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1. Introduction

Given a group G and a partial automorphism x of G, i.e. an isomorphism
mapping a subgroup A of G onto another subgroup B of G, then it is known
[3] that x can always be extended to a total automorphism, in fact an inner
one, of a supergroup of G; that is there exists a group G* 2 G with an inner
automorphism p* whose effect on the elements of 4 is the same as that of .
Also any number of partial automorphisms yu,, where ¢ ranges over some
index set X can be simultaneously extended to inner automorphisms of one
and the same group {3, Theorem II].

In a previous paper [1], the first of us derived conditions which are
sufficient for extending two partial automorphisms x4 and » of a group G
to total automorphisms p* and »* of a supergroup G* 2 G such that u* and
v* commute. The technique there applied leads necessarily to a non-abelian
group G* even though the group G were aBelian. The question then arises
whether these conditions are also sufficient if we start with an abelian group
G and require that the extension group G* be also abelian. It is the purpose
of this paper to answer this question in the affirmative; our main tool will
be the direct product of two groups with one amalgamated subgroup.

2. Some preliminary results and definitions

Let G, be a system of groups defined for every « in an index set I,
such that for every « € I, G, contains a subgroup H, isomorphic to a fixed
group H. Let p, be a fixed isomorphism between H, and H: H,p, = H
for every a € I. Denote the direct product of the G, by D,

X
D =TIG.,
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and let K be the set consisting of all elements of the form 4, A3, h, € H,,
hg € I, whnere «, f(+# «) run over I and #,, ks correspond under the iso-
morphisin resuiting between H, and H, from p, and p,. If K is a normal
subgroup of D, the factor group D|K is called the direct product of the
groups G, with the subgroup H amalgamated and it is denoted by

X
P =T11{G,; H}.
ael
For the existence of P it 1s necessary and sufticient that H lies in the centre
of each G,, a €1, [2].

Later on we shall restrict ourseives to the direct product of two groups
with an amalgamated subgroup which in case the constituent groups are
abelian coincides with their free abelian product.

The following lemmas whose proofs run over the saine lines as the
corresponding lernmas in [1, § 1] will be needed.

LEMMA 1. Let P={G,XGy; H} and let Ay, A, be subgroups of G, and
G, respectively which have the same inierseciion B with H. If Q = {A,, A,}
then Q n G, = Ay and Q N Gy = A,.

The lemma could be proved using the normal form for elements of
a direct product with one amaigamated subgroup which is analogous to
that in a free product with one ainalgamated subgroup.

LemMaA 2. Let G, and G, be two groups with U = G, n G, and let p,
mab G, tsomorphically onto H, (1 = 1, 2). Suppose that

Uy =Upy =V

and that, more precisely, upu, = upy for all w € U; then there exisis an 1somor-
phic mapping of
P, = {GiXG,; U}
onto
Py = {H,XH,;V}
which extends u, and p, simultaneously.

3. First step of the construction

Let G be an abelian group which contains the subgroups A4, B, C and
D and two partial automorphisms x# and » that map A4 isomorphically onto
B and C isomorphically onto D respectively. Assume that gy commutes with
», 1.e. that

(1) guv = gvu, whenever gu, gv, (gu)v, (gv)u are defined;
and moreover that
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2) (AnClu=BnC,
(3) (4~ D)u=BnD,
(4) (4 C)yy=A4nD.

Define for each 7 in J, the set of all integers, a group &, isomorphic to
G under a fixed isomorphism y, : Gy, = G;. Thus each G, contains subgroups
A;, B;, C,, D, which are the images of 4, B, C, D under y, and there exist
isomorphisms x; = y;'uy, and »; = y7'vy, mapping 4, onto B, and C,
onto D, respectively. 4,, B;, C;, D, and y,, », satisfy the conditions that
correspond to (1)—(4).

Now we define a sequence of groups P, ; for all 4,7 e J and 7 < as
follows: We first form the direct product of G, and G,,; amalgamating
B, C G, with 4,,,CG,,, according to the isomorphism y;'u1 y,,;. Call
this direct product P, ,,,:

Piia= {G:xGiy; B, = A}

Then define P, ; inductively to be the direct product

P, ;=1{P,;1xG;; B,_,=A4,}
amalgamating B, ; C P, ; , with 4;C G, according to the isomorphism
Vi 7 Yse

If we form -
Hl = U P—n,n
n—=1

then H, is evidently abelian.

Using lemmas (1) and (2) and through steps similar to those in [1,
lemmas 5-8] we can prove that H,; possesses an automorphism 6, that
extends each u; and a partial automorphism ¢, mapping the subgroup

I'={--+,C4,C, Cy,---}C Hy
onto the subgroup
A={--+,D_4, Dy, Dy,---}CH,

such that ¢, extends each », and the automorphism 6, maps I" onto itself
and 4 onto itself.
4. Second step of the construction

LEmMMA 3. If we replace G; A, B,C,D; u,vby Hy; I, A, H,, Hy; ¢,
6, respectively then the conditions that correspond to (1)—(4) will be satisfied.

The proof that ¢, commutes with 6, is the same as that of lemma 9
in [1]. Conditions (2)-(4) translate respectively into
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(I'nHy) ¢y =4nH,,
I'nH)¢=A4nH,,
» ('nH) 6,=InH,
which are obviously true.

Thus we can repeat the procedure in § 3, this time embedding H, in an
abelian group H, which possesses an automorphism ¢, that extends ¢, and
a partial automorphism 6, extending §, such that 8, and ¢, commute.

We carry on indefinitely, thus when H,_, is formed we embed it in the
abelian group H, that possesses two mappings 8, and ¢, one of which is a
total and the other is a partial automorphism such that 6, commutes
with ¢,.

Finally we form the group

H=U4H,,
n=1-

which is abelian and define the two mappings 6 and ¢ as follows: For any
he H, he H, for some suitable ¢, and we put

16 = ho,, h$ = hs,.

Thus 6 and ¢ are total automorphisms of H which extend each 6, and
each ¢, respectively and hence extend x and ».

LeEmMA 4. For any he H, h0d = hd0.

ProOOF. h € H, for some suitable 2. Thus

hO = h0,, hd = ho,.
We distinguish two cases:
(i) If (h0,)¢, is defined then
hbp = (h0,)p, = hd,0, = h0.

(ii) If (k6,)é, is not defined, in which case ¢, is a partial automorphism
of H; then ¢,., is a total automorphism of H,_, and (h0,)¢,,, is defined. Thus

h0ql> = (hei)¢i+1 = h0i+1¢i+x = h¢i+1 6:‘+1 = h¢'0-

This completes the proof of the lemma and hence the proof of the follow-
ing theorem.

THEOREM. Conditions (1)—-(4) are sufficient for extending two partial
automorphisms u and v of an abelian group G to total commutative automor-
phisms 0 and ¢ of an abelian group H 2 G.
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Added in proof. The argument in [1] was carried out under similar
assumptions to those of section 3, except that G was not necessarily
abelian and there was a fifth condition

(5) (BAC)w = BnD.

We are indebted to Professor Laszlé G. Kovécs for drawing our attention
to the fact that condition (5) is redundant since it is a consequence of
conditions (1)—(4).
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