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Abstract

Using properties of Appell-Lerch functions, we give insightful proofs for six of Ramanujan’s identities
for the tenth-order mock theta functions.
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1. Notation
Let ¢ := g, = €™, 7 € H := {z € C[Im(z) > 0}, and define C* := C — {0}. Recall

n—1
Wn == [A-d%, @e=xoe:=] [1-4x,
i=0

>0

J @) = (@) W)@ = D (=1)"g",

n=—o00
and
J&xL X0, X @) = j(x @) j(x25.q) -+ - j(Xns q),

where in the penultimate line the equivalence of product and sum follows from Jacobi’s
triple product identity. Here a and m are integers with m positive. Define

Ja,m = j(l]a;qm), I = m3m = 1_[(1 - C]mi), and 7a,m = j(_qa;qm)'

i>1

We will use the following definition of an Appell-Lerch function [9, 16]:

1 2 (=1 gz
m(x,q,z) := — E .
( q ) ](Z, q) = 1 — qr—lxz
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2. Introduction

Important variants of theta functions were discovered by the Indian mathematician
Ramanujan in the early twentieth century [12]. Each mock theta function f(q) was
defined as a g-series, convergent for |g| < 1, such that for every root of unity £, there
is a theta function 6;(¢q) for which the difference f(q) — 6;(¢g) is bounded as ¢ — ¢
radially; moreover, there is no single theta function which works for all . Ramanujan
grouped mock theta functions in terms of their so-called order; however, no one has
been able to establish a satisfactory mathematical definition for the term order.

Historically, mock theta functions have been studied under the settings of
modularity and g-hypergeometric series as well as within the important developments
within each setting such as work of Hecke. What Hecke did is to introduce Hecke
operators and Hecke eigenforms. Hecke eigenforms broadened the appeal of modular
forms and helped establish their central role in mathematics.

Watson initiated work on the functions’ places within the environments of
modularity and g-hypergeometric series [14]. Andrews was the first to relate
mock theta functions to Hecke-type double sums [1], work that was subsequently
instrumental in Hickerson’s proof of the mock theta conjectures [8]. Later results
[2, 5-7] were built on [1, 8].

Zwegers answered how mock theta functions fit into the setting of modularity [16];
as a result, mock theta functions may be viewed as holomorphic parts of weak
harmonic Maass forms; see, in particular, the celebrated work of Bringmann and
Ono [3, 4]. Unfortunately, there are no Hecke eigenforms in the setting of weak
harmonic Maass forms.

The role of mock theta functions within the environment of g-hypergeometric series
and orthogonal polynomials is not yet fully understood.

Here we will revisit the tenth-order mock theta functions [5-7, 13]

()
q _ q
o) = ;) I+l V9= ; (g qz)n+1
)n n* ( l)rzq(n+l)2
X - - < >
@)= ;( Do’ X = = (=4 P

which satisfy many identities such as the slightly rewritten [5, 6]

(wq) = Y(w?q) Ji2 J315J6
7o) - w = g2 e @2.1)
— W J3,6 J3
_ wd(wq) — W*¢(W’q) 12 Je15)s
gy(g) + LD D Dz Joisle 2.2)
w — W J36 J3
- wy(w? Jia Jiss0J
X(¢) - wy(wq) wz)((w @ _ J14a J1s30 3 23)
w-w T3 Js
X(wq) — X(w? Jia Js30J
D) + 7 (wg) gw 9 _ _gp Jia Joaos 2.4)
-w s Jo
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where w is a primitive third root of unity, as well as [7]

J12j(-¢%-q")

#(q) — ¢ " w(=g") + g x(q®) = T : (2.5)
Tioi(— 6; _ 10
(@) + ad(—") + X(@®) = % 2.6)

The six identities were originally found in the lost notebook [13] but first proved
by Choi [5-7], similarly to Hickerson’s methods [8]. Identities (2.1)—(2.4) were given
shorter proofs by Zwegers [17]. In this note, we will give short proofs of Ramanujan’s
six identities for the tenth-order mock theta functions using a recent result of Hickerson
and the author.

THeorREM 2.1 [9, Theorem 3.5]. For generic x,z,7’ € C*,

n—1 (r)_ r'_(")+r_ N le DN 2f F [ h e T2
Dn(x,q,z,z')zz’J,quz( X)" j(=g@ T (=023 4" ("2 q")

S xz )@ g (gD (~xy g i@z g

where

n—1

Dy(x,4.2,7) i=m(x,q,2) = Y ¢ D 0/m(—¢D (0", ¢", 7). @7)
r=0

In so doing, we will keep this note as independent as possible from Choi’s work.
Although we will take Choi’s Hecke-type double-sum expansions of the four functions
¢, ¥, X, and y, that is where the similarity of our papers and any dependence ends.

In Section 3 we recall background information. In Section 4 we take Choi’s Hecke-
type double-sum expansions of the four functions and use a specialization of [9,
Theorem 1.3] to express the double sums in terms of the m(x, g, 7) function. We see in
Section 5 that once identities (2.1)—(2.6) have been written in terms of Appell-Lerch
functions the identities may be written in terms of specializations of the D,(x, ¢, z,7’)
function, so perhaps Ramanujan knew something along the lines of [9, Theorem 3.5].
In Section 6 we evaluate the specializations of (2.7) in terms of single-quotient theta
functions. In Section 7 we prove identities (2.5) and (2.6). In Section 8 we prove (2.1)
and (2.2), and in Section 9 we prove (2.3) and (2.4).

For the interested reader, we point out that [9, Theorem 3.5] and its parent
identity [9, Theorem 3.9] also give an elegant proof [10] of results of Bringmann et al.
on Dyson’s ranks and Maass forms [3, 4].

3. Preliminaries

We have the general identities:

g =1)'gOx"j(xg), nez (3.1a)
J(x ) = jlq/x; q) = —xj(x "5 q), (3.1b)

https://doi.org/10.1017/51446788717000015 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788717000015

[4] On the tenth-order mock theta functions 47

Jg) = Jjx,gx, ..., q" x; gy itnz=1, 3.1¢)
Jx:=q) = j(x:q)j(~qx:q7) /1 40 (3.1d)
m—1
@)= (DO -1yt gk g, (3.1¢)
k=0
JO G = T Lnxy o O g T i >, (3.1f)

where ¢, is a primitive nth root of unity. We state additional useful results in the
following proposition.

Proposition 3.1 [8, Theorems 1.0, 1.1, and 1.2]. For generic x,y,z € C*,

J@xX @) + xj(@* X @) = j(—x:9) jlgx"39) /T2 = T j(P )] j(x;q),  (3.2a)
JO@)jiq) = j(=xy: @) j(—qx"yiq7) = xj(—qxy: ¢)j(—x""y:q?),  (3.2b)
J=xjq) + j(x: @ j(=y: @) = 2j(xy: ¢°) jlgx"yi ). (3.2¢)
We recall the three-term Weierstrass relation for theta functions [15, (1.)], [11].
Prorosition 3.2. For generic a,b,c,d € C*,

jlac,a/c,bd,b/d; q) = j(ad,al/d,bc,b/c;q) + b/c - jlab,a/b,cd,c/d;q). (3.3)

The Appell-Lerch function m(x, g, z) satisfies several functional equations and
identities, which we collect in the form of a proposition [9, 16].

ProposiTioN 3.3. For generic x,z € C*,

m(x, q,z) = m(x, q, qz), (3.4a)
m(x,q,z) = x 'm(x",q,z7"), (3.4b)
m(x,q,z) = m(x,q, x‘lz_l), (3.4¢)

2043 j(z1 /205 ) j(x20213 @)
J(zos @ J(z1: @) j(xz0; @) j(x213 9)

m(x’ q, Zl) - m(xv q, ZO) = (34d)

We point out the n = 2 and n = 3 specializations of [9, Theorem 3.5].
CoroLLARY 3.4. For generic x,z,7 € C7,

Dy(x,q,2,7)
ZJ; J(—qx*zz 3?2175 q*) . X%z ) (P27 ")

== - ] - — Xz ; ]
Jxz @ ghl  j(—qx*25¢7) j(z5 4%) J(=gx22';4*) j(qz;: 4%)
(3.5)

where

Da(x,q,2,7) = m(x,q,2) — m(=qx*, ¢*,7) + ¢ xm(—qg' ¥, ¢*, 7). (3.6)

https://doi.org/10.1017/51446788717000015 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788717000015

48 E. T. Mortenson [5]

CoroLLARY 3.5. For generic x,z,7 € C,

, 23 1 j(3z25¢) i1 4%)
DS(xsqu»Z)Z N R NI A - 3
Iz j(@ ) j(x°7 5 ¢°) L z @z q?)
_x jqX )@ q") | Pz gz g% 7 )
q i(qz: ¢*) q 4z q°) ’
where

DS(-X’ q,%, Z/) = m(x, q, Z) - m(q3x3a qg’ ZI)
+q xm(x, ¢, ) — ¢ Fmq X, ¢, D). (3.7

We present a result similar to [2, Theorem 1.3] and prove two theta function
identities.

THEOREM 3.6. We have
2
JE@)j:q%) = ) (D'g A j(=g" 0y g @ Py ). (38)
i=-2

Proor. We write

J@iigh = ) IR Y ey

rez SEZ
— Z( 1)r+v (F2=r+65%—65)/2 rys
r,s€Z

Break this into five pieces, depending on (» — 2s) mod 5. Let r = 2s + Su + i with
-2<i<2. Thenlets=v—-—u,sor=3u+2v+i:

oo Y ¢}
Jx9)j»q°)
2
_ Z Z (_1)2u+3v+i q(15u2+(6i+3)u)/2+5v2+(2i—4)v+(i2—i)/2 x3u+2v+iy—u+v
i=—2 u,veZ
2 : _ 2 .
_ Z( 1)1 2-i)/2 IZ (15u +(61+3)u)/2(x3y l)u Z(_l)quV +(2i 4)V(x2y)v
i==2 uez VEZ
_ Z( l)l (i2 ’)/zxj( q3’+9 3 )](q2’+1x2y,q10). 0
i=-2

COROLLARY 3.7. We have

J5 @ j(=x5 ¢ = T3 15[ 22 j(=q %5 ¢"0) = xj(-¢* X3 ')
+Jo15Lj(=qx": ") — qx7" j(—=q ' x°; ¢'O)]. (3.9)
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Proor. Substitute y = —x> in (3.8):

2
. . i (i i . i
Js @ j(=x* ¢%) = E (~1)g" ¥ I3i40.15 /(=% x5 ¢').

i=—

The i = 2 term is zero, and the other terms can be combined in pairs to give the stated
results, using Jz 15 = Ji2,15 and Je 15 = Jo i5. m}

CoroLLARY 3.8. The following two identities are true:

Ji5J1230 — qJ250630 = J12J312 = J1J 165 (3.10)
Ja10d6,15 + qJ21003,15 = J14d36 = J2J 1 3. (3.11)

Proor. The second equality of each identity is just a product rearrangement. To
prove (3.10), we first substitute x — ¢, ¢ — ¢* in (3.9):

J1203.12 = J630(q* T 120 = 471120) + J1230(T7.20 — 973.20).

By (3.1e) with m = 2, we have
Jis = J720 — ¢J1720 = J7.20 — 4320
and
Jos = 79,20 - 612719,20 = 711,20 - 6137—1,20,

SO

Ji2d312 = Jo30(—qJ25) + Ji23015 = J15J12.30 — 4257630
To prove (3.11), we substitute x — —¢g in (3.9) and use 71,1 = 70,1 = 271,4:

2J1 4036 = 1136 = J315(q2.10 + ¢Js.10) + Je15(J6.10 + J4.10)
=2(J410d6,15 + qJ2,1043,15)- i
4. Tenth-order mock theta functions and Appell-Lerch functions

We recall the definition for Hecke-type double sums.

DeriniTioN 4.1. Let x,y € C* and a, b, ¢ be nonnegative integers. Then
( Z _ Z )(_ 1)r+sxrqua(;)+hrs+c(;)'
r,s=0  rs<0

Taking the n = 2, p = 1 specialization of [9, Theorem 1.3], we have the following
result.
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Prorosition 4.2. For generic x,y,z € C,

3206y, 0) = ](xq)m(‘” 4% =1) = vig s (- 4 ,—1)
6 2

+ i Pm( T4 -1) - xj(@Py: Pm 3,q ’,-1
(5

Ly BRI yig)
Toto 9% JGY 280 j(=4* )y 6%

Rewriting the respective Hecke-type double sums from [5, 6]:

120@) = f32(0*. ¢, 9); 4.1)
_J1,21ﬁ(6]) =—¢*fr22(q". 4", 9);
J14X(@) = fr32(=4",—4", ¢%); 4.2)

J142 = X(@) = qfr32(-q"" ~q", ¢P).

CoroLLARY 4.3. The following statements are true:

¢(q) = —q"'m(q.q"°, @) — q"'mq. 4", ¢°); (4.3)
wg) = -m(q. 4" @) —m(@’. 4", ¢); (44)
X(q) =m(=¢*, ¢ @) + m(=¢*,4’, ¢*); (4.5)
X(@) =m(=q.4°,¢>) + m(=q. ¢, ¢). (4.6)

We state a lemma.

Lemma 4.4. We have

; _
Dol g =1 = 20’510 220
J25J02001,1044,10

X _
5 Jiod5.1093,10 420

Dz(_q27q5’q4,_1) = = = .
11,510,20112,1014,10

Proor. For the first identity, use Corollary 3.4. Note that one of the two theta quotients
of (3.5) vanishes. For the second identity, we use Corollary 3.4 to obtain

DZ(_C]2> qsa 614, _1)
o Jiodsi0ds20 . T d21002.20
J15J02001,1044,10 J1.5J020J7
J? _ -
=g — 102 [J3,1041,1048.20 + gJ2,1044,1042,20]
J15402007 194,10

1,10
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_ VK Jy . . . Lo
= g =——=———F1i(q% 4" i@ 4" )ilq* 4" i(-ig* ¢")
J1540207 194,10 I
+qi(q*:4")i(g" 4" (ig: 4"V j(~iq: q'*)]
_ VA Jy . . . L
= == "21i(% 4")i(d* 4"l ") j=ia*s 4",

== 2
J1.5702007 104,10 I10

where in the last two equalities we have used (3.1f) and then (3.3) with ¢ — ¢'° and
a=q* b=q* c=q,d=i. The result then follows from product rearrangements. 0O

Proor orF CororLARY 4.3. The proofs for (4.3) and (4.4) are similar, so we will only
show the first identity. Using Proposition 4.2 and Hecke sum identity (4.1), we have
320474, 9)

g " J3Joa0ns
—)
Jo,10J1 5

_ 10 -1 0 2

=-q Jiam(q,q " q)—q Jiam(q,q ",q") (by (3.4d))
_q_lffofl,zfz,lo 1 . J3.10 ]+q_11§10,212,5

Joaodaio U0 Jii0d500

=—q ' J1om(q.q",-1) — g J1om(q,q"0, 1) +

—)
J0,10J1,5
=—q " J1om(q, 4", ) — "' 1om(q. 4", %)

3 q " gl1292.00 T1 100310 + J11073,10 N q ' 2Jo2tas

Jo.10/2.10 J1107 1107310 70,107?’5
= ¢ ' J12m(q.q"°.q) — ¢ Jiom(q.4"".4*)  (by (3.2¢))
_ q_IJ?011,2]2,10 2J420J12,20 N ‘1_1‘]53‘]0’2]2»5

= = - =2
JoaoJ210  J110d1.1093.100 Joaod s

=—q"' j(¢:m(q.4", ) - 4" j(q: ¢ m(q. 4", 1),
where the last line follows by elementary product rearrangements. The proofs for (4.5)
and (4.6) are similar, so we will only show the third identity. Using Proposition 4.2,
the Hecke sum identity (4.2), and Lemma 4.4, we have
320 ~4. q")
= J1am(=¢", ¢, =)+ ¢ T am(=q"', 4%, 1)
— - By Joald
+Tram(=%. %, ~1) + ¢ Tram(=g~ ¢, ~1) + g -L0DE20
Jo20J 1,10
= Jiam(=¢". ¢, q) + Jram(=¢". ¢, ¢*)
2 -1130-,1,415,10 712,20 + J3,|0.74,20] + 2 J130J0,4J2,10

3 7 = T
Jo20d1,10d210 J25 Jis5J110 Jo20d7 10
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= T1am(~*, ¢, q) + T1am(~*, ¢, ¢*)  (by (3.1¢))
> Jio14d5.0 J_%o[ J1220 . J3.109420 ]+ LT Joadai0

3 N N 7 p
Jo201,1004,10 I5 Lai0d310 11006107110 Jo2047 10

3 2 5 3 2 05 4 -2 J?070»4J2’10
=J1am(=q".q", @) + J1am(=q".q".q) + " ————
JO,ZOJI,I()

37 2 5 55 5 55
2 1149500 J]()[JIZ,ZOJI,IOJ(),IOJI,IO+J3,10*]2,10~]3,1()J4’2():|

Jo20J1.10d4.10 75 J21073.1091.1076.1071.10
- - B3 Joada10
= Tiam(=¢*. @, @) + Toam(=¢*, ¢, ") + > =————

(by (3.1f))
020‘]1,10

37 5 = - = - = -
o Jl1ads00 Iy [J12,20J2,20J6,20J16,20+J2,20J12,20J6,20J4,20]
= 3 —_—
Jo20J1,1094,10 575 J2.1043,1041,1046,101,10
s =
2 J10J04J210

=J1am(~¢*, ¢, @) + J1am(~¢*. ¢, ¢ + ¢ —=——
JO,ZOJI’IO
L, BJiadsio T J1220d4.20 = =
—g 2 103 — (V220620 + J2,200620]
Jo20J1,1094,10 5750 J2,1003.1091,1076,1071,10

T 2 5 7 2 5 4 72]?070»4‘12,10
=Jiam(-q",q,q) + J1am(-q", ¢, ") +q§ " ———F—

2
Jo2047 19

Boliadsio J; J12200420
-q =" 9 254002440, (b (3.20))
Jo20J1,10d4,10 I5950 J2.10d3,10d1,1006,101,10

and the result follows by elementary product rearrangements. O

5. The six identities in terms of the D,(x, g, z, z’) function
We rewrite Ramanujan’s six identities for the tenth-order mock theta functions.
LEmMA 5.1. We have
W(g) +q¢(—¢") + X(¢") = -Da(q’.4"°. ¢".q7") - Da(q’.4"°. 4" 4", (5.1)
¢~ 4" W4 +qx(q") = ~4'D2(4,4"°, 4", a7 ~ 47" Da(q. 4", ¢, g 7"°).
(5.2)

Proor. The proofs for (5.1) and (5.2) are similar, so we will only show the first.
Using (4.3), (4.4), and (4.5), we have

w(q) + qp(—q*) + X(¢%)
=-m(q’,q'" ) - m(@,q'°, &) + ¢ m(=¢*. 4", —~¢") + ¢ m(=¢*, 4", ¢*)
+m(=q"%, ¢%, ¢*) + m(=q"%, ¢*, ¢*),

https://doi.org/10.1017/51446788717000015 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788717000015

[10] On the tenth-order mock theta functions 53

=-m(q’.q".¢") - m(q’.q". 4" — g 'm(~=¢7*. 4. ¢*) — ¢ Tm(-q*,4".q®)
+m(=q", 4. q% + m(-q'°,.¢*.q7),
where we have used (3.4c¢), (3.4a), and (3.4b). The result then follows from (3.6). 0O
LeEmMA 5.2. We have

2
7o) - Ylwg) — h(w'q)

w— w?

1
= ——IDs(q",wq", ¢, 4") =~ D3(q", *q". 4", ")

+Ds3(q, wq", ¢, ¢") — D3(¢*, *q"°. ¢°, ¢'®)], (5.3)
_ wp(wq) — W P(W*q)
720(P) + q 2¢ q
w— W

-1

———[D3(wq, 04,4747 = Ds(w'q, 0, q7,q7)

+Ds(wg, wq", g7, q77) = D3(w’q, ¢, 477, 471, (54)
Proor. Rewriting identity (2.1) with expansions (4.3) and (4.4) gives

2
Po°) - Y(wq) 1//(260 q)
w-w

=-¢"'mq’.q°,¢") - ¢ 'mq’,q°,q"

+

(g, wg"’, wq) + m(q*, wq"’, ¢*)
2q10

w - w?
-m(q’, 0*q"°, *q) - m(@*, 0w q"°, )]
=-q"'mq’.q°,¢") - ¢ 'mq’, ¢, q"

+ (g, wg'", ¢°) + m(q*, wq"’, ¢*) — m(¢>, w?q", ¢°)

w — w?
-m(q’,0*q", )],
where we have used (3.4a) and (3.4c). The result then follows from (3.7). The
argument for (5.4) is similar but uses (3.4b), (3.4c), and (3.4a). O

LemMA 5.3. We have
wy(wq) — W x(w'q)

X(q") - 2
w— W
1 _ ~ _ ~
= 7 [D3(-0q,0’¢°, =, ~q ") ~ wDs(~w'q, 0, =47, =q ")
+Ds3(~wq, ¢, ¢, ¢°) — wDs(-w*q, g, ¢, ¢)), (5.5)
X(wq) - X(w*q)
X@) + ¢ —————=
w — W
2
== 1 — D3’ ’¢’,4°,4") - Dy(-wg’, w4, 4", 4"™)
+D3(-0*¢*, ¢, ¢’ ¢*) — D3(~wg*, wg’. ¢, )] (5.6)
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Proor. Rewriting identity (2.3) with expansions (4.5) and (4.6) gives

_ wx(wg) = wx(w’q)
w— w?

X(q")
1
=m(=q""%,4",¢°) + m(=4"%,4".,¢%) - T——[m(-wq, ’¢’, )
+ m(_w% wzqs, 513) - wm(_w2Qs qu’ qu) - wm(_wzq’ qua 513)]
_ 1 _
=m(=¢"%,4%,4") + m(=4"%,4%, ~¢7) - T——Im(-wg, ¢, ~q™)
+m(~wq, 0’ ¢, ¢°) — om(~w’q, g, ~q7) — wm(~w’q, wg’, g1,

where we have used (3.4a) and (3.4c). The result then follows from (3.7). The proof of
identity (5.6) is similar but uses (3.4a). O

6. Specializations of the D, (x, q, z, z’) function
We have the following technical lemmas.

Lemma 6.1. We have

-
J50714.20420,40

Dy(q.q".q%.q®) = - — ,
J1,1048.4078,20J6,20

o
J50918.20420.40

Dy (q.q4".q" . ¢") =—q- — .
J7,1048,4044.2076,20

Proor. For each identity, use Corollary 3.4. O
LeEmmA 6.2. We have

-
J5076.20420.40

Dy(q.4"°.¢* . =—q- — :
Jo,10J24,409 12,2018 20

S =
J5092.20920.40

Dy(q, 4", ¢*.q7"%) = —¢* - — -
J3.10J16,4094.2042,20

Proor. For each identity, use Corollary 3.4. O
LEmMmaA 6.3. We have

;
3 J30J12,30 1

Di(q.¢".¢.¢")=-q7 : :
J630J9304990 1830  J53047,30413,30

TG0 T12.30 1

J6.30J930J1890/2730  J430053014,30

Di(¢*, 4", % ¢'*) = —¢°
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Proor. For the first identity, we use Corollary 3.5 to obtain

9 14
Dy 4", ¢, ) = a5 [ s 130 _12111,30]
o J6,1049,0018 30

J1330 J2330

_ o 4T3 [ RUE _uM]
10 J6.30716,30926,3049,90 18,30 J1330 J2330
_ a7 ' [J4,30J10,30114,30 112,30]
~ J103076.30716,30926,3099.90 18,30 |

Js30473001330 Jo30

where we have used (3.1c) with n = 3 followed by relation (3.3) with ¢ = ¢*°, a = ¢'°,

b=q', c=q* d=q* The result follows from simplifying. The second identity is
similar but follows from ¢ = ¢*°, a = ¢'®, b = ¢'°, c = ¢°, d = ¢". O

Lemma 6.4. We have

Ds(q.q", ¢ g7 = - g : 1
I J1s3027.000330  J13075307 11,30
7
-3 S50 1

D3( ) 10’ _37 _9):_ ° ° .
Tt a4 1 J18;3049004330  J53077,30713,30

Proor. For the first identity, we use Corollary 3.5 to obtain

Iy J. J
0 -9 27 30 2330 21330
Ds(q,.q ", q.q ") T T
2104279042430 L J1 30 11,30
4
_ I3 J230J6,3048,30910,30 ]
9

J2,10427,90424.30 L1303 305,30 11,30

where we have used relation (3.3) with ¢ = ¢°°, a = ¢°, b=¢*, c =¢*, d = q. The
result follows from simplification. The second identity follows from g — ¢*°, a = ¢°,
b=qg*,c=¢*d=q. O
Lemma 6.5. We have

Jis 1

Dy(~¢.4°,~q > ~q ) =-— e
Ji2,15J9450315  J2,1507,1505,15

J%5J§0J3,15 1

JoasJi215J1230  J23098300530

Di(-¢.¢°.¢.¢)=q"

Proor. For the first identity, we use Corollary 3.5 to obtain
st [74,15 _ 271,15]
Jo5J94s5T6.15 1 T, 15 K J215
__J_ijs st [74,15 B 271,15]
s Jyasdrasdinisdoasdens L Jas K J7.15
__ Ts [12,15]5,15]7,15]6,15 ]
ToisT715051503,15

Diy(-¢.¢°,—q,—q°) = -

Js.1502,1507,159 12,1509 45 06,15
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where we have used (3.1c) with n = 3 followed by (3.3) withg — ¢'>,a = —¢’, b= ¢°,
¢ = ¢*, d = —¢*. The proof for the second identity is similar but uses instead (3.2a). O

LemMma 6.6. We have
J§0Jf516,15 1

18) _
- —_ s
J18’45J9’15J24’30 J4,30J14,30J5,30

Dy(-¢*.q°, 4%, ¢") = —q-

> J303573.15 . 1

Di(-%. . ¢ ") =q = _—.
Jr745031501230  J1154150515

Proor. For both identities we use Corollary 3.5. For the first identity, we obtain
qJ}sTs.15 1 1

q -
J25J1845J9 15 J11,15 J1,15

Dy(-¢*,4°, 4% ¢"%) = =

4
qJ}sTs.15 Jo.15J5,15

- - kl
12,5118,4519 15 J2.15J3.15J7.15

where we have used the relation with q —gb q b
= ¢*

q =¢*,d = g. The second
identity follows from ¢ — ¢'>,a = —¢® b = q =

,d O

7. Proofs of identities (2.5) and (2.6)

Using identity (5.1) and Lemma 6.1, we have
W) + qp(—¢") + X(¢°)

3 = 3 =
S50 J1a20J20.40 945 J1820920.40

Jii0d840 Jgaodsno  J7.109840 Jy0d620

J3,920.40 1 - - - -
2020,
= ———[J14207,10/420 + qJ 18207 1,10/38,20]
J8.4046.20 J1 107,109 4207520

J30720.40 1 - -
2020,
= ———[J4,1047,10 + ¢J2,10J1,10]
J1098.4096.20 J 10J7,1094.20758 20

J30720.40 1

= ————[j(~4: =) j(~¢*; ~q)],
J10J8.4076.20 Ty 10J7.1004.2078.20

where we have used (3.1c¢) for the penultimate equality and (3.2b) for the last equality.
The result then follows from product rearrangements.
Using (5.2) and Lemma 6.2 gives

#(q) — ¢ 'w(-q") + ¢ x (")
3 J30720.40 ‘ 1

J2440220  J3.1004.4099,109 1220

- [J62003,1094.20 + J22099,107 12,20]
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J30J20 40 1 — —
20720,
= . = = - [J3,1094,10 + gJ2,10J9,10]
J10424209220  J3.10J4.2079.107 12,20
5
J20J20,40 1

i=a: =) (g =),

J10J24,20~12,20 J3’10J4,20J9,10J12,20

where we have used (3.1c) for the penultimate equality and (3.2b) for the last equality.
The result then follows from product rearrangements.

8. Proofs of identities (2.1) and (2.2)
To prove identity (2.1), we use identity (5.3) and Lemma 6.3 to obtain

Y(wq) — Y(w*q)

7o) - -
w-w
1 g7 Ty 12,30 [ 1
w — w? Js30J930J9.9001830 L j(w? g5 ¢*0) j(wq’; ¢*°) j(wq'3; ¢*°)

1
(g% ¢ j(@qT; ) j(wq " q3°)]
1 g T3 T12,30 [ 1
J(wq*; @39 j(w?q; ¢°0) j(w?q'*; ¢30)

w — w? J630J930J 18902730

‘ |
J(@?q*; ¢%0) j(wg’; ¢°) j(wg'; )
1 q I3 12,30 Jgo J53047,30713,30

w = @? J63049.3099.9071830 J3 J15,90921,90739.90

i 0 jwqs ) j(wq; ¢7°) - jwg; ¢ j(w?q’; %) j(w e ¢
1 g J0/12.30 Jgo J430J53001430

w = w? J6,30J9,3018.90927,30 I3 J12,9015.9052,90

L@q*; )@ 0 j( @020 %) = j(@Pqh ) j(wd: 420 j(wa™; 7O,
where we have pulled fractions over a common denominator. Using relation (3.3)
withg — ¢, a=¢"%, b=¢" c=w?¢’,d = wg’, and also g — ¢*°, a = ¢°, b = ¢'°,
c=wq,d = wg’, we have

Y(wq) — Y(w?q)

7o) - >
w-w
__ 1 q T2z T Jsz0d73001330 [w 5922.3092,3001030/(@; ¢°*°)
w = @? J630J9,309990718.30 J3 J15,90921,9039,90 J(qPw; g*)

=377 3
1 q " J3pl1230  Jo0 Jazodsz0d1430

w — w?* J630J930718,90427.30 J?O J12,00415,90752,90
571930J(q"" 5 ¢ 10.30j(w; ¢°°)
wq 15,0 15
J(qPw; ")
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2 2
» S50 Josdis I3 Jiszo Jis Jis

- ]
Joz0 J6,1543,15 Jozo Jez0 Jo,15 J3,15

where the last line follows from elementary simplification. Proving identity (2.1) thus
reduces to showing

> >
2 S50 Josdis T30 Jiszo Jis Sis _ Jia Jaasde

- - 5

Jo30 J6,1573,15 Joz0 Je30 Jo,15 J3,15 Jig 3

which is obtained by dividing identity (3.10) by J3.15J¢ 5/ J7s.
To prove identity (2.2), we use identity (5.4) and Lemma 6.4 to obtain

wp(wq) — W (W)

a (@) + .
w-w
_ 7
__4 ! I3 [ 1
w — w? 1830027000330 L j(wq; ¢°°) j(w?q; ¢°°) j(w?q'; ¢*0)

: ]
J(@?q; ¢ j(wg; ¢°°) j(wg'; ¢*°)
q* Jzo [ 1
w — w? J183049.90J330 L j(w?q; ¢30) j(wq’; %) j(wq"3; )

1
0% 6 (g3 ) j(w g q3°>]
g I3 J3571.3095307 11,30

W= ? 1830027900330 J3J3901590033.90
L@’ q: ) j(wg’s ¢ j(wq': ¢*°) = j(wa: 6 j(* s 67 j(wq s 6]
q* T
w = w? J1830J9.909330 T35 1590219093990

. [j(qu’ q30)j(w2q7; qSO)j(quB; q30) _ j(w2q5; q30)j(0)q7; qSO)j(a)qB; qSO)].

3
J50J5.3097.30013 30

Using relation (3.3) with g = ¢°°, a = ¢'°, b = ¢°, ¢ = w*¢’, d = wgq’® and also g — ¢*°,
a= qlo, b= 6112, c= wzqs, d= a)qs, yields

wp(wg) = W P(w?)
2

qw(q) +
— W
q! T J930J1,30J5,30J11,30 [qu16,3014,30j(w; LISO)Jloso]
Jwq's; %)

~ w - w? J18304279093,30 J3073.90715.9033.90
q* T3 J30953097.3013.30 [_ Wq° J22.2092,20 /(w3 QSO)J10,30]
J(wgq";¢*)

w = w? J183049.9043,30 J30J159021.9039.90
2 2
_ Jishis Iy Jrsdis 3
- - s
J31506,15 J3,30 J31s J930
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where the last line follows from simplification. Thus proving (2.2) is equivalent to
showing

Jishis I3 Dshis 3 _J12 461576

J3,15J6,15 3,30 S35 Joso Jae T3

which is obtained by dividing identity (3.10) by J§ 15615/ 125.

9. Proofs of identities (2.3) and (2.4)
To prove identity (2.3), we use identity (5.5) and Lemma 6.5 to obtain

wy(wg) — Wy (w*q)

X(q") - —
1 Jls [ 1
l-w J12,1579,4573,15 j(_wzqz; q15)j(—wq7; qls)j(_wzqs; qls)

w
J~wg?; ¢1) j(-w?q’; ¢"9) j(-we; q”)]
o 1 T 307315 [ 1
l-wgq 19,45.712,15.112,30 j(wzqz; 6130)1(602618; 6130)1(602615; 6130)

1

jwa?: ) j(wgt: ) jwg; q3°)]
1 Jls T3 J21575,157,15

1= Jyy 1509457315 J}sT6.457 15,4521 45

Li-wg* g™ j(-0?q":q") j(~wg’1 ")

~wj(~0’q*¢")j(~wq'; 4 j(-w*¢’; )]

W 1 T Jay Dasodsaedsso
I-wgq Joa5J12.15J12.30 J_go J6.90424.90J15.90
L ) j(wd: ) jwd: ) — (2% )@ d: ) (s ).

Using relation (3.3) with ¢ — ¢"°, a = ¢'°, b = ~wq’, ¢ = —w?q’, d = ¢°, and with
g— ¢, a=wqg,b=uwq, c=q,d=w,yields

wy(wq) — W (Wq)
w— w?
1 Jls 321505150715
L= w 1151500450315 I} 645015452145
. Ji31547,15 01015 j(w?; ¢")
j=w?q";g")
W 1 JisTgais Jay Jaz0dsz0d550

—wa = 79
1= wq Jg 457151501230 J30 J6.90924907 15,90

X(q") -
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(@@ T1020j@*: 60 j(was ¢’ )

Js30
2 2
_ Jazodiaz0 J1odis J230J330 J10J7s
- 7 2 = 2
J6,15 J6,3OJ30 J3,15 ‘16,30‘,30

where the last line follows from simplification. Thus proving (2.3) is equivalent to
showing

2 2 =
Jas0J1430 J10d7s N Joz0dsz0 J10dis  Jia Jigz0ds

Jeis  Jo30d5 Jiis Jesodyy Tz e

which is obtained by dividing identity (3.11) by Jé 3071230/ J?%()'
To prove identity (2.4), we use identity (5.6) and Lemma 6.6 to obtain

» X(wgq) — X(w?q)

@) +q >
w— W
q3 J§0J125J6,15
w-w?y 18.45J9.1592430
| 5 = |
Jwag*; ¢30) j(@*q"; ) (¢ ¢%0)  j(@Pq*; ¢*°) j(wq'; ¢0) j(wg’; ¢*°)
N q* J30035 03,15

_ 2 =
W =W Jr7450315J1230
2

w w
[j(wq; q") j(wg*; ") j(-w?q% ¢%)  j(w?q: ¢) j(wqh; ¢Y) j(—wg’; qIS)]
¢ Tylisders  Jagdazoiaz0ds30

l-w J18,4579,15J24,30 J§0J12,90J42,90J15,90
i [](w2q4’ q30)j(wa4; C]3O)J(wq5, q30)_ (L)J((,L)q4, 6]30)j(w26]14; q30)j(w2q5; q30)]
¢ Jaodishas  JisJiasdansdss

— T 9 7
1= Jy4503,15 01230 L35 T35 012457 15,45

Liwg; ¢2)j(wg*; ¢) j(-w0q’; ¢°) — wjwq; ¢") j(w?q"; ") j(—wg’; ¢™)].
Using relation (3.3) with g = ¢°°, a = ¢°, b = W?*¢°, ¢ = wq’, d = w, and with ¢ — ¢'°,
a=q,b=wg, c=wq,d=—q¢, yields
X(wq) - X(w*q)
X))+ ¢ ————
w— W

4 3
@ IyJisders  Jsgdazod1a300530

1= w Jig 45791502430 J§0J12,90J42,90J15,90
[Jwq’: 4w’ 47 j(w: g™ 10,30]
J530
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4 T l3sd31s TisTiisdaisdsis [T1150a1505.5 (@ q")
1= Jp74503,1501230 I35 T3.45 012457 15,45 J(-w:q®)
_ 3 Jaxo JisJ30 _ 4 o T35 T30
- Je.15 12307630 T35 J122’30 '

where the last line follows from simplification. Thus proving (2.4) is equivalent to
showing

2 2 7
sdano JisTo o yhaoJisBo 5 Jia Jeso s

= = > =
Je.15 112307630 J315 1230 Jan Je

which is obtained by dividing identity (3.11) by Jg 30/ 122’30/ J§0'
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