COEFFICIENTS FOR THE STUDY
OF RUNGE-KUTTA INTEGRATION PROCESSES
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Introduction

We consider a set of » first order simultaneous differential equations in
the dependent variables y,, ¥,, - - *, ¥, and the independent variable x

dy.
’&f = [1(%1: Y2o "5 Ya)s
dy,

(1) d_x_ —fz(yn Ye» tyn)’
dy,

_d—; = fn(y1’ Yar " " s yn)

No loss of generality results from taking the functions f;, f5, -, /s
to be independent of z, for if this were not so an additional dependent variable
Ys+1, €an be introduced which always equals 2 and thus satisfies the differen-
tial equation

dy'n+1
= 1.
dx

When convenient we will write the set of equations (1) in one of the vector
forms

dy,
@) £=/I(y)’ (t=1,2+-,m),
or

dy
3 = = f{y).
(3 ~ = 1(7)

We will suppose that the values y = y, are given at ¢ = x, and that it is
required to find an approximation ¥ to the value of y at the point = z,+-5.

A Runge-Kutta process is a solution to this problem defined by the equa-
tions
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(4) g0 =Hy,+ A J):laug“’).
(5) y=yo+ hIEIbzg" ),

where g? (I = 1,2, -+, ») is a set of #» element vectors and the numbers
a7, by are parameters which distinguish different processes of this type.
If the vectors g, g2 - .. o®) are to be evaluated one at a time in this
order then the parameters a;; must satisfy the conditions

(6) ary = 0, (J=1.
However, since implicit processes are also possible we do not impose this
restriction.

The simplest examples of Runge-Kutta processes are, for v = 2, that due
to Runge [1] and for » = 3, that due to Kutta [2]. The non-vanishing a;;, b;
are, for the Runge process

ay=1%, b4, =1,

and for the Kutta process

“21‘_"‘%'

ay = — 1, a3 = 2,
2

b, =bs=‘61: bz =3

The values of these quantities are chosen so that the power series expansion
for y defined by (4) and (5) should be identical with that for y up to the
terms in A2 (in the Runge case) or 4® (in the Kutta case). Other processes of
higher order are due to Kutta [2], Nystrom [3] and Gill [4].

It is the purpose of the present paper to derive expressions for the various
terms of the expansions for y and y and to present tables of certain coeffi-
cients which allow these terms to be written down immediately.

Thus the scope of the paper is similar to that of Merson [5] who used an
operational method to study these expansions. Certain vectors occurring in
the expansion, which are called ‘““elementary differentials’ in the present
paper were shown to bear a (1 — 1) correspondence to the rooted trees of
topology and a calculus was developed for manipulating them and thus
deriving the terms of the expansions in given cases.

The Taylor expansion for y

It is convenient to define from the functions f(y) occurring in (3), a set of
n element vectors which we will call elementary differentials of given order
and degree. The order is an integer greater than zero while the degree is an
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integer less than the order and greater than zero. If the order is unity the
degree is not defined.

f = f(y) is the only elementary differential of order 1.
F is an elementary differential of order » and degree s

if
(7) F=3 3.3 ot Fy Fp ++ F
=1 51 f=1 ayjl ayj’ “ee Byj. 14, " 24,y 84,7
where F,, is element number § of an elementary differential F; of order
r(i=1,2,---,s) such that
r=14+nr+r,4-+r,.
For simplicity the elementary differential (7) will be written as
(8) F = {F\F,- - F,}

In general F,, F,- -+ F, need not be distinct. Let us suppose for example
that F,, F,, - - - F, are distinct but each of F,,,, - - - F, is identical to one
of them so that in all F,(¢=1,2, -« - ¢) occurs g, times amongst F,, F,,
+++F,. In this case we have

r=14mr + pats+ -+ lo?o,
S=p+pst+ -+ pe

and we write F in (8) as

©) F = (F:Fjs - -« Fie).

A further convenient abbreviation of the notation is possible for an elemen-

tary differential of degree 1. For example {F} where F is given by (9) will
be written as

GFEFp - B,
and generally {, ,F}, ;, will be written as
{FiaFfs- -« Fbe),,

for any positive integer a.

If F,, F,, - - - F, in (7) are linear combinations of elementary differentials
then F will also be a linear combination of elementary differentials. However,
the notations (8) and (9) will still be used in these cases and it is easy to see
for example that

{a(bpl’+CF]’.’)Fz'"Fc}a‘_‘b{aF],.Fz"'F:}a
+c{cFl’.,Fz"'F:}a
for constants b and c.
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It is convenient to adopt one final convention. The symbol {1} will be
identified with f£.

The importance of the elementary differentials results from the following
theorems.

THEOREM 1. The differential coefficient (with respect to x) of any elementary
differential of order v is a linear combination with non-negative integral
coefficients of the elementary differentials of order r + 1.

The proof is by induction. For #» = 1, f is the only elementary differential
and

» of
=25 =0

an elementary differential of order 2 (in fact the only one of this order).
If the operator D replaces an elementary differential on which it operates
by its derivative we have for the derivative of the elementary differential (7)

F = {{F,F, - - - F,} + {(DF)F, - - s} + {Fy(DF,) - - - F}}

(10) !t (RFs- - (DF))

each term of which, by the induction hypothesis, is of the correct form.
The following corollaries are easily proved by induction.

CorOLLARY 1. The sum of the coefficients of the elementary differentials in
DF is ».

CorOLLARY 2. D'F is a linear combination with non negative integral
coefficients of the elementary differentials of order r + t and the sum of the
coefficients is (r + ¢ — 1)!/(r — 1)!

For the case of D*f we see that each term is of order ¢ 4+ 1 and that the
sum of the coefficients is ¢! For this case we prove the stronger theorem.

THEOREM 2. When D*f is writien as a linear combination of the elementary
differentials of order t + 1 none of the coefficients vanishes.
For t = 1 we have
Df = {f}

and this is clearly the only elementary differential of order 2. Let us assume
the result for £ <7 — 1 and consider the elementary differential (8).
Two cases arise

() F= {1,

(ii) one at least of F,, F,---F, is not f. Suppose for example F, is of
order 7, where 1 <7, <7.

In case (i) F occurs in D{f"~2} and by hypothesis {f"-2} occurs in D"~*f.

In case (ii) F occurs in DF’ where
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F' = {(D"'f)F,F;---F,}

and F’ occurs in D™2f.
By repeated application of (10) we can write down the terms of D*F
or in particular of D!f. We find for example
Df = {f},
D = {of}, + {f*},
D3f = {sf}s + 3{f{f}} + {of*}: + {*}.
The Taylor expansion for y we find by evalnating these expressions at

Y = Y, 1f evaluation at this point is understood for all elementary differen-
tials occurring in such a context as this we may write

o0 r

Y=y +3 =D
r=17:
(11) o 7r®
— (i) @)
=XYo +c§1 W e F

where F (= f), F®, F® ... are the complete set of elementary differen-
tials with orders (1) (=1), ¥, #® ... in non decreasing order and a'? the
coefficient with which F® occurs in D'"-1f.
The first few terms of (11) are easily found
h* h3
Y=Y+ W+ Py {f} + 31 ({ef}e + {f3})
JX)
+ 4! ({of}s + 3{F{F}} + (o2 + %)) + .

For elementary differentials of high order the use of (10) to find the coeffi-
cients a'® becomes increasingly tedious. However, a simpler method is to
use the following theorem.

THEOREM 3. If (h3(r!) a is the coefficient of F, defined by (9) in the expansion
(11) and F,, F,, - - - F, are all distinct then

(12) a=(r—1)! 1111 /% (;“—,)”

where (hfr,!) «,(i = 1,2, - - o) is the coefficient of F, in (11).
To prove this result we substitute the expansion (11) into (3) and compare

terms.
The coefficient of F on the left hand side is
r—1
(13) “
(r —1)!
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while the right hand side is given by the Taylor expansion

o0 n n n l a’f
f+ ves - .

:gl 512-"1 5,2=:1 i,§1 st Yy 0yy, - %;, (7111"7!, )
where

o L't

N=y—Yo=2 7] x I F),

Tl

Thus the right hand side may be written as
x 1
(14) f+3 ()
=1 S!
or, adopting the conventions stated, as
f+32 0 =@
=195

We see that in (14) F occurs only in 1/s!{n*} where s is the degree of F.
Furthermore, the only terms of this that contribute come from

1 o hn &
— — a.F.
al(Z 7))

and the coefficient of F = {Ff+F {: -« F}-} in this is

A1 s o [\ M
19 - )1 ()
st \ug, g, * 00y o) 41 \7y!
where ( ) is the multinomial coefficient
Hys Bas *°°) Uo

s/ 1T ()

Comparing (13) with (15) we obtain the result (12).

If (12) is used to compute the coefficients «, for the elementary differen-
tials of order » we may use as an independent check the fact that the sum
of the coefficients is (r — 1)! (THEOREM 1, COROLLARY l.)

In table 1 the elementary differentials of orders up to 8 are tabulated in
the second column against order in the first column. The corresponding
values of « are in the third column.
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TABLE 1
r F o B yir F o 8 b4
1 f 1 1 117 B, 6 360 420
7T ) 1 30 210
2 1 1 2|7 LBl 5 720 1008
7 (6l 5 360 504
3 ) 1 2 6|7 LUBHD, 15 720 336
3 (M 1 1 317 [Py 5 120 168
7 {s{sFhi{f}}s 10 720 504
4 {fh 1 ] 24 | 7 {{fHih 10 360 252
4 (yf*), 1 3 12 |7 {{sf1sf®, 10 360 252
4 {np 3 6 817 i) 10 180 126
4+ {F} 1 1 4|7 {{A), 15 360 168
7 L{DP) 10 120 84
5 {dh 1 24 120 | 7 {Ph, 1 6 42
5 {1}, 1 12 60 | 7 (K} 6 720 840
5 {4}y 3 24 40 | 7 {PhLN) 6 360 420
5 4Lf') 1 4 20 | 7 {{{DL0 18 720 280
5§ {{sff} 4 24 30 | 7 {{Plh) 6 120 140
5 {{Mmn 4 12 15 | 7 {000 24 720 210
5 {{nm 3 12 20| 7 ({MHH 24 360 105
5 {{nM 6 12 10 | 7 {{Hnh 18 360 140
LI (] 1 1 517 {{{hen 36 360 70
T {n 6 30 35
6 {f) 1 120 720 | 7 {{FhLif) 15 720 336
6 {f*h 1 60 360 | 7 {{f?h{f}) 15 360 168
6 LN, 3 120 240 | 7 {{{AH{MH) 45 720 112
6 L, 1 20 120 | 7 {{BUMN 15 120 56
8 laflfh 4 120 180 | 7 {{sf}sf?} 15 360 168
6 {,{f1}f}, 4 60 90 | 7 ({717} 15 180 84
6 L1t 3 60 120 | 7 {{{"Hf} 45 360 56
6 L{ne), ] 60 60 | 7 {{PIY 15 60 a8
6 Y, 1 5 30 | 7 (LAY 10 360 252
6 {{uf)sf} 5 120 144 | 7 {{ofhif)) 20 360 126
6 {(af*}sf} 5 60 2|7 | 10 90 63
6 {{nnh 15 120 48 | 7 {(ALDB 60 720 84
6 {mn 5 20 24 | 7 {BHH 60 360 42
6 {{:Ndf) 10 120 217 {{ofhLF) 20 120 42
6 ({rH 10 60 36 |7 {{HM 20 60 21
6 {{sf)f?) 10 60 8|7 {H 15 120 56
6 {{rr 10 30 18 | 7 {{fppfY) 45 180 28
6 {nn 15 60 24 | 7 (Y 15 30 14
6 {nry 10 20 1217 % 1 1 7
6 () 1 1 6
8  {ifh 1 5040 40320
T {efls 1 720 5040 [ 8 {4f%}, 1 2520 20160
7 {if*) 1 360 2520 | 8 {(Fif}s 3 5040 13440
7 Adfif}, 3 720 1680 | 8 {sf*) 1 840 6720
7 {fh 1 120 840 | 8 {{afhfle 4 5040 10080
T Laladhaf)s 4 720 1260 | 8 {{f)f) 4 2520 5040
T iR, 4 360 630 | 8 {{f. 3 2520 6720
7 Lk 3 360 840 | 8 {{fif*}, 6 2520 3360
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TaBLE 1 (continued)

r F o Jij y r F « B 4

8 {4, 1 210 1680 | 8 {{{f2),}f} 35 2520 576
8  laflsfh 5 5040 8064 | 8  {{{{HHfHif} 105 5040 384
8 {{ofP)ef)s 5 2520 4032 | 8 {{{0Hf) 35 840 192
8  L{NAA, 15 5040 2688 | 8  {{{;flLiMN 70 5040 576
8  {{ffif), 5 840 1344 | 8 {{{FM{HH 70 2520 288
8 {o{ofhif})s 10 5040 4032 | 8 {{sN)}} 70 2520 288
8 ({0}, 10 2520 2016 | 8  {{{f}f1f) 70 1260 144
8  {olof)f?)s 10 2520 2016 | 8  {{{f)*fif} 105 2520 192
8 (i, 10 1260 1008 | 8  {{{Aif}f} 70 840 96
8 {{f)fh 15 2520 1344 | 8 {{f}f 7 42 48
8  ({Nf) 10 840 672 | 8 {{fhif}} 21 5040 1920
8 [ 1 42 336 | 8 {{of*h{f) 21 2520 960
8  {[3{uf}af}s 6 5040 6720 | 8 {{{fif), {1} 63 5040 640
8 {2{sF3:0)s 8 2520 3360 | 8  {{,f*}{f}} 21 840 320
8  {olo{f}f}sf), 18 5040 2240 | 8  {{oF}:FHD 84 5040 480
8 {fofhf) 6 840 1120 | 8 {{{Ff}{f}} 84 2520 240
8 {o{{ofaf}f}s 24 5040 1680 | 8 {{f)*}{f}} 63 2520 320
8  {{{fIif), 24 2520 840 | 8  {{{if3{M)} 126 2520 160
8  {{{H1, 18 2520 1120 | 8 {{f{N} 21 210 80
8 {{{F} 2} £}, 36 2520 560 | 8  {{f}. S} 21 2520 960
8 {y{f91), 6 210 280 | 8 {{sf?).f?} 21 1260 480
8 Llsfls{f)s 15 5040 2688 | 8 {{:{Nf};LF} 63 2520 320
R 15 2520 1344 | 8 {{,f*},f7} 21 420 160
8  L{AB{M, 45 5040 806 | 8  {{{uf}.F}f%} 84 2520 240
8 L{FHA), 15 840 48 | 8 {{{BHe) 84 1260 120
8  {{sfsf}, 15 2520 1344 | 8 {{{f3f%} 63 1260 160
8  {o{ofth), 15 1260 672 | 8 {{{fff} 126 1260 80
8 (AN, 45 2520 48 | 8 ({3} 21 105 40
8 {2{}f?}, 15 420 224 | 8 {{sF)s{sM)s} 35 5040 1152
8  {ilsfha?) 10 2520 2016 | 8  {{f}{f*}} 35 2520 576
8 (o))} 20 2520 1008 1 8  {{of2}s{sf}e} 35 2520 576
8 {{r, 10 630 504 | 8 {{of*)(P}} 35 1260 288
8  {ylof} ), 60 5040 672 | 8 {{{fif}{sf}s} 105 5040 384
8  {{fhif, 60 2520 336 | 8  {{{fif}{f}} 105 2520 192
8  {{sf}sP}, 20 840 336 | 8 {{f}ef)) 35 840 192
8  [i{f}f) 20 420 168 | 8 {{MA{f}} 35 420 96
8 {:{f}*}s 15 840 448 | 8  {{if}iDD) 105 5040 384
8 {y{fry, 45 1260 224 | 8 {{2)s{1}F} 105 2520 192
8  {i{fift)y 15 210 112 | 8 {{{Annf} 316 5040 128
8 {f'h 1 7 56 | 8  {{P}HH 105 840 64
8 {{sf)f) 7 5040 5760 | 8 {{sf}:F} 35 840 192
8 {{f2}f} 7 2520 2880 | 8 {{af*}*} 35 420 96
8 {{{A)0) 21 5040 1920 | 8 {{{fif)f) 105 840 64
8 {{sf*}sf) 7 840 960 | 8  {{FIF} 35 140 32
8 {{:{af)ThN} 28 5040 1440 | 8 {{yf};2N) 70 2520 288
8 {{{FP})f} 28 2520 720 | 8 {{F},{F2}F} 140 2520 144
8 {{{Mhh 21 2520 960 | 8  {{f*1*F) 70 630 72
8 (LN 42 2520 480 | 8 {{sf)s{)%} 105 2520 192
8 {{sf'Yf} 7 210 240 | 8 {{P}A% 105 1260 96
8 {{{sf}s0}1} 35 5040 1152 | 8 {{;fs(0)17) 210 2520 96
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TABLE 1 (continued)

4 F o B y

8 (YA 210 1260 48
8 {{flfY 35 210 48
8 {{MY) 35 105 24
8 {ifpn 105 840 84
8 {{fy*f*} 105 420 32
8  {{ir*} 21 42 18
8 M 1 1 8

The Taylor expansion for y

The derivative of y with respect to 2 will depend on the numbers b;, a;;
(I,J=1,2,---%). It is convenient to define certain vector functions of
these numbers and of f(y) which bear a (1 — 1) correspondence to the
elementary differentials.

We define
(16) g=2bg"

=)
where g\’ is defined by (4) as the only weighted differential of order 1
(the degree is undefined) and generally

amn @ =<G,G,- -G,

is the weighted differential corresponding to (and having the same order

and degree as) F in equation (8) if G, corresponds to F,(s = 1,2, .-, o).
We also write

(18) G = (GhGk - - GF)

as the weighted differential corresponding to (9). The right hand side of
(17) is to be defined as follows:
Suppose G, has components (G, Gy, « * * G,,) where

Gi! = z Gg) b,
Tl

then
v v v v n n n
(0102“'a:>=2 2 2“.2 z Z”'Zblal-’;a”.'”
(19) I=l Jy=1 Jy=1 Jg=l §;=1 jy=l Gyl
alg(l)

J J
Gg:’G;,.‘) e GYI

s, ¢

a —_—
ol 0y, 04, " * * 0y,
where the partial derivative of g in the right hand side indicates a differ-
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entiation of £(y) with respect to the elements of y followed by the substitu-
tion

y=yo+n leaug"’-

It is also convenient to define a set of functions of a;;, b; alone which we will
call elementary weights. These also have a (1 — 1) correspondence to the
elementary differentials. The order and degree of an elementary weight are
defined as identical with the corresponding elementary differential. Each
elementary weight is a homogeneous function of degree 1 in b; and of degree
r — 1 in a;; where 7 is its order.

The elementary weight corresponding to f is

b=3 b
and the elementary weight corresponding to {F, F,---F,} is
(20) O =[D,D,---D,],
where @, &,,:-+P, correspond to F,, F,---F,. As before we write
(21) D = [P Pgr - - - PF°]

corresponding to (9) and we define the right hand side of (20) by the
equation

v v 14 »

(22) [@Py--P,]=> ¥ I+ 3 b,a,,,xa,,,’---a”_dii"l’(bg’-’ <P,
IS1 021 J=1 dp=1

where
D, =3 5P
=1

and @ is independent of &, &,,- -, b,.
At & = 0 the partial derivative in (19) becomes identical with that in (7)
so an inductive proof to the following theorem is trivial.

THEOREM 4. When h = 0 and G, F and D correspond
G = OF.

It will be shown that the derivatives of y depend only on the weighted differ-
entials so that the Taylor expansion for y will depend only on the elementary
differentials the coefficients, however, not being constants as in the expan-

sion for y but instead products of numerical constants and the correponding
elementary weights.

Let us for example consider the first derivative of y.
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d n ogd) (v d d
23 21 § J— ( a gJ) B ar, — ‘(J))
(23) dzg .21 o, .21 1785 + 2 ”dxg
so that
d
(24) ag= 8>+ hio@>s+ M isgs+ -+ .

We note that in this example the derivative of a weighted differential of
order 7 contains terms in the weighted differentials of order greater than
r+ 1.

This will be found to be generally true and in fact a straightforward
differentiation of (17) gives

DG = (gG,G, "+ G, + 5{(g)G1Gy - G + (), G, Gy - G,
(25) + - +(DG)G, G, - - - G, + (Gy(DG,)Gy - - G + -+
+ <G, G, G, - - - (DG,)).

We now state the analogue of THEOREM 1.

THEOREM 5. The differential coefficient with respect to x of any weighted
differential of order r is a power series in h, the coefficient of h' being a linear
combination with non-negative integral coefficients of the weighted differentials
of order r + ¢t + 1.

The proof is almost identical to that for Theorem 1 except that (25)
plays the role played there by (10).

COROLLARY 1. The sum of the coefficients of weighted differentials of order
v+ ¢t 4+ 1 occurring in D@ is rh'.

COROLLARY 2. D*@ is a power series in h the coefficient of h* being a linear
combination with non-negative integral coefficients of weighted differentials
of order v + t + u.

The question of the sum of the coefficients of a given order we defer to a
later time.

As DG contains terms corresponding to those in the expansion of DF
(and some extra ones as well) we can easily prove the analogue to Theorem 2.

THEOREM 6. When D*g is written as a power series in h so that the leading
term is a linear combination with non-negative integral coefficicnts of the
weighted differentials of order 1 + u, none of the coefficicnts vanishes.

It is of course this theorem which makes Runge-Kutta processes possible.

Similar to the Taylor expansion (11) we have

6

26 y = S 0 10¥ =U]
(26) y=r+ 3 ca—i? :
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where FM, F@ ... 4 4@ ...are as previously defined, @), @, .- are
the corresponding elementary weights and g is the coefficient with which
G corresponding to F® occurs in D™"g for i = 1,2, - -
Repeated application of (25) enables us to find the first few coefficients in
(26). For example we find
Y = Yo+ ht + R{$1{f} + W ([:$1:{0} + 3[$71{})
+ k4 ([plslsl)s + [BSIHAN) + $eb?Lalef?he + $(6°1{FY) +

so that the specification for a fourth order Runge-Kutta process would be

=1, (¢] =1,
[$le =%, [¢%] = %»
[$]s = 55, [#[8]] =%,
[29%] = —1‘ [¢*] = 44"'

or in expanded form for » = 4 and with the restriction (6)

by + by A+ by + by =1, bc2+bc3+bc4=12~,

b3 @356 + by (@4aCa + @4aCs) = §, bycy + by + byci = 3,
byag3az5cq = '2’11: byCalgaCy + byCa(@gzcs + Aa3C3) = 3,

by 353 + by(@4sCh + agycl) = 1-12‘: bycs + byes + byt =%,

where
€3 ==dy, C3= a3 + @33, C4= a4 + Qg3+ 43.

In general if the Runge-Kutta process is to be accurate up to termsin 4" (11)
and (26) must agree to this accuracy so that
1 o 1
(27) ¢(i)=-—.'i—.—=—:
R TO R

say, for all 7 such that »* <7,

The use of (25) to find the values of % is even more tedious than is the
use of (10) to find a!¥’. However, we have corresponding to Theorem 3 the
following result.

THEOREM 7. If (W/(r — 1)!) BD is the coefficient of F defined by (9) in the
expansion (26) where @ is the corresponding elementary weight and Fy, F,, - + -
F, are all distinct then

(28) — -~ (—-—’3——)'

=1 p! \(r; — 1)!

where (h4f(r,—1)1) B, @D, (i=1, 2, -+, 0) is the coefficient of F; in (26) and
D, corvesponds to F,.
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To prove this result we confine ourselves to the special case v =1,
b, = a;; = 1. This restriction is unimportant as the terms in (25) do not
depend on these parameters. (5) now becomes

Y =y, + hi(y).

Substitute (26) into this equation with @ now set equal to unity and we
obtain a coefficient for F on the left hand side

B
(29) (_E_T)‘
while the right hand side can be formally written as
(30) ",
where

o

2 3 (7 — 1)1 BOFD.

Thus the terms in (30) are identical to those in (14) except that «, is to be
replaced by 7,8, and an extra factor % is present. Thus the coefficient of F

n (30) is
) T 2550

“"Hl( B ))”'

= p! \(r, — )

and a comparison of this with (29) gives the result (28).

The fourth column in Table 1 gives the corresponding values of § to the
elementary differentials in the second column. As with the values of «,
the sum of all values of 8 for a given order has a simple expression. Let this
sum for order 7 be B, and consider the function of & say

B=31$+ B§2+ Bg§3+
A comparison of (29) and (30) gives us that
B=5(1+B+2i!32+---)
= &eB,

The solution to this equation corresponding to B =0 at § =0 is [6],
B, =2
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The values of y defined in (27) are useful and these can be found from the
relation

};=-;—.

However, by comparing (28) with (12) we find an inductive means of com-
puting this quantity independently. We find

(631) y=r]I 7
=1

where y, corresponds to «;, f;.

A process of order 5

As an example of the preceding theory we shall derive the parameters
for a 3 stage process of 5th order accuracy.
We define

6, = ay; + 4 + a3,
(32) Cq == @y + @gy T g3,
€3 = gy + G35 T+ g3,

and suppose that &, b,, &, ¢;, ¢,, ¢3 are chosen so that

(33) p=b+b+b=1

(34) [¢] = byey + bycy + byes = %:
(35) [67] = buc} + bacf + b5 =,
(36) [¢%] = by} + bych 4 bycy = i'
(37) [$4] = bycf + bych + byes = .

It is clear that none of 4,, b,, b, can vanish and that ¢;, c,, ¢ are distinct.
The equations [;¢], = %, [[$]¢] =3, [[$]$?] = % When combined with
equations (35), (36), (37) respectively give

3 3 3
b, ( IEI yycr — %Ci) + b, (121 @yrcr ~ %02) + by (121 agrlr — ‘%Cg) =0,

0.

I

3 3 3
by (Izlaucf - %‘f) + byc, (IZ QyrCr — %Cg) + b3¢5 (Z AarCr — %"'g) =0,
= =1

3 3
bt (3 auer — 31) + toch (3 awer — 1) + bk (3, s — 3

1=y 1

Hence, since the matrix

https://doi.org/10.1017/51446788700027932 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700027932

(15] Coefficients for the study of Runge-Kutta integration processes 199

by by b
biey bacy byey
by} byc bycl

has non vanishing determinant &,b3b,(c; — ¢,)(¢3 — ¢3){cs — ¢;) we have

0161 + B1Ce + gl = M,
(38) A€y + BgaCo + Ag5C3 = 363,
3,0, + B35Cp + dg3¢5 = %c3.

Similarly, the equations [,¢%]; = {, [[$%]¢] = {5 will be satisfied if
a6} + @yaC3 + GygC = %"?:
(39) A9} + @393 + Gg5c = 363,
@36} + B39€3 + Bgec3 = 33,

and it is convenient to assume these conditions which, together with (32)
and (38), may be used to find a;;(I, J = 1, 2, 3) once the values of ¢,, ¢,, ¢5

are chosen.
The equation [;Bls = 5 is 23 s, x1014178sx¢x = 57 and the left-hand
side is

3 3
> brag (k) = 'tls‘ > byey = 'zlz:
1,J=1 =

so that all elementary weights of order less than 5 have now been seen to
have the correct value.
It is now easy to verify that [[,¢],¢] = 5y and [[$]*] = 5. We have

8 3 3
(plfl = 3 lbICIaIJaJKCK = %I;Ibzczanc.zr = %121 byet = %’16

and
3 3 2 3 L
(471 = 3 0:( 3 awves) =1 3 ek = 5.

It now remains to prove @ = 1/y when @ is of order 5 and degree 1.
However, first we will prove that, assuming by, &,, by, a4y, @19, * *, 453 to be
chosen to satisfy equations (32)—(39), then

biay + byag + byagy = bi(1 — ¢y),
(40) byays + by9y + byagy = by(1 — ¢y),

b1ays + badas 1+ baagy = by(l — c5).
This will be true if
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#(by 1 + by gy + by gy — by (1 — 1)) + v(by @13 + Datgp + byaze — by(1 —¢y))
+ w(by a3+ badys + byzy —bs(l —c5)) = 0

for three independent vectors (u, v, w). This is easily verified for the three
vectors (1, 1, 1), (¢, ca, C3), (€}, 3, c3) so the result follows.

Now consider an elementary weight of degree 1 and order 5,

= [9']
P = [0,P,---D,]

is of degree s and order 4.

We have @, = 1/y,, @, = 1fp,, *+, D, = 1lfy,, ® = 1/y’ where y' =
4,75+ -y, (from (31)) and we wish to prove @ = 1]y where y = 5y".

Let us now define @' = [¢®; P, - - - ,], of order 5 and degree greater than
1, so that @ =1/y"" where 9" = 5y,,-**y,=%y. Using (22), (40) we find

where

¢ p— ¢I - ¢’I
101 1
Y oy oy

the correct value.

It now remains to choose a convenient solution to (33)—(37) and to find
the values of ay,, ay,, * * * agy from (32), (38), (39). For simplicity we suppose
6, = 0 so that ay; = a4y, = a;3, = 0.

We now find
. PO, (£ )
b3=16"\/6, a21=9+\/6, a22=24+ \/6’ a23=168—73\/6‘
36 75 120 600
a31=9-—\/6’ 432=168+73\/6’ a33=24_\/6-
75 600 120

Thus we have for a possible process in which g is defined explicitly and
29, g% implicitly,

gV = 1(y,),
9+ /6 24 4 /6 168 — 73,/6
@ — f A2V o g® + —— Y _ g},
g (.Vo + ( 75 g 4+ — 120 + 800 £
— /6 168 + 734/8 24— /6 )
@ — f b gw 2 z®
g (.Vo + ( 75 + 600 + 120

. 16 6 16 — /6
y=Yo+h (%gm + -::6\/ g% + 36\/ g(a))

=y 4+ O(m).

https://doi.org/10.1017/51446788700027932 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700027932

[173 Coefficients for the study of Runge-Kutta integration processes 201

It is remarkable that the choice of 12 independent parameters a,, a5, - * -,
@34, by, by, by has enabled us to satisfy no less than 17 separate equations.
It happens that this situation is capable of extensive generalization and,
for example, keeping this same value » = 3 it is possible to satisfy the 37
conditions necessary for a sixth order process. Similarly for any value of »
a process of order up to 2» is possible. It is intended that details of such
processes will be discussed in a later publication.
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