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Abstract. It has been proved by D. E. Cohen [1] that the lattice of all varieties of
metabelian groups is countable. In this paper, we show that the lattice of all varieties
of completely simple semigroups with metabelian subgroups has the cardinality of
the continuum. M. Petrich and N.R. Reilly have introduced in [6] the notion of
near varieties of idempotent generated completely simple semigroups. The mapping
assigning to every variety VV of completely simple semigroups the class of all idempotent
generated members of V is a complete lattice homomorphism of the lattice of all
varieties of completely simple semigroups onto the lattice of all near varieties of
idempotent generated completely simple semigroups. In this paper we show that,
in fact, the lattice of all near varieties of idempotent generated completely simple
semigroups with metabelian subgroups has itself the cardinality of the continuum.

2000 Mathematics Subject Classification. Primary 20M07. Secondary 20E10.

Introduction. Completely simple semigroups form a subclass of the wider class
of all completely regular semigroups. Completely regular semigroups are semigroups
which are unions of (mutually disjoint) groups. Any completely regular semigroup S
can thus be viewed as a semigroup with an additional unary operation assigning to
every element of S its inverse in the maximal subgroup of S where this element occurs.
Considerd in this way, all completely regular semigroups form a variety of unary
semigroups, when they are treated as algebras with the operations of multiplication
and inversion. Notice that the necessity to deal with completely regular semigroups
as with unary semigroups in this context is enforced by the demand that varieties
should be closed under the formation of subalgebras. As far as homomorphic images
are concerned, it does not matter if completely regular semigroups are viewed as
ordinary semigroups or as unary semigroups. Every homomorphism of completely
regular semigroups preserves by itself the unary operation of inversion.

Recall that a non-empty subset / of a semigroup S is an ideal of S if it has
the property that S7 C I and IS C I. A semigroup S is said to be simple if it has
no proper ideal. Now completely simple semigroups are precisely semigroups which
are at the same time completely regular and simple. Viewed as unary semigroups in
the way described above, all completely simple semigroups form a proper subvariety
of the variety of all completely regular semigroups. Completely simple semigroups can
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also be characterized as rectangular bands of groups. For more information on this
subject, we refer the reader to the monograph [8] by M. Petrich and N. R. Reilly.

Yet a substantially larger class of semigroups than the one consisting of all
completely regular semigroups is the well-established class of all regular semigroups.
Notice, in this context, that if completely regular semigroups are treated as unary
semigroups, then unary subsemigroups of completely regular semigroups are the same
as regular subsemigroups of completely regular semigroups. Thus we will often use the
latter terminology to express this circumstance. If S is a regular semigroup, then its
subsemigroup generated by all its idempotents is well known to be a regular semigroup
again — see the paper [2] by D. G. Fitz-Gerald. Therefore the subsemigroup of any
completely regular semigroup S generated by all idempotents of S is a completely
regular semigroup again, even if, this time, the given completely regular semigroup S is
considered only as an ordinary semigroup and only multiplication is used to generate
the mentioned subsemigroup from the idempotents of S.

An ordinary semigroup S is idempotent generated if it is generated by a set of its
idempotents (merely by means of multiplication). In particular, this viewpoint applies
to regular semigroups. As far as completely regular semigroups are concerned, if they
are treated as unary semigroups, it would seem appropriate to say that a completely
regular semigroup S'is idempotent generated if it is generated by a set of its idempotents
using both operations of multiplication and inversion. However, from the previous
remarks it becomes evident that one can dispense with the application of the operation
of inversion in this particular context. Namely, it turns out that a completely regular
semigroup Sisidempotent generated as a unary semigroup if and only if it is idempotent
generated as an ordinary semigroup. To put it a bit more precisely, a completely regular
semigroup S is idempotent generated by means of multiplication and inversion if and
only if S'is generated from the set of all its idempotents using only multiplication. Thus,
in the case of completely regular semigroups, it does not matter if they are viewed as
ordinary semigroups or as unary semigroups, when idempotent generated semigroups
are considered.

A class W of idempotent generated completely regular semigroups is said to
be a near variety of idempotent generated completely regular semigroups, if W is
closed under the formation of idempotent generated regular subdirect products of
arbitrary collections of semigroups, under the formation of idempotent generated
regular subsemigroups, and under the formation of arbitrary homomorphic images. It
can be easily verified that the direct product of any finite collection of idempotent
generated completely regular semigroups is an idempotent generated completely
regular semigroup again. Thus any near variety V of idempotent generated completely
regular semigroups is closed under the formation of direct products of finite collections
of semigroups. The class of all idempotent generated completely regular semigroups
and the class of all idempotent generated completely simple semigroups are examples
of near varieties of idempotent generated completely regular semigroups. However,
as it will be shown later in this paper, neither of these two classes is closed under
the formation of direct products of infinite collections of semigroups. Such direct
products need not remain idempotent generated. Therefore the original definition of
near varieties from [6], which imposed the requirement that near varieties should be
closed under the formation of direct products of arbitrary families of semigroups, must
be amended in the way specified above in this paragraph. And this must be done so
even if the definition of near varieties is restricted, as in [6], only to the class of all
idempotent generated completely simple semigroups.
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It will be shown in the next section of this paper that the mapping assigning
to every variety V of completely regular semigroups the class ZV of all idempotent
generated members of V is a complete lattice homomorphism of the lattice of all
varieties of completely regular semigroups onto the lattice of all near varieties of
idempotent generated completely regular semigroups. Restricted to the lattice of all
varieties of completely simple semigroups, this result has already been obtained in [6].
Later in this paper, a continuum of near varieties of idempotent generated completely
simple semigroups with metabelian subgroups will be provided. Hence, naturally, also
a continuum of varieties of completely simple semigroups with metabelian subgroups
will emerge.

Even more striking results in this direction will be obtained. For any distinct prime
numbers p, ¢, let A, o A, be the Malcev product of the varieties A, and A, of all abelian
groups of exponent p and g, respectively. Of course, A, o A, is a variety of metabelian
groups. It has been shown by G. Higman in [3] already that this variety A4, 0 A, is
generated by a finite group. Consequently, according to the famous results of S. Oates
and M. B. Powell [5], 4,0 .4, is a Cross variety, which incidentally means that this
variety has only finitely many subvarieties. We refer the reader also to the last chapter
in the monograph [4] by H. Neumann for more details on this subject. In contrast to
these facts, in the last section of this paper, a continuum of near varieties of idempotent
generated completely simple semigroups with subgroups in the group variety A, o A,
just treated will actually be obtained. As before, this clearly yields also a continuum
of varieties of completely simple semigroups with subgroups in the mentioned variety
Ay oA,

It is worth noticing that, for any distinct prime numbers p, ¢, the variety A, o A,
consists of groups whose exponents divide pg. Consequently, in any completely simple
semigroup S with subgroups in 4, o 4,, the unary operation of inversion coincides
with the unary operation assigning to every element a € S its power a’9~!. Therefore,
the result on varieties of completely simple semigroups with subgroups in A, 0 A,
mentioned lastly in the previous paragraph is, in fact, a result concerning varieties of
ordinary semigroups (without any additional unary operation).

M. Petrich and N.R. Reilly have completely described in [7] the lattice of all
varieties of central completely simple semigroups in terms of the lattice of all varieties
of groups. In fact, they have decomposed the former lattice into a subdirect product of
the lattice of varieties of rectangular bands, the lattice of all varieties of abelian groups
and the lattice of all varieties of groups. This result can also be found in [8], VIILS. It
seems that, up to now, the variety of all central completely simple semigroups represents
the largest variety of completely simple semigroups for which a complete description of
the lattice of its subvarieties modulo group varieties is available. None the less, already
in the introduction to chapter VIII in [8], the authors have expressed their conviction
that the whole lattice of all varieties of completely simple semigroups should not be
amenable to an easy treatment modulo the varieties of groups. The results obtained
in the present paper which are sketched briefly in the preceding paragraphs seem to
confirm once and for all the justice of this estimate of the authors of the monograph [8].

This paper begins in section 1 with a brief outline of the general theory of
near varieties of idempotent generated completely regular semigroups. In section 2,
this theory is adapted to near varieties of idempotent generated completely simple
semigroups, taking advantage of the classic Rees matrix representation of completely
simple semigroups. Particular attention is paid to near varieties of idempotent
generated completely simple semigroups containing all rectangular bands and technical
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devices are developed with the view of their application in the later sections of this paper.
In section 3, for any distinct prime numbers p, ¢, certain finite groups from the Malcev
product A, o A, of the varieties of abelian groups mentioned above are exhibited which
will be used in the last two sections of the paper. In section 4, as distinct from the
group varieties .4, o A, which are finitely generated, the varieties of completely simple
semigroups containing all completely simple semigroups with maximal subgroups from
the given group variety 4, o A, are shown not to be generated by any finitely generated
completely simple semigroup. Finally, in the concluding section 5, the tools prepared
so far are employed, for any distinct prime numbers p, g, to provide 2% near varieties
of idempotent generated completely simple semigroups whose maximal subgroups
belong to the group variety A, o A,, as promised above.

1. Near varieties of idempotent generated completely regular semigroups. For any
semigroup S, we denote by E(S) the set of all idempotents of S. If S is a regular
semigroup, then the subsemigroup of S generated by E(S), which is also called the core
of S and is usually denoted by C(S), is fairly well known to be a regular semigroup
again. Returning briefly to the notions recalled already in the introduction to this paper,
we can now say that a regular semigroup S is called idempotent generated if its core
C(S) is equal to the whole semigroup S. From the considerations in the introduction,
it becomes apparent that this viewpoint can be applied also in the particular case of
completely regular semigroups, even though completely regular semigroups are often
considered as unary semigroups with the additional unary operation assigning to
every element its inverse within the maximal subgroup containing this element. This is
incidentally this point of view of completely regular semigroups that we will use in the
rest of this paper. That is, from now on, we will treat completely regular semigroups as
unary semigroups in the way already specified.

Recall also from the introduction to this paper that by a near variety of idem-
potent generated completely regular semigroups we mean any class W of idempotent
generated completely regular semigroups such that W is closed under the formation
of idempotent generated regular subdirect products of arbitrary collections of
semigroups, under the formation of idempotent generated regular subsemigroups,
and under the formation of arbitrary homomorphic images. Further comments on the
concept of near varieties of idempotent generated completely regular semigroups can
be found in the introduction.

For any class C of completely regular semigroups, we denote by

IC — the class of all idempotent generated members of C,
(C) — the variety of completely regular semigroups generated by the class C,
C — the class of all completely regular semigroups whose cores belong to C.

Straightforward arguments show that if )V is a variety of completely regular semigroups,
then 7V is a near variety of idempotent generated completely regular semigroups.
In the same manner, one can check directly that if V is a variety of completely
regular semigroups, then Visa variety of completely regular semigroups again, and
if W is a near variety of idempotent generated completely regular semigroups, then
W is a variety of completely regular semigroups, as well. In addition, if C is any
class consisting only of completely simple semigroups, then the same is true of the
class C.
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Let CR stand for the variety of all completely regular semigroups and let CS
stand for the variety of all completely simple semigroups. Let £L(CR) denote the lattice
of all varieties of completely regular semigroups and let L(ZCR) denote the lattice
of all near varieties of idempotent generated completely regular semigroups. Let the
notations £(CS) and L(ZCS) have analogous meanings relative to the class CS of all
completely simple semigroups. Then the following holds.

THEOREM 1.1. The mapping
LCR) — L(ZCR)
given by the formula
Vi1V,

for all varieties V of completely regular semigroups, is a complete lattice homomorphism
of the lattice L(CR) onto the lattice L(ZCR). It induces a complete lattice congruence on
L(CR) such that, for every near variety W of idempotent generated completely regular
semigroups, the congruence class that maps to W is the interval

(W), W]

in LICR). For every variety V of completely regular semigroups, the congruence class
containing V is the interval

-~

[(ZV), V]
in L(CR).

Proof. The statements in this theorem can be verified in a manner analogous to the
respective statements in [6], Theorem 4.4 concerning the lattices £(CS) and L(ZCS),
with some necessary amendments, of course.

For any near variety W of idempotent generated completely regular semigroups,
it is obvious that ZWW = W, which means that the above mapping is surjective. For
any variety V of completely regular semigroups, we have ZV = V N ZCR, which shows
that the above mapping preserves intersections of arbitrary non-empty families of
varieties of completely regular semigroups. So let {V;|i € I} be a non-empty family of
varieties of completely regular semigroups, and consider the joins \/,, V; in £L(CR) and
Vic; ZVi in L(ZCR). Immediately we obtain that \/,_; ZV; € Z(\/,.,; V). On the other
hand, straightforward arguments based on the facts that any semigroup in Z(\/,.; V)
is idempotent generated and, at the same time, it is a homomorphic image of a regular
subsemigroup of a direct product of a family of semigroups selected from the varieties
V;, for i € I, eventually show that any semigroup in Z(\/,., V;) actually belongs to
Vic; ZVi, which entails that Z(\/,_; Vi) € \/,; ZV; and equality prevails. Thus the
above mapping preserves also joins of arbitrary non-empty families of varieties of
completely regular semigroups. Altogether, the above mapping is a complete lattice
homomorphism. Consequently, it induces a complete lattice congruence on L(CR)
whose congruence classes are intervals in £(CR). The fact that these intervals are of
the form given above is now obvious. ]

The operator on the lattice £(CR) assigning to every variety V' of completely
regular semigroups the variety )V was studied by L. Polak in section 7 of his paper [9].
In section 8 of [9], among other things, several non-trivial intervals of the form [V, V]
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in the latttice L(CR) are exhibited, from which it is evident that the intervals of the
above form [(ZV), 9] in £(CR) may be considerably large.

We proceed with a slight amendment of the definition of free idempotent generated
objects in classes of idempotent generated completely regular semigroups, which notion
was originally conceived in section 3 of [6] for classes of completely simple semigroups.
Thus let C be a class of idempotent generated completely regular semigroups and let
X be a non-empty set. Then by a free idempotent generated object in C on X we mean
a semigroup S € C together with a mapping ¢ : X — E(S) such that, for any semigroup
T € C and any mapping 9 : X — E(T), there exists a unique homomorphism¢:S — T
which, when composed with ¢, yields ¢. Clearly, such a free idempotent generated object
S'in C on X is unique, up to isomorphism, if it exists. In addition, if the class C is closed
under taking idempotent generated regular subsemigroups and the mentioned object
S exists, then S, viewed as a unary semigroup, is generated by the set of idempotents
(X).

In order to provide further information on near varieties of idempotent generated
completely regular semigroups, we introduce the following notation. For any non-
empty (preferably infinite) set X, we denote by

U(X) — the absolutely free unary semigroup on X.

Remember that, as in [8], 1.10, U(X) can be constructed as the smallest subset of the
absolutely free semigroup on the set X U {(,)~'}, where ( and )~! are two new distinct
elements, having the following properties: X is a subset of U(X), whenever u, v € U(X),
then also uv € U(X), and whenever u € U(X), then also (1) € U(X). Then elements
of U(X) will be called words over X. Next we denote by

TU(X) — the unary subsemigroup of U(X) generated by the set {x(x)~!:x € X}.

Notice that then /U(X) is, in fact, the absolutely free unary semigroup on the set
(x(x)"':x e X}.

Remember next that, in this context, by an identity over the set X we mean any pair
u = v of words u, v € U(X), and that such an identity u = v is said to be satisfied in
a completely regular semigroup S if, for any mapping & : X — S, we have 0(u) = 6(v)
where 6 : U(X) — S is the homomorphism of unary semigroups extending . Now, by
a nearly restricted identity over the set X we mean any pair s = ¢ of words s, t € IU(X).
Of course, viewed from this perspective, nearly restricted identities over X represent
merely a special case of the previous common identities over X. Next we wish to say
what it means for a nearly restricted identity s = ¢ to be satisfied in an idempotent
generated completely regular semigroup S. In view of the previous notes, we may
consider this to be already defined, if we treat s = ¢ as an ordinary identity and S
simply as some completely regular semigroup. However, it can be easily seen that,
in this particular case, this definition is equivalent to the following one. A nearly
restricted identity s = ¢ over X is satisfied in an idempotent generated completely
regular semigroup S if, for any mapping 7 : {x(x)~! : x € X} — E(S), we have w (s) =
w (1) where @ : IU(X) — S is the homomorphism of unary semigroups extending 7.

For any class C of completely regular semigroups and for any non-empty set X,
we denote by

p(C, X) — the set of all identities over X that are satisfied in all semigroups of C.
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Then p(C, X) can be treated as a binary relation on U(X). In fact, p(C, X) is then a fully
invariant congruence on U(X). Recall that this means that p(C, X) is invariant under
all endomorphisms of U(X). Often we will write for brevity p(C) instead of p(C, X).

Likewise, for any class C of idempotent generated completely regular semigroups
and for any non-empty set X, we denote by

10(C, X) — the set of all nearly restricted identities over X that are satisfied in all
semigroups of C.

Again, 10(C, X) can be treated as a binary relation, this time on / U(X). In fact, 10(C, X)
is a congruence on / U(X) and it is invariant under all endomorphisms of 7/ U(X) which
arise as restrictions to / U(X) of homomorphisms of U(X) into /U(X). Often we will
write for brevity 10(C) instead of 20(C, X). (Just to be safe, remember that here as well
as before we have congruences and homomorphisms of unary semigroups in mind.)

The notes in the previous paragraph lead us to introduce the following notion.
Let X be a non-empty set. We say that a congruence n on the unary semigroup
TU(X) is nearly invariant if, for any words s, t € IU(X) satisfying sn ¢t and for any
homomorphism of unary semigroups ¥ : U(X) — IU(X), we have also ¥ (s) n ¥ (7).
Then the conclusion in the previous paragraph can be restated in the following form.
For any class C of idempotent generated completely regular semigroups, 0(C, X) is
a nearly invariant congruence on I U(X).

In particular, for any non-empty set X, 0(ZCR, X) is the nearly invariant
congruence on / U(X) stemming from the set of all nearly restricted identities over X
which are satisfied in all idempotent generated completely regular semigroups. Then it
is easy to verify that, for any congruence n on /U(X) satisfying 10(ZCR, X) C 1,
it is the case that this congruence n on /U(X) is nearly invariant if and only if
the congruence n/10(ZCR, X) on IU(X)/10(ZCR) is fully invariant. Notice that this
quotient semigroup is completely regular and that it is idempotent generated.

According to the standard results from universal algebra, in any class V of
completely regular semigroups which is closed under taking regular subsemigroups
and direct products of arbitrary families of semigroups, there exists a free object on any
non-empty set X, and it is isomorphic to the quotient semigroup U(X)/p(V). We shall
see that an analogous statement holds for classes of idempotent generated completely
regular semigroups and for free idempotent generated objects in such classes:

THEOREM 1.2. In any class W of idempotent generated completely regular semigroups
which is closed under taking idempotent generated regular subsemigroups and idempotent
generated regular subdirect products of arbitrary families of semigroups, there exists a free
idempotent generated object on any non-empty set X, and it is isomorphic to the quotient
semigroup IU(X)/10(W).

Proof. Let {n; : i € I} be the non-empty collection of all congruences on the unary
semigroup / U(X) such that the quotient unary semigroups / U(X)/n; are isomorphic
to completely regular semigroups in W and, for all x € X, the elements x(x)"'n;
of TU(X)/n; are idempotents. Put n = (1),.; n; and consider the quotient semigroup
T1U(X)/n. Then the unary semigroup /U(X)/n is isomorphic to a subdirect product
of the unary semigroups /U(X)/n;, for i € I, and hence IU(X)/n is isomorphic to
aregular subdirect product of a non-empty collection of completely regular semigroups
from W. Thus IU(X)/n itself is a completely regular semigroup and, viewed as a unary
semigroup, it is generated by the set of idempotents {x(x)~'n:x € X}. Therefore
T1U(X)/n is idempotent generated, and hence it is isomorphic to a semigroup in W. An
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obvious modification of the standard universal algebraic arguments then shows that
this isomorphic copy of IU(X)/n in W is a free idempotent generated object on X
in W and that 5 is precisely the nearly invariant congruence 20(W, X) on IU(X). [

Observe that if V is a class of completely regular semigroups which is closed under
taking regular subsemigroups and direct products of arbitrary families of semigroups,
then the class ZV of all idempotent generated completely regular semigroups from V
is closed under taking idempotent generated regular subsemigroups and idempotent
generated regular subdirect products of arbitrary families of semigroups. Notice also
that, for any nearly restricted identity s = 7 on a non-empty set X, it is clearly true that
s = t is satisfied in all semigroups of ZV if and only if s = ¢, considered as an ordinary
identity, is satisfied in all semigroups of V. Hence, in this situation, we immediately
obtain the equality

1wV, X)=p(V, X) NI UX) x IU(X)).
This means that the mapping
TUX)/1p(ZV) — UX)/p(V)
given by the formula
11p(ZV) = 1p(V),

for all words ¢t € IU(X), is an embedding of the semigroup /U(X)/+0(ZV) into the
semigroup U(X)/p(V). In view of Theorem 1.2 and the paragraph preceding it, we
may now summarize our present findings in the following form:

COROLLARY 1.3. Let V be a class of completely regular semigroups closed under
taking regular subsemigroups and direct products of arbitrary families of semigroups.
Then, for any non-empty set X, there exists a free object in V on X which is isomorphic to
the quotient semigroup U(X)/p(V), and there exists a free idempotent generated object
in IV on X which is isomorphic to the quotient semigroup IU(X)/10(ZV). Moreover, the
semigroup 1U(X)/1p(ZV) is then isomorphic to the unary subsemigroup of U(X)/p(V)
generated by the set of idempotents {x(x)"'p(V):x € X}. 0

For any non-empty (again preferably infinite) set X and for any binary relation ®
on U(X) viewed as a set of identities over X, we denote by

[®] — the class of all completely regular semigroups in which all identities from
® are satisfied.

Then [®] is a variety of completely regular semigroups. Furthermore, for any binary
relation W on JU(X) viewed as a set of nearly restricted identities over X, we denote
by

[Ww] — the class of all idempotent generated completely regular semigroups in
which all nearly restricted identities from W are satisfied.

Then it is fairly easy to verify that [W] is a near variety of idempotent generated
completely regular semigroups.

Now, by the classical Birkhoff theorem, we know that a class V of completely
regular semigroups is a variety if and only if there exists a set ® of identities of the
above form such that V = [®]. Moreover, if this is the case then, for any infinite set X,
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we have V = [p(V, X)]. We shall see that an analogous Birkhoff-type theorem holds
for near varieties of idempotent generated completely regular semigroups and for sets
of nearly restricted identities:

THEOREM 1.4. A class W of idempotent generated completely regular semigroups
is a near variety if and only if there exists a set V of nearly restricted identities such
that W = [W]. Moreover, if this is the case then, for any infinite set X, we have VW =
[.oOV, X1

Proof. In view of the above notes, it remains to show that, for any near variety
W of idempotent generated completely regular semigroups and for any infinite set X,
we have [1o(W, X)] € W, since the reverse containment is obvious. However, if S is
any idempotent generated completely regular semigroup such that all nearly restricted
identities in 20(WV, X) are satisfied in S then, since X is an infinite set, for whichever
non-empty set Y, all nearly restricted identities in 2z0(W, Y) are satisfied in S, as well.
In particular, this holds for sets ¥ whose cardinality is at least as large as that of the set
of idempotents E(S). Consequently, every surjection of the set {y(y)~':y € Y} onto
the set E(S) can be extended in a unique way to a homomorphism of the quotient
semigroup I U(Y)/20(WV) onto the semigroup S. Uniqueness here follows from the fact
that the semigroup JU(Y)/1p(WV) is generated by the set {y(y)"'1p(W):y € Y}, and
the homomorphism thus gained is surjective since the completely regular semigroup S
is idempotent generated. Since, at the same time, / U(Y)/10(WV) is the free idempotent
generated object in WW on Y by Theorem 1.2, it hence follows that the semigroup S
belongs to W, as well. ]

According to a classical result from universal algebra, for any infinite set X, the
rules

Vi pV,X) and o ]

determine mutually inverse order reversing bijections between the lattice of all varieties
V of completely regular semigroups and the lattice of all fully invariant congruences
p on U(X) satisfying p(CR, X) € p. We conclude this section by showing that an
analogous result holds also for near varieties of idempotent generated completely
regular semigroups and for nearly invariant congruences on /U(X) containing
10(ZCR, X).

First notice that, for any non-empty set X and for any nearly invariant con-
gruence n on U(X) satisfying 10(ZCR, X) C n, every pair in n (viewed as a nearly
restricted identity) is satisfied in the idempotent generated completely regular
semigroup /U(X)/n. This holds since the congruence n on /U(X) is nearly invariant.
Consequently, the semigroup /U(X)/n belongs to the near variety [n]. This clearly
entails the equality n = 10([n], X). From this note and from the equality in
Theorem 1.4, we deduce the desired conclusion:

COROLLARY 1.5. For any infinite set X, the rules
Wi oW, X)  and  n[n]

determine mutually inverse order reversing bijections between the lattice of all near
varieties VW of idempotent generated completely regular semigroups and the lattice of
all nearly invariant congruences n on 1U(X) satisfying 10(ZCR, X) C n. O
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2. Near varieties of idempotent generated completely simple semigroups. By the
famous Rees—Suschkewitsch theorem, completely simple semigroups are precisely
semigroups which are isomorphic to Rees matrix semigroups over groups. Recall that
the latter semigroups are constructed as follows. Let H be a group, let J and A be
non-empty sets and let Q: A x J — H be any mapping. The mapping Q is treated as
a A x Jmatrix over H, and forany A € A andj € J, the image of the pair (A, j) under Q
is usually denoted by ¢,;. Thus one can write Q = (g)))sca jes. Define a multiplication
on the set J x H x A by the formula

(@, g M b, ) = (0 ggah, 1),

forall i,jeJ, g,he H and A, u € A. Then the set J x H x A together with this
multiplication forms a semigroup which is denoted by M(J, H, A; Q) and is called the
Rees matrix semigroup over the group G. The matrix Q is called the sandwich matrix
of this Rees matrix semigroup. Since M(J, H, A; Q) is a completely simple semigroup,
there is the unary operation of inversion on it, which is given by the formula

Goh )™ = (g gyt 2),

foralljeJ,he Hand A € A.

The representation of any given completely simple semigroup S by a Rees matrix
semigroup M(J, H, A; Q) is not unique, as a rule. More precisely, the set J has always
the same cardinality and the same concerns the set A, and the group H is unique
up to isomorphism. But the sandwich matrix Q = (¢)j)rea jes may vary. If there exist
elements » € A and i € J such that, for all j € J and X € A, one has ¢,; =1 and
¢, = 1, where 1 is the identity of the group H, then the sandwich matrix Q is said to be
normalized at the pair (5¢, i). Now the previous formulation of the Rees-Suschkewitsch
theorem can be adjusted by remembering the familiar fact that every completely simple
semigroup is isomorphic to a Rees matrix semigroup M(J, H, A; Q) whose sandwich
matrix Q is normalized at some pair of elements from A x J.

As mentioned already, the class CS of all completely simple semigroups forms
a variety of completely regular semigroups. Hence, for every non-empty set X, there
exists a free object in CS on X, that is, there exists a free completely simple semigroup
on X. Next we recall from [8], VIIL.2 the representation of this free completely simple
semigroup on X by a suitable Rees matrix semigroup with normalized sandwich matrix.
Before we can do so, we have to introduce some notation.

Thus let X be a non-empty set. Fix a distiguished element z € X and choose
new elements p,,, for all x, y € X — {z}, distinct from each other and distinct from all
elements of X. Denote by

G — the absolutely free group on the set X U {p,, 1 x, y € X — {z}}.

Next put p,. = 1 and p., = 1, for all x, y € X, where 1 now stands for the identity of
the group G, and consider the X' x X matrix

P = (pxy)x,yeX~
Furthermore, for any word u € U(X), we denote by

h(u) — the head of u, that is, the element of X occurring in u first from the left,
t(u) — the tail of u, that is, the element of X occurring in u first from the right.
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Additionally, for any word u € U(X), we denote by m(u) the element of the above
absolutely free group G which is constructed inductively as follows:

m(x) = Xx, forallx € X,
m(uv) = m(u)Piuheym(v), for all u, v € U(X),
m((1) ™) = Pingy M)~ p;(;)h(u), for all u € U(X).

It can be easily seen that, in this way, the element m(u) of G is well defined, for all
words u € U(X). Then, according to [8], VIII.2, the following holds.

REsuLT 2.1. The mapping
:UX)—> MX,G,X;P)
given by the formula
u > (h(u), m(u), tw)),

for all u € U(X), is a surjective homomorphism of unary semigroups which induces the
congruence p(CS, X) on U(X). This gives rise to an isomorphism

£:UX)/p(CS) — M(X, G, X; P)

of the free completely simple semigroup U(X)/p(CS) onto the Rees matrix semigroup
M(X, G, X; P). Therefore the Rees matrix semigroup M(X, G, X; P) together with the
mapping 1 X — M(X, G, X; P) given by the formula x — (x, x, x), for all x € X, is
a free object in CS on X. ]

Pursuing the above considerations, we notice that the idempotents of the form
{(x(x)‘l) in the Rees matrix semigroup M(X, G, X; P) are exactly the idempotents
(x,p3l, x), for all x € X. Since, for any x, y € X, we have

(et ) (0t ) (el ) ™ (03 )
= (x. Pt X) (0. P Pt X) (013 )
= (%, Pts %) (0 Py Pxxy PPy X) (0,23, 9)
= (x, p}}l .Y)s

which is again an idempotent of M(X, G, X; P), we see that the unary subsemigroup
of M(X, G, X; P) generated by the idempotents (x, pl, x), for all x € X, actually
contains all idempotents of M(X, G, X; P), and hence it coincides with the core of
M(X, G, X; P). In particular, for any x,y € X — {z}, the idempotents (z, 1, x) and
(», 1, z) are contained in the mentioned unary subsemigroup, whence it follows that
also the elements (z, 1, X)(y, 1, 2) = (2, pyy, 2) and (2, pyy, 2)~' = (2, p3;}, 2) belong to
this unary subsemigroup. Consequently, for any reduced group word w over the
set {pyy X,y € X —{z}}, we obtain that the element (z, w, z) occurs in this unary
subsemigroup. Therefore, denoting by

G — the subgroup of G generated by the elements p,,, for all x, y € X — {z}, that
is, the absolutely free group on the set {p,,: x, y € X — {z}},
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we come to the conclusion that the unary subsemigroup of M(X, G, X; P) generated
by the idempotents (x, p;l, x), for all x € X, which coincides with the core of
M(X, G, X; P), is just the Rees matrix semigroup M(X, G, X; P).

Since the class ZCS of all idempotent generated completely simple semigroups
forms a near variety of idempotent generated completely regular semigroups, by
Theorem 1.2, there exists a free idempotent generated object in ZCS on the set X,
that is, there exists a free idempotent generated completely simple semigroup on X.
Now, since for every word s € I U(X), we have m(s) € G, in view of the conclusion made
at the end of the previous paragraph, from Result 2.1 and Corollary 1.3 we deduce the
following representation of the free idempotent generated completely simple semigroup
on X by a Rees matrix semigroup with normalized sandwich matrix.

COROLLARY 2.2. The mapping
{:1U(X) > M(X, G, X; P)
given by the formula
s +> (h(s), m(s), t(s)),

for all s € TU(X), is a surjective homomorphism of unary semigroups which induces the
congruence 10(ZCS, X) on I1U(X). This gives rise to an isomorphism

£ 1UX)/1p(ZCS) > M(X, G, X; P)

of the free idempotent generated completely simple semigroup 1U(X)/10(ZCS) onto
the Rees matrix semigroup M(X, G X ; P). Therefore the Rees matrix semigroup
M(X, G, X; P) together with the mapping ¢ : X — M(X, G, X; P) given by the formula
X (x,p7l, x), for all x € X, is a free idempotent generated object in ICS on X. 0

Now we are in a position to demonstrate that the near variety ZCS of allidempotent
generated completely simple semigroups is not closed under the formation of direct
products of infinite families of semigroups. Assume that the set X in the previous
considerations is not one-element and take an element x € X — {z}. Consider tk}g direct
product of an infinite sequence of copies of the Rees matrix semigroup M(X, G, X; P)
from the previous corollary. Consider the element of this direct product of the form

<(Za pxm Z)a (Za pxxpxxa Z), (Z» pxxpxxpxxa Z)’ cees (Za pxx o 'pxxa Z)v .. )
——

n

From the above description of idempotents in M (X, G, X; P) it now becomes apparent
that this element cannot be obtained as a product of any finite sequence of idempotents
of the direct product of the mentioned infinite sequence of copies of M(X, G, X; P).
Therefore this direct product is not idempotent generated.

Assume henceforth that the set X is infinite. Then the rules V — p(V, X) and
p — [p] determine mutually inverse order reversing bijections between the lattice of
all varieties V of completely simple semigroups and the lattice of all fully invariant
congruences p on U(X) satisfying p(CS, X) C p. Hence, in view of Result 2.1, we
deduce that there is an order reversing bijection between the lattice of all varieties
of completely simple semigroups and the lattice of all fully invariant congruences
on the Rees matrix semigroup M(X, G, X; P). We further confine our attention to
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varieties of completely simple semigroups containing all rectangular bands. Let R5
stand for the variety of all rectangular bands. Since the Green’s relation H is the largest
idempotent separating congruence on M(X, G, X; P) and the quotient semigroup
M(X, G, X; P)/H is clearly the free rectangular band on X, the previously mentioned
bijection restricts to give an order reversing bijection between the interval consisting
of all varieties V of completely simple semigroups satisfying R3 C V and the lattice of
all idempotent separating fully invariant congruences on M(X, G, X; P).

Since we have to deal with congruences of this kind, we first recall from [8], I11.4
the characterization of idempotent separating congruences on arbitrary Rees matrix
semigroups.

REsuLT 2.3. Let M(J, H, A; Q) be a Rees matrix semigroup. Then the mapping

assigning to every normal subgroup N of the group H the binary relation py on the set
J x H x A defined by the formula

(g M) ponGihow) & i=j gh™' €N, A=p,

for all i,jeJ, g,he H and ), u € A, is an isomorphism of the lattice of all nor-
mal subgroups of H onto the lattice of all idempotent separating congruences on
M, H, A; Q). Moreover, the quotient semigroup M(J, H, A; Q)/pn is isomorphic to
the Rees matrix semigroup M(J, H/N, A; Q/N) where Q/N is the A x J matrix over
H/N of the form Q/N = (q;;N)iea jes- O

Next, since we have to deal with fully invariant congruences, we recall from [8],
I11.3 the description of all endomorphisms of arbitrary Rees matrix semigroups with
normalized sandwich matrices.

RESULT 2.4. Let M(J, H, A; Q) be a Rees matrix semigroup whose sandwich matrix
Q is normalized at some pair (,i) € A x J. Let o:1 — I and 1: A — A be any
mappings and let w : H — H be any endomorphism such that

-1 —1
O(qx) = Gra0 )7 G0 ()40 (D200 ()

holds for allj € J and ) € A. (This condition obviously holds if j = i or & = 3.) Then the
mapping of the set J x H x A into itself defined by the formula

(U, h, 2) > (G(j)’ qz_(lz)a( j)w(h)qr(%)o(i)qr_(ix)a(i)’ T()‘))’

foralljed, he Hand ) € A, is an endomorphism of M(J, H, A; Q), and conversely,
every endomorphism of M(J, H, A; Q) can so be written uniquely. |

From these two results the following conclusion follows essentially immediately.

COROLLARY 2.5. Let M(J, H, A; Q) be a Rees matrix semigroup whose sandwich
matrix Q is normalized at some pair (s, i) € A x J. Then, for any normal subgroup N
of H, the idempotent separating congruence py on M(J, H, A; Q) corresponding to N
according to Result 2.3 is fully invariant if and only if the condition o(N) C N holds for all
endomorphisms w of H that arise in association with endomorphisms of M(J, H, A; Q),
as described in Result 2.4. |

Remember that by Result 2.1, the Rees matrix semigroup M(X, G, X; P) is a free
completely simple semigroup on X. Notice that its sandwich matrix P is normalized at
the pair (z, z) where z € X is the distinguished element. If the set X is infinite then, from
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the text preceding Result 2.3, we know that there is a bijection between the sublattice of
all varieties V of completely simple semigroups satisfying RB € V and the lattice of all
idempotent separating fully invariant congruences on M(X, G, X; P). Now, applying
Corollary 2.5 to the Rees matrix semigroup M(X, G, X; P), we get a description
of all idempotent separating fully invariant congruences on M(X, G, X; P). This
was incidentally done in [8], VIII.3. Thus we come to the conclusion that there is
a bijection between the sublattice of all varieties V of completely simple semigroups
satisfying R5 € V and the lattice of all normal subgroups N of G satisfying w(N) € N
for all endomorphisms w of G that arise in association with endomorphisms of
M(X, G, X; P). For any variety V of completely simple semigroups satisfying R3 C V,
we denote by

Ny — the normal subgroup of G corresponding to V in the way just described.

Then from Results 2.1 and 2.3 we obtain the following representation of the free
semigroup on X in any variety V of completely simple semigroups satisfying RI5 C V
by a Rees matrix semigroup with normalized sandwich matrix.

COROLLARY 2.6. Let V be any variety of completely simple semigroups satisfying
RB C V. Then the mapping

&y UX) > M(X, G/Ny, X; P/Ny)
given by the formula
u+ (h(u), m(u)Ny, t(v)),

for all u € U(X), is a surjective homomorphism of unary semigroups which induces the
congruence p(V, X) on U(X). This gives rise to an isomorphism

& :UMX)/p(V) > M(X, G/Ny, X P/Ny)

of the free semigroup U(X)/p(V) in the variety V on X onto the Rees matrix semigroup
M(X, G/Ny, X; P/Ny). Therefore M(X, G/Ny, X; P/Ny) is a free semigroup in V
on X. 0

Remember once again our assumption, that the set X is infinite. Now consider
the near varieties of idempotent generated completely simple semigroups. Note that
the class RB of all rectangular bands is itself also a near variety of idempotent
generated completely simple semigroups. Furthermore, just as in the previous section,
one can check that, for any congruence § on /U(X) satisfying 10(ZCS, X) C §, it is
true that this congruence § on / U(X) is nearly invariant if and only if the congruence
8/1(ZCS, X)on IU(X)/1p(ZCS) is fully invariant. Then from Corollaries 1.5 and 2.2
we obtain an order reversing bijection between the lattice of all near varieties of
idempotent generated completely simple semigroups and the lattice of all fully invariant
congruences on the Rees matrix semigroup M(X, G, X; P). We next again confine our
attention to those near varieties of idempotent generated completely simple semigroups
which contain all rectangular bands. Arguing in the same way as earlier in this section,
we conclude that the bijection just mentioned restricts to give an order reversing
bijection between the interval consisting of all near varieties WV of idempotent generated
completely simple semigroups satisfying RB € )V and the lattice of all idempotent
separating fully invariant congruences on M(X, G, X; P). Recall also once again that
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the sandwich matrix P is normalized at the pair (z, z). Thus we can apply Corollary 2.5
to the Rees matrix semigroup M(X, G X; P) to_get a description of all idempotent
separating fully invariant congruences on M(X, G, X; P). In this way, we come to the
conclusion that there is a bijection between the sublattice of all near varieties varieties
W of idempotent generated completely simple semigroups satisfying RB € W and the
lattice of all normal subgroups M of G satisfying w(M) C M for all endomorphisms
o of G that arise in association with endomorphisms of M(X, @ X; P). For any near
variety W of idempotent generated completely simple semigroups satisfying RB € W,
we denote by

Myy — the normal subgroup of G corresponding to W in the way just described.

Then from Corollary 2.2 and Result 2.3 we obtain the following representation of
the free idempotent generated semigroup on X in any near variety WV of idempo-
tent generated completely simple semigroups satisfying RB € W by a Rees matrix
semigroup with normalized sandwich matrix.

COROLLARY 2.7. Let W be any near variety of idempotent generated completely
simple semigroups satisfying RB € W. Then the mapping

Ew  TUX) — M(X, G/ My, X; P/ M)
given by the formula
s+ (h(s), m(s)My, t(s)),

for all s € TU(X), is a surjective homomorphism of unary semigroups which induces the
congruence 1po(W, X) on TU(X). This gives rise to an isomorphism

Ew  TUX)/1p(W) — M(X, G/ My, X; P/ M)

of the free idempotent generated semigroup 1U(X)/wo(W) in W _on X onto the Rees
matrix semigroup M(X, G/MW,X P/Myy). Therefore M(X, G/MW,X P/ Myy) is
a free idempotent generated semigroup in VW on X. |

REMARK. According to Result 2.4, the normal subgroups M of G appearing in
the text preceding the above corollary are exactly those normal subgroups which are
invariant under all endomorphisms w of G satisfying the condition that, for some two
mappings o, 7 : X — X, the eqality

-1 -1
w(p«’f}’) = pT(Z)U(Z)pr(x)a (z)pf(x)a(}')pr(z)a(y)

holds for all x, y € X. (This equality obviously holds if x = z or y = z.) Since G is the
absolutely free group on the set {py,: x, y € X — {z}}, the mentioned endomorphisms
wof G are fully determined by the underlying mappings o, 7 : X — X, which, in turn,
can be chosen arbitrarily.

Now let V be any variety of completely simple semigroups satisfying R3 C V.
Then the near variety ZV of idempotent generated completely simple semigroups
likewise satisfies RB € ZV. By Corollary 1.3, the free idempotent generated semigroup
T1U(X)/w(ZV) in ZV on X is isomorphic to the unary subsemigroup of the free
semigroup U(X)/p(V) in ¥V on X which is generated by the set of idempotents
{x(x)"'p(V):x € X}. Consequently, by Corollaries 2.6 and 2.7, the idempotent
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generated Rees matrix semigroup M(X, a/MIy, X; P/M7y) is isomorphic to the
unary subsemigroup of the Rees matrix semigroup M(X, G/Ny, X; P/Ny) generated
by the set of idempotents {(x, p;! Ny, x): x € X}. From the notes following Result 2.1
it becomes apparent that the mentioned unary subsemigroup is actually the core of the
senngroup M(X, G/Ny, X; P/Ny) and that it is, in fact, the Rees matrix semigroup
M(X, G/NV, X; P/NV) where Ny = Gn Ny. Comparing this with the former
idempotent generated Rees matrix semigroup, we thus come to the equality Mz, =
G N Ny. Thus we arrive at the following conclusion which, with some shortcomings
though, was also obtained in [6], Theorem 3.2.

COROLLARY 2.8. Let V be any variety of completely s1mple semigroups satisfying
RB C V. Then the Rees matrix semigroup M(X, G/NV, X; P/Ny) where Ny = G N Ny
together with the mapping assigning to every element x € X the idempotent (x, p, Ny, x)
is a free idempotent generated object on X in the near variety TV . O

We next adjust the Birkhoff theorem to the varieties of completely simple
semigroups which contain all rectangular bands. In this connection, we introduce
the following notation which will prove useful later in this paper. We continue working
with our infinite set X containing the distinguished element z € X.

‘We begin with the following rules assigning a word from U(X) to every element of
the set X U {p,, : x,y € X — {z}} of generators of the absolutely free group G and also
to the inverse in G of each of these elements:

x> z(2) " Ixz(z) 7!, forall x € X,
U (22 Ixz(z)™H 7, forall x € X,

Py > (227 X)) 22 () T o) 2 ) 22
forall x,y € X — {z},

Py (@ X)) 20 X)) 2T ) T 2 TH )T
forall x,y € X — {z}.

These assignments can be extended in a unique way to a homomorphism y of the free
semigroup on the set X U {x™':x € X} U {py,py, 1 x,y € X —{z}} to the semigroup
U(X). In particular, every element g € G — {1} expressed as a reduced group word
over the set X U {p,,:x,y € X — {z}} can be viewed as an element of the former free
semigroup, and hence, for every element g € G — {1}, the word y (g) of U(X) is defined.
Then it can be verified straightforwardly that, for every element g € G — {1}, we have
m(y(g)) = g. It is also worth noting that, for every element /1 € G- {1}, the word y (h)
clearly belongs to the subsemigroup /U(X).

PROPOSITION 2.9. A class V of completely regular semigroups is a variety of
completely simple semigroups satisfying RB C V if and only if there exists a set ®
of identities of the form u* = u where u € U(X) has the property that h(u) =z = t(u)
such that V = CS N[®]. Moreover, if this is the case then ¥V =CS N [<I>] where ® =
oV, X)N{(w?, u):u € UX), h(u) = z = t(u)}.

Proof. Every rectangular band satisfies all identities of the form u? = u where

u € U(X)issuchthath(u) = z = t(u). Consequently, every class V of completely regular
semigroups of the form V = CS N[®] where ® is a set of identities of the mentioned
kind is a variety of completely simple semigroups such that R53 C V.
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Conversely, let V be a variety of completely simple semigroups satisfying
RB < V. Consider any element r € Ny — {1} and the corresponding word y(r) of
U(X). Since h(y(r)) = z = t(y(r)), we obtain m(y(r*)) = m(y(r))*> = r?, and hence
m(y (r?))Ny = r*Ny = Ny = rNy = m(y(r))Ny. Consequently, by Corollary 2.6, we
have y(r)> p(V, X) y(r), which means that the identity y(r)> = y(r) is satisfied in V.
Therefore, putting U = CS N[{y(r)> = y(r):r € Ny — {1}}], we have V € U. On the
other hand, for every element r € Ny, — {1}, we now have y(r)? p(U, X) y(r), whence,
by Corollary 2.6 again, we obtain m(y (12))Ny; = m(y (r))Ny, thatis, >Ny, = rNy;, which
entails that r € Ny — {1}. This shows that Ny, C Ny, and so U4 C V. Altogether we get
that V = U, so that the variety V is determined within CS by identities of the required
form. The last statement of this proposition is now obvious. ]

We can similarly adapt the Birkhoff-type theorem for near varieties of idempotent
generated completely regular semigroups to the near varieties of idempotent generated
completely simple semigroups containing all rectangular bands.

PROPOSITION 2.10. 4 class W of idempotent generated completely regular semigroups
is a near variety of idempotent generated completely simple semigroups satisfying
RB C W if and only if there exists a set W of nearly restricted identities of type v> =v
where v € IU(X) has the property that h(v) = z = t(v) such that W =7ZCS N[¥].
Moreover, if this is the case then W = ICS N [¥] where

U = 1p(WV, X) N {(v>, v):v € IUX), h(v) = z = t(v)}.

Proof. This proposition can be proved in the same manner as the previous one,
with the help of Theorem 1.4, of course. Elements r € M,y — {1} and the corresponding
words y(r) of TU(X) are considered now and Corollary 2.7 is invoked in this case in
order to complete the arguments. g

The last two propositions indicate that it will be useful to explore in more detail
what it means to say that an identity of the form u?> = u, where u € U(X) is such
that h(u) = z = t(u), is satisfied in a completely simple semigroup, that is, in a Rees
matrix semigroup, say M(J, H, A; Q). For this purpose, we will need the procedure of
normalization of the sandwich matrix Q described in [8], II1.3 which produces a Rees
matrix representation of M(J, H, A; Q) whose sandwich matrix is normalized at any
position selected beforehand. This procedure looks as follows.

Thus, once again, let M(J, H, A; Q) be an arbitrary Rees matrix semigroup where
QO = (¢3)iea jes- Select arbitrary elements s € A and i € J and consider the Rees

matrix semigroup M(J, H, A; Qm) whose sandwich matrix @m is of the form

vl -1 -1
0 = (qM q/\/q%jq%f),\eA,jeJ'

Then the matrix @m is obviously normalized at the selected pair (3¢, i). Moreover, the
mapping

CuitJ X HXxA—>JxHxA
given by the formula

(o 2) > (s Gt i, 2)

forall jeJ, he H and A € A, _is%;cm isomorphism of the semigroup M(J, H, A; Q)
onto the semigroup M(J, H, A; Q). This statement can be verified straightforwardly.
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We continue by introducing, for the selected elements s € A and i € J and for any
mapping ¥ : X — J x H x A satistying 9(z) € {i} x H x {5}, a homomorphism

x2:G— H

of the absolutely free group G on the set X U {p\, :x,y € X — {z}} into the group H
in the following way. Clearly, it suffices to determine this homomorphism only on the
generators of G. For this purpose, consider first the mappings ¢ : X — J, 8: X — H
and ¢ : X — A given, for every x € X, by the formula 9 (x) = (¢(x), B(x), ¥(x)). Then
define the homomorphism x 7. by the following assignments :

X = B(x), forall x € X,
Dy —> q;(lx)iqllf(x)so(y)q;lw)q%iv forall x,y e X —{z}.

Note that in the second set of assignments, we could include the same assignments
also for x = z or y = z, since these added assignments reduce to 1+ 1 in view of
the fact that ¢(z) =i and (z) = ». Observe also that then, for any x,y € X, the
homomorphism x”, sends the element p,, to the entry of the matrix Q occurring in
the position (¥ (x), ¢(3)).

Now we are ready to state and prove the following criterion for the validity of the
above-mentioned identities in arbitrary Rees matrix semigroups:

PROPOSITION 2.11. Let M(J, H, A; Q) be a Rees matrix semigroup. Letu € U(X) be
any word such that h(u) = z = t(u). Then the identity u*> = u is satisfied in the semigroup
M(J, H, A; Q) if and only if, for every i € J, » € A and for every mapping 9 : X —
J x H x A such that 9(z) € {i} x H x {5}, the equality x”.(m(u)) = 1 holds in H.

Proof. Remember that, by Result 2.1, the semigroup M(X, G, X; P) together
with the mapping ¢: X - M(X, G, X; P) given, for every x € X, by the formula
X — (x, x, x) is a free completely simple semigroup on X. The mapping ¢ extends
in a unique way to a homomorphism of unary semigroups ¢ : U(X) - M(X, G, X; P).

Now, by definition, the identity «? = u is satisfied in M(J, H, A; Q) if, for every
mapping 7: X — J x H x A, we have 0(¢(u?)) = 6(¢(u)) where 6 : M(X, G, X; P) —
M(J, H, A; Q) is the homomorphism satisfying 6(x, x, x) = n(x), for all x € X, that
is, 0 is the homomorphism which, when composed with ¢, yields n. Now let us take
care of the element n(z). Of course, n(z) = (i, h, ) for some i € J, h € H and s € A,
and so n(z) € {i} x H x {sc} fortheseie Jand »x€ A. Asn: X — J x Hx A is an
arbitrary mapping, the mentioned elements i € J and » € A can also be arbitrary.
Having in view the above isomorphism ¢,.;: M(J, H, A; Q) — M(J, H, A; 0, we
can now restate the above condition in the following way. The identity u* = u
is satisfied in M(J, H, A; Q) if, for every i€ J, »x € A and for every mapping
®:X — J x H x A such that 9(z) € {i} x H x {5}, we have 6,,(¢(u?)) = 0,.(¢(u))
where 0,,;: M(X, G, X;P) - M(J, H, A;am) is the homomorphism satisfying
0,.i(x, x, x) = ¥(x), for all x € X.

Note that the equality 6,.,(¢(u?)) = 6,.:(¢ (1)) appearing in the condition stated
at the end of the previous paragraph is the same as the equality 6,.(¢(u)?) =
0,./(¢(u)), and as h(u) = z = t(u), in view of the former description of the homo-
morphism ¢ : U(X) - M(X, G, X; P) given in Result 2.1, this equality is equivalent
to the equality 6,.,((z, m(u), 2)?) = 0,.i(z, m(u), z), and hence to the equality
0,.i(z, m(u)?, 2) = 6,.i(z, m(u), z).
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Now, for every i € J, » € A and for every mapping o : X — J x H x A such that
?(z) € {i} x H x {3}, one can check straightforwardly, on the basis of the definition
of the homomorphism x”.: G — H (see the definition of x?, before this proposition
and the note after it), that the mapping

T M(X, G, X; P) > M(J. H, A; 0
given by the formula

(x,2.9) > (), x248), ¥ ().

for all x,y € X and g € G, is a homomorphism of Rees matrix semigroups such
that 7..(x, x, x) = #(x), for all x € X. However, the homomorphism 6,,; also
satisfies 6,,(x, x, x) = #(x), for all x € X, and it is determined uniquely by this
property. Consequently, this homomorphism 6,,; coincides with 7;,;, and hence it is
completely described by the formula displayed above. Therefore, since ¢(z) =i and
Y (z) = 2, for the given word u € U(X) with h(u) = z = t(u), we have 6,.;(z, m(u)?, z) =
(i, X2 (m@)?), 70) = (i, x M), ) and  6,,(z, m(w), 2) = (i, x(m(w)), >2). Thus
the above equality 6,..(z, m(u)?, z) = 6,.i(z, m(u), z) is equivalent to the equality
x2.(m(u))* = x2(m(u)), that is, to the equality x,(m(u)) = 1, as required. O

We conclude this section by extracting from the previous proposition a criterion
for the validity of nearly restricted identities of the form v?> = v, for v € IU(X) with
h(v) = z = t(v), in arbitrary (idempotent generated) completely simple semigroups,
that is, in an arbitrary Rees matrix semigroup, say M(J, H, A; Q). For any elements
» € Aandi € J and for any mapping 7 : X — J x A satisfying 7 (z) = (i, 5c), consider
the homomorphism

1 G- H

defined in the following way. Again, it is enough to determine it merely on the
set {pyy X,y € X — {z}} of generators of G. First take the mappings p©: X — J and
v: X — A specified by the formula 7 (x) = (u(x), v(x)), for all x € X. Then define the
homomorphism 7, by means of the following assignments :

Pxy B> q;(i)iQV(x),u(v)q;lﬂ(y)q;tis for all x, y e X —{z}.

As before, no harm will be done by including the same assignments also for x = z or
y = z, since these additional assignments will reduce to 1 — 1.

Now we can state the promised criterion for the validity of the above nearly
restricted identities in arbitrary Rees matrix semigroups:

COROLLARY 2.12. Let M(J, H, A; Q) be a Rees matrix semigroup. Let v € IU(X)
be any word such that h(v) = z = t(v). Then the nearly restricted identity v? = v is
satisfied in M(J, H, A; Q) if and only if, for every i € J, »x € A and for every mapping
7. X = J x A such that w(z) = (i, »), the equality X (m(v)) = 1 holds in H.

Proof- One only has to notice that every mapping 7 : X — J x A satisfying 7 (z) =
(i, »¢) can be made up into a mapping ¢ : X — J x H x A such that 9(z) € {i} x H x
{5¢} which agrees with 7 in the first and the last components of the image of every
element of X. The homomorphism x?,: G — H then restricts on the subgroup G to
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the homomorphism X% G — H. Since all words v € T U(X) have the property that
m(v) € G, it is enough to refer now to Proposition 2.11. O

3. Some finite metabelian groups. Metabelian groups are solvable groups of
derived length at most 2. Equivalently, metabelian groups are groups which are
extensions of an abelian group by another abelian group. We provide now some
instances of finite metabelian groups which will be useful in the subsequent sections
of this paper. For every prime number p, we denote by A, the variety of all abelian
groups of exponent p. More specifically, we supply in this section certain finite groups
from the Malcev product A, o A, for distinct prime numbers p, g.

Thus let p, ¢ be two prime numbers such that p # ¢. Throughout this section, these
prime numbers will be fixed. Let

(@={,a,d,....,a" "}
be a cyclic group of order p generated by an element @, and let
(by ={1,b,b, ..., 077"}
be a cyclic group of order ¢ generated by another element . Let
(@) = (1) — (@)}

be the power of the group (a) indexed by elements of the group (b). Then the group
(b) has a left action on the group (a)” given, for every j € {0,1,2,..., g — 1} and for
every map f : (b) — (a), by the formula

bf=f
where /f : (b) — (a) is the map defined, for every k € {0, 1,2, ..., ¢ — 1}, by the formula
B = [T

(the sum of exponents is taken modulo ¢, of course). Foreveryi € {0,1,2,...,p — 1},
let ¢;: () — (a) be the constant map such that ¢;({(h)) = {a'}. Consider the following
subgroup of the group (a)®:

[:= {CO’Cls C27 "‘7cp—1}‘

Since (a)® is an abelian group, C is a normal subgroup in it, and so we may further
consider the quotient group (a)”/ C. Elements of this quotient group are the classes of
maps f - C, for all maps f : (b) — (a). Notice that all constant maps c, 1, ¢, . . ., Cp—1
are fixed points of the above left action of (b) on the group (a)). Consequently,
a left action of (h) on the quotient group (a)®)/C arises, which is given, for every
j€{0,1,2,...,¢9— 1} and for every map f : (b) — (a), by the formula

v-(f-B=7r-C

We next show that this left action of (h) on (a)*/C no longer has any fixed point
except the identity class 0. More precisely, we check that every element of (b) except
the identity 1 acting on (@) /C in the way specified above permutes the classes of
(a)® ) C — {C} in such a way that this permutation has no fixed points.
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LEMMA 3.1. Foreveryj € {1,2, ..., q — 1} and for every map f : (b) — (a) such that
f ¢ C, we have

po(f-B)#£S L.

Proof. Assume, by contradiction, that for some j € {1,2, ..., ¢ — 1} and for some
map f: (b) — (a),f ¢ C, wehave b/ (f-C) = f-C. That is, we have/f -C = £ - C, which
means that /£ - /! € C, so that, for some iy € {0,1,2,...,p — 1}, we have /f - f~! =
¢, and hence /f = ¢;, - f. By the definition of the map /f, this entails that f(b/*%) =
a - f(b) holds for all k € {0, 1,2, ..., g — 1}. Multiplying these equalities for all k =
0,1,2,...,¢9 — 1, we obtain that

FQ)-fB)-f(BY)- - - fBIY =a®  fA)-f(B)-f(B)- - - (B,

whence it follows that a?® = 1. Since the element « is of order p and p, g are distinct
prime numbers, this yields that p|i, so that iy = 0. Thus we get that/f = ¢, - . However,
since ¢ is the constant map such that ¢o((b)) = {1}, this entails that/f = . This means
that f(b/t5) = f(b¥) holds for all k € {0, 1,2, ..., g — 1}. In particular, this results in
the equalities

fQ) =fB)=f¥)=--- =f(p7V)

(the exponents are again taken modulo ¢). Asj e {1,2,...,¢— 1} and ¢ is a prime
number, the element 5/ is of order ¢, which means that (b) = {1, 57/, b%, ... b=V},
The equalities displayed above thus show that f is a constant map, that is, f € C, which
is a contradiction. O

Turning back to the left action of the group (b) on the quotient group (a)”/C
defined above, we may use it to construct the semidirect product of the group (a)®/C
by the group (b) determined by this left action. That is, we may consider the group

K, = (@)? /Cx (b)

whose elements are of the form (f-C, b/), forallj€{0,1,2,...,¢g— 1} and for any
maps f : (b) — (a), and the multiplication is given by the formula

(f-C,b)-(g-C, 0% = ((f -Jg) - C, b/*H),

forallj,k € {0,1,2,...,¢9— 1} and for any maps f, g: (b) — (a) (the sum of exponents
is again taken modulo ¢). Taking the identity 1 of the group (b), we may further
consider the subgroup

Ly, =(a)®/Cx{1}

of the group K, , consisting of all elements of the form (f-C, 1), for arbitrary maps
f:{b) = (a). Then L,, is clearly a normal subgroup of K, , and it is obviously
isomorphic to the group (a)®’/ C which belongs to the variety .A,. The quotient group
K, /L, 4 is evidently isomorphic to the group (b) which belongs to the variety A,.
Thus the group K, , is an extension of the group (a) ®)/C from A, by the group (b)
from A,, and therefore the group K, , itself belongs to the Malcev product A, o A,.
The element (C, 1) is the identity of K, ,.
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LEMMA 3.2. All elements of the group K, , occurring in the set L, , — {(C, 1)} are of
order p. All elements occurring in the set K, ;, — L, , are of order q.

Proof. The first statement is obvious. As far as the second statement is concerned,
every element in the set K, , — L, ,is of the form (f - C, 5/) forsomej € {1,2,..., ¢ — 1}
and for some map f: (b) — (a). According to the above formula for multiplication in
K, 4, we obtain

(f -C.blye oo (f-Cby = (ff - Uf - oo @ DIf ., b"j)

q

(indices at /" are computed modulo ¢, of course). However, since ¢ is a prime number
and je{l,2,...,q—1}, we have {0,/,2j,...,(¢q—1)j} =1{0,1,2,...,¢9— 1} if the
numbers in the first of these two sets are taken modulo ¢g. Consequently, we see
that /7.3 . ... @ Dif = .1 200 oo amle Byt f£.1F.2f o471 clearly s the
constant map of (b) to the element f(1)-f(b)-f(b*)- --- -f(b?7") of (a), so that it
belongs to 0. Therefore, the product displayed above is equal to the identity (C, 1)
of K, ,. This verifies that the elements (f-C, 5/) from the set K,, — L,, are of
order g¢.

LEMMA 3.3. For any pair of elements of the group K, , such that one of them belongs
to the set L, , —{(C, 1)} and the other one belongs to the set K, , — L, ,, it is the case
that these two elements do not commute in K, ;.

Proof. For any j € {1,2,...,q— 1} and for any maps f, g: (b) — (a) such that
f ¢ C, we obtain

However, by Lemma 3.1, we have b/-(f-C) # f-C, that is, /f -C # - C, and hence
g-/f-C+#g-f-C. Consequently, we see that

(f-C.1)-(g-C.v)#g-Cb)(f-C1),
as claimed. O

LEMMA 3.4. For any pair of elements from the set K, , — L, 4, it is true that these
two elements commute in the group K, , if and only if each of them is a positive power of
the other one.

Proof. Clearly, it is enough to prove only the necessity of this condition. Thus
assume that j, k € {1,2,..., ¢ — 1} and that f, g: (b) — (a) are maps such that

(f-C,0))-(g-C, 0% = (¢-C, 0" - (/-C. ).

Let £ €{1,2,...,q— 1} be that integer for which j-£¢ = k (mod ¢). Then from the
previous equality we deduce that

(f-C.0) " (g-C,0") = (g-C. 65 (f-C. 07y
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That is, putting f = f -7f - %+ .. .@==0if we obtain that
(f-*g-C.1)=(g-*/-C.0),

50 thatf-q_kg;[; = g-kf.C. Hence it follows that bk-(g-kf- 0)= bk~(f~q‘fg- 0) =
*f.g-C=g-*f-C. By Lemma 3.1, this means that g-*f € C. Therefore g-*/-C =C,
that is, g-C-*f-C =C. Thus g-C is the inverse of */-C in the group (a)®/C. Now,
putting f = f-/f - Ff . ... .(=Vf we also obtain that

(f-C.o0 = (f-C.o) - (f o) =(F-C05-(f-Co") = (- -C ),
while, by Lemma 3.2, we have

is yields that _-_A- =C, that is, /- ~(A~ = (. Thus also /- C is the inverse o
This yields that /'-%f -C = C, that is, 7 -C-*/-C = C. Thus also 7 -C is th £
k. C in the group (a)®)/ C. Therefore we get that g - C = f - C. Hence it follows that

(g [:’ bk) = (f C’ bj)e'

Lettingm € {1, 2, ..., ¢ — 1} be the integer for which £-m = 1 (mod ¢) and taking the
m-th powers on both sides of this equality, we also obtain that

(f : Cv b]) = (g : Cv bk)m’

referring to Lemma 3.2 once again. This is what had to be shown. U

4. Generating varieties of all completely simple semigroups having subgroups in
prescribed varieties of groups. Given any variety Q of groups, we denote by CS(Q) the
variety of all completely simple semigroups whose maximal subgroups belong to Q.
In accordance with our notation introduced previously, ZCS(Q) then stands for the
near variety of all idempotent generated completely simple semigroups whose maximal
subgroups belong to Q.

We will show that, for any prime numbers p, ¢ such that p # ¢ and for any variety
V of completely simple semigroups such that CS(A, o A,) C V, it is the case that the
variety V is not generated by any finitely generated completely simple semigroup. This
generalizes the well known fact that the variety CS of all completely simple semigroups
itself is not generated by any finitely generated completely simple semigroup, see [8],
VIII.10. As a matter of fact, we will see that none of the varieties V of completely
simple semigroups satisfying CS(A, 0 A,) €V is generated by a completely simple
semigroup having either only finitely many R-classes or only finitely many L-classes.
Our arguments will be of such a kind that they will document that the same statement
holds true also for the near varieties VW of idempotent generated completely simple
semigroups satisfying ZCS(A, 0 A,) € W.

Thus again let p,¢ be any prime numbers such that p # g. We begin with
a modification and simplification of some of the notation introduced in the previous
section in connection with the group K, , exhibited there. Recall that K, , is the
semidirect product of groups (a)® /C % (b). As a first thing, we will denote by

Y — theidentity (C, 1) of the group K,, .
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Also the present notation for the set of all constant maps of (b) into (a), that is, the
symbol C for the identity class of the quotient group (a)®’/C seems to be somewhat
clumsy with regard to its further usage. Thus, from now on, we will denote by

I — the identity class C of (a)” / C.

Furthermore, we will consider the following particular map 9 : (b) — (a) given by the
formulas

1> a and b1, forallje(l,2,...,q—1}.

Then we will denote by
A — theclass 3 - I, that is, using the earlier notation, the class 3 -C of (a)® /C.

In connection with the left action of (b) on (a)®)/C, that is, on (@)’ /I, which has
been introduced in the previous section, we will use the following notation. For every
je{0,1,2,..., g— 1}, we will denote the class b/ - A, that is, theclass /-3 - I =73 - I
simply by /A. Instead of 4“A we will write only “A. Moreover, as is usual, A~! will
stand for the inverse of A, that is, for the class A?~! in (a)®) /I, and b~ will stand for
the inverse of b, that is for the element »?~! in (b).

We next consider the elements

(I,b) and (A,b7H

of the group K, ,. Both these elements belong to the set X, , — L, , and the second one
is certainly not a positive power of the first one. Therefore, by Lemma 3.4, these two
elements do not commute in K, ,. Moreover, it is a routine task to verify that, in fact,
these two elements generate the entire group K, .

Now we are ready to introduce the following Rees matrix semigroups which will
have their role to play in this and the next sections of this paper. For every integer
n >3, weputJ, =1{0,1,2,...,n}and we take the Rees matrix semigroup

M(']}’h Kp,(]v Jns Rl’l)

over the group K, , whose sandwich matrix R, = ("r; f)iie ; is described below. The
entries of the matrix R, look as follows : '

"ri = I, b), forallie {1,2,...,n},
"Fiivl =(A,b_l), forallie{l,2,...,n—1},
nrnl = (A, bil), and

"rij =S otherwise.

Thus the sandwich matrix R, is normalized at the pair (0, 0) and each of its entries is
equal either to the identity I of K, , or to one of the two elements (Z, b), (A, b~') of K, ,
displayed above. Since, as we have noted, these two elements generate the whole group
K, 4, the Rees matrix semigroup M(J,, K, 4, Ju; R,) equals its core, see [8], II1.2, and
therefore it is idempotent generated. Thus, for every n > 3, the Rees matrix semigroup
My, K, 4, Ju; R,) belongs to the near variety ZCS(A, o Ay). For n = 5 the sandwich
matrix R, is shown in Figure 1.
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3 I,b) (Ab7H I 3 3
I3 ({Ib)y (A,b7YH 3 R
RN 3 (I,b) (A,b7H 3
I3 3 3 (I,b) (A, b7
I,y 3 3 3 (I, b)

Figure 1. The sandwich matrix Rs.

Remember that, given any group H, for any elements g, & € H, the commutator
[g, h] of g, h is defined to be the element of H of the form

[g.h] =g 'h'gh.

More generally, for any integer » > 2 and for any elements hy, hy, ..., h, € H, the
n-fold commutator [Ay, ha, .. ., h,] is the element of H defined by induction as follows.
For n =2 it has just been done. If n > 2 then the inductive definition proceeds by
letting

[hlv h27 cee hn] = [[hlv h27 R hi’l—l]’ hn]a

the formula relies on the above definition of the two-fold commutator.
The following observation regarding the group K,, in connection with
commutators will come in useful later.

CLAM 4.1. For any integer n > 1 and for arbitrary elements Uy, U1, Uy, ..., U, of
the group K, ,, we have

[0, 01,0, ...,0,] € Ly .
Moreover, if Gy € Ly, — {J} and Gy, G, ..., U, € Ky g — Ly g, then
[Gp, 01,0, ..., 0, #5.

On the other hand, if this inequality holds, then evidently Gy # 3, and if, in addition,
Ooe Ly, — {3}, thenUy,0,..., 0, € Ky y— Lyg.

Proof. The first statement is obvious, since the commutator of any two elements
of the group K,, belongs to the subgroup L,,. Assume that U e L, , — {3}
and U1,02,...,0,€K,,—L,, Then, using Lemma 3.3, we can verify by
induction that, for every i € {1,2, ..., n}, we have [Ug, U1, Us, ..., 0] € L, , — {S}.
Indeed, then [Ug, O1] € L,y — {3} and, if i € {2, ..., n} and [y, U1, Uy, ..., Uiz1] €
Lp,q — {3}, then [U(), Ul, Uz, ey U,—] = [[ U(), Ul, Uz, ey Uifl], Ui] (S Lp,q — {3} by
Lemma 3.3. Thus this assertion holds and, in particular, for i =n, we obtain
the desired inequality. Assume further that Uge L,, —{3}. If Uy € L, , then
[Go, B1] =3, and hence [Oy, U1, Uy, ..., 0,] =3. If, for some je {2,...,n}, we
have U; € L, 4, then, since [ Ug, O1, Oa, ..., Uj_1] € L, 4, we get [ Og, U1, Oz, ..., Gj] =
[[Oo, U1, 0y, ...,0;-1],G;] =1, and hence [Ug, U1, O, ..., U,] =3 again. These
notes verify the last statement formulated above. ]

Again let X be an infinite set containing a distinguished element z € X. Remember
the absolutely free group G on theset X U {p,, : x, y € X — {z}} introduced in Section 2.
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We next define, for every integer n > 3, an element 7, of the group G in the follow-
ing way. We first choose pairwise distinct elements xj, x5,...,x, € X — {z}. The
element 7, will then be defined in such a way that it will actually become an
element of the absolutely free group on the set {p.,, :i,j € {1, 2, ..., n}}. The defini-
tion of the element m, will proceed by forming consecutively certain elements

[ 11 12 22 23 n—ln nn nl
Y, T, T, T T, ", il of G as follows. We first put
o _
ﬂn - [px1x1 ’ lexz]
and
11 _r_0o -1 -1 -1
nn - [T[n ’ pxlxle2x1 ’ pxlxlpx3x| L] pxlxlpxn,lxl]'

Then, for every k = 2, ..., n, we put

k—1k __ k—1k—1 —1 -1 -1
ﬂn - [nn ’ pxk—lxkpxk,lka ’ pxk—lxkpxk,lxk“’ ] pxk—lxkpxk,lxn+k,z]
and
kk __ k—1k —1 -1 -1
Ty = [nn ’ p*“k*“kprprlxk’ pxkxkpxmxk’ o pxkxkpxn#{—’lxk]'

Finally, we put

nl __ nn —1 -1 —1
nn - [nn ’ pxnxlpx,,XZ’ pxrlepx”x;’ Tt pxnxlpx”x,,,l]'

Then we let
Ty =T,

Note that all indices in these formulas are positive integers occurring within the interval
1,2,...,n, and that they are computed modulo 7, if necessary.

Now remember that in section 2, in the text preceding Proposition 2.9, we have
defined, forevery element g € G — {1}, the word y (g) of U(X) having the properties that
h(y(g)) = z = t(y(g)) and m(y(g)) = g. In addition, this definition of y(g) has been of
such a form that, for every element & € G — {1}, the word y(4) appears in /U(X). In
the previous paragraph, we have defined, for every integer n > 3, an element 7, of the
group G, distinct from the identity of G, which actually belongs to the subgroup G.
Thus we can take, for every integer n > 3, the word

Uy =y (7n)
of TU(X). Then we will work with the sequence of identities

uﬁ =~ u, foralln > 3.

Notice that it is, in fact, a sequence of nearly restricted identities. The following
observation considers the validity of these identities in the Rees matrix semigroups
introduced earlier in this section.

CLAIM 4.2. For every integer n > 3, the identity ui = u, is not satisfied in the Rees
matrix semigroup M(J,, Kp 4, Ju; Rp).

Proof. Since, for every n > 3, u, € IU(X) and h(u,) = z = t(u,), according to
Corollary 2.12, in order to show that the nearly restricted identity u?> = u, is not

=
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satisfied in M(J,, K, 4, Ju; Ry), it suffices to find indices k, £ € J, and a mapplng
n:X — J, x J, such that 5(z) = (k, £) and ¥, (m(u,)) # I in K, ,, where X, : G —
K, , is the homomorphism defined as in the text preceding Corollary 2.12 in section 2.
But u, = y(m,), and hence m(u,,) = m,. Therefore, given any integer n > 3, it is enough
to find indices k, ¢ € J,, and a mapping n: X — J, x J, such that n(z) = (k, £) and
T0(Ta) # 3.

Thus take k=0, £=0 and let n: X — J, x J, be any mapping satisfying
n(z) = (0,0) and n(x;) = (i, i), for all i € {1, 2, ..., n}. Then, by the definition of the
homomorphism ¥g,: G — K, 4, we have X (px.,) = "rij, for all i,j € {1,2,...,n},
where "r;; is the respective entry of the sandwich matrix R,. Then we will see that
,)?())70(7711) €L,,— {3}

In order to verify this statement, it is essentially enough to unfold the formulas in
the definition of the element ,, of 6, or rather the formulas stemming from them and
determining the homomorphic image X,(7,) of 7, in K, ,. First note that

S(\go(n;) = [S(\go(lexl)s j(\go(pxlxz)] = [nrlls nrl2] =[(Z, D), (A, b_l)] € Lp,q — {3},

since this element, being a commutator of two elements of K, ,, obviously belongs to
L, 4, butitis distinct from 3, because the two elements (Z, b), (A, b~1) do not commute
in K, ,, as we have seen above. Next observe that

Xoo( ”) [Xoo( ) Xoo(Pml)Xoo(PVzn) 1’ ygo(lexl)j(\go(me)_ls

T 5(\(;]0 (pxlxl)j(\go (p"(/xfl«‘(l)_]]
= [Xoo (7). "ra "ry r31’--~’n”llnr;—111]

= [Xoo (7). (L, 0), (L, b), ..., (I, b)] € Lpg — {3},

according to Claim 4.1, since Xg(7?) € L, 4 — {J} and (I,b) € K, ,— L, . Then
proceed further by observing that

')?670(7.[’112) [XOO( ) XOO(pJ\J’Cv)XOO(p‘Cl ‘CS) ’ 5(\(;]0 (pxlxz)j(\go (pxlx4)_l P
ey ’ig() (pxlxz)j(\(;]o (pxlx,,)_l]
— [5(\610( 11) nrlzn},l}l’ '17'12”}’1741, B nVlZnV;nl]
= [Xoo( “) (A, 671 (A, 671, .. (Ayb_l)] €L,,— {3}

again by Claim 4.1, since X (7)€ L,, — {3} and (A, b7 e K, ,— L,,. In this
manner, we can continue inspecting the (n — 1)-fold commutators defining con-

secutively the further elements Xg(772%), Xoo(72), - - -, Xoo(” ), Xoo(T™), until we
reach the element 5(‘(')70(71,’7’1) = Xgo(7m»). In this way, we arrive at the conclusion that
Xoo(n) € Ly 4 — {3}, as claimed above. O

Now we are ready to prove the result announced in the preface to this section.

PROPOSITION 4.3. No variety V of completely simple semigroups having the property
that CS(A, o0 A,) C V, where p, q are distinct prime numbers, is generated by a completely
simple semigroup having only finitely many R-classes or by a completely simple semigroup
having only finitely many L-classes.

Proof. By contradiction, suppose that some variety V satisfying CS(A, 0 A4,) €V
with p, g as above is generated by a completely simple semigroup S having finitely many
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R-classes, say. Let M(I, H, A; Q) be a Rees matrix representation of this semigroup S.
Then the set [ is finite. Let I have m elements. Then m > 2, as RB € V. We shall show
subsequently that then the semigroup M(I, H, A; Q) satisfies the identities u> = u, for
all integers n > m. Since this semigroup generates V), the variety V should satisfy these
identities, as well. However, since CS(A, 0. A,) C V, the variety V contains the Rees
matrix semigroups M(J,, K, 4, J,; R,) introduced earlier in this section, for all n > 3.
But this means, according to Claim 4.2, that none of the identities uﬁ =~y, forn>3
are satisfied in V, which will be the desired contradiction.

Thus take any integer n > m and consider the corresponding identity u2 = u,. Since
u, € I1U(X) and h(u,) = z = t(u,), according to Corollary 2.12, in order to show that
the identity u2 = u, is satisfied in the semigroup M(I, H, A; Q), we need to verify that,
foreveryj e I » € Aand for every mapping n: X — I x A such that n(z) = (J, »), we
have X%/(m(un)) = 1in H where ¥ X :G — Histhe homomorphism defined in section 2
in the text preceding Corollary 2. 12 Since u, = y (i), we have m(u,,) = 7, in this condi-
tion. Thus we need to check that, foreveryj € I, c € A and for every mapping n: X —
I x A such that n(z) = (j, %), we have X (7,) = 1. Let, in this situation, u: X — I
and v: X — A be the mappings determined by the formula n(x) = (u(x), v(x)), for all
x € X. Further, let the sandwich matrix Q be of the form 0O = (¢5.1)ren.ic1- Remember
from section 2 that then the homomorphism ¥ s G — H is defined in such a way

that, forevery k, £ € {1, 2, ..., n}, we have Xﬂj(pwl) V(’Ck)] Duixn(xe) q%ﬂ(mqﬂj Now
since the set 7 has only m elements and n > m, there exist indices ¢, ¢ € {1, 2, ..., n}
satisfying + < & such that u(x,) = u(x.). From the just mentioned characteristics of the
homomorphism j(‘ij it becomes evident that the equality u(x,) = u(x,) entails that,
for every k € {1,2, ..., n}, we have X (px.x,) = X,.;(Px.x.)- Looking at the definition

of the elements 7\, 7112 a2 wB

SN SN , we observe that if 1 <1< ¢
then prpr_wflxg appears among the elements in the (n — 1)-fold commutator defining
the element 7', if 1+ 1 < & then p,_ . p;' . appears among the elements in the
(n — 1)-fold commutator defining the element 7:~'¢, and if » = 1 and & = 2 then we note
that p, , p;’llxz appears among the elements in the (n — 1)-fold commutator defining the
element 7", Hence it turns out thatif 1 < 2 < ¢ then S(\Zj(pm_m)j(\lj(pm_,xﬁ)*l = 1and
so Xyt =1,if 1+ 1 < e then X (px,_ w)j(‘fq(prmxl)*1 = 1and so X, (i %) =
1,andif+ = 1and ¢ = 2 then X%/(PYWAI)XMJ(PA,,W) = 1andso X%j(n )= 1. Inevery
case, we thus eventually come to the conclusion that S(\zj(n,,) = 1, which we needed to
verify. ]

Looking through the arguments used in the proof of Proposition 4.3, we readily
ascertain that, in parallel with the statement formulated in this proposition concerning
varieties of completely simple semigroups, we have proved also the analogous statement
concerning near varieties of idempotent generated completely simple semigroups,
which has also been mentioned in the opening paragraphs of this section. Namely,
we have also verified that no near variety W of idempotent generated completely
simple semigroups having the property that ZCS(A, o A,) € W, where p, g are distinct
prime numbers, is generated by a semigroup having only finitely many R-classes or by
a semigroup having only finitely many £-classes.

5. Uncountably many near varieties of idempotent generated completely simple
semigroups with metabelian subgroups. In this final section, we intend to prove the
following result, which has been the real motivation for writing this paper. Remember
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once more that, for any prime numbers p, g such that p # ¢, ZCS(A, o A,) stands for the
near variety of all idempotent generated completely simple semigroups whose maximal
subgroups belong to the Malcev product A, o A,, which group variety consists, of
course, of metabelian groups.

THEOREM 5.1. For arbitrary prime numbers p, q such that p # q, there exist 2™ near
varieties of idempotent generated completely simple semigroups occurring in the interval
between the near variety RB of all rectangular bands and the near variety ICS(A, o A,)
mentioned above. O

In view of Theorem 1.4 or, more specifically, in view of Proposition 2.10,
Theorem 5.1 will emerge as an immediate consequence of Proposition 5.2 which is
stated below. In this proposition, certain nearly restricted identities will appear which
we must first introduce.

Thus let again X be an infinite set containing a distinguished element z € X.
Remember once more the absolutely free group G on the set X U {py, :x,y € X — {z}}
introduced in section 2. Now, for every integer n > 7, we define an element w, of
the group G in the following manner. As in the previous section, we first choose
pairwise distinct elements x|, X3, ..., X, € X — {z}. Then the element w, will be defined
in such a way that, in fact, it will belong to the absolutely free group on the set
{Pxx; 11,7 € {1,2, ..., n}}. This element w, will arise as the last element of the sequence
of elements w?, w!, )2, 02, w23, ..., 1" o™ " of G which are consecutively
formed as follows. We begin by putting

wlg = [pxlxl’ pxlxz]

and
11 _ [, 0 -1 -1 ~1 -1 —1
w, = [wn’ Pxixis pxlxlpxgxl ’ pxlxlp,X3,‘c1 ’ p«‘flxlpx4x1’ pxlxlp)qxl’ pxlxlpxsxl’
PrxixiPrys PxixiPay s PxixiPo, 5 PrixiP, 5 PrixiPros, o
pxlxlp,%c,,xl ’ lexlpim}
Then we continue, for every k = 2, ..., n, by putting
wﬁ_lk = [wﬁ_lk_lv Dxi_ixio pxk—lxkp;kl,lx;prl ’ pxk—lxkpx_l\vl,lxlﬁz’
Pkalx/\P;,(l,lx,cH’ pxk—lxkp,x_‘kl,lxk+4’ Pkalx/\P;,(l,l,xm’
ka_nxkp;kl,zxk ) ka_lxkpx_,lm ) ka_lxwx_,(l,‘txk )
pxk—]xkp;kl_sxk’ ka,]xkp;kl_()xk’
pxk—lxkp?xk,lxk,l ’ pXk—lxkp,%Ckxk] ’
and
ol = [h ™ Prs PP s PrcsalPenves PricsPrgs s

-1 -1
PxexiP Xk+4Xk DPxxiP X45X%°

-1 -1 -1
PxixiPpxiy s PrxiPxiss PrxiPgxi_s»
-1 ~1
pxk«\’kpxkx;\.,4 ’ pxkxkpxk)(/c,5 ’

2 2
pxkxkpxk_lx/\. ) pxkxkpxkka ] .
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Finally, we end by putting

nl __ nn —1 —1 —1 —1 -1
w}’l - [wl’l ’ pan1 ’ px)xxlpx,,xz’ pxnxlpx,,xg’ pxnxlpx,,)C4’ pxnxleWX57 p»’v’nxlpxnxb’

-1 -1 -1 -1 -1
pxnxlpx”,lxl ’ px”xlpxn,zx] ’ pxnxlpxn,3x1 ’ pxnxlpx,,,u] ’ pxn~\‘|px,,,5x1 ’

2 2
pxnxlpx,lx" ’ pxnxlpxlxl ] .

Having this done, we let
W, = w, .

We again point out that all indices appearing in these formulas are positive integers
occurring within the interval 1,2, ..., n, and that they are computed modulo #, if
necessary. For instance, in the 14-fold commutator defining the element w** for k = n,
the element appearing last is py, », pim .

Next remember once again that in section 2, in the text preceding Proposition 2.9,
we have defined, for every element g € G — {1}, the word y(g) of U(X) having the
properties that h(y(g)) = z = t(y(g)) and m(y(g)) = g. Moreover, this definition of
y(g) has been of such a form that, for every element 4 € G — {1}, the word y(h)
belongs to /U(X). Now, in the previous paragraph, we have defined, for every integer
n > 7, an element w, of the group G, distinct from the identity of G, which actually
occurs in the subgroup G. Thus, for every integer n > 7, we have in hand the word

w, = y(wy)
of TU(X). We will further use the sequence of identities

wﬁ =~ w, for all integers n > 7.

Subsequently, however, we will rather deal with the selected subsequence of identities

2 A

wy = Wy for all prime numbers s > 7.

Notice again that all these identities are, in fact, nearly restricted identities.
Now we can state the promised proposition which yields the above Theorem 5.1
as a direct consequence.

PROPOSITION 5.2. For any prime numbers p, q such that p # q, it is the case that
the identities w? = wy, for all prime numbers s > 1, form an infinite independent set of
nearly restricted identities within the near variety ICS(A, o A,). That is, none of these
identities is a consequence of the other ones within ZCS(A, o Ay). O

This proposition will ensue from the next two statements which both have to do
with the Rees matrix semigroups M(J,,, K, 4, Ju; R,) over the group K, , introduced in
the previous section. Remember in this context that, for all integers n > 3, these Rees
matrix semigroups M(J,,, K, 4, J,; R,) are members of the near variety ZCS(A, o Ay).

Proposition 5.2 means that distinct subsets of the family of nearly restricted
identities wf = w, where s > 7 are arbitrary prime numbers, when considered within
the near variety ZCS(A, o A,), determine distinct near subvarieties of this near variety.
In addition, all near subvarieties arising in this manner contain the class RB of all
rectangular bands. Thus, in this way, we obtain 2* near subvarieties of ZCS(A4, o A,)
containing all rectangular bands.
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CLAIM 5.3. For every integer n > 7, the identity w? = w, is not satisfied in the Rees
matrix semigroup M(J,, Ky 4, Jn; Ry).

Proof. We proceed entirely analogously to the proof of Claim 4.2 in the previous
section. Referring to Corollary 2.12 again and arguing in the same way as before,
we come to the following criterion. Given any integer n > 7, in order to establish
that the nearly restricted identity wﬁ = w, is not satisfied in M(J,, K, 4, Ju; R,), it
suffices to find indices &, £ € J, and a mapping 7 : X — J,, x J, such that 7 (z) = (k, £)
and X} (w,) # 3, where X, G— K, , is the homomorphism defined as in the text
preceding Corollary 2.12 in section 2.

Thus, as in the proof of Claim 4.2, take k =0, £ =0and let 7 : X — J, x J,, be
any mapping satisfying 7(z) = (0, 0) and 7 (x;) = (i, i), for all i € {1, 2, ..., n}. Then,
according to the definition of ¥, : G — K, ,, we have XJ(px.,) ="ry, for all i,j e
{1,2, ..., n}, where"r; is the respective entry of the sandwich matrix R,. Then, similarly
as before, we will see that x(w,) € L, — {3}.

In order to verify this statement, it is again essentially enough to unfold the
formulas according to which the element x,(w,) of K, , is consecutively calculated.
Notice that these formulas stem from those appearing in the above definition of the
element w, of G. Thus, we first note that

5(\&)(603) = [y&)(pxlxl)7 5(\(7)-;) xlxz)] = [nrlls n”lZ] = [(I9 b)v (Av b_l)] € Lp,q - {S}’

Just as in the proof of Claim 4.2. Next, examining similarly the formula defining the
element w)! of G and determining thus its homomorphic image X (w!!) in K, 4, we
observe that

=7 11 =~ o\ n n, n,—1n, n~—1n, n—-1n, n—1 n, n,—I
Xoo(wn)z[Xoo(wn)’ Fi, T Ty Fie Ty, i Ty, T Tsps T gy s

n, n,—1 n, n,.—1 n, n,—1 n, n,—1 n, n,—1 n, n2 n, n2
FIU Ty, s T T s 110 Ty g 110 Ty 111 Fygs 111 T, T 1’12]

= [’)Z(;to(w;),)v (I’ b)a (17 b)a [ERR) (1’ b)v (IA : Aa b71)7 (IA : Aa bl)}ELF.q - {3}7
——
10
in view of Claim 4.1, since X5 («?) € L, — {S}and (I, ), (A-A, b7 e K,y — L, .

Then we proceed further by examining the formula defining the element w!? of G and
determining hereby its homomorphic image E(\go(w,iz) in K, ,. We thus observe that

(12 (11 1 I 1 1
Xo0 (@) = [Xo(@,'), "ri2, "2y ey e e e

n, n,—1l n n,—1 n n,—1 n, n,—1 n n,—1 n n2 n, n2
P ry, T2y 1o, T12° 7, 50, T12°7, 39, 11277, 42, 7127771, T12 rzz]

= [%’O(wgl), (A, b7, (A,b7Y, ..., (A, b7Y), (A, D), (A,b):| eL,,— (3},
10

again by Claim 4.1, since Xj(w!!) € L,, — {3} and (4,571, (A,b) € K,y — Ly
In this manner, we can continue further inspecting the formulas determining the

subsequent elements Xgy(w2?), X3 (@2), ..., Xgo(@i~'"), X (@™) of K, ,, until we get
to the element X (w!!) = X (w,). In this way, we arrive at last to the conclusion that
Xdo(wn) € Ly 4 — {3}, as claimed above. ]

CLAIM 5.4. For arbitrary prime numbers s, t > 7 such that s # t, the identity w? = w,
is satisfied in the Rees matrix semigroup M(Jy, K, 4, Js; Ry).
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Proof. Lets, t > 7 be prime numbers such that s # ¢. Since w, € IU(X)and h(w,) =
z = t(w,), according to Corollary 2.12, in order to show that the identity w? = w, is
satisfied in the semigroup M(J, K, 4, Ji; Ry), we need to verify that, for every k, £ € J;
and for every mapping 7 : X — J; x Jysuch that w(z) = (k, £), we have X, (m(w,)) =3
in K, , where ¥ : G — K, is the homomorphism defined as in section 2 in the text
preceding Corollary 2.12. Since w; = y(w;), we have m(w,) = w, in this condition.
Thus we need to check that, for every &, £ € J; and for every mapping 7 : X' — J; x J;
such that 77(z) = (k, £), we have X/, (w;) = 3. Let, in this situation, u, v: X — J; be the
mappings determined by the formula 7(x) = (u(x), v(x)), for all x € X. Remember
that the sandwich matrix R; is of the form R, = (“'ry)l.,j€ ;, Where the entries *r; are the
elements of K, ; specified in the previous section. Recall now from section 2 that then the
homomorphism /X\Ek G— K ¢ 1s defined in such a way that, for every x, y € X, we have
X (Pxy) = U(x)k o)’ reﬂ(}) re. That is, for every x, y € X, the homomorphlsm Kok
assigns to the element p., the entry of the normalized sandwich matrix R occurring in
the position (v(x), u(y)). Indeed, in accordance with the description of the procedure
of normalization of the sandwich matrices which has been rev1ewed in section 2 in
the text following Proposmon 2.10, the sandw1ch matrix R which is normalized at
the pair (¢, k) is of the form R =( rk “ri'ry r@A),jGJ Thus the homomorphism ¥,
behaves as stated above. (The condltlons u(z) = k,v(z) = € coming from 7 (z) = (k, £)
ensure that this determination of 7} is all right evenif x =z ory = z.)

In the course of the verification of the condition formulated in the previous
paragraph, namely that for every k, £ € J; and for every mapping 7 : X — J; x J;
such that 7 (z) = (k, £), the equality X7, (w) = 3 holds, we will have to distinguish
several cases corresponding to various values of the indices &, £ and we will have to
discuss them separately.

I. Assume thatk =0,¢ = 0.
Then the matrix I_{fk, that is, the matrix ﬁ‘jo is just the matrix R;, 7(z) = (0, 0),
and, for all x, y € X, we have x}\ (p.y) = X3o(Pxy) = *Tueou(y), since the matrix Ry is
normalized at (0, 0). Consider now the element x[,(w;) of the group K, , and the
elements of this group emerging consecutively during the calculation of the element
Xoo(a’t) in accordance with the sequential definition of the element a)t of the group
G. Suppose, by contradiction, that x,(w,) # 3. This means that Xoo(a’ ) # 3. Hence,
for every k = 1,2, ..., 1, it follows that XJ(wf*) # 3, and for every x =2,...,1, it
follows that 5{&@’,‘*1") # 3. Now note that, for every « € {1, 2, ..., t}, the element
*Fu(xu(x,) appears as the second element in the commutator determining xj,(w;*), and
that, for every x € {2, ..., 1}, the element *r,, ,)u(x,) appears as the second element
in the commutator determlnlng Aop(@=19). Also the element *r,(y,)u(x,) appears as
the second element in the commutator determining Xgy(w!!). Consequently, according
to Claim 4.1, for every « € {1,2,..., 1}, we have ry ).(x) € Ky g — Lp g, further for
every k € {2,...,t}, we have * ivm ) € Kpg — Ly g, and we also have *ry(y () €
Koy—Lyy Therefore, in view of the form of the sandwich matrix R, described in the
previous section, each of the elements just mentioned must be equal either to (Z, b) or
to (A, b~1). Furthermore, for every « € (1,2, ..., t}, the elements S”V(XK)M(XK)S’”;(}M[)u(xk)
and SVv(xK)u(xK)sV;(LK)M(xK_I) appear, respectively, as the third and the eighth elements
in the commutator determining x{,(w;*). (The values x + 1 and « — 1 occur within
the interval 1,2,...,¢ and they are computed modulo ¢, if necessary.) Therefore,
according to Claim 4.1 again, these elements must all belong to the set K, ;, — L, 4,
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and hence, in particular, none of these elements can be equal to J. That is, for every
ke {l,2,...,t}, we have Srv(xk)ﬂ(xk)sr;&x“)M(xk) # 3 and 5”V(x~)u(xx)s”u_(,lxk)u(xk,l) # 3, s0
that *ru(eue) 7 Toteaute A0d “Fueoue) 7 Fooute_)- This entails that, for all
Kk €1{2,...,t}, we have u(x,._1) # u(x,), and we also have u(x,) # u(x1), and further,
for all « € {2, ..., t} again, we have v(x,_1) # v(x,), and we also have v(x,) # v(x]).
Returning to the previous conclusion regarding the elements “r,ju(x,), for all « €
{1,2,...,t}, we remember, in particular, that we may have either *r,,)u(x,) = (I, b) or
r,,(xl)ﬂ(x,) = (A, b7 If* Foenuea) = (I, b), then we further have *r . )ux,) = (4, b~ ),
o) = I, B), Fuyucs) = (A, b1), and so on, since there is no other way that
the inequalities w(x,_1) # w(x) and v(x,_1) # v(x,) just deduced together with the
previous conclusions concerning the elements *ryy, | )u(x,) and?* rv(xK Ju(x) Can be satisfied
at once. For the same reason, we then also have 7y, (v = (A, b71), *Foeyucry = (L, ),
and so on. Looking at the form of the sandwich matrix R, once again, we see that, in
this case, we therefore necessarily have

u(x1) =&, px2) =e+1, p(xz) =e+2,... and
v(x;))=¢, v(xs)=e+1,v(x3) =e+2,... forsomee€{l,2,...,s}.
(This time, these values occur within the interval 1,2, ..., s and they are computed

modulo s.) However, at the same time, coming out of the above considerations, we see
that we inevitably have

ulx)=¢—1, u(x,.1)=¢—-2,... and
vix)=¢e—1, v(x;.))=¢e—2,....

(These values are likewise computed modulo s within 1,2, ..., s.) However, the length
of the above two sequences which is equal to ¢ cannot be divisible by s, since
s and ¢t are distinct prime numbers. Consequently, the equalities displayed last cannot
be fulfilled if the sets of equalities displayed previously have to be satisfied. This
yields a contradiction. Next we examine the possibility that *ry,)ux) = (4, b7H).
Arguing as in the previous case, we find that now we further have *r, ). x,) = (I, b),
oot = (4, bh, Srveeuts) = (I, b), and so on, and, at the same time, we also have
SFoeouen) = (I, ), “Fopucvy = (A, b7"), and so on. Thus, looking at the sandwich
matrix R, once more, we see that, in this case, we necessarily have

ux))=¢e+1, ux)=¢, u(xz3)=e—1,... and
v(ix))=¢, v(x)=¢e—1, v(x3)=e—2,... forsomee € {l,2,...,s}.
(As before, these values again occur within the interval 1,2,...,s and they are

computed modulo s.) However, we likewise see that we inevitably have

wx)=¢e+2, wx,)=¢e+3,... and
vix)=¢e+1, vix;o))=¢e+2,....

(These values are again computed modulo s within 1, 2, ..., s.) But since s and ¢ are
distinct prime numbers, and so s does not divide 7, analogous considerations as before
show that the two sets of equalities displayed above cannot be fulfilled simultaneously.
This again leads to a contradiction, confirming thus that x,(w;) = J holds, as required.
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Figure 2. The sandwich matrix F;O.

II. Assume thatk =0, £ # 0.
Notice, in this case, that by rearranging those rows and columns of the sandwich
matrices R, and Rfk = Ffo which are not indexed by 0 simultaneously in such a
way that the rows indexed by ¢, £ + 1, ..., s are placed first in their respective order
and only after that the rows indexed by 1,2, ...,£¢ — 1 are placed according to their
order, and subsequently also the columns indexed by ¢, ¢ + 1, ..., s are placed first in
their respective order and after that the columns indexed by 1, 2, ..., £ — 1 are placed
according to their order, the matrix R, remains entirely unaltered, while the value of
the index £ changes into 1 by this modification. This means that it suffices to examine
only the situation when £k =0 and ¢ = 1. Then 7 (z) = (0, 1), the sandwich matrix
FZO R is normalized at the pair (1, 0) and it is of the form ﬁ;o = (‘Yry-srl’jl),-’jek, since
the matnx R; is normalized at (0, 0). Recall from the first paragraph of this proof that,
for every x, y € X, the homomorphism x, that is (with £ = 1), the homomorphism
X7, assigns to the element py, the entry of the sandwich matrix R occurring in the
position (v(x), u(y)). Thus, it will be convenient to gam an overview of the entries

—10
of this matrlx R, . For short, let us write *7; = *ry’ rlj , for all i, j € J,. Then we can
write R = (*tj)ijes, and, for all x, y € X, we have x7,(pxy) = *Foou). For s =7 the

. =10 . R .
sandwich matrix R,  is shown in Figure 2. For general values of the prime number s,
we have

Spn=,b7") fori=0andforalli=2,...,5s—1,
St = ('a7h b) for i=0 andforall i=3,...,s,
ti = I, b) forall i=3,...,s,
Sfiig1 = (A, b7 forall i=2,...,s—1,
=(Ca L bY), St =(A,b7%), and
s;, ~

=S otherwise.

As in the previous case, suppose, by contradiction, that x7(w,) # 3. As before, this
means that Xlo(a)tl) # 3, whence, foreveryx =1, 2, ..., ¢, it follows that j(\fo(a)’;K) # 3,
and for every k =2, ..., t, it follows that X7 (e}~ "‘) 75 . Hence, arguing as in the
previous case, but using the entries of the sandwich matrix R instead of the respective
entries of the matrix Ry, on the basis of Claim 4.1, we come to the conclusion that,
for every « € {1,2,..., 1}, we have T\, ) € Kp.g — Lp,g, for every k € {2,..., 1},
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we have *7y(x, ) € Kpg — Ly, and, additionally, we have *7y(x)ux) € Kpg — Lp.g-
In the same manner as before, we further deduce that, for all ¥ € {2, ..., 1}, we
have w(x,_1) # u(x) and v(x,_1) # v(x.), and we also have u(x;) # u(x;) and
v(x,) #* v(xl) Consider next any kef{l,?2,. l} Notice that then the elements
Foooute'T U(W)M(W Foronte)” u(lw)u(x ) and v u(ww ) appear as the
third, fourth and fifth elements in the commutator which determines x7;(w{*). (The
values k + 1, ¥ + 2 and « + 3 occur again within the interval 1, 2, ..., ¢ and they are
computed modulo ¢, if necessary.) Consequently, according to Claim 4.1, none of
these three elements can occur in the subgroup L, ,, and hence, in particular, none
of them can be equal to J. Therefore, the element ‘7, . (x,) must be distinct from
each of the elements *7,(xc,, )u(x)> “To(xeiou(x) aNd *Fox.,)u(x,)- This entails that v(x,)
must differ from v(x,41), v(x,42) and also from v(x,,3). Now, going through the same
deliberations as above, but, this time, having the commutator determining x7;(w¥ +letl
in view instead of that determining X7 (w;*), we likewise deduce that v(x,i) must
differ from v(x,,2) and also from v(x,y3). (The values ¥ + 1, k +2, ¥ + 3, and
similar values appearing as indices in the elements occurring in the commutator
which determines on(wfﬂkﬂ) all belong to the interval 1,2, ..., ¢ again and they
are computed modulo ¢, if necessary.) Repeating this reasoning once again, but, this
time, with the commutator determining x7j(wf +2k42) ' we come to the conclusion that
also v(x,42) must differ from v(x,3). Thus, altogether, we see that v(x,), v(x,11),
v(xc42) and v(x,,3) must be pairwise different. Now notice that, in the column of the
sandwich matrix ﬁ;o indexed by 1, there is a single element 3, a single element (A, h~2),
and all remaining elements in this column are equal to (I, b~!). Therefore, if u(x,) = 1
for some « € {1,2,..., ¢}, then at least one of the elements *Fy(x,, )u(x)s “Fo(resn)nixe)
and *Fy(x,, 3)u(x,) Must be equal to (I, b~'). Consequently, the element *#,(y, )u(x,) Must
be distinct from (I, b '), since, as we have seen above, it must be distinct from each
of the elements *7, (v, )u(x)> To(xeutx) a0d Py, uex)- Turning next to the column

of the matrix F;O indexed by 2, in which column there is a single element 3, a single
element (>’A~!, b?), and all other elements are equal to (!A~!, ), analogous reasonings
show that if p(x,) = 2 for some « € {1, 2, ..., t}, then the element *#,(y,)u(x,) must be
distinct from (IA*1 , b). Consider further any « € {2, ..., t} and notice that the elements
Pt 0050 Foey sty Foie 00 Fosyuen A0 a1 Fos (s, @PPEAT as the
eighth, ninth and tenth elements in the commutator which determines x7j(w ~1%) (The
values k — 2, ¥k — 3 and x — 4 occur again within the interval 1, 2, ...,z and they are
computed modulo ¢, if necessary.) Since the fact that v(x, ), v(xc11), v(Xe12) and v(x,43)
must be pairwise different has been deduced above for arbitrary « € {1, 2, ..., ¢}, we
see that also v(x,_1), v(xc_2), v(x,_3) and v(x,_4) must be pairwise different, having
now our present ¥ € {2,...,t} in mind. Arguing further analogously as above, we
hence deduce that if u(x,) = 1 for some « € {2, ..., ¢}, then the element *#,x,_)u(x,)
must be distinct from (I, !), and if u(x,) =2 for some « € {2, ..., 1}, then the
element *#,(y, | )u(x,) Must be distinct from (!A~1, b). Finally, considering similarly the
elements occurring in the commutator which determines 5(\1”0(50;1), we likewise obtain
that if wu(x;) =1 then the element *7,(,.(x;) must be distinct from (Z, b~1), and if
w(x1) = 2 then the element *#,,),(x,) must be distinct from (!A~1, b). In this way, we
find that each of the elements *7,(y, )u(x,), for « € {1,2, ..., ¢}, each of the elements
P nue)s for k € {2,..., 1}, and also the element *7,(,,,(x,) must be equal either
to (I, b) or to (A, b~ 1), or possibly to (PA~!, b?) or to (A, h~2). Remember, in this
context, that we have seen above that, for all x € {2, ..., t}, we have v(x,_1) #Z v(x,),
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and we also have v(x;) # v(x;). Therefore, if for some « € {1,2,...,¢}, we had
SFooutn) = (AL b?), then u(x,) = 2 and we inevitably would have Py, )u) = 3
or “Foi ey = (A1 b) if k €{2,...,1}, and we would have *Fy,)un) =S or
ToGeuta) = (!A~1, b) if k = 1, which has been excluded above. Similarly, if for some
k€ {1,2,..., 1}, wehad *F,(x ) = (A, b72), then pu(x,) = 1 and we inevitably would
have “Fux, o) = S OF “Fo, pueo = (I, b71) if k € {2, ..., 1}, and we would have
SFuceouten) = 3 0T Py = (I, b71) if k = 1, which has also been excluded above.
Thus, for every « € {1,2, ..., t}, we necessarily must have either 7,y )u(x,) = (X, b) or
SFuoue) = (A, b71). Very similar arguments show that, for every k € {2,..., 1}, we
also must necessarily have either *Fy(x, () = (I, b) OF Foi, () = (A, b71). And
ﬁnally, for the same reasons, we may actually have only either '?‘,(X,)um) =(,b) or
r\,(k,m(m =(A,b 1) So that, in particular, we may have either * r\,(xl)ﬂ(xl) = (I, b) or
o) = (A, b I Ry yuen = I, b) then, similarly as in the previous case, we
hence further get that #y(xv)ue) = (4, 571, “Fuieun) = I, B), Fupauc) = (A, b71),

. . . =10 .
and so on. Looking now at the sandwich matrix R, , we see that, consequently, this
time we must have

ux) =¢e, px)=¢e+1, pxz) =e+2,..., u(x)=¢e+t—1, and
vix)=¢e, v(ix)=¢e+1, v(x3)=e+2,..., v(x)=¢e+1t—1,
forsomee e {3,...,s —t+ 1},

provided that s > ¢+ 2. Otherwise the above conditions are impossible to fulfill.
However, at the same time, for the same reasons as before, we further get that
SFoeoun) = (A, b7 and Py = (I, b), which means that we must also have
u(x;) =¢—1 and v(x;) = ¢ — 1. By the way, this enforces that ¢ > 4. But, above
all, this is incompatible with the previous findings about u(x;) and v(x;), leading thus
to a contradiction. Next we examine the possibility that *#,y,)ux) = (4, b~"). Then,
similarly as in the previous case again from the above notes we further deduce that
Foeenute) = U, b), “Fuuen) = (4, b~ ) veo(xs) = (I, b), and so on. Looking at the
sandwich matrix F;O once again, we see that, this time, we are led to the conclusion
that we must have

ux)=¢e+1, uxx)=¢, u(xz) =e—1,..., u(x)=e—1t+2, and
vix))=¢, v(x)=e—1,v(x3)=e—=2,..., v(x)=¢e—t+1,
forsomeee{t+1,...,5s—1},

provided that s > ¢ + 2. Otherwise the above conditions are again impossible to fulfill.
However, at the same time, from the above notes we further obtain that *7,)u(x) =
(I, b) and *Fy()ux) = (A4, b~1), which now means that we must also have u(x;) =
e+ 2 and v(x;) = ¢ + 1. Besides, this requires that ¢ < s — 2. But, first of all, this is
again incompatible with the preceding findings about u(x;) and v(x;), yielding thus
a contradiction as previously. This contradiction verifies that x7;(w;) = J holds, as
required.

III. Assume that k # 0, £ = 0.
Proceeding in exactly the same way as at the beginning of the previous case, that
is, rearranging the rows and the columns of the sandwich matrices R, and ka = ng

appropriately, we again find that it suffices to examine only the situation when k = 1 and
£ = 0, for instance. Then 7(z) = (1, 0), the sandwich matrix R?k = R?l is normalized
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3 3 3 R} 3 3 R} 3
Ib™N SC'Ap?) b7 (@,p7Y @b @b @b
I3 ILb) (AbH 3 3 3 3
RIS 3 I,b) (A7) 3 3 3
I3 3 3 I,b) (A, b7H 3 3
RIS 3 3 3 I, b) (A, b7 3

I3 3 3 3 3 (I,b) (A, b7
(IA 1 b) X (IA 1 b) (lA 1 b) (IA—I’ b) (IA—I’ b) (IA—I’ b) (IA—I’ b2)

Figure 3. The sandwich matrix F(;l.

at the pair (0, 1) and it is of the form ﬁm = (ry Sl ’rj)ijes,- Remember once again that,
for every x, y € X, the homomorphlsm Xoxs that is (with k£ = 1), the homomorphism
X{; assigns to the element Pxy the entry of the sandwich matrix R o occurring in the
position (v(x), u(y)). This is the reason why this sandwich matrix is dealt with. It is

again appropriate to inspect the entries of this matrix R?l. However, it is fairly easy
to realize that the form of this matrix is very much like that of the matrix ﬁso in
the previous case. Essentially, except for some insignificant details, only the roles of
the rows and the columns in these matrices are interchanged. For s = 7 the sandwich
matrix R R" is shown in Figure 3. Hence it is easy to understand how this matrix
looks for general values of the prime number s. Thus this case can be treated in
quite the same manner as the previous one. Working with the rows of the sandwich
matrix ﬁgl rather than with the columns, as opposed to the previous case, and taking
the form of the commutators determining the elements X7, (w!!), xm(a), ), Xy (@),

Ko@), X (@), %8 (w!f), and X7 (0!') = %7 (@) into account, in the same way
as before, we find that the assumption that ¥ (w;) # < again leads to a contradiction.
Thus X, (w;) = 3 holds, as required.

IV. Assume finally that k # 0, £ # 0.

Notice that in this case, one can also simplify the calculations by rearranging the rows
and the columns of the sandwich matrices R; and ﬁfk appropriately. Namely, similarly
as before, by rearranging those rows and columns of these matrices which are not
indexed by 0 simultaneously in such a way that the columns indexed by k, k+ 1, ..., s
are placed first in their respective order and only after that the columns indexed by
1,2,...,k—1 are placed according to their order, and subsequently also the rows
indexed by k, k+ 1, ..., s are placed first in their respective order and after that the
columns indexed by 1, 2, ..., k — 1 are placed according to their order, the matrix R
remains entirely unaltered, while the value of the index k changes into 1 and the value of
the index £ changes eitherinto £ —k + 1ifk < £orinto £ +s — k+ 1 if k > £, by this
modification. This reasoning reveals that it is enough to examine only the situation
when k& = 1. Nevertheless, we have still to distinguish several subcases according to
possible values of the index £.

V.i. Assumethatk =1andthat2 <¢ <s— 1.
Then 7(z) = (1, £), the sandwich matrix Ffl is normalized at the pair (¢, 1) and, as
Srop =S for2 < £ < s — 1, it is of the form FEI =(r 1_11 ri r[ll),,GJY Recall once more
from the first paragraph of this proof that, for every x, y € X, the homomorphism x7;
assigns to the element p,, the entry of the sandwich matrix R e occurring in the position
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S 303 3 3 S @by (alh) 3 3 S 3
@by 3 (lAbD @by (@Y @bY) @b (AT, 1) @b @b @by IbY
S 3 @b (AbYH) 3 S @by (alh 3 3 S 3
R T @y AprhH s @by (ah) 3 3 3 3

R} R} 3

24
5
2

N Zb) (AphH @p (alp N

I3 03 3 3 by (4,672 (a ') 3 3 3 3
I3 9 3 3 3 3 3 3 3 3 3
I3 3 3 3 3 s ;') (abhHy 3 3 3
I3 3 3 3 3 Ty (a'y @p AbrhH 3 3
I 3 3 3 3 3 @y (atp 3 {€b) (A,b7Y 3
I 3 3 3 3 3 @y (a Ly 3 3 by (A7

(AN b)) 3 (fa7Lb) (A7Lb) (A7Lb) (ATLb) (AL 1) (6D (ATLb) (fahb) (fAThb) (AT BY)
. . . =61
Figure 4. The sandwich matrix R?l ,where & =1A-1.24"1,

(v(x), n(y)). Thus, as before, it will be convenient to gain an overview of the entries of
this matrlx RK1 For short, let us write 7y = *r; 11 'r!/“‘r[jl, for all i, j € J;. Then we can
write R = (*Fj)ijes, and, for all x, y € X, we have X7} (Px)) = Fu(vuey)- For s = 11 and
£=6 the sandwich matrix ﬁfl is shown in Figure 4. For general values of the prime
number s, in view of the assumption that 2 < £ < s — 1, we have

Sf;=(,b7")  forj=0andforall j=3,....¢6—1,£+2,...,5,
Sfo=,b7")  fori=0andforalli=2,...,0—-2,04+1,...,5—1,
Fg=(A"1,b)  forj=0andforall j=2,....,0—1,¢+2,...,5—1,
Fiea1 = (A7, b) fori=0andforall i=2,...,—1,£+2,...,5s—1,
T =, b) forall i=2,...,4—1,¢+2,...,5s—1,
Fiig1 = (A, 07 forall i=2,...,6—2,¢+1,...,5s—1
Fro=(T'A B2, Fro=,b7), Fre = (AT 1),
Foore = (A, 072, Fepren = (AT, ),
Foo = (A7 1), Foep =(a712471 B2, SF, = (a7, b%),  and

=3 otherwise.

As in the preceding cases, we again proceed by contradiction. Thus suppose that
%7 (w;) # 3. This means that X}, (w!') # 3, which entails that X7, (o) # 3, for all
k=1,2,..., ¢t and that X} (o}~ ey £ 3, for allx =2,...,t. Thus, arguing asin case I,
but using the entries of the sandwich matrix R 1nstead of the respective entries of
the matrix R,, we again arrive at the conclusmn based on Claim 4.1 saying that, for
every k € {1,2,...,t}, we have *7,( )ux) € Kp.g — Lp,q, for every « € {2,..., 1}, we
have *Fy(x, _uex) € Kp.q — Lp.g» and we also have °7\)u(x) € Kpg — Lp 4. In the same
manner as in case I, we next deduce that, for all ¥ € {2,...,}, we have u(x,_1) #
u(x,) and v(x,_1) # v(x,), and we also have u(x;) # u(x;) and v(x;) # v(x;). Our
further thoughts will be akin to those encountered in case II. Consider any « €
{1,2,...,1t}. Notice that then the elements o) (YK)S";(IM]mm),S?V(YK)H(xk)s_;(lmz)u(m,

- -1
T Fouy (e T0s0m 0 Tt oo 404 Foe ) T Weges ) APPear as the third
up to the seventh elements in the commutator which determines ¥ el(a)"") (The values
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k+1, k42, k+3, k+4and « + 5 occur again within the interval 1,2, ..., ¢ and
they are computed modulo ¢, if necessary.) Consequently, in view of Claim 4.1, none
of these five elements can occur in the subgroup L, ,, and hence, in particular, none of
them can be equal to J. Therefore, the element * rv(mu(m must be distinct from each
of the elements 7oy, )utv)> Totrenntrr Tosesutes Totorants) A0 Togr su(x)- This
entails that v(x, ) must differ from each of v(x,11), V(xc12), V(X t3), V(X 14) and v(x,15).
Now, repeating the same deliberations as above, but having consecutively in view
the commutators determining X7, (™1 “*1), 7 (0 T24F2), X7 (0 F34F3), X7 (w0l H4e+4)
and X7 (of +5k+3) instead of the one determmmg X7 (@), 51m11ar1y as in case I1, we
eventually come to the conclusion that v(x,), v(xci1), V(Xe12), V(Xe13), V(Xerq) and
V(X,+5) must be pairwise different. (The valuesk + 1, k +2, k + 3, k + 4, « + 5, and
similar values appearing as indices in the elements occurring in the commutators just
mentioned all belong to the interval 1,2,...,¢ and they are computed modulo ¢,
as before, if necessary.) Next consider any « € {1,2, ..., t} once again and return
once more to the above deliberations concerning the commutator which determines

X7 (@), but this time, having the elements 7y, ),(x,)’ rv(wu(w 1), o)’ rv(mﬂm Y

37"(»\%)#(%) u(x,();l.(x,(,3)’ rV(XK)M(XK) rv(x,()u(x,(,o and * V(-\'x)ll(xx) ru(x,(),u.(x,(,g) in VICW, which
appear as the eighth up to the twelfth elements in this commutator. (The values
k—1,k—2,k—3, k—4 and ¥ — 5 occur again within the interval 1,2,..., ¢ and
they are computed modulo ¢, if necessary.) In view of Claim 4.1 again, none of these
five elements can be equal to J. Therefore, the element ‘Y7v(xk)um) must be distinct from
each of the elements 7 (s, (v, 1)> Toevntu s Totsoutn ) Toerutues) A To e s):
Pursuing farther these reasonings in quite the same way as above, and repeating
them subsequently, but, this time, with the commutators determining consecutively
Xel(wK li— 1) Xel(wt 2;(—2) Xu(a) K—3) Xu(wt 4/(—4) and Xel(wK Sk— 5) in place of
the one determining x7 (w;*), we eventually come to the conclusion that also u(x,),
w(xe—1), (Xe—2), (X —3), (x,—4) and u(x,_s) must be pairwise different. (Once again,
as before, the values k — 1, k — 2, k¥ — 3, k — 4, ¥ — 5, and similar values appearing
as indices in the elements occurring in the commutators just mentioned all belong to
the interval 1, 2, ..., t and they are computed modulo ¢, if necessary.) Now observe

that, in the column of the sandwich matrix ﬁfl indexed by ¢, there is a single element 3,
a single element (!A~!, 1), a single element (I, b~?), a single element (A, 5~2), and all
remaining elements in this column are equal to (I, b~"). Therefore, if u(x,) = £ for
some « € {1,2,...,1}, then at least one of the five elements *7, (v, )u(x)> To(xeia)xe)s
va(xwz)/l(xx)’ ‘Yf'v(xxﬂ)u(xk) and Wv(st),u_(x,() must be equal to (X, bil). Consequently, the
element *7,(x,)u(x,) Mmust be distinct from (Z, b~1), since, as we have seen above, it
must be distinct from each of the five elements just named. Quite similarly, in the

column of the matrix Ffl indexed by £ + 1, there is a single element 3, a single element
(A7, 1), a single element 2A~', b?), a single element ('A~"-2A~!, 5?), and all other
elements in this column are equal to (!A~", b). Thus, analogous arguments as above
reveal that if u(x,) =+£+ 1 for some « € {1,2,..., ¢}, then the element *F,, )u(x,)

must be distinct from (‘A1 b). Next turn to the rows of the sandwich matrix R. .
Notice that, in the row of this matrix indexed by 1, there is a single element <,
a single element (A~!, 1), a single element (I, 5=2), a single element (~'A, 572),
and all other elements in this row are equal to (I, b~"). Therefore, if v(x,) =1 for
some « € {1,2,..., 1}, then at least one of the five elements *7, (. )u(x._1)> To(x)u(res)s
e (res)s Toloou(ees) AN o u(x._s) must be equal to (I, b~'). Consequently, the
element 57,y )(x,) must be distinct from (Z, b~1), since, as we have also seen above, it
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must be distinct from each of the five elements just named. Likewise, in the row of
the matrix ﬁfl indexed by s, there is a single element 3, a single element ('fA~!, 1),
a single element (!A~!, b?), a single element (!A~!.2A~! p?), and all other elements
in this row are equal to (!A~!, b). Thus, analogous arguments as above show that
if v(x,) = s for some « € {1,2,..., ¢}, then the element °7,, () must be distinct
from ('A~!, b). We proceed further by considering any « € {2, ..., t}, by observing
that the elements Tyt Fox, ) Tote e Tory o Tt Ty e

“‘7\,(&71)M(XK)A‘?;(IXH)M(XK) together with the element *7,x,_)u(x)’T appear as the

V(Xie—6)p(xic)
eighth up to the twelfth elements in the commutator which determines x7;(wf )
and by noting similarly that also the other elements S7v(xm)u(xk)sfu_(}w,])ﬂ(xw)’
Tt 50 Fotr, ey T s Fotr, oty oo Fotr, .y @04 the
element “7u(x, o) oy, ypux.,s) @PPEAT as the third up to the seventh elements in the
mentioned commutator. Since the facts that v(x,), v(xci1), V(Xei2), V(Xea3), V(Xetq)
and v(x,ys) must be pairwise different and that w(x,), w(xe—1), w(xe—2), w(xe_3),
u(x—4) and p(x,_s) must be pairwise different have been deduced above for arbitrary
k €{l,2,...,t},weseethatalso v(x,_1), v(xc—2), V(Xc—3), V(X —4), V(Xc—5) and v(x,_¢)
must be pairwise different and that w(x,), u(xer1), w(xer2), w(xes3), u(xe+q) and
u(x,+s5) must be pairwise different, having now our present « € {2, ..., ¢t} in mind.
Arguing further entirely analogously as before, we hence deduce that if u(x,) = £ for
some « € {2,...,t}, then the element *7,y_)u(x,) must be distinct from (Z, b7h, if
w(xe) =€+ 1 for some k € {2, ..., 1}, then the element *7,(,_,)u(x,) must be distinct
from (A~1, b), if v(x,—1) = 1 for some k € {2, ..., 1}, then the element Ty, ,)u(x,)
must be distinct from (7, »"), and if v(x,_;) = s for some « € {2, ..., t}, then the
element “7y(y,_)u(x) mMust be distinct from (A", ). Finally, considering similarly
the elements occurring in the commutator which determines S(\fl(a)gl), we likewise
obtain that if 4(x;) = ¢ then the element 7y, (x,) must be distinct from (Z, b~1), if
pu(x1) = € + 1 then the element 7, (y,)u(x,) must be distinct from ('A~1, b), if v(x,) = 1
then the element °7,(\,)u(x,) must be distinct from (Z, b, and if v(x,) = s then the
element *7y(y,)u(x,) must be distinct from ('A~!, b). We complete these remarks by
noting that (A~!, 1), (!A~!, 1) € L, ,, so that, according to Claim 4.1 again, none of
the elements *7,(y, u(x,), for any & € {1,2, ..., t}, and none of the elements *7,(.,_,)u(x.)»
for any « € {2, ..., }, can be equal either to (A~', 1) or to (!]A~!, 1). Likewise the
element 7, (x,)u(x,) can be equal neither to (A~!, 1) nor to (!A~!, 1). But there are still
two collections of elements in the sandwich matrix Rfl which come into consideration
as possible values of the elements just mentioned. Namely, they are the elements

T = (T1A,b72), T = (I, b), *Fa3 = (A, b7Y), *Fa3 = (I, b),
\734 = (A5 b71)7 cee S?K—2 —1 = (Aa b71)5
Fe10-1 = (I, B), Fo_1¢=(A,b7), *Fre = (I,b7%),

and the elements
Feprerr = CATL DY), Feprenn = (A, b7Y), Frin g0 = (I, B), Fin 03 = (A, b7,

Fepzepz =W, D), ..., Te_1-1 =, D),
oot = (A, b7, Fo = (AT 07), R = (a7 AT b,
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Thus assume, for instance, that (v(x1), u(x;)) is the pair of indices of an element lying
in the first of the above two collections of elements. Then we may have either v(x;) = ¢,
u(xy) =¢ for some ¢ € {2,...,€—1}, or v(x;) =1, u(x;)=4¢, or else v(x;) =¢,
u(x1)) =¢e+1 for some ¢ € {1,2,...,¢ — 1}. In accordance with this differentiation,
we will further distinguish three possibilities. Thus, coming out of the remarks on
the diversity of the values u(x,) and v(x,), for distinct ¥ € {1, 2, ..., t}, which have
appeared earlier in the treatment of the present subcase, and arguing in a similar way
to case I, we find that, in the situation when the first of the three possibilities just
mentioned occurs, we necessarily must have

wx)=¢, ux)=¢e+1, u(x3)=e+2,... and
v(x;))=¢, v(x)=¢e+1, v(x3)=e+2,... forsomeee{2,...,¢—1},

and, at the same time, we also inevitably must have

wx)=e—1, u(x,.1)=¢-—2,... and

vix)=¢e—1, v(x;.))=¢e—2,....

(The values involving & are computed modulo £ — 1 this time and, for the mappings
w and v, they occur within the intervals 2,...,¢ and 1,...,£ — 1, respectively.)
Then, if £ — 1 > ¢, the above two sequences whose length is ¢ are shorter then £ — 1,
which is obviously impossible. Therefore we must have ¢ — 1 < ¢. (Then, in fact, £ — 1
divides #, so that £ — 1 = ¢.) In this situation, however, there is A € {2, ..., t} such that
u(x;) = ¢ and v(x,) = 1. Furthermore, then u(x;_;)=¢—1 and v(x;_1)=4¢— 1.
Thus we get that Ty, | )uey) = (4, 572) and *Fux,_ ) = (I, b). Hence we obtain
that 7o, uee) Toe_ .y = (4s 1), which element belongs to the subgroup L, ;. But
this element occurs as the last element but one in the commutator which determines
X7 (w?1%). Consequently, by Claim 4.1, we have X7, (w}~'*) = 3, whence we get that
X7i(w,) = 3. But this is a contradiction. The situation when the second of the three
possibilities mentioned above occurs, that is, when v(x;) = 1 and u(x;) = £ holds can
be treated in quite the same manner as the previous one. Namely, it suffices to take e = ¢
in the previous situation. The only difference is that, in the concluding deliberations,
we now have A = 1. Then u(x;) = £, v(x;) = 1 and u(x,) =€ — 1, v(x;) = £ — 1. Thus,
similarly as above, we get that *Fy(y,)u(x) = (4, b~2) and *Fyx,)ux,) = (I, b), whence we

obtain that *7, ), )°T f(xlm(xl) = (A4, 1). This element belongs to the subgroup L, , and

it occurs as the last element but one in the commutator which determines X7, (w!!), that
is, X/} (w,). By Claim 4.1, this yields that X7 (w,) = 3. This is again a contradiction. In
the situation when the last of the three possibilities mentioned above occurs, arguing
as above, we find that, this time, we necessarily must have

uxy)=¢e+1, plx2) =¢, p(x3) =e—1,... and
vix))=¢, v(xp)=¢e—1, v(x3) =¢—2,... forsomeee{l,2,...,¢—1},

and, at the same time, we also inevitably must have

wix)=¢+2, w(x,~1)=¢+3,... and
vix)=¢e+1, vix_)=¢e+2,....

(As before, in this situation again, the values involving & are computed modulo
¢ —1 and, for the mappings u and v, they occur within the intervals 2, ..., £ and
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I 3 @bhH (aLp 3 3 Ri 3
b IC'A b7 (a7 1) @Y (@b b b7
I 3 ILhY CATLP) (AT S 3 3
I3 @bhYH (aLb) b)) (ALY 3 3
I 3 @hhH (aLp 3 (Ib) (ALY 3
I 3 @bhYH (aLp S R I,b) (A,b7YH
(a1 p) S (a7l 1) (B, (a7l b) (a7t ) (AL b) (a7 B

Figure 5. The sandwich matrix R , where & = 'a~1.2A-1.

1,...,¢—1, respectively.) As above, it turns out that the inequality ¢ — 1 > ¢ is
impossible, so that we again have £ — 1 < 7(infact, £ — 1 divides 7, and hence £ — 1 = 7).
This time, however, there is A € {1, 2, ..., ¢} such that u(x; ;) = ¢ and v(x;) = 1. (If
A =t then A + 1 is interpreted as 1.) Furthermore, then u(x;) = 2 and v(x;,_;) = 2.
(If » = 1 then A — 1 is interpreted as 7.) Thus we get that *F,(y, )u(x,) = (7'4, b72) and
Tutw, ot = (I, b), whence we obtain that 7, yuee) oy, yue) = (4, 1). But this
element belongs to the subgroup L, , and, at the same time, this element also occurs as
the last element but one in the commutator which determines x7;(w*). Consequently,
by Claim 4.1, we have X};(w}*) = 3, whence we again get that x7j(w;) = 3. This is
again a contradiction, as before. The treatment of the present subcase is essentially
completed by these conclusions, since the situation when (v(x), u(x;)) is the pair of

indices of an element lying in the second of the two collections of elements of the

matrix Ffl displayed previously in this discussion can be settled quite analogously.
Thus altogether we may conclude that ¥} (w;) = J holds, as required.

IV.ii. Assume that k = 1 and ¢ = 2. .
Then n(z) = (1, 2), the sandwich matrix R, is normalized at the pair (2, 1), and
ry1 = 3. Notice that, consequently, the entry of the sandwich matrix ﬁ?l occuring in
the position (1, 2) is

s= s, —ls, s —1_ 1 -3
Fa2="Ty T127Fy —( A,b )

With this exception, the description of the sandwich matrix Ffl does not differ from
the description of the matrix Ffl given in the previous subcase where, this time, one
takes ¢ = 2, of course. It actually means that the first of the two collections of elements
of the matrix ﬁfl displayed in the above text, where the previous subcase is treated,
now collapses to the single element (~'A, 5~3) shown above. The rest of the matrix ﬁfl
remains essentially unchanged if one takes ¢ = 2. For s = 7 the sandwich matrix Rfl is
shown in Figure 5. Hence it should be clear how this matrix looks for general values of
the prime number s. The treatment of this subcase proceeds, as before, by showing that
the assumption that x7,(w,) # 3 leads to a contradiction. The discussion confirming
this fact can be performed in the same fashion as in the previous subcase. However,
at the point where the two collections of elements of the matrix ﬁfl are displayed in
the previous discussion, the first of which now reduces to the single element (~!A, b~%)
owing to the fact that £ = 2, the arguments can be partly simplified by showing that, for
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I 3 9 3 3 3 I, 67" (A=, b)
ILbh™Y IC'A b)WY ILh™Y) (I,b7Y) (I,b7%) (A71 1)
I 3 ILh) (AbH 3 3 I, 67" (A=, b)
I3 3 (I,b)y (Ab7H 3 I, b (a7, b)
I 3 3 3 I,b) (A" (I,b7") (A1, b)
R TN R R (I,b) (A,b72) ('Aa71,b)

(A~ b)) S (a7 b) (a7 b) (A7 ) (AL b) (A7 1) (O, 0%

Figure 6. The sandwich matrix 5 , where @ = 1A=1.3A"1.

any k € {1,2, ..., 1}, the element *7,(y,)u(x,) cannot be equal to (!4, b=3), for any « €
{2,...,t}, the element *F,(,,_,)u(,) cannot be equal to (7'A, b7%), and also the element
SFueu(a) cannot be equal to (7'A, 7). For instance, if for some « € {1,2,..., 1},
we had 7y ) = (14, b7%), then p(x,) =2, and if « € {2,..., 1}, we inevitably
would have either Wv(x,(,])u(xk) =Jor S?V(xk—l)ﬂ-(xk) = (lAil, 1) or S?v(xk,l)u(x,() = (I, bil),
since v(x,—1) # v(xc), and if ¥ = 1, we would have either *7, vy (x1) = S OF *Ty () yu(x) =
(!A~1, 1) or Fugpucn) = (I, b~ 1), since v(x;) # v(x1), These possibilities, however, have
already been excluded in the preceding discussion. Similar reasonings verify also the
other assertions stated above. Consequently, in our present discussion, we have to deal
only with the second of the two collections of elements of the matrix Rfl which are
displayed in the text examining the previous subcase. And this second collection of
elements looks the same even when ¢ = 2. Hence the discussion can be completed in
the same manner as previously, verifying thus that X7 (w,) = J holds, as required.
IViii. Assume thatk =l and £ = s — 1.

Then 7(z) = (1, s — 1), the sandwich matrix F‘:_l "is normalized at the pair (s — 1, 1),
and *r,_;; = 3. This time, notice that, as a consequence, the entry of the sandwich
matrix F;_l ! occuring in the position (s, s) is

S= s.—ls,. s.—1 1A—1 3,4-1 ;3
Fos =1y T’V 1, = (AT PAT D).

. . . . . L=l .
With this exception, the description of the sandwich matrix R f again does not differ

from the description of the matrix ﬁfl given in subcase I'V.i where, this time, one takes
¢ = s — 1, of course. This time, it actually means that the second of the two collections

of elements of the matrix Ffl displayed in the preceding text, where subcase IV.i is
treated, now collapses to the single element (!A~!.3A~! %) shown above. The rest of
the matrix ﬁfl remains again essentially unchanged if one takes £ =s— 1. For s =7
the sandwich matrix R, ~"!is shown in Figure 6. Hence it is obvious how this matrix
looks for general values of the prime number s. Just as before, this subcase is again
settled by showing that the assumption that x7 ,,(w,) # 3 leads to a contradiction.
The discussion leading to this conclusion can again be done in the same manner as in
subcase I'V.i. Similarly as in the previous subcase, however, the reasonings can be partly
simplified by showing that, this time, for any « € {1, 2, ..., t}, the element 7,y ),(x,)
cannot be equal to (!A~!-3A71, %), for any « € {2,..., 1}, the element Ty, ,)ux,)
cannot be equal to ('A~!.3A~1 p?%), and also the element *F,y,)u(x,) cannot be equal
to ('A".3A~1, b%). The arguments confirming these assertions are quite the same as
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I,6) 3(A7N b (I Db) (I, D) (I, b) (I, b) I, b)

(I,b) ICA"L 0 (A, 1) b)) b)) b)) (b
I,b) (AL, (b)) (A1)  AI,b) A,b) (Db
({I,b) (A", p? @b I, DY) (A1) D) I, b)
(T bv I0a"L,p») @b @b @) (A1) D)
(I,b) (AN p* @b Ab) b I (A1)
(1A_1, bz) X (37 b3) (1A_1, bZ) (1A_1, b2) (IA—I’ bZ) (IA—I’ bZ) (IA—l’ bS)

Figure 7. The sandwich matrix Ry , where & = !A~!.24"1,

in the previous subcase. With this amendment, the entire discussion can be performed
in the same way as in subcase I'V.i. But, this time, only the first of the two collections

of elements of the matrix Ffl which are displayed in the text where subcase IV.i is
examined has to be taken into consideration. The fact that we now have £ = s — 1
does not affect this collection of elements. Consequently, we can again conclude that
X7 1 1(w;) = J holds, as required.

IViv. Assume that k = 1 and £ = 1. .

Then 7(z) = (1, 1), the sandwich matrix R is normalized at the pair (1, 1), and
Sr11 = (X, b). The sandwich matrix R:l is of the form R:l =(ry! A‘r,'frl_/l SF11)ijes, - For
o en _ _ . —l1 .
short, let us write °7;; = ‘le.ll Sr,-jsrljl *r11. Then we can write R, = (°%;;); jes,. Remember
once again that, for every x, y € X, the homomorphism x7; assigns to the element p,,

Jpg .. .\ .
the entry of the matrix R, occurring in the position (v(x), u(»)). That is, for all
x,y € X, we have X7, (Px) = *Tueu)- Thus, as before, it will be appropriate to gain an

. . =1l . =l
overview of the entries of the matrix R, . For s = 7 the sandwich matrix R, is shown
in Figure 7. For general values of the prime number s, we have

Sfo=(A71, b fori=0andforall i=3,...,5s—1,
Sfg = (A1, b)) forj=0andforall j=3,...,5—1,
Sfi=(I,b%)  forall i=3,...,5—1,

Tiiv1 =(A, 1) forall i=2,...,5s -1,
= CATLDY), T = (AT 2ATH B, R = (A7),
7, =3  whenever i=1orj=1, and
Fii =, b) otherwise.

As in the preceding cases, suppose, by contradiction, that X7 (w;) # 3. Then the same

arguments as in case I based on Claim 4.1 and applied to the homomorphism ¥, and

to the entries of the sandwich matrix R:l show that, forevery x € {1, 2, ..., t}, we have
oot € Kpg — Lpg,foreveryk € {2, ..., t}, wehave 'Fy(x,_yux) € Kp.g — Lpg,and
we also have 7, u(x,) € Kp,q — Ly, Consequently, none of these elements can be equal
either to I or to (A, 1). Next, developing the same arguments as in subcase 1V.i, based
again on Claim 4.1, we further establish that if u(x,) = 2 for some « € {1,2,...,1},
then the element 57y, )(x,) must be distinct from (!A~1, b?), if v(x,) = s for some k €
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@QaprhH 3 @ (Aa,p7h (4a,p7hH (4,67h (A,p7h ('a,p72)
('Ap72) 3 (ClA-2A073) (A (AT (At (TlaeTh) (PAETY)
Aa,p 3 (A1) (A-7laph (Abph (A,67h (A,p7h ('a,p72)
@Qaph 3 @aprh (A1) (A-7'ap2) (AT (A,p7h ('a,p7?)
Qaph 3 @arh (Aa,p7h (a,1)  @-7ap  (Abh ('a,p7?)
Aabp™hy 3 (Aaph (A,b7h (A,b7Y (A1) (A-7AbY) (AT
@QaphH s @aprh (a,p7h (4,p7h A,p7h (a1 (Aa-72A073)

J I 3 3 3 I 3 J

Figure 8. The sandwich matrix R} .

{1,2,..., 1}, then the element *Fy(y,)(x,) must be distinct from (!A~1, b?), if pu(x,) =
for some i € {2, ..., t}, then the element *7,(x, ,)u(x,) Must be distinct from ('A~1, 5?), 1f
v(x,—1) = sforsomek € {2, ..., t}, then the element *7, (., ,).(x,) Must be distinct from
(1A= b, if u(x)) = 2 then the element *Fyy,),(x,) Must be distinct from (!fA~1, 4?),
and if v(x,) = s then the element *7,x,),(x,) must be distinct from (!A~1, ). Moreover,
virtually the same arguments reveal that if u(x,) = 0 or if u(x,) € {3, ..., s} for some
k€ ({1,2,...,1}, then the element *F,, () must be distinct from (I, b), and also
the element ‘7, _,)u(x,) Mmust then be distinct from (Z, b) provided that « # 1, and if
w(x1) =0 or if u(xy) € {3, ..., s}, then the element *7,(y,).(r,) must be distinct from
(I, b). Having this clarified, we further see that the same argument as the one used in
subcase IV.ii shows that if u(x,) € {3,...,5s — 1} for some « € {1, 2, ..., t}, then the
element *Fy(y, )u(x,) Must be distinct from (Z, b%), and also the element 7, (v, )u(x,) Must
then be distinct from (I, %) provided that k # 1, and if u(x;) € {3, ..., s — 1}, then the
element *Fy(x,).(x,) must be distinct from (Z, %). Quite the same argument (dealing with
the elements of the column of the matrix Rl indexed by s) reveals that if u(x,) ==
for some k € {1,2,..., 1}, then the element *Fy(y, )u(x,) Must be distinct from ('A~1, %),
and also the clement * Fu(x,_u(x,) Must then be distinet from ('A~", b%) provided that
« # 1,and if u(x;) = s, then the element *F,(y,),(x,) must be distinct from (!fA~!, 5%). An
analogous argument (dealing with the elements of the row of the matrix Rbl,l indexed
by 2) verifies that also the element (2A~!, 5%) is likewise unusable. The only element
of the matrix Ril which has remained, namely (!A~!.2A~1, %), is therefore equally
unusable as a possible value of any of the elements 7y u(c,), for « € {1,2,...,1},
Tt x> for e € {2, ..., t}, and *Fy(x,)u(x,)- This documents the impossibility to reach
the inequality X7 (w;) # 3, yielding thus the desired contradiction. Hence it turns out
that X7, (w;) = 3 holds again, as required.

IV.v. Assume thatk = 1 and ¢ = .
Then 7(z) = (1, s), the sandwich matrix Rf " is normalized at the pair (s, 1), and *ry; =
(A, b~Y). This sandwich matrix is of the form RS1 = ("1 1_11 Sr,frs_ll *rs1)ijes,- For the
same reasons as before, it will again be adequate to inspect the entries of the sandwich
matrix R . For s = 7 this sandwich matrix is shown in Figure 8, whence it is fairly
easy to deduce its form for general Values of the prime number s. Despite the fact
that the individual entries of the matrix R " look different from those of the matrix
R appearing in the previous subcase the overall structure of the matrix R is very
much like that of the matrix R . Therefore this last subcase can be treated using
arguments that are quite analogous to those applied in the previous subcase. In this
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manner, one checks once again that, this time, the assumption that X7} (w,) # 3 leads
to a contradiction. Thus the equality X7} (w,) = 3 holds, as required.

Remember, in conclusion, that from Theorem 1.1 and Theorem 5.1 the following
consequence follows immediately.

COROLLARY 5.5. For arbitrary prime numbers p, q such that p # q, there exist 2™
varieties of completely simple semigroups occurring in the interval between the variety RB
of all rectangular bands and the variety CS(A, o A,) of all completely simple semigroups
whose maximal subgroups belong to A, o A,. O
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