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Jacquet Modules of Parabolically Induced
Representations and Weyl Groups

Dubravka Ban

Abstract. The representation parabolically induced from an irreducible supercuspidal representation
is considered. Irreducible components of Jacquet modules with respect to induction in stages are given.
The results are used for consideration of generalized Steinberg representations.

1 Introduction

Jacquet modules of parabolically induced representations can be applied to some
problems in representation theory, for example, the question of reducibility of para-
bolically induced representations [T3], [J3]. They are also used for important work
on description of discrete series for classical p-adic groups [MT], [J1], [J2]. These ar-
ticles concern the classical groups Sp (1, F) and SO(2n+ 1, F). For calculating Jacquet
modules of parabolically induced representations, they are using a structure on rep-
resentations of the groups Sp(#, F) and SO(2n + 1, F), described in [T1].

The purpose of this article is to find new techniques for calculating Jacquet mod-
ules for any connected p-adic group. Consequently, we also describe the structure of
parabolically induced representations, their irreducible subrepresentations and irre-
ducible subquotients.

Let G be a connected reductive p-adic group, P = MU a standard parabolic sub-
group of G and ¢ an irreducible supercuspidal representation of M. The geometric
lemma ([BZ], [C], here Theorem 2.1) describes composition factors of

m,G o igm(o),

where i s denotes functor of parabolic induction and ry ¢ the Jacquet functor [BZ].
After eliminating all zero components in 7y goig m(0) ([BZ], [C], here Theorem 2.2),
we prove some interesting facts about the structure of i v(0) and ry g © igm(o)
(Lemma 3.1 and Corollary 4.3).

In Section 5, we consider an intermediate standard Levi subgroup N such that
M < N < G and describe how information about iy a (o) and ryn © inm(0) can
be used in determining i (o) and ry g 0 igm(o) (Theorem 5.1, Corollaries 5.2 and
5.3).

Using results of Sections 3, 4 and 5, choosing appropriate intermediate Levi sub-
groups, we can deduce information about parabolically induced representations and
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their Jacquet modules. In Section 7, we carry this out for some examples of represen-
tations of Sp(m, F), SO(2m + 1, F) and SO(2m, F). More precisely, we consider the
representation

v x o x V¥ X o,

where p, o are supercuspidal and v*p x o is reducible (see Section 7 for notation). For
a > 0, this representation is of length 2"*! (Proposition 7.2) and it has the unique
irreducible subrepresentation. This subrepresentation is square integrable and it is
the unique square integrable subquotient of v**"p X - - - X v*p X o (Propositions 7.1
and 7.2). We shall call it a generalized Steinberg representation (see Remark 7.1).

Acknowledgements Iwould like to thank David Goldberg, Chris Jantzen, Freydoon
Shahidi, Marko Tadi¢ and the referee for valuable suggestions. The first part of this
article was done during post-doctoral fellowship at ICTP, Trieste, and I would like to
thank them for their kind hospitality and support.

2 Preliminaries

In this section, we introduce notation and recall some results from [BZ] and [C] on
Jacquet modules of parabolically induced representations.

Let F be a p-adic field and G the group of F-points of a reductive algebraic group
defined over F. Fix a minimal parabolic subgroup P, and a maximal split torus Ay C
Py. Let A be the corresponding set of simple roots. If © C A, then we write Pg =
MgUg for the standard parabolic subgroup determined by ©.

Let P = MU be a standard parabolic subgroup of G. If ¢ is a smooth representa-
tion of M, then we denote by i¢ (o) the representation parabolically induced by o.
For a smooth representation 7 of G, 1y () is normalized Jacquet module of 7 with
respect to M [BZ].

For a smooth finite length representation 7 we denote by s.s.(7) the semi-simpli-
fied representation of 7. It is the direct sum of the irreducible components of 7. Let
< denote the natural partial order on the Grothendieck group of the category of all
smooth finite length representations of G. For smooth finite length representations
my and 7y, we write m; < 7 if s.5.(mp) < s.5.(7) in the Grothendieck group.

Let W be the Weyl group of G. For © C A, we denote by Wg C W the Weyl
group of Mg. Let Q C A. Set [C]

(Wo \W/Wq] ={weW |wa>0,VacQw'B>0V3ec0}.

Theorem 2.1 (Geometric Lemma, [BZ], [C]) Let G be a connected reductive p-adic
group, P = Pg = MU, Q = Pq = NV parabolic subgroups. Let o be an admissible
representation of M. Then ry ¢ o igm(0) has a composition series with factors

inn ow oy (o)

where M’ = MNw(N), N' = w ' (M) NN andw € [Wg \ W/Wq].
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For ©,0' C A, we define
w(©,0")={wew | w0 =06}

If © = O, then we set W(O) = W(O, ©), and this is a subgroup of W.
Let ©,0' C Q C A. Define

Wq(0,0') = {W € Wq | wO' = @}7
Wq(©) = Wn(0,0).

Theorem 2.2 ([BZ], [C]) Let o be a supercuspidal representation of M = Mg. Then

SS(T’MGOIGM(O') Z wlo = Z wo .

weW(0) weEW (O)

Define
W(o)={weW(©)|wo Xo}.
We call o regular if W (o) = {1}. Otherwise, we say that o is non-regular.

Theorem 2.3 ([C, Proposition 6.4.1]) Let o be a regular supercuspidal representa-
tion of M = Mg. Then

v, oigm(o) = @ wle = @ wo.

weW(© weW(0)

3 Regular Case

Lemma 3.1 Let o be a regular irreducible supercuspidal representation of M. Then:

(1) igm (o) has a unique irreducible subrepresentation.
(2) Allirreducible subquotients of iy (o) are mutually inequivalent.
(3) Forany wi,w, € W(0O),
dim¢ Homg(iGM(Wla), iG_,M(sz)) =1

(4) Let p be the unique irreducible subrepresentation of i m(0). Then

wo S rM,G(P) < D — Z‘G7M(WO') < iG7M(WO') &= l‘G_’M(O').
Remark 3.1 For o aregular character, Lemma 3.1. is proved in [R].
Proof (1) is well-known [C], and (2) and (3) can be proved using Jacquet modules,
Frobenius reciprocity and Theorem 2.3.

(4) The first equivalence follows from Frobenius reciprocity and Theorem 2.3.
Now, suppose that p < igu(wo). By (3), we have a unique (up to a scalar)
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non-trivial intertwining operator ¢ between i (o) and igp(wo). Then Ker ¢ —
igm(0), S — igm(wo). If Ker ¢ # {0}, then p — Ker ¢, so, by (2), S = {0}.
But this contradicts the assumption that ¢ is non-trivial. We conclude that Ker ¢ =
{0}, SO Z‘G7M(WO') = iG,M(U)- |

Let P = MU be a standard parabolic subgroup of G. Denote by P~ the opposite
parabolic subgroup of P, i.e., the unique parabolic subgroup intersecting P in M. Let
P = MU be the unique standard parabolic subgroup conjugate to P~ [C]; we can
have either P = P or P # P.

Proposition 3.2 Let P = MU be a standard parabolic subgroup of G, and let o be an
irreducible supercuspidal regular representation of M. Take w € W such that w(P~) =
P. If q is an irreducible subrepresentation of iy (c), then G is a subrepresentation of
ign(wo).

(Here & denotes the contragredient representation of o.)

In the proof of Proposition 3.2, we shall use non-standard parabolic induction, in
the notation of [BZ]: if P = MU is a parabolic subgroup of G, and o is a representa-
tion of M, we denote by iy (o) the representation parabolically induced by o from
P = MU. If P is a standard parabolic subgroup, then iy 1 (o) = igm(0).

The following proposition can be proved directly:

Proposition 3.3 Let P = MU be a parabolic subgroup of G. Let h: G — G be an
automorphism of the topological group G. For smooth representations o of M and w of
G, we have

inw)1 (h(o)) = h(iva(o)),
rnwya (R(m)) = h(ry(m)).
(The representation h(7) is given by h(m)(g) = w(hfl(g)) .

Corollary 3.4 Let P = MU be a parabolic subgroup of G, and w € W. For smooth
representations o of M and  of G, we have

i) (wo) Ziy (o),
), () = w(ry ().

Proof of Proposition 3.2 If 7 is an admissible representation of G, then we have
from [C, Corollary 4.2.5].

**) rua(m) = ry— (7).

Let g — igm(0), q irreducible. Then

Homy(rm,6(q), o) # {0},
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) HomM(é, rA/,I;G)) # {0} and HomM(rm), 6) # {0}, because rA//[j;G) isa
direct sum of irreducible representations. Now, using (**), Frobenius reciprocity and
Corollary 3.4, we get

{0} # Homyy (rr.0(q), 5) 2 Homy (- (@), 5)

= Homg (g, iv-,1(6)) = Homg(g,igx(w5)) . -

4 Non-Regular Case

Recall some notation from [C]. Denote by Z the center of G. Let (m, V) be an ad-
missible representation of G, and w a character of Z. For each integer n > 1, we
define

Vi = {V ev| (7r(z) —w(z)) "y = 0,z € Z},

and also define

Vw,oo = U Vw,ny
neN
Vw == Vw,l~

Each V,, , is G-stable. The representation (m, V) is called an w-representation if V =
V. We will call (7, V) an (w, n)-representation it V.=V, ,..
Denote by JH(7) the set of equivalence classes of irreducible subquotients of 7.

Proposition 4.1 Let (7, V) be an admissible supercuspidal representation of G of finite
length. Then there exists a direct sum decomposition

V = Vo,
pEJH ()

such that JH(V,)) = {p}.

We will prove the proposition using a direct sum decomposition V.= @V, «
[C, Proposition 2.1.9], but Philip Kutzko hinted that it can also be proved using Bern-
stein decomposition [B].

Lemma 4.2 Let 7 be an admissible supercuspidal finite length (w, n)-representation.
Then the following are equivalent:

(1) p € JH(nm);
2) p— Vi
(3) p—m.
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Proof Obviously, (2) < (3) and (2), (3) = (1). The implication (1) = (2) is given
in [BZ, Theorem 2.4.(b)]. |

Proof of Proposition 4.1 According to [C, Proposition 2.1.9], we may assume that
(m,V) is (w, n)-representation for some central character w and n € N. Take p €
JH (7). Then, by Lemma 4.2, there exists a subspace V; C V such that (p, V) is a
subrepresentation of V. If p € JH(V /V}), then p — V /V,. Hence, there exists a
finite sequence

{0}:VOCV1C"'CVkCV

such that V;/V;_ = p,i = 1,...,k,and p ¢ JH(V /V}). Set Vi = V,. We can do

the same for any p € JH(m). It follows V = @pEIH(ﬂ) V. [ |

Corollary 4.3 Let o be an irreducible supersupercuspidal representation of M. Then
(1) There exists a direct sum decomposition

™G o igm(o) = @ Vi
WwEW(©)/W ()

such that s.s.(V,,) = kwo, wherek = card(W(U)) .
(2) Forallw € W(O), wo is a subrepresentation and a quotient of 1y G 0 igm (o).
(3) Forallw,w, € W(O),

d1m<¢ HOII’IG(Z‘QM(WlO'), l'G’M(WgU)) Z 1.
(4) Let  be an irreducible subquotient of ig pm (o). For any w € W(0©), we have
T = igm(wo) <= wo < ry ().

Proof (1), (2) follow from Proposition 4.1.
(3) follows from (2), since

Homg (igm(wi0),igm(w20)) = Hompy (1,6 0 igm(wio), wro).

(4) The first implication follows from Frobenius reciprocity. The second follows
from Frobenius reciprocity and 1. ]

Now, we consider the case when P = Pg = MU is a maximal standard parabolic
subgroup and ¢ is an irreducible supercuspidal representation of M.

If P # P, then W(©) = {1}. This implies that o is regular and i (o) irreducible
(also, ¢f. [C, Theorem 7.1.4]).

If P = P, then W(O) = {1,w} and s.s.(rMVG o l'G.’M(U)) = o + wo. Suppose

that wo = o (hence, o is non-regular). Then a simple application of Frobenius
reciprocity gives the following:

https://doi.org/10.4153/CJM-2001-027-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-027-7

Induction and Jacquet modules 681

(1) Ifigum(o) is irreducible, then the sum ry g 0 igm(0) = o + o is not direct.
(2) Ifigum(o) is reducible, then it is of length 2 [C, Cor. 7.1.2] and ry g 0 igm(0) =
odo.

(a) Ifigm(o) is completely reducible, then it is the direct sum of two inequiva-
lent irreducible subrepresentations

icmM(0) = p1 D p2, p1 Z P2

(b) If igpm(o) is reducible, but not semi-simple, then i (o) has one irre-
ducible subquotient and its multiplicity is two.

Proposition 4.4 Let P = Pg = MU be a standard parabolic subgroup of G, and let o
be an irreducible supercuspidal representation of M. Suppose that W (o) = {1, w} =
Wq(O) for some Q,© C Q C A, Let Q = Po = NV.

(1) Ifinm(o) is completely reducible, then iy v (o) is the direct sum of two inequivalent
irreducible subrepresentations, iny(0) = p1 ® pa, and igum(o) = ign(p1) &
igN(p2). Further, ign(pi), i = 1,2, has a unique irreducible subrepresentation g,
i=1,2,and q, 2 q.

(2) Ifinm(o) is irreducible, then ig (o) has a unique irreducible subrepresentation
p. Further, 0 + 0 — ry,c(p), and this sum is not direct.

Proof For (1), let g;, i = 1,2 be a subrepresentation of ig n(p;). Then q; — igp (o)
and Frobenius reciprocity give 0 < ry,(q;). But the multiplicity of o in ry g ©

igm(0) is two, so q1, g, are the only two irreducible subrepresentations of ig (o).
Since

dim¢ Homg(ql,iG,M(J)) = dim¢ HomM(rM,G(ql),J) =1,

it follows that g; 2 ¢,. This proves 1.
For (2), let p be an irreducible subrepresentation of i¢ (o). We have

Homg/( p,igum(0)) = Homy (rnc(p),inm(0)).
Since iy m(0) is irreducible, it is a quotient of y (p) and we have
20 < rynoinm(o) < ryc(p).
It follows that p is the unique irreducible subrepresentation of ig y (o). [ |
5 Decomposition of Weyl Group

Suppose that M and N are standard Levi subgroups of G, M < N, corresponding to
©COQCA.
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Theorem 5.1 Let o be an irreducible supercuspidal representation of M. Then

s.s.(rM,G o iG,M(a)) = Z Z w v le

we[Wo\W /We] vEWq(O,wO)
Ww(O©)CO

Y e

we [W(—)\W/Wn] vEWqQ(wO,0)
wH(©)CO

Proof
S.S.(TM7G o l.GyM(O')) = s.s.(rM_,G 0iGN © l.N’M(U))

= E immr ow ™oy 0inm(0)
WE[WQ\W/W@]

where M’ = M Nw~(N), N’ = w(M) N N. From Theorem 2.2, we have

ss.(rmcoigu(o)) = Z w'o,

w! EW(O)
and this is a sum of supercuspidal representations. Hence, if
. _1 .
IMM! OW ~OTN/N O IN,M(U)

is different from zero, it is a sum of supercuspidal representations,

iMM © wlo NN 0 inm(0) = E w'o.
w! €SCW(O)

We conclude M = M’ = MNw Y(N),soM C w—{(N), w(M) C N. It follows that
w(®) C QN =w(M)NN = w(M). Hence,
wlo NN o inm(o) = Z w'o
W €SCW ()

rven o inm(o) = E ww'o
W' €SCW(O)

. — !
E ZN',N” oV 1 o rM”,M(O') — E ww' o

VE[Wian \Wa /Wil w!€SCW(O)

where M" = M Nv(N'), N" = v~1(M) N N’. This is again a sum of supercuspidal
representations, so

iN/,N” (] 1/_1 O rM”,M(U) # 0

implies N’ = N, M = M"’. Now it follows from N = v=}(M) NN’ and N’ =
w(M) that N’ = N" = v (M) = w(M). [ ]
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Corollary 5.2 IfwO C Q implies wO© = ©, then

s.s.(rM,GoiG,M(a)) = Z Z w v le
w

E[W\W/We]NW(0) vEW(O)

- ¥ 3w

E[We\W/WalNW(O) vEWqa(O) u

Corollary 5.3  Suppose that wO C Q2 implies w© = ©. Let o be an irreducible
supercuspidal representation of M. Let 0 be a subquotient of ix m(0). Suppose that

s.s.(rM7N(§)) = Z vo.

vESCWq(O)

Then

s.s.(rM_’G o iG_’N((F)) = Z Zwva.

WwE[Wo\W /Wo]NW(0) vES
Proof We have

S.S.(TM7G o iG,N(5)) = Z worys n(0),

wE[We\W/Wo]NW(O)

where N’ = M. [ |

Remark 5.1 If © and © are subsets of A, they are called associates if the set
Wq(0,0") = {w € Wq | wO’ = O} is not empty. For any © C A, denote by
{©}a the set of its associates [C] and by {© }q the set of its associates in €2.

Let o be an irreducible supercuspidal representation of M. Let § be a subquotient
of iy m(0). Suppose that for every © € {©}q we are given

s.s.(rM@“N((S)) = Z vo.

veS(O’)

Then

ss(rMGozGN(é) Z Z Z wvo.

0/€{0}q wE[Wo\W/Wq] veS(O)
w(©')=6
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6 Description of Some Subsets of Weyl Groups for Classical Groups

If we want to apply results of Section 5 to Levi subgroups M < N < G corresponding
to the subsets of the simple roots © C Q2 C A, we need to understand precisely W (©)
and [Wg \ W/Wgq] N W(O). In this section, we will describe these sets for certain
Levi subgroups of classical p-adic groups.

(a) We consider the group

M = Mg = GL(k,F) x --- X GL(k, F) XS,,,

n

where

Sp(m, F),
Sm=1<SO02m+1,F),
SO(2m, F), m > 1orm = 0, k-even.

M is isomorphic to a standard Levi subgroup of G = Sk, K = kn+m [T1], [Ba2]. The
description of the Weyl group for G can be found in [T1], [Bal]. A simple calculation
gives

W(O) = Sym(n) x {£1}".
Here (e1,...,€,) € W(O),¢;, = 1 fori =1,...,n, corresponds to

(€15 €lyenes€nyen€ny . 1) EW,
—— —_—— ——
k k m
for Sp(m, F), SO(2m + 1, F) for every k, and for SO(2m, F), k even, and
n
(61,...el,...,en,...en,l,...,1,H€i> ew,
—— —— i

i
k k (m—1)

for SO(2m, F), k odd.
For an ordered partition (ny, . .., n; = n) of n, denote by

the set of all shuffles of sets

{L...oomp,{m+1,...,m}, ... {ng_1 +1,...,n4}.

(Suppose that 51, S5, . .., S, are disjoint ordered sets. A shuffle of the sets Sy, S, .. .,
S, is a permutation p of the set S = §; U S, U - - - U §; which preserves the order on
each of the sets S, k = 1,2,...,q, ie., if 51, s, are contained in the same set Sk, then
51 < s implies p(s1) < p(s2).)
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For k < I < n, define a permutation z( ) with

j7 j<k§
zp(j) =g k+1—j, k<j<lI
J, j>1

If k > I, we define z( ;) = id. For [ < n, set

N; = GL(kI, F) X S(u—nk+m,
M < N <G.

We have the following:

Lemma 6.1

!
Wy \ W/ Wy ] NW(O) = U Sh—ipm za—iv1n(Li—i, —1i, 1a—).
i—0

Proof The simple roots are a; = ¢; — ¢;11, when i < kn+m, and Qgpim = €kprm—1 +
eknem [T1], [Ba2]. The set Q C A correspondingto N is @ = A\ {ay}. Since

(W \ W/Wy]NW(O) = [We \ W/Wa]l NW(O)
={weW(O)|wa > 0,Va c Q},

w € W(O) is an element of [Wg \ W /Wg] if and only if the following condition is
satisfied:

way >0 fori=1,2,...,1—1,1+1,...,n
The positive roots are e; — ¢;, j < land e; + ¢;. This gives the lemma. ]
(b) Suppose that k is odd. Let

M = Mg = GL(k,F) x --- x GL(k, F)

n

be a standard Levi subgroup of G = SO(2nk, F). Then
W(O) = {£1}"! x Sym(n),

where {1} = {(e},...,€,) | [Te; = 1}.
For I < n, set

N; = GL(kI,F) x SO(2(n — Dk, F).
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Let Q2 C A correspond to N.

If | = n, then w(©) C Q implies w(©) = O. In other words, the set {©}q of
associates of © in  is equal to {©}.

If ] < n,then {©}q = {O,s(0)}. Here s denotes the automorphism of the root
system which interchanges a,—; and oy, [Bal], [Ba2]. We have

M) = sMes™" = s(M),

where

—_— O
O =

Lemma 6.2
(1) Theset Wy \ W/Wy,] N W(O) is equal to

1

U Sh—ipm za—iv1,n(Li—i, —1;, 1u—p).

=0
1even

(2) Thesetof allw € [Wy \ W /W] such that W(s(@)) = O is equal to

1

U Sh—ipm zg—is1,n(Li—i, —1i; L—p)s.

i=0
iodd

7 Applications

We shall apply our results to study representations of classical p-adic groups which
we refer to as generalized Steinbergs (see Remark 7.1).

Recall some notation from [Z] and [T1]. For admissible representations p;, p, of
GL(k1, F), GL(k,, F) respectively, we define

p1 X p2 =igm(p1 ® p2),

where M = GL(ky, F) x GL(k;, F) is a standard Levi subgroup of G = GL(k; +k;, F).
Also, set

Sp(m, F),
Sm=1<S002m+1,F),
SO(2m, F).

If p is an admissible representation of GL(k, F) and o is an admissible representation
of S,,;, then we define

pxo=ioup®a),
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where M 22 GL(k, F) x S,, is a standard Levi subgroup of G = S, [T1], [Ba2]. We
have

(p1 X p2) X0 =p1 X (p2 X 0).

Let v denote |det|. Let p be an irreducible supercuspidal representation of
GL(k, F) and n a non-negative integer. The set [p, v"p] = {p,vp,...,v"p} is called
a segment. We know from [Z] that the representation v"p x v""!p x --- X phasa
unique irreducible subrepresentation d([p, " p]) and

TM,G(5([P, I/"P])) ="V e ®p.

The following proposition is similar to Proposition 3.1 in [T2], here extended to
the case of SO(2n, F). Also, we allow ac = 0.

Proposition 7.1 Let p be an irreducible unitarizable supercuspidal representation of
GL(k, F) and let o be an irreducible supercuspidal representation of Sp,. Let av > 0.
Suppose that v®p X o is reducible. Let n be a non-negative integer. Then:

(1) p=p.
(2) v=%p x o is reducible. V% p x o is irreducible for any real number 3 # +a.
(3) If a > 0, then the representation v**"p X - -+ X v*p X o contains a unique irre-

ducible subrepresentation, denote it by 6([v*p, v**"p], o). This subrepresentation
is square-integrable. We have

nia (3170, V™ "pl,0)) =1™"p @ - @1 p @ o,
([vp, v pl, o)™ = 6([vp, v pl, 5).
(4) If a = 0, then the representation V"p X --- X p X o contains two inequivalent

irreducible subrepresentations q; and g,. Forn > 0, q; and q, are square integrable,
while for n = 0 they are tempered (but not square integrable). We have

() =ruc(q) =v"p@---Q@pRo.
Note that we are not requiring « to be half-integral.

Proof For m = 0 and k odd, the representation v“p x 1 of Sy = SO(2k, F) is irre-
ducible [Sh, Prop. 3.5]. Thus, the assumption on the reducibility of v%p x o excludes
the case m = 0 and k odd for SO(2m, F), and we are in the situation described in the
case (a) of Section 6.

(1) follows from [T2], [Ba2], and (2) follows from [S].

(3) Let

T=v""p®R - Qv Ro0.
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Since 7 is regular, it follows from Lemma 3.1 that i (7) has a unique irreducible
subrepresentation. Set

Nyt = GL((n+ 1)k, F) x Sy,
N, = GL(1k, F) X Sim.

Let g — v®p x 0. Then rgk,p)xs, (q) = V*p @ o. Let
qO — 5([l/a+1p’ Voﬂrnp]) ® q

This is a representation of Ny, and ryn, (q0) = T, iGN, (q0) — igm(T). On the other
hand,

g =6([p,v*"p) ® 0

is a representation of N1, and ryn,, (q1) = T, igN,., (q1) — igm(T). Let 6 =
d([v*p,v**"p], o) be the unique irreducible subrepresentation of i¢ p(7). Then

0 = ign,(qo0),
6 — inNnH (q1)7
m,c(0) < v oign, (o),

™,6(0) < v o iGN, (q1)-

From Corollary 5.2 and Lemma 6.1, we have the following

n

MG © iGN, (qo) = Z Sh—inn+1) Zn—iv1,m)(Lu—i, =1, 1)T,
i—0
n+l

MG © iGN, (q1) = Z Shu—is1 n+1) Zn—izc2,n41) L1 —iy — 1) 7.
i—0

In the first sum, all terms contain the factor v%p, but in the second sum, we have v%p
only for i = 0. Since Sh(,11,4+1) = {1}, we conclude that the only common factor
for rv g 0 iGN, (qo) and 1y g © iGN, (q1) is 7. Hence, ra,g(6) = 7. The Casselman
square integrability criterion [C], [Ta2], [Ba2] tells us that d is square integrable.

Let w; be the longest element in W and w; g the longest element in Wg [C]. Take
w = ww,e. Thenw € W(O), w(P) = P, and w(p;®- - -@px®0) = p1®- - -Qp 0.
Now it follows from Proposition 3.2. that 6 ([v*p, v**"p], o)~ = §([v*p, v "p], G).

(4) According to Proposition 4.4, v"p x - -- X pxo =ign(p1) @ign(p2), where
p1 and p, are two inequivalent subrepresentations of " p® - - - vp® (p x o). Further,
ign(pi), i = 1,2 contains a unique irreducible subrepresentation g;, i = 1,2, and
41 Z 2. The proof that

me(q) =mmc(q) =V'p® - Qp®o
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is by induction on n. The proof is similar to that of (3), applied to the groups N,
and Ny = GL(k, F) X S+ We are using the fact that " 1p x - -+ X p x ¢ has two
inequivalent subrepresentations, with Jacquet modules

Vn71p®...®p®g’
which is assured by inductive assumption. ]

Additional properties, similar to those for the Steinberg representation [C],
[BoW], are given in the following proposition.

Proposition 7.2 Let p be an irreducible unitarizable supercuspidal representation of
GL(k, F), o an irreducible supercuspidal representation of S,,. Let o > 0. Suppose that
v¥p X o is reducible. Then:

(1) v*™"p x -+ X v*p X o is a multiplicity one representation.
(2) Thelength of v“*"p x - -+ x v%p X o is 2",
(3) d([v%p, v*"p], o) is the unique square integrable subquotient of v/
que sq 4 q
v¥p X 0.

OH'Yle...X

Proof (1) follows from Lemma 3.1, because v**"p ® - - - @ v*p ® o is regular.
(2) Byinduction onn. Letn > 1. Set

N:Snk+m7
T:ya+n—1p®”_®yap®0_.

a+n—1

Let g be an irreducible subquotient of v p X X V¥ xo. Write

v N(q) = Z wT.

weS

Fix wy € S. We know from Lemma 3.1 that

wE S < inm (WT) iy (woT).

a+n

Now, we consider the representation v*"p x q. According to Corollary 5.3 and

Lemma 6.1, we have

(" p 3 q) = (Sh(uen UShu(—=1,1,)) (v*p @ ryr v (9)) -

We consider the action of Sh(j 4+1) USh( n1)(—1,1,) on v p @ woT. wyT is the
tensor product of a permutation of elements v~V p . 9% where ¢; is 1 or
—1, all tensored with o. We will assume that ¢, = 1. (The same basic argument

works when ¢; = —1.) Hence,

WOTgVﬁ1p®...l/ﬁkp®Va+”71p®yﬁk+1p®,_,Vﬁn—lp®o..

https://doi.org/10.4153/CJM-2001-027-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-027-7

690 Dubravka Ban

Now, we have

v i v (WoT)

on at+n—1

=1 x Vpx o x vrp xp pxvipx . xVipxe

atn—1

>~ P x v x o x VR p X pxVipx . xVipxo

atn—1

>l x o x v x ¥ X pxVipx . xVipxo

a+n—1

2 px o x v px pX VT x VR p o x v o

The inequivalence follows from Lemma 3.1 for the regular representation v*™"p ®
-+ ® 1% ® 0. We also need to use the fact that ™" p x v**"~!p is reducible, which
follows from [Z]. Furthermore,

at+n—1

Vﬁlpx"'XVﬁkle/ le/aJranl/ﬂk“pX"'XVﬁ”flelU

> Pip s x VP x v x P p T x P g o

>~ plipx o x Vo x T g o x P p x0T g o
2l x v x vy xR o x VP p T T o
« atn—1

1%

v _"pxyﬂ‘px xyﬂkpx v p X Vﬂ"”px S X I/ﬂ"_]pX]O'.
Lemma 3.1 tells us that (Sh(1¢n+1) U Shq 1y (—1, 1n)) @**"p ® wot) belongs to
Jacquet modules of two irreducible subquotients of v**"p X --- x v*p X o, denote
them by p; and p,. Note that p; and p, are subquotients of v**"p % g. Further, for
w € S, we have

v )i (W) =2 v p X i v (woT)

«

v _np X l.N’M/(WT) >~ V_a

o Xinm(WoT),
$0, using Lemma 3.1, we obtain
(Sh1 1) USh(1niy (=1, 1)) (v*"p @ e n(@)) C rarg(p1) + raac(pa)-
It follows that v“*"p x q has exactly two irreducible subquotients, p; and p,. By the

inductive assumption, v“""~1p x ... x v%p x ¢ has 2" irreducible subquotients. We
conclude that the length of v p x -+« x v%p X g is 2 - 2" = 2"*1,
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(3) Write
T=v"p®R - Qv Ro0.

Let g be an irreducible subquotient of v p X - - - x V*p X 7, g # §([V¥p, v "p], 0).
Take w € W such that wr < 1y g(q). Then g — igp(wT). We can write

wWT = l/flﬁlp R ® l/fnﬂﬂnﬂ ® o,

wheree; = £1 and (5, ..., B,+1) is a permutation of (o, a + 1, ..., a+ n). Suppose
that there exists 1 < k <n+ lsuchthate; =--- =¢,_; = 1,4, = —1. Then

igm(wr) = Voip s x g s T p s B g o B sy o
>y Ppx vPip x o x Imp v g sy g o,
According to Frobenius reciprocity,
vl p@vipe. @ viipertiiipe . @ uenihp o < nyelg),

$0 g is not square integrable.

Now, suppose that ¢, = -+ = €, = 1. Since g # I([v*p,v*"p], o), we
have wr # v*"p ® -+ ® V¥ ® 0. There exists k € {1,...,n + 1} such that
Be#a+n—k+1,0u1 =a+n—k,...,Bu1 = a. Then By # a, so vp x o is
irreducible and v%p x 0 = v=%p x . Also, v%p x vPp = v0ip x v%p for every
I=k+1,...,n+ 1. We have

igMwr) = Z/ﬁlp X o+ee X Vﬁk*‘p X Zlﬁkp X l/ﬁk”p X oeve X I/ﬂ””p X o

1%

Vﬂlpx_,_Xyﬂk—lpxl/ﬂkﬂpx,,,Xyﬂnﬂpxyﬂkpxo-

:Vﬁpx_,,Xyﬁk—lpxyﬂkﬂpx__,Xyﬁmpxl/*ﬂkpmo.

2

= Vﬁﬁkp X Vﬁlp X o X Vﬁk“p X l/ﬁk”p X oo X Vﬁ"“p X o.
It follows
V’ﬁkp ® Vﬂ‘p R - ® Vﬂk”p ® Vﬁk”p Q- ® Vﬂ”“p ® o < ruclq)
$0 q is not square integrable. ]

Proposition 7.3 Let p be an irreducible supercuspidal representation of GL(k, F), k
odd. Suppose that p = p. Let n > 1. Then the representation
n

VipX - XvpXpxl

of SO(Z(n + 1)k, F) contains a unique irreducible subrepresentation, denote it by
d([p,v"pl, 1). This representation is square integrable. We have

nc(3([p,v"pl, 1) =v"p® - @p®1.
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Note that for k > 1, p x 1 is irreducible, tempered, but not square integrable. If
p is the trivial representation of GL(1, F), then p x 1 is the trivial representation of
SO(2, F) = F* which is square integrable.

Proof Set
T=VpR---QpR1.
The representation 7 is regular, so iga(7) contains a unique irreducible subrepre-

sentation.
First, we will consider the case n = 1. Then T = vp ® p ® 1. Write

vp X p=p1+pa,

where p; (resp., p») is the unique irreducible subrepresentation (resp., quotient) of
vp X p. If weset M = GL(k, F) x GL(k, F), N = GL(2k, F), then

viN(pP) =vp®p, tun(p2) = pRvp.

We have

s.s.(iem(T)) =ion(p1) +icn(p2),
G o ign(p)) =vp@p@1+pR v p@ 1,
mGoicn(p) =pR@rp@1+v pRp® 1.
We want to prove that i y(p1) and ig n(p2) are reducible. We will show it using the
Langlands classification for SO(Zm F) in the subrepresentational setting [J4].
Denote by 5(Vz pXv” 3 p) the unique irreducible subrepresentation of vip x
v=ip. Then §(vip x v ip) is square integrable [Z]. We consider the standard
parabolic subgroup with Levi factor sNs~! = s(N) (s as in Section 6 (b)). Then

s(é(uipx 1/_%,0)®1) is a representation of s(N) and iG75(N)$( V_%é(yipx y_%p)®l)
contains a unique Langlands subrepresentation, denote it by

L(I'G’S(N)S(V_%(S(V%p X u_%p) ® 1)) .
We have
™G 0 isns (v B(vipxvTip) ® 1) =pRupl+r 'pepe®l.
By the Langlands classification and regularity, v~ 'p ® p ® 1 must have been con-
tributed by the Jacquet module of L(r ! pXx px1). So igsn (V_%(S(V%pxy_%p)(gl)

has two components, L(st (V 2(5(1/2p X v™ 2p) ® )) and L(v~'p x p x 1).
This implies that ig n(p) is reducible.
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To show that ig N (p1) is reducible, we will apply the Aubert involution [A] (de-
note it by " ). Since p; = p, and the Aubert involution commutes with parabolic
induction, we have

ion(p1) Zion(p2) Zicn(pa).

Hence, ign(p1) is reducible. It has two irreducible components and for the unique
irreducible subrepresentation d([p, vp], 1), we have

mc(6([p,vpl, 1) =vp®@p® 1.
According to [Ba2], we have the following
slvpxpx1)Zvpxs(pxl)Zvpxpxl.
Also, for any irreducible smooth representation 7 of SO (2m, F),
T is square integrable <= s(7) is square integrable.

Since §([p, vpl, 1) is the unique square integrable subquotient of vp X p x 1, it follows
5( o([p,vpl, 1)) 2 §([p, vp], 1). Using Proposition 3.3, we obtain

raono(8(L,vel, D) = ranas(3(lp,vel, 1) = s(riua(8(lp,vpl 1) )
=s(vp®p®1).
Now, suppose that n > 2. The proof is similar to that of Proposition 7.1, 3. Let
N = GL((n— 1)k, F) x SO(4k, F).
We have
run (6([2p, v"pl) @ 6([p,vpl, 1) =v'p® - @ pR1 =T,
ron (8([V2p,v"p]) ® 6([p, vpl, 1)) = (7).
Using Remark 5.1 and Lemma 6.2, we obtain

G (0([V2p, V" p])  6([p,vpl, 1))
n—1

= Z Sh(n—i—l,n—l,n-H) Z(n—i,n—l)(ln—i—b 711'7 12)7.'
i=0

On the other hand,
n—1
G (6([p,v"p]) x 1) = Z Shu—ist 1) Zn—iv2,ne1) (Ln—ivr, —1i)T.
i=0

i even
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The only common factor for these two sums is 7. Since both representations have
o([p, v"p], 1) as a subrepresentation, we conclude that

rM,G((S([pa Vnp]al)) =T. ]

Remark 7.1 Let G be a connected reductive p-adic group, P = MU a standard
parabolic subgroup. Let ¢ be an irreducible supercuspidal regular representation of
G. If igm(o) has a square integrable subquotient p such that ry g(p) is irreducible,
we call p a generalized Steinberg representation. For G = Sp(n, F), SO(2n + 1, F)
and SO(2n, F), all generalized Steinberg representations are described by Proposi-
tion 7.1 (3) (5([1/“;7, vl a)) and Proposition 7.3 (5([/), v'pl, 1)) .
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