ON THE GAUSS-GREEN THEOREM
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1. Introduction

In a previous paper [1], Green’s theorem for line integrals in the plane
was proved, for Riemann integration, assuming the integrability of Q,—P,,
where P(z, y) and Q(x, y) are the functions involved, but nof the integra-
bility of the individual partial derivatives ¢, and P,. In the present paper,
this result is extended to a proof of the Gauss-Green theorem for p-space
(p = 2), for Lebesgue integration, under analogous hypotheses. The
theorem is proved in the form

(1) |, dive@)dp, @) = [,_g@) - v(z)dd()
where @ is a bounded open set in R? (p-space), with boundary 082;
g@) = (g(xy), - -+, g(x,)) is a p-vector valued function of x = (z,, - -+, ,),
continuous in the closure of Q;
. » 0gi(x) .
div g(z) —igl o

#,(x) is p-dimensional Lebesgue measure; »(x) = (»(z), - -+, »,(x)) and
@(x) are suitably defined unit exterior normal and surface area on the
‘surface’ 082; and g(x) - v(x) denotes inner product of p-vectors.

In analogy with the plane case, div g(z) is assumed finite, except on
a suitably restricted ‘exceptional set’, and Lebesgue integrable on  —
but the individual partial derivatives 9g,(x)/ox; need not be integrable;
and 92 is assumed to have finite Hausdorff (p—1)-measure, and to satisfy
a weak continuity condition. The hypothesis on Hausdorff measure, which
is analogous to the requirement in [1] that the plane curve is rectifiable,
is equivalent to a hypothesis on covering 92 by cubes, analogous to Potts’
Lemma [2] on covering a rectifiable plane curve by squares.

Other authors have assumed that the individual partial derivatives
are integrable. Notably, Federer [3], [4], [56] proves the theorem, for
suitable scalar f(z), in the form
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and Michael [6] proves (2) with a multiplicity factor inserted. Both assume,
however, that df/ox, is integrable over L.

The proof of (1) depends, not on the detailed definitions of »(z) and
@ (x), but on the following properties assumed for those functions:

(I) »(z) is a Borel-measurable function of z, which reduces to the
geometric exterior normal to 2 whenever 02 is differentiable at x; »(x) = 0
by convention wherever a normal is undefined.

(IT) If »(z) and »*(x) denote the unit exterior normals to 2 and its
complement at the point z € 92, then »*(x) = —»(x).

(III) &(S) is a Carathéodory outer measure ([7] § 235) for subsets S
of 0Q2, which equals geometric (p—1)-dimensional area in the neighbourhood
of any point where the surface 02 is differentiable. [®(x) denotes @(S) for
S={y:y;<x,i=12,--p}]

(IV) If 22 denotes the entire boundary of any bounded open set £,
for which @(02) < oo, then

(3) [,pve(@)dd@) = o G=1,2-"-p)

Federer ([3] and [4]) defines a normal »(x), which restricts £ merely
to be a bounded open set, and shows that this »(x), together with @(S)
defined as Hausdorff (p—1)-measure on 92, satisfy (I), (II), (ILT), and (2).
It C is any constant vector, then

f C-v(x)dd(x) = 2 C;| vi(x)dd(x)
i=1

(4)

=0 from (2),

so that (IV) also holds. It is not obvious whether any other extensions of

normal and area exist, satisfying (I) to (IV), but if they do, then Theorems

1, 2, 3 of this paper remain valid for them.

2. Boundary surface

If C is a rectifiable plane curve, of length L, then Lemma 2 of Potts [2]
states that there is a covering M, of L by at mcst 4(L/6)-+4 closed squares,
each of side 4, with disjoint interiors and sides parallel to the axes. Hence,
if K = 8L, a constant depending only on C, M, consists of at most K/d
squares of side 4, whose total area Ké — 0 as 6 — 0, and whose total peri-
meter is less than 4K, a bound independent of 4. This fact suggests the
following generalization to R?. Let ‘cube’ denote ‘p-dimensional hypercube
with edges parallel to the axes’. A ‘surface’ E ((p—1)-dimensional manifold)
in R? will be said to satisfy the ‘Potts condition’ if, for a sequence of values
of 6 | 0, E can be covered by a finite collection M of closed cubes 4, with
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disjoint interiors, such that the edge 3; of A, is less than 4, for each 4, and
Y6771 < K, a constant independent of §. Denote by M} the union of the
cubes of M,. It follows that the total p-dimensional volume of M} is less
than K§, so — 0 with J, and the total (p—1)-dimensional surface area of
the cubes of M is less than 2pK, for all 6. The ‘Potts condition’ is further
characterized by the following two Lemmas.

LEMMA 1. The boundary E of a bounded open set in R® satisfies the Potts
condition if and only if its Hausdorff (p—1)-measure, ®(E), is finite.

Proor. Hausdorff measure is defined [5] as

O(E) = 277, lim [inf {z (diam B;)?1:
r—>0+ j=1
(5) ' o
ECU B;;diam B, <7, = 12}]
i=1
where «,_; = volume of (p—1)-dimensional unit sphere. Let E satisfy the
Potts condition. For any » > 0, there is a covering M, of E by cubes 4,

of edge < 4, and therefore of diameter << §p% <C 7, by choice of 4, such that
3 (diam 4,)71 = (pt)r2 3 827 < K(phyrt,

a constant independent of 7, consequently, from (5), ®(E) < oo.
The converse is Theorem 4.1 of Michael [8], noting that E is compact.

LEMMA 2. Let C be a plane closed Jordan curve. Then C satisfies the
Potts condition if and only if C s rectifiable.

Proor. If C is rectifiable, then C satisfies the Potts condition, by Potts’
Lemma. Conversely, let C satisfy the Potts condition. Then C is bounded.
Choose any » distinct points Py, P, - -+, P,_; on C, taken in order around
C; denote P, = P,. Cover each P; by a square K;, whose edge < 1/n.
Let C, denote that part of the arc P,_, P, which lies outside Int (K,_; U K,).
Since the C, are disjoint compact, there is a Potts covering M of C, such that
each C, is covered by a union M, of squares of M, and the M, are disjoint.
There are points Q;_; e K, ; n @M, and Q; € K; n @M, where M ; denotes
the boundary of M,. There is an arc, of length b, say, joining Q;_, to Q7
consisting of parts of edges of squares of M,. Then, if 4 denotes distance,
and K is the constant of the Potts hypothesis,

éd(Pi‘l’ P) = gﬂl{d(Pz‘—l: Q.)+b,4+4(Q7, P,)}

V2 ks _._”;/2 — 94/2 +4K,
w

a bound independent of the P;. So C is rectifiable.

=n-
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3. Admissible domains

Let 2 be a bounded open subset of R?, whose boundary 02 is a
countable union of disjoint continuous images E, of S?71, the (p—1)-
dimensional unit sphere. Let V = U V,, where the V, are countably many
disjoint copies of S?~! in R?. Now E, = f,(V,), where each f, is continuous,
so that 02 = f(V'), where f|V, = f,, and { is continuous. (The set V may be
taken instead as a countable union of disjoint closed intervals in R.)

If 0Q is topologised as a subspace of R?, then the sets

A=0Rn{w: 2, <a} and B=02n{&:z,> o}

are open in 02, so their inverse images f~*A4 and f~* B are open in ¥, and
therefore consist of at most countably many disjoint arcwise-connected
components. Consequently, if K is any open cube in R?, 02 n K consists
of at most countably many components.

Let L;(x) = 02 n {x : x; < «}. Since @ is monotone, ¥, («,) = P(L,(x,))
is a nondecreasing function of «;, so there is a countable dense set D, of
«, on which ¥, is continuous. Likewise, for each «, € D,,

ooy, 2p) = ¢(L1(°‘1) n Lz(“z))

is a nondecreasing function of «,, so there is a countable dense set D, of
o, such that ¥, is continuous for «, € D, «, € D,; and so on. The planes
x,=o;€D; (1 =1,2,--, p) will be called admissible planes. Since they
form a dense family, the cubes used in Potts coverings can be replaced by
cuboids bounded by admissible planes, with arbitrarily little change in the
bounds previously obtained; this will be assumed henceforth. If W is any
open cuboid bounded by admissible planes, then any component of W n 02
will be called an admisstble domain in 0Q.

LEMMA 3. If A, (¢=1, 2, - - ") are disjoint admissible domains in 00,
then
(i) B(4,) = D(A,), where A, = closure of A, in 02;
(il) P(A,+A4,) = D(4,)+DP(4,), where A+ A, now denotes the inte-

rior of Ay U A,; denote also A;+Ag+ -+ + A+ « -+ = Interior of UL A4,;
(iii) éf Ag = A1+ A+ - -+ +A,+ - - - is also admissible, then

DAy = 3 D(A,);

1
(iv) A, is D-measurable;

(v) of f(x) is bounded Borel-measurable, then

fAﬁAz fdd = fal fad+ L’ fdd.
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Proor. (i) If W is an open cuboid bounded by admissible planes, then
the continuity of @ on admissible planes implies that there is a larger cuboid
W,, obtained by displacing outward each boundary plane of W, such that
WCW,, and ®(W,n 02) < ®(W n 09Q)+e. So if A is an admissible
domain, there is an admissible domain 4,2 4 with &(4,) < @ (A)+¢;
which implies (i).

(ii) Define distance 4 on 0f2 as the restriction to 02 of distance in R?.
Since A, N A, = @, C = A; n A, is contained in the frontiers (in 082) of
A, and A,. By the definition of admissible domain, these frontier points
are boundary points of finitely many cuboids bounded by admissible planes.
These planes may be covered by a finite union G of open cuboids, such that
(D) < ¢, where C C D = G ~ Q2. Then thesets 4,—D = A,—D (i = 1, 2)
are disjoint closed sets in 2£2; therefore d(4,—D, A,—D) > 0. Since @
is a Carathéodory outer measure, it is additive on 4;,—D and A4,—D,
and the result follows.

(iii) Since A,+ - -+ +4, C4,,
z D(4,) < D(4,) = D(4,) by (ii) and (i);

since @ is subadditive,

o(1) =3 0(@) = 3 (4 by ().

1

Il/\

(iv) Since A4, is open in 022, and @ is a Carathéodory outer measure on
092, A, is measurable (Carathéodory [7], § 238 and § 251).

(v) From (ii) and (iv), it readily follows that, for any Borel set B
(i-e. any set obtained from admissible domains by countably many unions
and intersections) @ (B n (4,+4,)) = @(B n 4,)+(B n 4,); and this
leads readily to (v).

LeMMA 4. If f(z) is bounded Borel-measurable; Ay, A,, - - - are disjoint

admissible domains; and A = A, +A,+ - - - 1s an admissible domain, with
D(A) < oo; then, independently of the order of summation,
(6) f fAd = Z fdcﬁ

ProoF. Since @(4) < oo, [, is finite, and by Lemma 3 (iii), so is each
J4,- Suppose that some sequence of partial sums of the series (6), summed
in some order, converges to a limit 4, where |A—[ 4| = 38 > 0. Then

s | -
ieN,J 4,

<90
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for an expanding sequence of finite sets N, 4 N, the set of all positive
integers. If F, = A4,+ --+- 44, and G, = A—4,, then by Lemma 3 (iii)

DG,) = 3 PA,) = ¥ ®(4,) < éfsuplfl
NN NN,

r

by choice of 7, since > P(4;) < . Since F,, G, are disjoint measurable sets,

Jot ),
F, Ja,

so that 6 = 0.

5[+ L—A‘ s|s Li—z[ +suplfiB(G,) < 645,

N,

r

30 =

4. Gauss-Green theorem

THEOREM 1. Let Q2 be a bounded open subset of R®, whose boundary 082
(1) satisfies the Potts condition, and (ii) ¢s a countable union of disjoint
continuous images of S*~1. Let g : 3 — R? be continuous on . Let div g be
Lebesgue-integrable on Q. For every cuboid I' C , let the Gauss-Green theorem
(1) hold, with Q, 02 replaced by I', 02. Then (1) holds for 2, 0.

ProoF. Let M, be a Potts covering of €2, consisting of closed cuboids
A,. Denote the interior of A; by A?. Let C, denote the union of those
relatively open subsets of the boundary planes of the 4; which liein M} n Q.
Then, by definition of Potts covering, u,(M3) < Ké and g, ,(Cs) < 2pK.
Let A(x) = divg(z) for x € 2, A(x) = 0 for x ¢ 2. Then

[, divedu, = [ hau,.
Since 4 € L(R?),

UMshd,u,, <€
if u,(M¥) < A(e). So, if W = Q—M¥ and 6 < K-1A(g),
(7) Uﬂ div gdu,— [, hdp,| <.

The set 4, n 2 has boundary p; = a; U 0, U 4;, where a; = A? n 02
is the union of (at most) countably many admissible domains «,;, the
relatively open set o; = 04, n Q is the union of (at most) countably many
components f;; of C4—oW and y,; of dW, and A, = 04, n 082 satisfies
@D(4,) = 0, since A, is bounded by admissible planes. The frontiers of the
open sets §,; and y,;, in the relative topology of 94,, are contained in 4,.
Consequently, the results of Lemmas 3 and 4 apply also to the g,; and
y:;; these sets will also be called ‘admissible domains’.

In terms of the set composition 4 of Lemma 3, p; is the sum, over
countably many indices 4, of the a;;, B;;, y:;. The proof of Theorem 1 consists
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essentially in recombining the corresponding integrals in a different order;
this process is validated by Lemma 4, which also shows that the frontier
points (in the relative topology) of the admissible domains make no
contribution.

Attach to each point x € p; the unit exterior normal »(zx). For = € 8,;,
two normals are possible, oppositely directed, depending on which p, is
chosen; in the following summation, each f;; contributes twice, once for
each normal. With integrand g - »d®,

f by Lemma 4
i iday

2 f + - zyu since z
Bis Yis

i,iday; i, ﬂ.,

ZEZ(L + ﬂ”_‘_J ) by Lemma 4

ij Yii

(8)

= 2 —}—f by Lemma 4.
Pis w

Since g is continuous on the compact set £, and u,(M;) — 0 as § — 0,
there is ¢ such that the oscillation of g(x) in the closure of each 4; n 2
is less than e. So, for § sufficiently small, there corresponds to each p; a
constant vector c, such that, for x € p,,

g@) = ¢, +n;(x) where |n,(x)| < .
Hence

jpug vd® = f vdtb—}—fp“n,»vdtﬁ
—{ 5, -vi® by (3)

Pis
so that

lIA

g*vddi‘

e Z D(ps;)

Pis

lIA

9 P> (2 E @(EA,-)—I—@(BQ)) by Lemma 3 (iii)
< &(4pK+P(092))

where K is the constant of the family of Potts coverings.
Now the Gauss-Green theorem applies, by hypothesis, to W, which
is a finite union of cuboids C 2. Combining this with (7) and (9),

(10) ”gdivgd,u,— ng-vd@l <B-s

for constant B; which proves the theorem.
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LEMMA 5. (Saks [9], page 198.) Let w be a real function of one variable,
such that w'(x) exists p.p. in [a,b]; let F be a closed non-empty subset of
[a, b]; let N be a finite constant such that

|w(x,)—w(x,)] < N|x,—=,| whenever z, € F and z, € [a, b].
Then
[w(8) —w(a)— [, @’ (@)de| < N(b—a—p,(F)).

ProoF. (Saks) Let u(x) = w(x) on F u {a, b}, and linear on the
complementary intervals. Then #(z) is Lipschitz, therefore absolutely
continuous. Hence

w(b)—w(a) = u(b)—u(a) = |

a

" (@)da.

But #'(x) = w'(x) p.p. in F, and |#'(x}] < N at each x € F, which proves
the result.

THEOREM 2. Let W be an open cuboid in R?; let K be an open cuboid
containing W. Let g(x) be continuous on K; let div g(x) be finite for all x € K
and Lebesgue tntegrable on W. Then the Gauss-Green theorem (1) holds for W,
ow.

ProoF. A point x € W will be called admissible if it has an open
neighbourhood N(x) C K, such that for every cuboid C CN(x), (1) holds
for C, 8C. Let F denote the complement, with respect to W, of the set of
admissible points. From its construction, F is closed. Suppose that F is not
empty; this will lead to a contradiction.

Forn =1, 2, - - -, denote by F, the set of points x for which

max [g(xy, * Xy, Ttk Ty, T)
(11) i=1,2,",p
—&(Ty, By, By, By, 0, 2y)| S A for (A < w7

Since 0dg;(x)/0x; is finite for all , W C u, F,. Then, according to Baire’s
category theorem ([9] page 55) there is an open cuboid I such that F n Fy
is dense in F n I for some integer N. Since also I and Fu are closed,
P#£INFCIA(FnFy)CFy. Let zyel n F. Let Q be any closed
cuboid of diameter << N1, where z,e Q C 1.

Given & > 0, there is a countable covering of E = F n Q by open
cuboids G, such that

?MP(G,-) < lup(F n Q)‘l‘fs

Since F n Q is compact, a finite subset of the G, covers F n Q. Since also
#,(G;) = u,(G,), there is a finite covering of F n Q by closed cuboids S; -

https://doi.org/10.1017/5144678870000608X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870000608X

(9] On the Gauss-Green theorem 393

(j =1, -, ) which may be assumed to have disjoint interiors, and to lie
within Q, such that
(12) 12#,,(5,») <#,(F 0 Q)+

Let S, be the cuboid ¢; < x; < b; ( =1, -+, p). Let the line specified

by fixed values of z,, -, #,_y, %;1y, ", z, intersect F N S; in the set
T, =Tz, ", %5, %4y, ", Z,), Whose linear measure is ul( ;). Then,

from Lemma 5,

Y@y, Ty Xy, )

= lgi(xl: Yy xz’—-lr bi} xi+1» Tt xp)_gi(xlx T xi—l! a,, xi+1’ ct ey xm)
— | o @ ®, ® By, 2 )d)]

=N- (bi—ai—:ul(Ti))'

So, integrating with respect to 2y, ** -, 2,_,, 2,4, -, ¥, overa; <z, < b,,

og.(x
&@M@w¢@yit 2, (%)

;OF ox;

du ()

as;
= f‘/’(xl’ UL ®y g By, X)ARy o dyydryy, - - s deey,
(13) since S; is a cuboid
= Nf (bi—a;—py(T))dy - - - dzy_yd2;yy -+ » du,
= N(u,(S;)—u,(S; n F)) by Fubini’s theorem.
Define the set function H(S) on closed cuboids S by
(14) PH(S) = [ &)  v(x)db(a)— [ div g(x)dp, (@).

Then H(S) is additive on cuboids whose interiors are disjoint, and, from the
definition of F,

(15) HES)=0if FAS=40.

Now since H is additive,

IH(L:JS )< 2 H(S)|
(16) <N 2 (S, —15(S, 0 F)+ f |div g(z)ldu, ()] by (13)
< Nm((f) S)—F 0 Q)+N div g (@)ldu, (@).
1 (US)—(FnQ)
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Since g is integrable over W, the integral in (16) can be made less than
&/(2N) by choosing u,((u S;)—(F n Q)) < 4(¢/2N), say. From (12)

(17) 1,((U S)—(F A Q) < min (¢/2N, 4(s[2N))

if 4 is chosen less than the quantity on the right of (17). Hence |H(u S;)| < e.
Now .
|H(Q) = |H(@— v S;)+H(v S))|
< [H(@— v S))|+|H(v S))]
< 0+s,

since Q—S,; CQ—F. Since ¢ is arbitrary, H(Q) = 0. Since this is true for
every sufficiently small cuboid @ containing x,, the assumption x, € F is
contradicted. Hence F is empty.

THEOREM 3. Let 2 be a bounded open subset of R?, whose boundary 00
satisfies the Potts condition (or equivalently, by Lemma 1, has P(082) < =),
and is a countable union of disjoint continuous tmages of SP~1. Let E be
a subset of Q which satisfies the same hypotheses as 0f2. Let the function
g 1 2 — R? be continuous; let div g exist (with finite value) at all points of
Q—E, and be integrable on Q. Then the Gauss-Green theorem (1) holds for
2, 0.

ReMaRrKs. The topological hypothesis on 92 is an analog of the hypo-
thesis, in Green'’s theorem for two dimensions, that the boundary is a closed
Jordan curve.

The subset E may consist, e.g., of countably many points, or lines, etc.,
within £, on which one or more derivatives dg,;/dx,; fail to exist; since
#,(E) = 0 (from the Potts condition), div g is defined a.e. on Q.

The Looman-Menchoff theorem (Saks [9]) states that if f(z) = u+v
is a continuous function of complex z on domain £2, and # and v have their
first partial derivatives finite in £ except on a countable set E, and satisfy
the Cauchy-Riemann equations a.e. in £, then §.f(z)dz = 0 for each closed
rectangle C in 2. Theorem 3 of this paper shows that this exceptional set E
can be considerably enlarged.

ProoF. Let M be a closed Potts covering of E, with parameter 6. The
hypotheses of Theorem 2, and consequently the Gauss-Green theorem, hold
for each cuboid K C.Q2—M. Therefore, by Theorem 1, the Gauss-Green
theorem holds also for 2—M and its boundary.

Since E satisfies the same hypotheses as 92, the arguments which lead
to (7) and (9) in the proof of Theorem 1 show also that, for sufficiently
small §,"
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Hﬂ div gdu,— fg_Mdiv gdu,

Um”‘fa(,,_M)g- Vd(b‘ <k-e

where % is constant. Since ¢ is arbitrary, these results combine to prove the
Gauss-Green theorem for £2, 00.

< &

5. Examples

(I) Theorem 3, or even the two-dimensional Riemann-integral vérsion
in [1], is a non-trivial extension of the usual Gauss-Green theorem. An
example in two dimensions is as follows.

Let 2 denote the interior of the unit circle 23422 = 1. Let

g1(%y, ) = 2,72 sin wfrt
ga(®y, Tz) = —x 7% sin m[rt

where 72 = 2422, Then g, and g, are continuous, and even differentiable,
at all points in £, since for » 7 0,

4,y 7 0g,

%

o,

7
= —2x,%, Sin — + COSs — = — »
172 7" 7t 74 0z,

and |[g,(®,, #3) —g,(0, 0)]/7| < 7 (and similarly for g,).

Thus div g{x) = 0 in £, so is integrable, and Green’s theorem holds
for these functions. But if dg,/dx, were integrable on £, it would follow
(since 2x,x, sin #/r* is continuous) that

Il

hence in polar coordinates,
fl
(1}

1 as
f |cos &S| — << co.
° S

%, 7
—— €cOS —
rt rt

dx,dxy << o0,

dr
— <
4

24
CcOs —
7k

or (with 7 = S—¥)

Since this integral diverges, dg,/0x, is nof integrable on 2, consequently
the usual forms of Green’s theorem do not apply.

(IT) Theorem 3 is untrue if the exceptional set E, on which div g fails
to exist, is increased to an arbitrary null set (i.e. u4,(E) = 0). A counter-
example for p = 2 is given by 2 = unit square (0 =z, <1, 0=z, = 1),
g:(x) = 0, g,(x) = $(x;)p(x;), Where ¢(x) is Cantor’s monotonic function
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for which ¢'(x) = 0 except on a null set N, but ¢(1)—¢(0) = 1. Then
div g = 0 except on the null set £ = N XN, so that

fg div gdp, = 0, but fmg cvd® #£ 0.

Acknowledgement

I am much indebted to Dr. J. H. Michael for helpful discussion on the
subject of this paper, and for valuable suggestions concerning the method
of proof of Theorem 2. I am also indebted to the referee for pointing out
a number of details which required amendment.

References

[1] B. D. Craven, ‘A note on Green’s theorem’, J. Austral. Math. Soc. 4 (1964), 289—292.

[2] D. H. Potts, ‘A note on Green's theorem’, J. Lond. Math. Soc. 26 (1951), 302 —304.

[3] W. Federer, ‘The Gauss-Green theorem’, Trans. Amer. Math. Soc. 58 (1945), 44—76.

[4] W. Federer, ‘ Coincidence functions and their integrals’, Trans. Amer. Math. Soc. 59 (1946),
441 —466.

[5] W. Federer, ‘Measure and area,” Bull. Amer. Math. Soc. 58 (1952), 306 —378.

[6] J. H. Michael, ‘ Integration over parametric surfaces’, Proc. Lond. Math. Soc., Third Ser.
7 (1957), 616—640.

[7] C. Carathéodory, Vorlesungen iiber Reelle Funktionen (Teubner, 1927).

[8] J. H. Michael, ‘An xn-dimensional analogue of Cauchy’s integral theorem’, J. Austral. Math.
Soc. 1 (1960), 171 —202.

[9]1 S. Saks, Theory of the integral (Second edition).

University of Melbourne.

https://doi.org/10.1017/5144678870000608X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870000608X

