=34,
Also, since

0 if k=46,

(4.21) /(v-—ﬁ»e_xswz‘_s::
o T U = Wik Vaos, if k# 8,
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{(4.18) and (4.19) imply

f(Uj - 5;‘ )P2
Q

where h;, is a function on Z* given by h () = §,, 1 < s < 6, where &, is given in
(4.19). By the Schwarz inequality, (4.20), (4.21) and (4.17), we obtain

’/(Uj - ﬁj)Pz
Q

=

6

lowilow] |wj.k—h,(1>|

s=1 k!

6

12 1/2
<2 <;|P<k>lzlpu)|2> (;le.k—h:aHz)

s=1

6 12
Z <Z |P(k)lz> (Z |wj,k-h,u>|2)
k k1

s=1

6 172
<ol ( 3 lvj.,|2) <3

s=1 \llrlizd

IA

by the choice of d, A. Then for any v € &, there exist some j, 1 < j < n, such that

v = vlle= =

€
3
and hence

/(v ~-0)p°
Q

=< + <e.

/(Uj - 171' ),02
Q

|- ﬁ,)pzl +
Q

/(U - Uj)p2
Q

O

REMARK. The proof for Dirichlet boundary conditions is the same as for the Neu-
mann case except for minor modifications.

PROOF OF THEOREM 4.2. Let € > 0 and ¥ > 1 be given. Fix a bounded set £ in
H?. Then by Theorem 3.2 and Lemma 4.2, there exists a quantity £ > 0 satisfying
(4.10) and (4.11). O

From all these results, one can prove the existence of an inertial manifold for (4.1).

THEOREM 4.3. Assume that (4.1) is dissipative and that f : Q, x R = R is C® on
the domain 2, C R" given in (1.3). Then for every v > 0 and for suitable choice of
boundary conditions, there exists an inertial manifold M for (4.1).
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PROOF. Let S(¢) be a nonlinear semiflow on H = L?(S2,) generated by the system
(4.7). Since (4.7) is dissipative there exists a global attractor % which is a bounded
set in L™ and a compact set in L2. Now we choose R > 0 large enough so that

U CHB={ue ZA): ||Au| < R}.

The existence of an attractor and its regularity property are fairly standard matters, so
we will not address these issues here. Now we fix this R > 0.

On the other hand, the system (4.8) also induces a semifiow, which we denote here
by S(¢). Then for a given R > 0, we can construct and fix C' functions ¢ and ¥
satisfying (4.9) and then systems (4.7) and (4.8) coincide on 4. Let A be chosen so
that the conclusion of Theorem 4.1 is true. Then by the Abstract Invariant Manifold
Theorem, there exists an invariant manifold .# for (4.8), which is given by the graph
of a Lipschitz function

$: P - 2.

In order to show that .# is an inertial manifold, it suffices to prove that it attracts all
the solutions of (4.1) and (4.3) exponentially.
Let r > O be any fixed constant and let

B, ={ueH:|ul<r}

Then we know that there is a T = T(B,) such that the solution of (4.7), u(t) =
(p(1), q(1)), starting ug = (po, qo) € B,, satisfies that

u(t) =(p@),q(t) € B
for any t+ > T. This implies that
S(Muo =8t = D(p(T),q(T), =T
We can choose R, and R, satisfying the regularity condition such that
Ri>r, Ry>r.
Then this gives us
S(tue = St — TH(p(T), q(T)) € &,
where & is defined in Section 2. Therefore, by Theorem 2.1, we have
dist (S(r — T)(p(D), q(T))) < 2(diam @)1

which implies that .# attracts all the solution with uniform exponential rate. Therefore
# is an inertial manifold for (4.7) and (4.8). O
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REMARK. Although we only consider the type of domains in (1.3), for appropriate
boundary conditions, we also have the same conclusion for domains of the form:

Q; = {(x1.x2)10§X2 <V3x,0<x < %]
Q= {(xl,xz):Osxz <V3x,0<x, < %] x [0, L]

L={xeR:x=) ke, 0<t <1

=
w || [

Q={xeR:x=) ne,0<1,<1
k=1

where the ¢,’s are linearly independent vectors.

(1
(2]
(3]
t4]
(5]
{6l
(7]
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