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ON THE POINTS OF INFLECTION OF
BESSEL FUNCTIONS OF POSITIVE ORDER, I

Dedicated to the 75th birthday of Professor L. Lorch.

R. WONG AND T. LANG

1. Introduction. Letj, |, j, 2, ... denote the positive zeros of the Bessel function
J,(x), and similarly, let jf,,], jf,,z, ... denote the positive zeros of J, (x), which are the
positive critical points of J, (x). It is well-known that when v is positive, both j, 4 and
J,, x are increasing functions of v; see, e.g., [12, pp. 246 and 248]. Recently, Lorch and
Szego [6] have attempted to show that the same is true for the positive zeros jy |,/ 5, - ..
of J//(x), which are the positive inflection points of J, (x). They have succeeded in proving
that this statement holds for k = 1, but for k = 2, 3, ..., they have proved only that it
is true when 0 < v < 3838. Their method is based on an integral representation for

dj, ./ dv, and they have shown that the monotonicity of j7/, is determined by the sign of

x Iy (1) 2
(1.1) G = [ = di— L
when x = j7 .
The purpose of this paper is to demonstrate that G(jf,’,k) > Oforv > 10and k = 2,

3, ... . This, together with the result obtained by Lorch and Szego, will establish the fact

that jf/"k increases in the entire interval 0 < v < oofork = 1,2, ... . Our method is
based on asymptotic approximations with delicate error estimates. We first prove that for
v > 10,
(1.2) 0< R o<k k=23,

’ v

where { 14} is a decreasing sequence. From (1.1) and (1.2), it is evident that for our
purpose, it suffices to show

7, J2(1)
(1.3) /O’Tdt—ggw) forv > 10.
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POINTS OF INFLECTION OF BESSEL FUNCTIONS 629

Next we derive an asymptotic expansion for the integral
o0 2
(1.4) I0) = /O FOAR(=I1)dt

complete with error bounds, where the large positive parameter is A\ = /3 and f(¢) is
a C®-function in 0 < t < oo. Finally, we consider the function

00 2
(1.5) F(x):fx J—"t(—tzdt,

and we use the result for /(A ) to obtain the asymptotic approximation

S 1 0813 ew)
(1.6) F(Iy,z)——g; YER

’

v2

where |e(v)| < 2.08 forv > 10. Since p, = 0.056 and

00 2
(1.7) /0 1”—:’—)dtzi

v’

the validity of (1.3) follows immediately. Here and throughout the paper, the last signif-
icant figure in decimal numbers is the result of rounding to the nearest digit except for
numbers in inequalities, which are rounded to obtain the weakest inequality.

2. Some results of Olver. It is well-known that the Bessel function J, (x) has the
uniform asymptotic expansion

<P(€){

J,(wx) ~ Ai(v 2/30[

11,2/ 3
Al C)[B(O B, ”
v

A(C) A2 Q)
12 + j/‘ +}
(2.1)

valid when v > 0 and x > 0, where ¢ and x are related in a one-to-one manner by the
equations

NP 2/3
22) :{ [ }

ENTE 2/3
{% 1+(1 xZ) ;(1_x2)1/2} , O<x§1,

{ X(xz— D'/ }2/3

2/3
l)l/2 Esec lx} , x21,

(2.3) ¢

Il
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and where

/4
@4 o0 = (2]

The coefficients A;( ) and By(( ) satisfy a set of recurrence relations, and are holomorphic
functions in a region containing the real axis. This result is due to Olver, and can be found
in [8] and [12, Chapter 11]. Precise bounds for the remainder terms in (2.1) have also
been constructed by him; see [9] and [11]. To state this result, we first recall from (9] the
modulus function M(x) and the weight function E(x) associated with the Airy functions:

E(x) = exp(3x%/2) x>0,

(2.5) E(x) =1, xS 0; E'(x) =1/ E®),
(2.6) M(x) = { E®A’(x) + E2(0Bi2(x)} /2,
2.7 A = max ){7r|x|1/2M2(x)} =1.430...,
(2.8) = (gla)(()){w|x|‘/2M2(x)} =1 ([10,p.751]).
Olver’s result then states that
b 0@ 2 S As)
J,(vx) = 1460y 0173 {AI(V C)s;)——yzs
(2.9) v 23 et
A7) " Bs(v) ” 4)}
1/4/3 et v2s 2n+1\Y, 5
where

2MW3¢) 2\ Ve oo([C] 1 2By)
(2 10) ‘52n+1(1/,<)| S WCXP {-V— %,oo(‘{‘l/zBO)} C—VZn;-l_“—
and
(2.11) |82001] < 2607y MY 0(1C] 1 2By).

In (2.10) and (2.11) we have used ‘Va,b(f ) to denote the total variation of a function f(C)
on an interval (a, b). The following values are computed in [9, p. 9] and [11, p. 207]:

(2.12) V sosol €] 2Bo(C)} = 0.1051,

(2.13) Vo = 22 Vno.00(|C |/ ?By) = 0.30.

For our purpose, it suffices to take n = 0 in (2.9). Thus

1 @)

(2.14) J,(vx) = 136, 173

[Aiw*3¢) +&1(v.0)].
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In view of (2.12) and (2.13), (2.11) simplifies to

0.1051 _ 0.217
— <
v

(2.15) |6,] < 26230/ ifv > 10.

If ¢ is negative, as it will be in our case, we also have from (2.10) and (2.8)

0.2102 )
leiw,0)| < W 030/ v

Squaring both sides of (2.14) gives

(2.16)

2.17) Pvx) = ——1—2‘02( 3) (AP +e*1,0)],
(1+6y)

where

(2.18) e*(v,0) = 24i* e (v,0) + €1 (v, ).

By (2.6) and (2.8),

(2.19) |[Ai(x)] < M(x) < ———— ifx<0.

\/_ x)l/4

Hence it follows from (2.16) that

0. 134 ¢030/v 0.1051¢030/v
* <
OSSR [ v ]
(2.20)
0.1396
= VTW lfI/ 10
Equation (2.17) can be further simplified to
2(,2/3
(2.21) R0 = 9O vew,0)
with
) * 2¢,,2/3
) P*€) [e*(.0) =812 +60AP ) |
2.22 =
( ) E(V,C) 1/2/3 { (l+(5|)
Since |1 +6;| > 1 —0.0217 if v > 10 by (2.15), a combination of (2.15), (2.19) and
(2.20) gives
0.2918
~ 2 .
(2.23) [Ew,Q)| <o (C)m ifv > 10.

A uniform asymptotic approximation of J/, (v x), corresponding to (2.9) with n = 0, is

1 ¥ Az(vz/ 34)

4 —_—
o rx) = 1+6; v2/3

{Co(¢) = ¢ Bo)}

(2.24) o)
+Ai’(1/2/3§)+77|(1/,C)+X(C)EIVZ/’3C ,
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where ¢(() and e,(v,{) are as given in (2.4) and (2.16), respectively, ¥ (() =
2/{xp)}, x(C) = ¢'€)/ ¢(), Co(§) = x(¢)+¢By(¢) and

(2.25) Im@. Ol < 2¢°7v ™ Ve oo((¢] 2 B)E™ * ONW )

see [11, p. 208]. In view of (2.5), (2.12) and (2.13), (2.25) can be simplified to

(2.26) Im@,0)| < 0.2102 2102e°'3°/”N(1/2/3C)
v

for negative ¢ . The modulus function N(x) is defined by
(2.27) N(x) = { A (x) + E 2(x)Bi*(0)} /%
see [10, p. 750]. For x < —1, we also have from [10, p. 752],

(2.28) 0 < |x|~*N(x) < 0.60.

3. The negative zeros of Ai(x) and Ai'(x). Let a, and @, denote the n' negative
zero of Ai(x) and Ai'(x), respectively. In [3], Hethcote has shown that

2/3
3.1 a, = —[%(4:1— l)} (140,
where

)
(3.2) |on] <0.130 [%(4}1—— 1.051)}

for n > 1. For our purpose, we need a corresponding error estimate for a,. Our argument
here parallels that of Hethcote. First we recall the following result from [3], which was
derived from a method of Gatteschi [2].

LEMMA 1. In the interval [nm — ¢ — p,nm — 1 + pl, where p < 7/2, suppose
f(x) = sin(x + ¥) + e(x), f(x) is continuous and E = max |e(x)| < sinp. Then there
exists a zero d of f(x) in the interval such that |d — (nm — )| £ E/ cos p.

Also we recall the asymptotic expansion [12, p. 392]
(3.3) Al'(=x) = m /24 {sin(€ — m)P(E) — cos(§ — mQE)},
where ¢ = 2x%/2,

13 5-7-9-11 25 9-11-13-15-17-19-21 -
3.4y PEy~14 3507911 25 15-17-19-21-23
11 (216)y221¢2 23 (216)*41¢4

and
7 3-5 19 7-9-11-13-15-17

(-3 KO ~=35 " Giee 17 (216)°31¢3
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It is known that if the expansions of P(£ ) and Q(€ ) are truncated at their n™ terms, then
the error terms are bounded in absolute value by the first neglected terms, provided that
n > 1 and 0, respectively. To apply the above lemma, we let f(£) = n'/2x~1/4A/(—x)
and ¢ = —%ﬂ'. Then

le(€)] <0.0973¢ ' +0.0439¢ 72 +0.0627¢ 4.

With p = 0.03and £ > 3.88, we have E = max |e(§)| < 0.02825 and sinp >
0.029. Since E < sinp, by the above lemma there is a zero d, of f(£) in the interval
[n7 + §m —0.03,n7 + km +0.03] such that

(3.6) |d, — (nm + 1m)| < E/ cosp < 0.1097/ (n7 + 1w —0.03)

ifn > 1. Here, use has been made of the fact that | (£ )| < 0.1096/ £ for§ > 3. 88. Note
that 4, lies in the interval [3.873,3.932], and that @} = —1.01879 and a, = —3.24820.

Thusd, = 2 (~d,,,)”* forn = 1,2, ..., and the assumption that £ > 3.88 is justified.

3 n+l
From (3.6), we have

3 2/3
apyy = — [?(4’1 + 1)} (1 + 7))/,

where
- 3n 2
IT'H’I[ § 0.2469 ?(4714' 0. 9618) .

If n > 1 then | 74| < 0.00723. Applying the Mean-Value Theorem to (1 + x)?/3, we

obtain
2/3
3.7) a,=— [%(4;1—3)} (1 +7,),
where
3r 2
(3.8) |Ta] <0.165 ?(4n —3.0382)

for n > 2. The bound on 7, is reasonable, since 0. 165 is only slightly greater than the
magnitude of the coefficient —7/ 48 of the next term in the asymptotic expansion of aj,;
see [12, p. 405].

The approximation (3.1) and (3.7) will now be used to estimate the numbers p,, o,
and 3, defined by

(3.9) Pn = j}(an - a:H.]), Opn = An — Pn, Bn = an + pn.

From (3.7) and the inequality [4]

2/3
an < — [%(4:1— 1)] ,
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I 2/3 1123 11\2/3
4pné[?(4n)] {(I+E) (I+Tn+l)_‘(1_2’;) }

By using the Mean-Value Theorem, it can easily be shown that

1\%3 .
I+ — <l+—,
( 4n) - 6n
1\%3 2 1
(l - — >1—=
4n 34n—1
for n > 1. Consequently

34 1 1
s () (1 D)),
2 34n—1 6n

Replacing 7,4 by its upper bound (3.8), we obtain

we have

and

37m)2/3{4 1 0.121 }

4p, £ | — - +
P (2 3an—1 " (4n—1y

for n > 10, from which it follows that
(3.10) 0< p, <0.241n7 Y3 ifn>10.

To estimate «,, we note that

/

(3.11) an:an—pn:%an+%an+l.

Let B, = [37(4n — l)/ 8]2/3. Then substitution of (3.1) and (3.7) in (3.11) gives

3 1 2 Y3
—a,,:B,,{Z(1+a,,)+Z(1+4n_]) (1+T,,+1)}.

By Taylor’s theorem,

2 \¥3 4 1
(1+ ) =1+ + e,
4n — 1 34n—1

where |e,| <4/ {9(4n — 1)2} for n > 1. Thus

3.12 —B(1+1 ! +*)
G-12) On = Bn 34n—1 "

with

x_ 3 +1 +1(1+4 ! +)
RS R P A A
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Using (3.2) and (3.8), it can be shown thatifn > 1,
0.212 0.040 0.014

*
< .
Il < @n—1.051 " (an—1.051) ' (4n—1.051)
Consequently,
0.213
3.13 (S o—oem forn>10.
(.13) m| < G T 051y orn 210

By Taylor’s theorem again, we have

%(_an)3/2: % 3/2 (14‘1 I +nn) s

3 24n—1
where 0.3626
| £ — f > 10.
Iml = G sy orn =
Since %Bg/ 2= Z(4n — 1), it follows that
2 3
3.14) 3 (—an)*? = nr +% - —;—r +0,
with 6, = 2B;/*n,.. Using the fact that (4n — 1) < 1.0014(4n — 1.051), we obtain
0.2852
. | <K ——M > 10.
(3.15) |0|_4n——1.051 forn > 10
In exactly the same manner, one can show that
2 3 3
(3.16) 5(—5,,)3/2 =nm — Tﬁ + —81 + P
where
0.375
< —_— > A
(3.17) |6 < 7= gg  forn=10

We conclude this section with the following result.

LEMMA2. Forn= 10,4}, < ap < a, < (3, < d,.

> “n+l
Proof. From the graph of Ai(—x) givenin [1, p. 446], itis evident thatd/,, < a, < d,
forall n 2 1. Since p, = }(an — dj,,;) > 0, itis also clear that a),,, < an < an < .
Hence we need show only that 8, < a, for n 2 10. Now recall thatd, = %(—a;)y 2,
Consequently, it follows from (3.6) thatif n 2 2,
2

3/2 37
(3.18) 3 (—a:,) =nm— - + P,

where

0.1097 0.140
(3.19) |¥n| < <

nm—3 —0.03 " 4n—3.01°
Coupling (3.16) and (3.18) gives
3/2
An = %(_ﬂ”)3/2 - % (—a:z) / = % + d)n - wm

From (3.17) and (3.19), we have ¢, > —0.0097 and vy, < 0.0038 for n > 10. Hence,
A > 3 —0.0097 — 0.0039 > 0 and the lemma is proved.
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4. Estimates for Ai(a,), Ai(G,), Ai'(a,) and Ai'(3,). From the asymptotic expan-
sion of Ai(—x), we have

“4.1) VT X 4Ai(—x) = cos(€ — T) +e(§),
where ¢ = 2x*/2 and

S, 385 .,
4.2) le(€)] < 7—2§ +m€ ;

see [12, pp. 392 and 394]. Let £, = §(—ﬁ,,)3/2. By (3.16)

3 3
4.3) §n:n7r—77r+?ﬂ+¢,,,
where | ¢,| <0.375/(4n—1.051) if n > 10. The addition formula for the cosine func-

tion gives
cos(&n — 5) = cos{(n— 1)1 + 3T + ¢, } = Fcos(3F + Bn).
If n > 10 then |¢,,| < 0.0097,
€, 2 10m — 3 —0.0097 = 30,
and from (4.2) it also follows that |e(€,,)| < 0.0024. Furthermore, we have
37 37
“4.4) 1.1683§?—0.0097§?+¢,,§1.1877,
and
0.3737 < cos(1.1877) < cos(3E +¢,) < 1

for n > 10. The approximation in (4.1) then gives
ﬁ(—ﬁ,)‘“lAi(ﬁ,,)I Z | cos(&, — §)| —|€(€n)] 2 0.3737 —0.0024

or equivalently

0.2094

)l > W forn > 10.

4.5) |Ai(Bn

In exactly the same manner, it can be proved that

0.2106
-,

Since a, = B, — 2p,, it follows that

|Ai(ay)| 2

0.2084 { L 20n }—'/4
(—B)'/* (—Bn)
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For n > 10, we have 0 < p, < 0.241n""/3 < 0.1119 and 8, < Bio = aio + p1o <
—12.8287 +0.1119 < —12.716. Consequently,

0.2096
(—Bn)] /4

To derive similar estimates for Ai’(«,) and Ai’(83,), we use, instead of (4.1), the asymp-
totic expansion (3.3), which gives in particular

(4.6) |Ai(ay)| > for n > 10.

4.7) VT xVAAT (—x) = sin(€ — Im) +£(€),
where £ = 2x%/2 and
7 455 40415375
. < -1 -2 —4
(4.8) @ < 258+ 1038 ¢ * 634972544

If € > 30, then |e(£)] < 0.0033. We again let £, = %(—ﬁ,,)”z. Then from (4.3), it
follows that sin(§, — ) = + sin(%’r + ¢,). Furthermore, from (4.4) we have 0.92 <
sin(1.1683) < sin(3T +¢,) < 1if n > 10. Since &, > 30if n > 10, (4.7) gives

VT (—=B)7VHAIB)] Z | sin€, — T)| — |e(€q)| 2 0.92 —0.0033,
or equivalently
4.9) |A7(B,)] > 0.5171(—B,)"/* ifn > 10.
A similar argument leads to
|A ()| Z 0.5177 (—a,)'/* ifn = 10.
Since —a, > —fB, > 0 for all n, we also have

(4.10) |Ai' ()| > 0.5177(—B,)"/* whenever n > 10.

5. A uniform asymptotic approximation of J”(vx). A uniform asymptotic ap-
proximation of J//(vx) can be derived from (2.14), (2.24) and the Bessel differential
equation

;.1 I + 10, (x) + (P — v, (x) = 0.

Since Co({)—¢ Bo(() = x(¢)in (3.24), replacing x by vx in (5.1) and substituting (2.14)
and (2.24) in the resulting equation gives

. 11 (1=22 ,
Lx) = g ol e OuiE O el
(5.2) + wmi(umg)ml]
VeXx
* i(/cs))c (AW 3¢) +m1Y.
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With H() = %gpz(() and G(¢) = H(()x(¢), equation (5.2) becomes

, 8() G(C)
H(C)

— Al O+,

(5.3)

where 6(¢) = 4/ {xch3(§)}.

It can be verified that ¢ (¢) is a nonnegative and increasing function on (—oo0, 0]; see
[5]. Hence 0 < ¢(¢) < ¢(0) = 2!/ for ¢ < 0. Furthermore, it is known from [9, p. 10]
that [ ¢'(¢)/ ¢({)] <£0.160 for —oo < { < o0. Thus we have

(5.4) |H(¢)| <0.79391,  |G(C)] <0.127

for negative (.
Equation (5.3) can be simplified to

, COQ) 1y,
(5.5) Jwx) = MR [Ai@?3¢) +8(w.0)]
with
G() GO, HC)
(5.6) 600 = A0 )+ [ ZC] + A AT ) el

In (5.6), we first replace Ai(x), €; and 7, by their upper bounds given in (2.19), (2.16) and
(2.26), respectively. From (2.27), we can also replace Ai’(x) by its associated modulus
function N(x). The result is
0.2102 L030/v
(2O
G() L+ 0.2102 L3000 1
V(=3O

6.0 =

v2|(]| v
H(C) 0.2102 5y, 2/3
'/4/3|C| [ e Nw<-°C).
Next, we replace G, H and N by their estimates given in (5.4) and (2.28), and obtain
1 0.2102 030/
(5 7) lé('/9<)| 2/3( V2/3<)|/4‘\/7Tl/1/3
' +[1+0.2102 emo/VH 0.072 ~ 0.477 ]}
v A=) - (=v?3¢)
If v > 10, then (5.7) reduces to
1 0.5032

Recall that x and ¢ in (5.5) are related in a one-to-one manner by equations (2.2) and
(2.3).Letx, 4, = j:,',k/ v and {, x = {(x,x). We now use (5.5) and the following result [3]
to derive an asymptotic approximation for {, .
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THEOREM. In the interval [a — p,a + p], suppose f(T) = g(T) + (1), where f(T)
is continuous, g(7) is differentiable, g(a) = 0, m = min |g'(T)| > 0, and

(5.9 E = max |e(1)| < min{|g(a— p)|,|gla+p)|} .
Then there exists a zero ¢ of f(7) in the interval such that |¢c —a| < E/ m.

We apply this theorem to (5.5) with 7 = v2/3¢ as the independent variable,
FW3¢) = A +8)w' 3 wx)/ {0}, 8w ) = Aiw? ), a = a, a; being the
k" negative zero of the Airy function, and the error £(r) given by (1) = § (v,¢). For
each k between 2 and 9, we shall choose a positive number py so thata},, < ax — px <
ar < ax + pr < d and (5.9) holds with a and p replaced by a; and p;. As in § 3, we
let oy = ax — pr and By = ai + pi. For convenience, we also introduce the notations
me = min{|A'(T)| : o <7 < B} and My = min{|Ai(a)|,|Ai(Be)| }. Since g}, and
a are two consecutive zeros of Ai’(1) and g is a critical point of Ai'(7) in the interval
[a},» a}], the minimum value my is attained at the endpoints o, or (3. Table 1 below lists
the values of —ay, “aiw pr.my and My fork = 2,3,...,9; cf. [1, pp. 476—478]. On the
interval [y, Bk, —v?/ 3§ = —T > —f¢ > —2 > 3.90. Thus it follows from (5.8) that

Ck

(5.10) el = 16,0 < 7.

where ¢; = 0.1859/ (—3;)"/*. The values of ¢ are also given in Table 1.

/
—ay — A Pk my My Ck

4.08795 4.82010 | 0.18304 | 0.74713 0.14359 0.13224
5.52056 6.16331 0.16069 | 0.80309 | 0.13570 | 0.12218
6.78671 7.37218 0.14637 | 0.84450 | 0.13007 0.11581
7.94413 8.48849 | 0.13609 | 0.87771 0.12575 0.11121
9.02265 9.53545 0.12820 | 0.90563 0.12227 0.10765
10.04017 10.52766 | 0.12187 0.92981 0.11936 | 0.10475
11.00852 11.47506 0.11663 0.95120 0.11688 0.10233
11.93602 12.38479 | 0.11219 0.97043 0.11472 0.10025

TABLE 1

O 001NN AW

From (5.10) and Table 1, it is now evident that the conditions of the above theorem are
all satisfied. Hence, there exists a zero 7, = v*/3(, in the interval [, 3] for each
k=2,...,9such that

(5.11) V23 4 — @] < ———
1/2/3mk
or equivalently
(5.12) 1/2/3(,,,;( = a + 1/2/317k,
where
dy
(5.13) || < s
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and dy = ck/mk. The values of dy, fork = 2, ..., 9, are listed below.

d, = 0.17700, dy = 0.15214, dy = 0.13713, ds = 0.12670,

5.14
( ) de = 0.11887, d; = 0.11266, dg = 0.10758, dy = 0.10330.

We now consider the case k > 10. Here we choose p; = § (a;( — dl,,). and again
let ax = ax — pr and By = ax + pi; cf. (3.9). Since a,; < o < ax < Pk < a
for k > 10 (see §3), it follows from (4.9) and (4.10) that in the interval [ay, B l, mx =
min |A#'(t)| > 0.5171(=8)"/* > 0if k > 10. To show that condition (5.9) holds, we
note that ajyp = —12.82877675 and p; < 0. 241/k'/3 for k > 10. Thus for 7 in [oy, B¢ 1,
we have 7 < B < B19 < —12.716if k > 10, and (5.8) gives

0.0964 0.0208

lex(T)| =6, ¢)| = PEIETRRYE < Ao for v

Also, from (4.5) and (4.6), we have

v
S

M, = min {|Ai(a)|,|Ai(B0)|} = 0.2094/ (=B, k= 10.
Consequently, condition (5.9) is satisfied. By the above theorem, if v > 10 and k > 10,
there exists a zero 7, = /2/3(, x in the interval [ay, B¢ such that

0. 1865

2/3, _ oY
(5.15) |G akléyz/3(_5k)l/2’

or equivalently

(5.16) vy = ag+ vy

where |n:| < d,/v*? and

(5.17) dy = 0.1865/(—Bn'/?*  fork > 10.

From (5.14) and (5.17), it is evident that { d;} is a monotonically decreasing sequence.

6. A Bound for Jy(j’y’vk). In the asymptotic approximation (2.14), we repl‘ace x by
xe = ji ./ v so that

P (G k)

N
-1 H el = s w17

{Ai?¢ 0 +e1(w. G0},

where /3¢, belongs to the interval [ay, B«] and satisfies (5.12) or (5.16), and

0.2102 030/

(6.2) |EI(V’<1/,k)| < ﬁ(—V2/3G/,k)'/4V €

Since ¢, 4 is negative and ¢(C) is increasing in (—00,0], 0 < (G ) < @(0) = 273,
Furthermore, since Ai(ax) = 0, the Mean-Value Theorem gives

A6, = Aita+ v no) = AT ow* i,
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where & € [ax, Bi] C [d},;,a;]. From the Airy equation, it is easily seen that Ai'(x) has
only one critical pointin [a},,, a} ], which is located at ay. Thus, |Ai'(§)| < |Ai’(ax)| and
1
v2/3
From (2.15), we also have 1 + §; > 0.9783. A combination of these results yields
0.2102 030/ v
V(=23 )4 173
The values of Ai'(ay), k = 2, ..., 9, are given in [1, p. 478]. Since —1/2/3(,,,;( > =0 >
—B2 > 3.90, simple computation gives

(6.3) |43, 0| < |AP@)|lv *m < |Ai'(ay)| di.

1.2879
ljv(jnlzl,k)l =

{IAi'(ak)ldk +

(6.4) LGl <2 forv > 10,
’ v
where
e; = 0.23506, ez = 0.22151, ey = 0.21285, es = 0.20657,
e = 0.20170, e7 = 0.19771, eg = 0.19438, eg = 0.19151.
If k > 10, then by (6.3) and (5.17)

(6.5)

0.0403
v2/3(—B!/?
Since By = a + px, the last inequality can be written as

0.0403 ( o) V¢ Al ()]
v 3(—B'/4 ai |a]1/4
Recall that p; < 0.241k7'/3 < 0.1119ifk > 10, a59 = —12.82878 and |A7 ()| / |x| '/*

< N/ |x"/* < 0.60 if x < —1 (see (2.27) and (2.28)). Hence, |1 +p,(/a,(}"/4 <
1.0022 and

|Aiw? 3¢, )] |A ().

|Ai(w? 3¢, )| <

0.0243
v 3(—Bl/4
if v > 10 and k > 10. From (6.1), it follows that
1.2879 [ 0.0243  0.2102
(B4 (=23 Y vl/3

(6.6) |Aiw?3¢, )| <

|jy(j:/l,k)| §

v

Since —v2/3¢, ; > —B, we obtain

6.7) 1, G| < ey—" forv > 10,
where
0.0811 .

From (6.5), (6.8) and the fact that —3; > —(319 > —ajo for k > 10, it is evident that
ers1 < e for all k > 2. This completes the proof of (1.2) with u = e,%.
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7. Asymptotic expansion of /(\). It is well-known that
Ail—x) = L (X [ gin/6pgD) —in/6 @
l(_x)_ ) 3 € 1/3(£)+€ 1/3(5) >

where £ = %,\3/2 and H)(x), i = 1,2, are the Hankel functions; see [1, p. 447]. Hence
we may write

(7.1) AiY(—=x) = hi(x) + ha(x) + h3(x)

with
X i 2
mo = 35 ¢ [H) ()]

= 156 {I56) = Y1+ 20015V 6

X _in/: 2 2
(v = e [ )]

= e 126 = V(1= 2id1 )Yy (0

and
X X
ha() = T HINE HY ) = 2 [73€)+ ¥ 50)].

The asymptotic expansion of h3(x) can be obtained from that of J2 + Y2. More precisely,
we have

00 ) 2s
(7.2) h3(x) ~ El;r_ Z 1-3-5---(2s—1) (%) As(%)x—&v—l/z,
s=0

where Ap(v) = 1 and
(v —1)@v? -3 {4v? — 2s— 1)’}
5188 ’
cf. [12, p. 342]. Furthermore, it is known that the remainder after n terms is of the same

sign as, and numerically less than, the (1 + 1) term. From the asymptotic expansions of
the Hankel functions H'" and H'?), we also have

As(v) =

1 (45 TV XL (3) GB)
(73) h](x) ~ Hexp{z (gx — 5) } g)l (E) W
and

L s 43/2_7r ad N 3)* CY(%)
(74) hz(x) an exp{ 1 (g.x 5)} g(—l) (E) W
where R [

Cv) = 3 AdW)A; e (v), V=3

£=0
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Bounds for the remainders associated with the expansions (7.3) and (7.4) can be con-
structed from those of the Hankel functions; see [12, pp. 266-269].
Inserting (7.1) in (1.4) gives

(7.5) IX) = L)+ L) + (),
where
(7.6) L) = /O CrohAnde,  i=1,2,3.

Throughout this section we shall assume that () is an infinitely differentiable function
on (0, 0o) with an asymptotic expansion of the form

(7.7 fO~ 3 apte, ast— 07,
s=0

where 0 < o < 1. We further assume that the asymptotic expansion of the derivatives
of f(t) can be obtained by termwise differentiation of (7.7), and that for each j = 0, 1,
2,...,

(7.8) O = 079, as t — 00,

where ¢ is some fixed nonnegative number.
From (7.7) it follows that the Mellin transform of f(¢) defined by

(7.9) M[f;z]:/OOOtZ_‘f(t)dt, l—a<Rez< 1+¢,

can be analytically continued to a meromorphic function in the half-planeRe z < 1 +¢,
with simple polesat z = 1 —s — o of residue a;, s = 0, 1, 2, ... ; see [14, p. 742] or [15,
p- 425]. In this paper, the notation M([f’; z] is used to denote not only the integral in (7.9)
but also its analytic continuation.

The Mellin transforms of h;(f) can be obtained from integral tables [3, p. 199,
Eq. 23(1); p. 203, Eq. 32(1); p. 209, Eq. 45(1)], and we have

352 1 s 1 s 1 s
. -2 ins/2_~ o2, 2 > 2 2( 2
(7.10) Milhy; 7] 47r2€ I"(s)l‘ 2+3)l‘ > 3)F(2>,
32 1 s 1 s 1 s
= —ins/2_ " H 242 S 2( 2
(7.11) Mihy; 7] e o) 2+3)r(2 3)r(2),

a3 (T -
(7.12) Mlhy;z] = 2 008(3) l’(l-—%)l"(s) sinms’

where s = %(z +1). ,
We are now ready to apply the results in [14, 15]. For each n > 1, we set

n—1
(7.13) =3 ar™ " +£,0.
s=0
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By our assumption,
Oty = o7, ast — 0,

forj=0,1,2,... . Similarly, we write (7.2) in the form

n—1
(7.14) ha(t) = 3 byt 2 4 by (1)
s=0
with b3z = bign = 0 and
1-3-5---2s—1) (3}*
(7.15) by, = (2s—1) (—) Ah,  s=012,... .
27 2

By an earlier remark, we also have
(7.16) |h3 (D) < |by| t"7/2  fort> 0, ifn=0,3,6,... .

If « # % then it follows from Theorem 1 in [14] that
—1

(7.17) L)) = Za:M[h;,s+a])\"S "+ZbM[f 1—s—1/2]272465,00),
s=0

whereas if @ = % then we obtain from Theorem 2 in [14]
n—1 n—1

(7.18) L) =S e A 2400 Y ab A T2 465,00),
s=0 s=0

where

c(a) = asb;k + a;kbs

af = lim {M[f;l—z]+ —L}
st/ 2 Z—5—1/2

b* = lim {M[h z]+b4}
12

zos+1/2

cf. [16, pp. 158-159]. In both cases the remainder is given by
o.¢]
(7.19) 8340 = [ fu(Dhsu(An) dr.

Bounds for 63 ,(\) can also be found in [14] and [15]. In particular, if o« > % then we
have from (7.16)

b, e .
(7.20) [63..(0)] < Alml/z/ | 71 2 ar, ifn=0,3,6,....
To the oscillatory integrals I;()\) and I>(\), we apply the result in [15, § 5], which
gives
(7.21) I(A)—Zas [his s +a]A ™7 +6;,,(N)
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fori = 1,2, where

_ &EDY oy )
(7.22) 6inN) = 5 /O ORI\ d,
and hﬁf")(t) denotes an n'" iterated integral of h;(¢). In the case of h; (), we can write
(—n) _ (_l)n 1+ooe™ > -
A () = = 1)!/1 W — 0"y (w) dw.

On the path of integration, w = ¢ + pe'™/3 and p varies from 0 to co.

It is readily verified that
3/2
Im(w/?) 2 (?) p3/2

In view of the well-known result [13, p. 219]

2
H QIS 7] 05 ag¢ = m,
it follows that
<1 p 212 4,
[mw)| = anl Py TP .
Consequently

_ n/3
(—n) 1 ! l/zr(% ) \/_§
o= e 3\ )

Similarly, we can write

_ —1)t preoce/ o
hS(t) = (—,(:)W /, (w— 0" hy(w) dw.
Using the estimate [13, p. 220]
2
1H§2/)3(C)| s |, ¢ “l, —m < arg¢ £0,

we have

_ n/3
- L) (4
[hy (0] = =D 6r 3n 5 .

Thus, if% < a < 1then (7.22) gives

Cy 0o _ " .
(7.23) 16:2(0)] < /\M/Z/O YO d, = 1,2,
where
— n/3
1 2 V3
(7.24) Cn= m‘(g) (7) :
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8. A special case. We shall apply the results of the previous section to the integral
8.1) Fio) = [~ o =Oar—r? 0 dC,
where () is given in (2.4). In the notations of § 7, we have A = v2/3,
(8.2) f(t):<p4(—t):24/3—§t+%22/3t2—-~,

and = 1. The conditionin (7.8) is readily verifiable. In fact, we have fU(r) = O(t=%7)
ast—+ooforj=0,1,2,... .In(7.13) and (7.14), we shall take n = 2 and note that

(8.3) a=2"3 a=-2, byp=-—, b =0.
Using (7.10), (7.11) and (7.12), it is easily shown that
M[hy; 1]+ M[ho; 1]+ Mlhs; 1] = —Ai%(0),

(8.4) L,
Mih1: 21+ Mihy; 21+ Ml 2] = = Ai(0)AV (0).

It is also easily verified that

1

m_—ldxz 27,

. _ [ -1/2 4, _ o0
®.5  Mif;1/21= [T —0d =4 [
Hence a combination of (7.6), (7.17) and (7.21) gives
(8.6) Fiv)=v"3 = 24342003 + 1—85—Ai(0)Ai'(0)1/‘4/ EY)
The remainder 6 () is given by

8.7 O(W) = 812(A) +022(X) +632(N),

where A = v%/3, and 83, and §;,, i = 1,2, are as defined by (7.19) and (7.22) respec-
tively.
By Taylor’s theorem,

(8.8) f =2~ S0
where
1 1
(8.9) HO = 5f"<£)r2 = Ew“)”(—s)#, 0<é<t

It can be verified that (p*)”’(—() is a positive and decreasing functionon 0 < { < o0;
see [5]. Hence, 0 < (¢*)"(—€) < (¢*)"(0) = %#2%/3 = 1.09. Also, since b, = 0 in
(7.14), we have h3 5(t) = h3 3(¢). In view of the remark following (7.2), k3 5(¢) is negative

in0 < t< ooand

5 5
|h3a(t)] < %t**'/z < a;t‘z”/z fort = 1.
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Furthermore, since h3(¢) is positive, we deduce from above that

1.09 1/
[ romaooal s 22 17 e[ L - woo) a
(8.10)
0.545 r1/x 0.029
= <
T o2r Jo e PE
and
‘f PRCCTRCY) dt‘ < 2 -5 I pors2a
(8.11) 1/ ’ T 64rw 1/2
' 5 %0
< = 252 -5/2
S oA [T R .

From (8.9) we have

1 1. 1
/sz(t)ﬁ/zdtg —202/0 2 dr=1.09

and from (8.5) we have

(8.12) /loof(t) a4 < f]wf(t) 24 < 21,

Also, a straightforward calculation gives

a3 _8 | 524 _ 243 10 _

A [2 sz]t di =32 s = —1.520.
Hence -

0</O F(t) 52 dr < 1.09 + (27 + 1.520) < 8.894
and

0.222
(8.13) l / fz(t)hn(xz)dt} Y5
Combining (7.19), (8.10) and (8.13), we obtain
0.029 0.022

(8.14) 1832001 € =35+ S5

From (7.23), we have

0.044 oo
Sl RO

Since f37(1) = f@(1) and 0 < fO(1) = (p*)'(—1) < 3 2%/3,

(8.15) [6i2(M)] <

(8.16) /O' 2P0 dr < 2.178.

On the other hand, integration by parts gives
o0 (o0}
SR d = [T 0 d

_ 3 [® 52 ey L
= 4/1 @y = f1(1) = Sf (D).
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From (2.3) and (2.4), it is easily seen that dx/ d( = xp?(¢)/ 2. Straightforward differ-
entiation yields
i) = HE D420

d(; (2 —1)?
Since p(—1) = 1.0821991971 and x(—1) = 1.9789626178 (see [9, pp. 38 and 41]),
f(1) = p*(—1) = 1.371604273 and f'(1) = —(p*Y(—1) = —0.785580091. Conse-
quently, it follows from (8.17) and (8.12) that

3
(8.18) [T @ < 7” +0.0998 < 4.813.

Coupling (8.16) and (8.18), we obtain
0.31

(8.19) [6:2(N)] < B i=1,2.
A combination of (8.7), (8.14) and (8.19) gives
(8.20) 6] < 0. 58/536 forv > 10.

9. Proof of (1.6). We now turn to the integral in (1.5), and write
o0 J2 (t)
9.1 F("
©.1) () = /j o

In (9.1), we first make the change of variable = vx and replace J, (vx) by its asymptotic
approximation (2.21). Next, we make ¢ the varlable of integration. Since j; , > j;, | > v
(see[6, (2.4)] and [12, p. 246]), the point x, , = J / v is greater than 1 and its image
¢ 2 under the transformation (2.3) is negative. The final result is

9.2) F(y,) =

1 00
s | P COAR O+ i),

where {, = —(, 2, ©(C) is the function defined by (2.4) and

1 roo
9.3) p) =3 0 —OR* =0 dc.
Since C—,, > 0, it follows from (2.23) and (8.5) that
0.1458 oo _ 0.917
(9.4) )] < = /0 PO < vz,

For convenience, we set

©.5) Fw) == [ o Ol ) g

so that we may write (9.2) as

(9.6) F(i o) = [Fiw) + F* )]+ p(v),

1
2w 2/3
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where F;(v) is defined by (8.1).
In what follows we shall consider the integral in (9.5). From (5.12), we have

- 0.40
9.7) C"__;2/_3_"2’ where | ;| S——V4/3.

Hence we can write F*(v) in the form

(9 8) F‘*(V) = FZ(V) + pZ(V),
where
1 0
©-9) F) = EYE) /u2 w2 Pr)AR(T) dr
and
©.10) A — I Yo PAR @ dr
’ 2 1/2/3 a2+1/2/-’7]2 ¥ N

Since 0 < ¢(¢) < (0) = 2'/3 and |Ai(¢)| < 0.53566 for —oo < ¢ < 0 (see §5 and
[1, pp. 446 and 478]), we have from (9.7)

0.290
©.11) 2| < ol forv > 10,
v4/3

To evaluate the integral in (9.9), we use the Taylor expansion

©.12) PO =2+ 50+ RO)
where

2
(9.13) R() = 5;«0“)”(5 ),  (<E<0.

Since (¢*)"(¢ ) is an increasing functionin (—o0, 0] (see[5]),0 < (¢*)"(&) < (¢*)(0) =
%—g 2%/3 = 1.09 for —oo < ¢ < 0. Thus, it follows that

9. 14) [R2(¢)| <0.55¢2, —00< ¢ <0.

Using the fact that Ai(z) satisfies the differential equation w” — zw = 0, we have by
integration by parts

[AP@ dz = 247D — Ai(2) = Mo(a),
[ AR dz = %[zMo(z) +AIDAT (D] = My(2),

/ PAR() dz = %[3ZM 1(2) + ZAi(D)AI'(2) — AP(2)] = Ma(2),
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from which it follows that
Mo(0) = —Ai*(0), My(ar) = —Ai*(ay),

1
Mi(0) = %Ai(ow’«», Mia) = —3aAi(@),
M(0) = —éAﬂ(O), My(az) = —%Q%Ailz(azl

Consequently we obtain

24 3
Fa(v) =55 1A4I%(0) — A%(a)]
9.15) g
— 15,373 A0AN0) + a4 (@] + ps(v),
where
0.11 242 2
9.16) lp3v)| < (@A (a2) — AP(0)].

Numerical computation gives a3Ai”(a;) — Ai*(0) = 10.6526; see[1, pp. 476 and 478].

Hence

1.172
9.17) |p3(v)] < 7

Coupling (9.6) and (9.8), we have
1
(9.18) F(jy ) = —575 [Fi) + F(v) + p2()] + p1(v).
202/3
Inserting (8.6) and (9.15) in (9.18) gives
g1 2183A@) 4 ” 1

9.19) F(l,) = R v aAi"(az) at pv),

where p(r) = pi(v) + [6(v) + pa(v) + p3(»)] / 2v2/3. From (8.20), (9.4), (9.11) and
(9.17), it follows that

o] < 1.376.

The approximation formula (1.6) is obtained from (9.19) with

e(v) 4 " 1
T = 5 aAi“(az) el +p(V).
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