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Abstract. The possibilities for limit functions on a Fatou component for the iteration
of a single polynomial or rational function are well understood and quite restricted. In
non-autonomous iteration, where one considers compositions of arbitrary polynomials
with suitably bounded degrees and coefficients, one should observe a far greater range
of behavior. We show this is indeed the case and we exhibit a bounded sequence of
quadratic polynomials which has a bounded Fatou component on which one obtains as
limit functions every member of the classical Schlicht family of normalized univalent
functions on the unit disc. The proof is based on quasiconformal surgery and the use of
high iterates of a quadratic polynomial with a Siegel disc which closely approximate the
identity on compact subsets. Careful bookkeeping using the hyperbolic metric is required
to control the errors in approximating the desired limit functions and ensure that these
errors ultimately tend to zero.
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1. Introduction

This work is concerned with non-autonomous iteration of bounded sequences of polynomi-
als, a relatively new area of complex dynamics. In classical complex dynamics, one studies
the iteration of a (fixed) rational function on the Riemann sphere. Often in applications of
dynamical systems, noise is introduced, and thus it is natural to consider a scheme of
iteration where the function at each stage is allowed to vary. Here we study the situation
where the functions being applied are polynomials with appropriate bounds on the degrees
and coefficients.

Non-autonomous iteration, in our context, was first studied by Fornaess and Sibony
[FS91] and also by Sester, Sumi, and others who were working in the closely related area
of skew-products [Ses99, Sum00, Sum01, Sum06, Sum10]. Further work was done by
Rainer Briick, Stefan Reitz, Matthias Biiger [Brii00, Brii01, BBR99, Biig97], Michael
Benedicks, and the first author [Com04, Com06, Com08, Com13b, MC13], among
others.

One of the main topics of interest in non-autonomous iteration is discovering which
results in classical complex dynamics generalize to the non-autonomous setting and
which do not. For instance, the first author proved there is a generalization of the
Sullivan straightening theorem [CG93, Com12, DHS85], while Sullivan’s non-wandering
theorem [CG93, Sul85] no longer holds in this context [Com03]. One can thus construct
polynomial sequences which either provide counterexamples or have interesting properties
in their own right.

1.1. Non-autonomous iteration. Following [Com12, FS91],letd >2, M >0, K > 1,
and let {Py,},” ; be a sequence of polynomials where each P, (z) = adm’mzdm +
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ag _1’mzd'"’1 4+ + aimz + aom 1s a polynomial of degree 2 < d,, <d whose
coefficients satisfy

1/K <lag,ml <K, m=>1, |agml <M, m=>1 0<k<d,—1

Such sequences are called bounded sequences of polynomials or simply bounded
sequences. For a constant C > 1, we will say that a bounded sequence is C-bounded
if all of the coefficients in the sequence are bounded above in absolute value by C while
the leading coefficients are also bounded below in absolute value by 1/C.

For each 1 < m, let Q,, be the composition P, o------ o P, o P and, for each 0 <
m < n,let Oy, , be the composition P, o - - - - - - o Pyy2 0 Pyy1 (where weset Q. = 1d
for each m > 0). Let the degrees of these compositions be D,, and D,, ,, respectively, so
that D, = 1_[;'1:1 d;, Dy, = H?:m-i—l d;.

For each m > 0, define the mth iterated Fatou set or simply the Fatou set at time m,
Fm, by

Fm={ze€ C: {Omnlne,, is anormal family on some neighborhood of z}

where we take our neighborhoods with respect to the spherical topology on C. Components
of F, are referred to as Fatou components at time m and we also define the mth iterated
Julia set or simply the Julia set at time m, 7, to be the complement C \ Fon-

It is easy to show that these iterated Fatou and Julia sets are completely invariant in the
following sense.

THEOREM 1.1. Forany 0 <m <n, Qmu(Tn) = Tn and Qu.n(Fm) = Fn, with compo-
nents of F, being mapped surjectively onto those of Fy, by Qm.n.

It is easy to see that, given bounds d, K, M as above, we can find some radius R
depending only on d, K, M so that, for any sequence {Py,}, _, with these bounds and
any m > 0,

|Qman(2)] > 00 asn — o0, |z| >R,

which shows in particular that, as for classical polynomial Julia sets, there will be a basin
of infinity at time m, denoted A, on which all points escape locally uniformly to infinity
under iteration. Such a radius will be called an escape radius for the bounds d, K, M. Note
that the maximum principle shows that, just as in the classical case (see [CG93]), there can
be only one component on which oo is a limit function and so the sets A » are completely
invariant in the sense given in Theorem 1.1.

The complement of A, is called the filled Julia set at time m for the sequence
{Pm};,_, and is denoted by K. The same argument using Montel’s theorem as in the
classical case then shows that 9/C,, = 7, (see [CG93]). When m = 0, we will refer to
the Fatou set, Julia set, filled Julia set, and basin of infinity for a bounded polynomial
sequence { Py}, as simply the Fatou set, Julia set, filled Julia set, and basin of infinity
(respectively) for { P,,},°_, and denote them by F, 7, K, and Ax.

In view of the existence of the escape radius above, we have the following obvious result
which we will use in proving our main result (see Theorem 1.3 below).
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PROPOSITION 1.2. If V is an open connected set for which there exists a subsequence
{my}72| such that the sequence of forward images {Qp, (V)}72, is uniformly bounded,
then 'V is contained in a bounded Fatou component for { Py }>°_,.

1.2. The Schlicht class. The Schlicht class of functions, commonly denoted by S, is
the set of univalent functions defined on the unit disk such that, for all f € S, we have
f(0) =0and f/(0) = 1. This is a classical class of functions for which many results are
known. A common and useful technique is to use scaling or conformal mapping to apply
results for S to arbitrary univalent functions defined on arbitrary domains (see for example
Theorem 1.4).

1.2.1. Statement of the main theorem. We now give the statement of the main result of
this paper.

THEOREM 1.3. There exists a bounded sequence of quadratic polynomials { Py}, _, and a
bounded Fatou component V. C D for this sequence containing 0 such that for all f € S,
there exists a subsequence of iterates {Qu, }z- which converges locally uniformly to f
onV.

The strength of this statement is that every member of S is a limit function on the same
Fatou component for a single polynomial sequence.

The proof relies on a scaled version of the polynomial Py (z) = Az(1 — z), where
A= 2T(W5D/2 Ag P, is conjugate to an irrational rotation on its Siegel disk about 0,
which we denote by U,, we may find a subsequence of iterates which converges uniformly
to the identity on compact subsets of U, . We will rescale P, so that the filled Julia set for
the scaled version P of P;, is contained in a small Euclidean disc about 0. This is done so
that, for any f € S, we can use the distortion theorems to control | f’| on a relatively large
hyperbolic disk inside U, the scaled version of the Siegel disc U, (see Figure 1).

The initial inspiration for this proof came from the concept of Lowner chains (see e.g.
[CDMG10, Dur83]), particularly the idea that a univalent function can be expressed as a
composition of many functions which are close to the identity. Given our remarks above
about iterates of P, which converge to the identity locally uniformly on U, this encouraged
us to think we might be able to approximate these univalent functions which are close to
the identity in some way with polynomials, and then compose these polynomials to get an
approximation of the desired univalent function on some suitable subset of U, a principle
which we like to summarize as ‘Do almost nothing and you can do almost anything’. As a
matter of fact, there is now only one point in our proof where we make use of a Lowner
chain, although it is not necessary to know this: the interested reader can find this in the
‘up’ section in the proof of Phase II (Lemma 5.17).

The proof of Theorem 1.3 will follow from an inductive argument, and each step in the
induction will be broken up into two phases.

e Phase I: Construct a bounded polynomial composition which approximates a suitable
net of functions from S on a subset of the unit disk.

e Phase II: Construct a bounded polynomial composition which corrects the error of the
previous Phase I composition to arbitrary accuracy on a slightly smaller subset.
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FIGURE 1. The filled Julia set /C;, for P with Siegel disc highlighted.

A key idea in the proof is the fact that, since S is normal, it has a countable dense subset
and we can approximate all of S to any desired accuracy on any compact subset of D by
choosing a suitable finite net of functions (see Lemma 2.1). Great care is needed to control
the error in the approximations and to ensure that the domain loss that necessarily occurs in
each Phase II correction eventually stabilizes, so that we are left with a non-empty region
upon which the desired approximations hold. To be a little more specific, the induction
hypothesis will consist of nine parts. The first three are bookkeeping estimates about the
radii of the hyperbolic discs in U on which our approximations hold which ensure that
these radii do not get too small. The fourth hypothesis states that our polynomial sequence
will be bounded while the fifth allows us to compose inverse branches which is necessary,
since the Phase II correction to the error needs to ‘undo’ the error accumulated thus far
and so it is the inverse of this error which needs to be approximated. The sixth hypothesis
says that the forward compositions will be univalent on a disc which is not too small and
which eventually becomes part of the Fatou component V of the statement of Theorem
1.3. The seventh hypothesis concerns the accuracy of the Phase II correction of the error
while the eighth hypothesis is a bound on the size of the error after Phase I which needs
to be corrected by the next Phase II. The ninth and final hypothesis is about how Phase I
gives accurate approximations to all the functions in a suitably chosen net for S which is
obtained using Lemma 2.1.

To create our polynomial approximations, we use what we call the Polynomial
Implementation Lemma (Lemma 3.9). Suppose we want to approximate a given univalent
function f with a polynomial composition. Let X be the filled Julia set for P and let y,
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I be two Jordan curves enclosing K with y lying inside I". In addition, we require that f
be defined inside and on a neighborhood of y, and that f(y) lie inside I'. We construct
a homeomorphism of the sphere as follows: define it to be f inside y, the identity outside
', and extend by interpolation to the region between y and I'. The homeomorphism can
be made quasiconformal, with non-zero dilatation (possibly) only on the region between
y and I'. If we then pull back with a high iterate of P which is close to the identity, the
support of the dilatation becomes small, which will eventually allow us to conclude that,
when we straighten, we get a polynomial composition that approximates f closely on a
large compact subset of U. In Phase I (Lemma 4.8), we then apply this process repeatedly
to create a polynomial composition which approximates a finite set of functions from S.

In Phase IT (Lemma 5.17), we wish to correct the error from the Phase I composition.
This error is defined on a subset of the Siegel disk, but to apply the Polynomial
Implementation Lemma to create a composition which corrects the error, we need the
error to be defined on a region which contains K.

To get around this, we conjugate so that the conjugated error is defined on a region
which contains K. This introduces a further problem, namely that we must now cancel
the conjugacy with polynomial compositions. A key element of the proof is viewing the
expanding part of the conjugacy as a dilation in the correct conformal coordinates. An
inevitable loss of domain occurs in using these conformal coordinates, but we are, in
the end, able to create a Phase II composition which corrects the error of the Phase I
approximation on a (slightly smaller) compact subset of U. What allows us to control
the loss of domain is first that, while some loss of domain is unavoidable, the accuracy
of the Phase II correction is completely at our disposal. Second, one can show that the
loss of domain will tend to zero as the size of the error to be corrected tends to zero
(Lemma 5.15 and also Claims 5.18, 5.19 in the proof of Phase II—Lemma 5.17). This
eventually allows us to control the loss of domain. We then implement a fairly lengthy
inductive argument to prove the theorem, getting better approximations to more functions
in the Schlicht class with each stage in the induction, while ensuring that the region upon
which the approximation holds does not shrink to nothing.

Theorem 1.3 can be generalized somewhat to suitable normal families on arbitrary open
sets.

THEOREM 1.4. Let 2 C C be open and let N be a locally bounded normal family of
univalent functions on Q2 all of whose limit functions are non-constant. Let 7o € Q2. Then
there exists a bounded sequence {ﬁm};f:1 of quadratic polynomials and a bounded Fatou
component W C S for this sequence containing zo such that for all f € N, there exists a
subsequence of iterates {ka Yoo which converges locally uniformly to f on W.

1.3. Related results. In our proof, we will make extensive use of the hyperbolic metric.
This has two main advantages—conformal invariance and the fact that hyperbolic Riemann
surfaces are infinitely large when measured using their hyperbolic metrics which allows
one to neatly characterize relatively compact subsets using the external hyperbolic radius
(see Definition 2.2 below on the hyperbolic metric). An alternative approach is to try to
do everything using the Euclidean metric. This requires, among other things that, in the
analogue of the ‘up’ portion of the proof of our Phase II (Lemma 5.17), we must ensure
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that the image of the Siegel disc under a dilation about the fixed point by a factor which is
just larger than 1 will cover the Siegel disc—in other words, we need a Siegel disc which
is star-shaped (about the fixed point). Fortunately, there is a result in the paper of Avila,
Buff, and Chéritat [ABC04, Main Theorem] which guarantees the existence of such Siegel
discs. This led the authors to extensively investigate using this approach to prove a version
of Theorem 1.3 but, in practice, although this can probably be made to work, we found this
to be at least as complicated as the proof outlined in the current manuscript.

Results on approximating a large class of analytic germs of diffeomorphisms were
proved in the paper of Loray [Lor06], particularly Théoréeme 3.2.3 in his work, where
he uses a pseudo-group induced by a non-solvable subgroup of diffeomorphisms to
approximate all germs of conformal maps which send one prescribed point to another
with only very mild restrictions. Although we cannot rule out the possibility that these
results could be used to obtain a version of our Theorems 1.3 and 1.4, this would be
far from immediate. For example, pseudo-groups are closed under taking inverses (see
[Lor06, Définition 3.4.1]). In our context, we can at best only approximate inverses, €.g.
the suitable inverse branch of P, on U, which fixes 0. Moreover, one would need to be able
to compose many such approximations while still ensuring that the resulting composition
would be close to the ideal version, as well as being defined on a set which was not too
small. Thus, one would unavoidably require a complex bookkeeping scheme for tracking
the sizes of errors and domains, which is a large part of what we need to concern ourselves
with below.

Also worth mentioning is the work done by a number of authors in the area of
polynomial skew-products. A seminal paper was the work of Astorg et al [ABD116] who
used an ingenious idea of Lyubich based on Lavaurs mappings to construct a polynomial
skew-product with a wandering domain. It is worth noting that the more rigid nature of
polynomial skew-products combined with the fact that the Fatou set is considered as a
subset of C> make it more difficult to construct a wandering domain than in the context
of non-autonomous iteration where one has greater freedom in choosing the members of
one’s sequence of polynomials. Further examples of wandering domains were obtained
in [AT, ATP23] for a different class of skew-products than originally considered in
[ABD™16]. Other classification results were obtained where the possibility of wandering
domains was ruled out if the skew-product satisfied certain additional conditions on the
dynamics. See for example the work of Ji [Ji20, Ji23], the work of Ji and Shen [JS], as
well as Lilov [Lil04], Peters and Raissy [PR19], Peters and Smit [PS18], and finally Peters
and Vivas [PV16].

Finally, in [GT10], Gelfriech and Turaev show that an area-preserving two-dimensional
map with an elliptic periodic point can be renormalized so that the renormalized iterates
are dense in the set of all real-analytic symplectic maps of a two-dimensional disk.
However, this is clearly not as close to what we do as the two other cases mentioned above.

2. Background

We will now discuss some background which will be instrumental in proving Theorem
1.3. Some of the more standard results we need can be found in the appendices—see
Appendix A.1.
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2.1. The hyperbolic metric. ~We first establish some notation for hyperbolic discs. Let R
be a hyperbolic Riemann surface and let Agr(z, r) be the (open) hyperbolic disc in R
centered at z of radius r. If the domain is obvious in context, we may simply denote this
disc as A(z, r). Lastly, let dpg represent the hyperbolic length element for R. If D is a
domain in C and z € D, let §p(z) denote the Euclidean distance to 9 D. We will be using
the hyperbolic metric to measure both the accuracy of our approximations and the loss of
domain that occurs in each Phase II composition. One immediate application of Lemma
A4 in the appendices is the following which will be essential to us later in the proof of the
induction (Lemma 6.2) leading up to the main result (Theorem 1.3).

LEMMA 2.1. Let K C D be relatively compact and let ¢ > 0. We can then find a finite set
{f,-}f\]:1 C S such that, given f € S, there exists (at least one) 1 < k < N such that

sup pp(f(2), fr(2)) < e.
zeK

Proof. This follows immediately from the normality of S (Corollary A.3), combined with
[Con78, Proposition VIIL.1.16]. O

A set {fi}zN=1 € S as above will be called an e-net for S on K or simply an ¢-net if the
set K is clear from the context.

Next, we will need a notion of internal and external hyperbolic radii, which is one of
the crucial bookkeeping tools we will be using, especially for controlling loss of domain
in Phase II.

Definition 2.2. Suppose V is a hyperbolic Riemann surface, v € V, and X is a non-empty
subset of V. Define the external hyperbolic radius of X in 'V about v, denoted R‘f{‘} X by

R?ét,v)x = sup ,OV(U, Z)-
zeX
If v € X, we further define the internal hyperbolic radius of X in V about v, denoted
R ., X, by

R™ X — inf ,2).
WX = Jpf ov02

If v € X and it happens that Rzr“} nX = R(ei‘}v)X , we will call their common value the
hyperbolic radius of X in V about v, and denote it by Ry ) X.

We remark that, for any v € V, if X =V, then Ri(r\‘,‘,u)X = R?ﬁv)X = 0o. Also, if

ve Xand X C V, then R?{}’v)X < oo. Indeed, let w € V \ X. Then,

R X = inf v,
(V.,v) LeNX pov (v, 2)
< pv(v, w)
< OQ.

We also remark that the internal and external hyperbolic radii are increasing with respect
to set-theoretic inclusion in the obvious way. Namely, if # = X C Y are subsets of V, then

R?@t’v)X < R?@t’v)Y, while if v € X, we also have R}“‘}’U)X < R}‘{,"U)Y.
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The names ‘internal hyperbolic radius’ and ‘external hyperbolic radius’ are justified in
view of the following lemma which is how they are often used in practice.

LEMMA 2.3. Let V C C be a simply connected domain, v € V, and X be a non-empty

subset of V. We then have the following:

(1) if0 <R, X <00, then X C Ay (v, R} ) X);

(2) ifveXand0 < Rér‘l}’v)X < oo, then Rtr‘l}’v)X =sup{r: Ay (v, r) C X} so that, in
particular, Ay (v, RE‘{}’U)X) cX;

(3) ifv e X, then Rzr‘l},v)X < R(e"‘},v)X.

Proof. Item (1) follows immediately from the above definition for external hyper-

bolic radius. For item (2), if we temporarily let R :=sup{r : Ay(v,r) C X}, then

from the definition of internal hyperbolic radius, it follows easily that V \ X C V' \

Ay (v, Ri“‘},v)X) so that Ay (v, R}“‘}’U)X) C X whence we have that R}r"}’v)X < R. Note

that since R?“}’v)X > 0, this means that R > 0 and the set of which we take the supremum

to find R must be non-empty. However, if we let z € V \ X (note that the requirement

that R?{,"U)X < oo ensures that we can always find such a point), then we must have that

pv (v, x) > R, and on taking an infimum over all such x, we have R}r‘l}’v)X > R > 0 from

which we obtain item (2). Item (3) then follows from items (1) and (2) (the result being

trivial in the cases where the external hyperbolic radius is infinite or the internal hyperbolic

radius is zero) which completes the proof. O

We remark that item (2) above illustrates how the internal hyperbolic radius Rzr“} U)X is
effectively the radius of the largest disc about v which lies inside X. The reason that we took
R?“}’U)X = inf,eyv\x pv (v, z) as our definition and not the alternative sup{r : Ay (v, r) C
X1 is that this version still works, even if inf,ey\x pv (v, z) is zero or infinite. This lemma

leads to the following handy corollary.

COROLLARY 2.4. Suppose V C C is a simply connected domain, v € V, and that X, Y
are subsets of V, withv € Y.

(1) IfR™ X <RM™ Y then X C Y.

(V) (V,v) -
Q) IfR{ X <Ry, Y thenX O Y.

We also have the following equivalent formulation for the internal and external
hyperbolic radii which is often very useful in practice.

LEMMA 2.5. Let V C C be a simply connected domain, let v eV, and let X be a

non-empty subset of V. We then have the following:
(1) ifveX, then RYy , X = infzexnv ov (v, 2);
) RE X = supcoxny v (v, 2).

If; in addition, R?étv)X <oocorX CVand ¢ \ X is connected, we also have:

3) R(e‘x/t,v)X = sup.cx)nv PV (v, 2).
In particular, the above holds if X = U C V is a simply connected domain.
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Note that we can get strict inequality in item (2) above. For example, let V =D, v = 0,
andlet X = {z: % < |z| < 1}. We leave the elementary details to the interested reader.

Proof. To prove item (1), we first observe that the result is trivial if R?“,"U)X = oo which
happens if and only if X = V. So suppose now that X C V. Note that, in this case, X N
V # f, since otherwise int X and V \ X would give a separation of the connected set V.
Now let z € dX NV and pick € > 0. Since z € 94X, there exists w € V \ X with
pv(z, w) < e. By the triangle inequality py (v, w) < py (v, z) + ¢ and, on taking the
infimum on the left-hand side,
Rz‘{}’v)X < pv(v,2) +e.
If we then take the infimum over all z € dX N V on the right-hand side and let ¢ tend to O,
we then obtain that

RM X < inf v, 2).
V™ = c@xnv pv (v, 2)

Now we show Ri("‘},v)X > infe3x)nv pv (v, z). Take a point w € V \ X and connect v to
w with a geodesic segment y in V. Then y must meet X since otherwise, int X and V \ X
would give a separation of the connected set [y] (the track of y). So let zo € X N [y].

Clearly,
pv (v, z0) < pv (v, w),
SO
inf v,7) < v, w),
et pv (v, 2) < py (v, w)
and thus,

inf v,z) < R X,
ze(@X)NV pv(v,2) = (V.v)

This completes the proof of item (1).

To prove item (2), we first consider the case when SUP,e(ax)NV pv (v, z) = co. Note
that, since the supremum of the empty set is minus infinity, this in particular implies that
(0X) NV £ . Thus, we can find a sequence {z,} € (0X) NV such that py (v, z,) —
oo. For each z,, choose x,, € X such that py(z,, x,) < 1. Then, py (v, x,) — oo by the
reverse triangle inequality, which shows R?@t’v)X = 00 so that we have equality.

Now consider the case when sup,c;x)ny pv(v,2) <o0o. The result is trivial
if this supremum is minus infinity, so again we can assume that (0X) NV # @.
Similarly to above, we can take a sequence {z,} € (dX) NV for which py (v, z,) —
Sup,eax)nv Pv (v, 2). Then take a sequence {x,} € X such that py (x,, z,) < 1/n. By
definition of the external hyperbolic radius, we must have

ov (v, x,) < R?é[’u)xa
and since py (x,,, zn) < 1/n, by the reverse triangle inequality, on letting  tend to infinity,

sup  py (v, 2) < Ry ) X,
2e(@X)NV

which proves item (2) as desired.
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Now we show that, under the additional assumptions that R%‘ nX <ocor X GV

and C \ X is connected, sup,c;x)ny PV (V, 2) = R?ét’U)X from which item (3) follows.
Assume first that Rf"i"v)X < ooandlet {x,} € X be asequence in X such that py (v, x,,) —
R?@" nXasn tends to infinity (recall that we have assumed X # J so that the set over which
we are taking our supremum to obtain the external hyperbolic radius is non-empty). Note
also that R‘f{‘},v)X = 0 if and only if X = 90X = {v} in which case, the result is trivial, so
we can assume that py (v, x,) > 0 for each n. For each n, let y,, be the unique hyperbolic
geodesic in V which passes through v and x,,. Then there must be a point z,, (which may
possibly be x,, itself) on y, N dX which does not lie on the same side of x, as v since
otherwise, the portion of y;, on the same side of v as x;,, and which runs from x, to 3V
would be separated by the open sets int X and V \ X. However, this is impossible since
X, € X while R(e{‘}’v)X < oo which forces y, to eventually leave X (in both directions). It
then follows that for each n, we have that

pV(Us Zﬂ) Z pV(v7 xn)

so that

sup oy (v,2) = pv (v, xn),
ze(@X)NV

and the desired conclusion then follows on letting 7 tend to infinity.

Now suppose that X C V and @ \ X is connected. We observe that, since V is
connected, we must have (0 X) NV # ¢ similarly to in the proof of item (1) above, while if
X = U is asimply connected domain, then C \ X is automatically connected (e.g. [New51,
VI1.4.1] or [Con78, Theorem VIIL.2.2]).

In view of item (2) above, item (3) holds if sup ¢ x)ny Pv (v, 2) = 00, S0 assume
from now on that sup, ¢ x)ny ov (v, 2) < oo and note that (9 X) NV # ¥ implies that this
supremum will be non-negative so that we can set p := sup ¢y x)ny Pv (v, 2). Note that,
if p =0, then V \ {v}N9X =0 and, since V \ {v} is connected, then either V \ {v} C
int X CcXorV\{vJCV\XCV\X.In the first case, X = V \ {v}, in which case,
one checks easily that item (3) fails. However, we can rule out this case since ¢ \ X =
{fv}u C \ V is disconnected, which violates our hypothesis that ¢ \ X be connected. In
the second case, we have X = {v}, in which case one easily checks that item (3) holds.
Thus, we can assume from now on that p > 0.

CLAIM 2.6. X C Ay (v, p).

Proof. Suppose not. Then there exists x € X such that py (v, x) > p.Set p := py (v, x) > p
and define C to be the hyperbolic circle of radius p about v with respect to the hyperbolic
metric of V. Then we have C N dX = @ since, for all z € X N V, by definition, we have
ov(v,2) < p < p.Thus, x € int X.

Now we have x € C. We next argue that each point of C must lie in X. Suppose z is
another point on C such that z ¢ X. Then z wouldbe in V \ X. As C N 93X = @, we have
that z € V \ X = int (V \ X). However, this is impossible as int X and int (V \ X) would
then form a separation of the connected set C. Thus, C C X and C induces a separation
of C \ X.Indeed, since p < p, dX is inside the Jordan curve C and hence there are points
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of C \ X inside C. However, oo € ¢ \V C @ \ X lies outside C. This contradicts our
assumption that C \ X is connected. O

Immediately from the above claim, we see that p = SUP,e(9x)NV pv(v,z) > R(e’\‘,"U)X s

and thus, in the case where X C V and ® \ X is connected,

sup  pv(v,2) = RS, X,
ze(@X)NV

which proves item (3) as desired. O

We will require the following elementary definition from metric spaces.

Definition 2.7. Suppose R is a hyperbolic Riemann surface, and that A and B are
non-empty subsets of R. For z € R, we define

Ppr(z, B) = inf pg(z, w)
weB
and

Pr(A, B) = inf pg(z, B).
Z€A

We say that a subset X of a simply connected domain V C C is hyperbolically convex
if, for every z, w € X, the geodesic segment y; ,, from z to w lies inside X (this is the same
as the definition given in [MM94, §2]). We then have the following elementary but useful
lemma.

LEMMA 2.8. (The hyperbolic convexity lemma) Let V C C be a simply connected
domain. Then any hyperbolic disc Ay (z, R) is hyperbolically convex with respect to the
hyperbolic metric of V.

Proof. Let a, b be two points in Ay (z, R). Using conformal invariance, we can apply a
suitably chosen Riemann map from V to the unit disc ID so that, without loss of generality,
we can assume that a = 0 while b is on the positive real axis whence the shortest geodesic
segment from a to b is the line segment [0, b] on the positive real axis. However, the disc
Ap(z, R) is around disc D(w, r) for some w € D and r € (0, 1) which is therefore convex
(with respect to the Euclidean metric) and the result follows. O]

Ordinary derivatives are useful for estimating how points get moved apart by applying
functions when using the Euclidean metric. In our case, we will need a notion of a
derivative taken with respect to the hyperbolic metric.

Let R, S be hyperbolic Riemann surfaces with metrics

dpr = or(2)|dz|,
dps = os(2)ldz|,

respectively, and let £, £g denote the hyperbolic length in R, S, respectively. Let X C R
and let f be defined and analytic on an open set containing X with f(X) C S. For z € X,
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define the hyperbolic derivative:

fhs@ = f/(z)%(g”, @1
see e.g. the differential operation Dj,; defined in [MM94, §2] and also [MM99, §2]. Note
that the hyperbolic derivative satisfies the chain rule, that is, if R, S, T are hyperbolic
Riemann surfaces with g defined and analytic on an open set containing X C R, and f

defined and analytic on an open set containing ¥ C S with f(X) C Y, then, on the set X,

(fo)hr=(fir08 8ks 2.2)

We also have a version of conformal invariance which is essentially [KL07, Theorem
7.1.1] or which the interested reader can simply deduce from the formula for the hyperbolic
metric using a universal covering map from the disc (see, e.g. [CG93, p. 12]), namely:

if f : R +— S is acovering map, then |fu| =1lonR. 2.3)

We observe that the above is basically another way of rephrasing part of the Schwarz
lemma for the hyperbolic metric (e.g. [CG93, Theorem 1.4.1]) where we have an isometry
of hyperbolic metrics if and only if the mapping from one Riemann surface to the other
lifts to an automorphism of the unit disc. The main utility of the hyperbolic derivative for
us will be via the hyperbolic metric version of the standard M-L estimates for line integrals
(see Lemma 2.9 below). First, however, we make one more definition.

Let R, S be hyperbolic Riemann surfaces, let X be a non-empty subset of R, and let f be
defined and analytic on an open set containing X with f(X) C S. Define the hyperbolic
Lipschitz bound of fon X as

15 sllx == sup | £ s(@I-
zeX

We recall that, for any two points z, w in R, the hyperbolic distance pg(z, w) is the same
as the length of a shortest geodesic segment in R joining z to w (see e.g. [KL07, Theorems
7.1.2 and 7.2.3]).

LEMMA 2.9. (Hyperbolic M-L estimates) Suppose R, S are hyperbolic Riemann surfaces.
Let y be a piecewise smooth curve in R and let f be holomorphic on an open neighborhood
of [y] and map this neighborhood inside S with |f£’s| < M on [y]. Then,

Cs(f(y)) = MER(y).

In particular, if z, w € R and y is a shortest hyperbolic geodesic segment connecting z
and w, and |f1ues| < M on [y], then

ps(f(2), f(w)) < Mpgr(z, w).

Proof. For the first part, if y : [a, b] — R, we calculate

Ls(f(y)) = / dps

)

b
=f as(fy ) - 1f )l -1y (] dt
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b
=/ |- or(y @) - Iy' (0] di

a

=/y | /%] dpr

EM/ dpr
y

= MLR(y).

The second part then follows immediately from this and the facts that by [KLL.07, Theorems
7.1.2 and 7.2.3], pr(z, w) is equal to the length of the shortest geodesic segment in R join-
ing z and w, while f(y) is at least as long in § as the distance between f(z) and f(w). [

In this paper, we will be working with hyperbolic derivatives only for mappings which
map a subset of U to U, where U is a suitably scaled version of the Siegel disc U,
introduced in §1 and where we are obviously using the hyperbolic density of U in the
definition in equation (2.1). For the sake of readability, from now on, we will suppress
the subscripts and simply write f” instead of flu]’ p for derivatives taken with respect to the
hyperbolic metric of U.

3. The Polynomial Implementation Lemma

3.1. Setup. Let 2, Q' C C be bounded Jordan domains with analytic boundary curves
y and T, respectively, such that @ C . By making a translation if necessary, we can
assume without loss of generality that 0 € Q2 so that y then separates 0 from oco. Suppose
f is analytic and injective on a neighborhood of € such that f(y) is still inside I'. Let
A = Q' \ Q be the conformal annulus bounded by y and I, and let A be the conformal
annulus bounded by f(y) and I'. Define

F() = f@, ze%, /
Z, zeC\ Q.

We wish to extend F to a quasiconformal homeomorphism of C. To do this, the main
tool we use will be a lemma of Lehto [LLeh65] which allows us to define F in the ‘missing’
region between €2 and ¢ \ €'. First, however, we need to gather some terminology.

Recall that in [New51], a Jordan curve C in the plane (parameterized on the unit
circle T) is said to be positively oriented if the algebraic number of times a ray from the
bounded complementary domain to the unbounded complementary domain crosses the
curve is 1 or, equivalently, the winding number of the curve about points in its bounded
complementary region is also 1 (the reader is referred to the discussion in [New5l,
pp- 188—-194]).

Following the proof of Theorem VII.11.1, Newman goes on to define a homeomorphism
g defined on C to be orientation-preserving or sense-preserving if it preserves the
orientation of all simple closed curves. Lehto and Virtanen adopt Newman’s definitions in
their text on quasiconformal mappings [LV65], and they have a related and more general
definition of orientation-preserving maps defined on an arbitrary plane domain G, where g
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is said to be orientation-preserving on G if the orientation of the boundary of every Jordan
domain D with D C G is preserved [LV65, p. 9].

Lehto and Virtanen also introduce the concept of the orientation of a Jordan curve C
with respect to one of its complementary domains G [LV65, p. 8]. Let C(z) : T +— C be a
parameterization of C which defines its orientation and let ® be a Mobius transformation
which maps G to the bounded component of the complement of & (C) such that 0 € ®(G).
Then, C is said to be positively oriented with respect to G if the argument of ® o C(t)
increases by 27 as one traverses T anticlockwise. Using this, if G is an n-connected domain
whose boundary consists of n disjoint Jordan curves (what Lehto and Virtanen in [LV65,
p. 12] refer to as free boundary curves), it is easy to apply the above definition to define
the orientation of G with respect to each curve which comprises 0G.

Recall that in Lehto’s paper [Leh65], he considers a conformal annulus (ring domain)
D c C bounded by two Jordan curves C; and Cj. If ¢ is a homeomorphism of C; U C;
into the plane, then the curves ¢(C1), ¢(C2) will bound another conformal annulus which
we call D’. If, under the mapping ¢, the positive orientations of C; and C, with respect to
D correspond to the positive orientations of ¢(C1) and ¢(C,) with respect to D/, then ¢ is
called an admissible boundary function for D.

LEMMA 3.1. (Lehto [LLeh65]) Let D be a conformal annulus in C bounded by the Jordan
curves C1 and C,, and let wy, : C—Ch=12be quasiconformal mappings such that
the restrictions of wy to Cy, h = 1, 2, constitute an admissible boundary function for D.
Then there exists a quasiconformal mapping w of D such that w(z) = wy () for z € [Cy],
h =1, 2 (where for each h, [C}] is the track of the curve Cj,).

Applying this result to our situation, we have the following.

LEMMA 3.2. For @, @/, f, F as above, we can extend the mapping F above to a
quasiconformal homeomorphism of C.

Proof. To apply Lehto’s lemma above, we need to verify two things: first that f (and the
identity) can be extended as quasiconformal mappings from C to itself and second that we
have an admissible pair of mappings on dA = (' \ Q) according to Lehto’s definition
given above.

First note that, in view of the argument principle, f, being univalent, is an
orientation-preserving mapping on a neighborhood of Q. Using [LV65, Satz 11.8.1], f
(and trivially the identity) can be extended as a quasiconformal mapping of C to itself.
Using either [New51, Theorem VIIL.11.1] or the Orientierungssatz in [LV65, p. 9], the
above extension can be easily extended to an orientation-preserving homeomorphism of
C, which is then readily seen to be a quasiconformal mapping of C to itself as follows
easily from [LV65, Satz 1.8.1].

Both f and the identity preserve the positive orientations of y and I', respectively.
In addition, since f(y) lies inside I', it follows that the orientations of y and I" with
respect to A are the same as those of A. To be precise, let y be positively oriented with
respecttoA andlet 1/A, 1/ (A — f(0)) denote the images of A, A, respectively, under 1/z,
1/(z — f(0)), respectively. Since A lies in the unbounded complementary component of y,
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it follows from the above definition of the orientation of a boundary curve for a domain
that the winding number of 1/y about points of 1/A is 1 so that the winding number of y
about O (which lies inside ) is —1. By the argument principle, f(0) lies inside f(y) and,
since f is orientation-preserving, the winding number of f(y) about f(0) is also —1.

A simple calculation then shows that the winding number of 1/(f(y) — f(0)) about 0
and thus also about points in 1/ (A — f(0)) is also 1. This shows that f and thus F preserve
the positive orientations of y, f(y) with respect to A and A, respectively. Since F is the
identity on [I'], it trivially preserves the positive orientation of I with respect to A and A
(both of which lie inside I') and, with this, we have shown the hypotheses of Lemma 3.1
above from [Leh65] are met.

Lemma 3.1 now allows us to extend F to a quasiconformal mapping on the conformal
annulus A = Q' \  such that this extension agrees with the original values of F on the
boundary and maps A to A. We can then use [LV65, Satz 1.8.3] on the removeability of
analytic arcs or, remembering that f is defined on a neighborhood of Q while the identity
is defined on all of @, twice invoke Rickman’s lemma (e.g. [DH85, Lemma 2]) to conclude
that the resulting homeomorphism of Cis quasiconformal. O

We can summarize the above in the following useful definition.

Definition 3.3. Iff, F, y, I, and A are all as above, with F an admissible boundary function
for A, we will say that (f, Id) is an admissible pair on (y, I').

Recall we have P, = Az(1 — z), where A = e2Ti(¥3=D/2 Let K; be the filled Julia
set for Py and let U, be the corresponding Siegel disc containing 0. Let x > 1 and
set P =P, =1/k)P) (k7)) = Iz — Akz2. Then, if K is the filled Julia set for P, we
have KL C D(0, (2/x)). Let U be the Siegel disk for P and note that U = {z e C:z =
w/k for some w € U, }. Now choose the Jordan domains €2, Q" above such that X C Q C
Q C Q' C D(O, (2/k)), where from above 2/k < 2 is an escape radius for P.

Let (f,1Id) be an admissible pair where f, F, y, I', and A are all as above. In view
of Lemma 3.2, F can be extended to a quasiconformal homeomorphism of C and we let
wr denote the complex dilatation of F. Next let N € N and, for each 0 <m < N, set
,uf:’l = (PN="y* i that is ug(z) = W popN-m(2) (here and in what follows, we draw the
reader’s attention to the fact that the superscript N is an index rather than an iterate or a
power). Let gog = Fand, forO <m < N — 1, let (p,’nv be the unique normalized solution
of the Beltrami equation for IMIZ which satisfies (p,lnv (z) = z+ O(1/|z]) near oo (see e.g.
[CGY93, Theorem 1.7.4]). For 1 <m < N, let

PN@) =9l o Po(el 7).

Then for each m, f’,fy is an analytic degree 2 branched cover of C which has a double pole
at oo and no other poles. Thus, 15mN is a quadratic polynomial and the fact that each ¢/ is
tangent to the identity at co ensures that the leading coefficient of IS,LV is —A«k and thus has
absolute value «. Let anﬁ[ = go,],\l/ (0). Since the dilatation of gof,\,/ is zero on C \ D(0, (2/«)),
we know (pnl\{ is univalent on this set. Thus, 1/ (pnl\{ (1/z) is univalent on D(0, (x/2)) and is
tangent to the identity at 0. It follows from the Koebe one-quarter theorem (Theorem A.1)
and the injectivity of g that | | < 4(2/k) = 8/«.
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Define me(z) = (p,l,\f () — a,j,\l’. Then for each 0 < m < N, if we define

P =yNoPow N7l (), 3.1

we have that P,,];’ is a quadratic polynomial whose leading coefficient is again —Ax and
thus has absolute value «. Moreover, P fixes 0 as it is P composed with suitably chosen
(uniformly bounded) translations. We now turn to calculating bounds on the coefficients
of each PYY.

LEMMA 3.4. Any sequence formed from the polynomials P,flv (z) for0 <m < N as above
is a (17 + «)-bounded sequence of polynomials.

Proof. By the construction in equation (3.1) above, the leading coefficient has absolute
value k while the constant term is zero. Now, for |z| sufficiently large,

P (z) = )»<z o+ O(%)) (1 B O(%))

1
<|P ° (wﬁ_l)—l(wn)’

and one sees easily that the O(1/|P o (wnlyfl)’l(z))b term is actually O(1/|z|?). There-
fore, the coefficient of the linear term is A — 2)»/(01,2] _1s and thus is bounded in modulus by
14+2-1-«-(8/k)=17. Lastly, since « > 1, 1/(17 + k) < k < 17 + k and so we have
indeed constructed a 17 + k-bounded sequence of polynomials (as defined near the start
of §1.1), proving the lemma as desired. ]

—all +0

LEMMA 3.5. Both wév and (wév )~ ! converge uniformly to the identity on C (with respect
to the Euclidean metric).

Proof. Recall that T' is the boundary of € and that we chose K C QC QcC Q' C
D(0, (2/k)). Let G(z) be the Green’s function for P and set & := sup,. G(z). Then,
foreachO<m < N, suppuﬁ C{z:0<G(z) <h-2"N}andso suppuf)\’ Cc{z:0<
G(z) < h-27N). Thus, ,u(l)v — 0 everywhere as N — oo. By [CG93, Theorem 1.7.5] (see
also [Ahl66, Lemma 1]), we have that (p(l)v and (<p(])V y~1 both converge uniformly to the
identity on C (recall that the unique solution for ; = 0 is the identity in view of the
uniqueness part of the measurable Riemann mapping theorem for solving the Beltrami
equation e.g. [CG93, Theorem 1.7.4]). Finally, o) = ¢{'(0) — 0 as N — oo, and since
Iﬁév = <,0(1)V (z) — aév , the result follows. O

The support of each Mév is contained in the basin of infinity for P, A. Since we had
27N inf.e), G(z) > 0, 9 is analytic on a neighborhood of U. Then if we define U" :=

1//6\’ (U), we have that (1//6\’ )~ ! is analytic on a neighborhood of UN. We now prove two
fairly straightforward technical lemmas (see Figure 2).

LEMMA 3.6. (UV,0) — (U, 0) in the Carathéodory topology.

Proof. Define ¥~!:D — U to be the unique inverse Riemann map from D to U
satisfying ¥~1(0) =0, (¥ ~1)(0) > 0. By Lemma 3.5, ¥’ oy~! converges locally
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FIGURE 2. Supports of dilatations converging to zero almost everywhere.

uniformly to Id o ¥y ~! on D). The result then follows from Theorem A.9 in view of the
fact that by the above result, (w(j)v )'(0) — 1 as N — oo (so that the argument of (wév ) (0)
converges to 0 as N — 00). O

LEMMA 3.7. For any ¢ > 0 and any relatively compact subset A of U, there exists an Ny
such that

WdH2) — 1] <e,
W ™M) — 1l <e
forallzin A, N > Nj.

Proof. Let dpy = oy (z)|dz|, where the hyperbolic density oy is continuous on U (e.g.
[KLO07, Theorem 7.2.2]) and bounded away from O on any relatively compact subset
of U. For each N, 1//6\’ is analytic on a neighborhood of U, while by Lemma 3.6 and
part (2) of the definition of convergence in the Carathéodory topology (Definition A.7),
(wév )~! is analytic on any relatively compact subset of U for N sufficiently large, so
that by Lemma 3.5, both (w(gv )’ and ((1//6V )™)Y converge uniformly to 1 on A. Since A
is a relatively compact subset of U, there exists §o > 0 such that U contains a Euclidean
28p-neighborhood of A. Let A denote a Euclidean So-neighborhood of A, so that Ais still a
relatively compact subset of U. By Lemma 3.5 again, we can choose Ny large enough such
that w(})v (A) C A forall N > Ny. Then, since oy is continuous on the relatively compact
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subset A of U, there exists ¢ > 0 such that |oy| > o on A. Then for z € A, using the
uniform continuity of oy on the relatively compact subset A of U,

Nk W) @ou (¥ (2))
Yy ) (2) =
ou (2)
converges uniformly to 1 on A, as desired. The proof for ((wév Y~ 1)? is similar. O

3.2. Statement and proof of the Polynomial Implementation Lemma. Recall that we had
defined P (z) = ¥ o Po (¥ _)7!(2) so that we have defined P} for 0 <m < N.
Recall also that we have a strictly increasing sequence {n};2, for which the subsequence
{Pek}P2 | converges uniformly to the identity on compact subsets of U (in fact, we can
choose {n;}72 | to be the Fibonacci sequence e.g. [Mil06, Problem C-3]).

Define Qyf(z) = Pyf o P:kk_] O o Py* o P*(z) (again we remind the reader
that the superscripts n; here are indices and do not denote powers or iteration) and note that
this simplifies so that Oy (z) = ¥, o P°"™ o (¥0*)~!(2). Essentially the same argument

as in the proof of Lemma 3.7 allows us to prove the following.

LEMMA 3.8. Forany ¢ > 0 and any relatively compact subset A of U, there exists kg such
that
[(P™)i(@) — 1] <&

forall zin A, k > k.

We now state the Polynomial Implementation Lemma. It is by means of this lemma
that we create all polynomials constructed in the proofs of Phases I and II. First we
make the definition that, for a relatively compact set A of U and é > 0, the set {z € U :
pu(z, A) < 8} (where py(z, A) is the hyperbolic distance in U from z to A as specified
in Definition 2.7) is called the §-neighborhood of A. Observe that such a neighborhood is
again a relatively compact subset of U.

LEMMA 3.9. (The Polynomial Implementation Lemma) Let P, U,, k, P, U, {nk},fi],
Q, @, y, T, and f be as above where, in addition, we also require f(0) = 0. Suppose
A C U is relatively compact and §, M are positive such that if A is the §-neighborhood
of A with respect to py as above, then we have f(A) C U and ||fu||A < M. Then, for all
& > 0, there exists ko > 1 (determined by «, the curves y, T, the function f, as well as A,
8, M, and ¢) such that for each ki > ko, there exists a (17+«k )-bounded finite sequence of
quadratic polynomials {P,Zkl }Zk': | (which also depends on «, y, T, f; A, 8, M, &, as well
as ki) such that Q:ﬁ: is univalent on A and:
n
(1) pu(Qn (@), f(2) <& forall z € A;
n
@ 1(@n!)lla < M(1+¢);
n

3) Q! 0)=0.

Before embarking on the proof, a couple of remarks: first, this result is set up so that

the subsequence of iterates {n}7>, used is always the same. Although we do not require
this, it is convenient as it allows us to apply the theorem to approximate many functions
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simultaneously (which may be of use in some future application) while using the same
number of polynomials in each of the compositions we obtain. Second, one can view
this result as a weak form of our main theorem (Theorem 1.3), in that it allows to to
approximate a single element of S with arbitrary accuracy using a finite composition of
quadratic polynomials.

Proof. Let ¢, § be as above and, without loss of generality, take ¢ < min{§, 1}. By Lemma
A4, the Euclidean and hyperbolic metrics are equivalent on compact subsets of U, and we
can then use Lemma 3.5 to pick kg sufficiently large so that for all k; > ko,

pu (g™ (@), 2) < ze A 3.2)

£

3(M+1)°

This also implies that if we let A be the § /2-neighborhood of A in U, then, since ¢ < §,
Wy~ (4) C A (3.3)

Next, by Lemma 3.7, we can make kg larger if needed such that for all k; > ko,
n _ &
(W™ @ -1 <3, zeA (3.4)

From above, since {P°"%}?° | converges locally uniformly to the identity on U (with
respect to the Euclidean metric), using Lemma A.4, we can again make ko larger if
necessary to ensure for all k1 > ko that

v

pu (P™1(z), z) < z € A. (3.5)

£
3(M+1)
This also implies
P (A) C A. (3.6)
By Lemma 3.8, we can again make kq larger if needed such that for all k1 > ko,
&€ .
(P (@) =1l < 3, z€A. 3.7)

We remark that this is the last of our requirements on ky and we are now in a position
to establish the dependencies of ky on «, y, I, f, A, §, M, ¢ in the statement. To be
precise, the requirements on kg in equation (3.2) depend on «, y, I, f, A, M, ¢, and 4,
while those in equation (3.4) depend on «, y, I, f; A, €, and &, (but not M). Note that the
dependency of these two estimates on the curves y, I', or equivalently on the domains €2,
€, (which in turn depend on the scaling factor ) as well as the function f, arises from
the quasiconformal interpolation performed with the aid of Lemma 3.2 which is clearly
dependent on these curves and this function. Further, the requirements on kg in equation
(3.5) depend on «, A, 8, M, and ¢ (but not y, I', or f) while those in equation (3.7) depend
onk,A,$,and e (butnot y, I, f, or M). Finally, for the remaining estimates, equation (3.3)
is a direct consequence of equation (3.2), while equation (3.6) follows immediately from
equation (3.5) so that none of these three introduces any further dependencies.

Now fix ki > ko arbitrarily and let the finite sequence {P,Zk1 }fnl:l be constructed
according to the sequence {n;}7 , specified at the start of this section and the prescription
given in equation (3.1). Note that this sequence is then (17 4 «)-bounded in view of
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Lemma 3.4. By construction, Qﬁ,f (0) = 0 for every k so that item (3) in the statement
above will be automatically satisfied.

Now equations (3.1), (3.3), and (3.6), the univalence of P on U, and the univalence of
f on a neighborhood of C imply that Q:,”,: is univalent on A. Now let z € A and, using

equation (3.2), consider a geodesic segment y connecting z to (wg M )_1(1) which, since
& < 8, has length smaller than ¢/3. Since ¢ < min{$, 1}, ¢/3 is in turn smaller than §/2
and so, by the definition of A, we have [yl cC A. This allows us to apply equations (3.2)
and (3.7), and the hyperbolic M-L estimates (Lemma 2.9) for P°"%1 to conclude that the
length of P°*1(y) is at most (1 + (¢/3))e/3(M + 1), which is smaller than §/2 since
& <min{8, 1}. As [y] C A, by equation (3.6), [P°"**1(y)] C A and we are then able to
apply the hyperbolic M-L estimates for f since by hypothesis, we have | f%(z)| < M on A,

In a similar manner, if instead we consider a geodesic segment connecting z to P°"*1 (z),
then, since ¢ < §, by equation (3.5), this segment again has length less than §/2 and starts
at z € A, whence it lies inside A C A and we are again able to apply the hyperbolic M-L
estimates for f to this segment. Recall that I/f:,l: 11 = f on U in view of the definition of
this function using quasiconformal interpolation in Lemma 3.2 and also the fact that the
hyperbolic distance between any two points of U is less than or equal to the hyperbolic
length of any curve connecting them. Using the triangle inequality and applying the
estimates in equations (3.2)—(3.7) (except equation (3. 4)) as well as | f i(z)| < M on A
from the statement, for each z € A, since P°*1 o (Wo “H=1(z) € A and f(A) c U by
hypothesis, we then have

pu Q! (2). () = pu Wy © P10 (1) (@), f(2))

< pu(f o P o (y") 7 (2), f o P7™i(2))
+ pu(f o PP (2), £(2))

<(5) () + e

(recall that we assumed ¢ < 1), which proves item (1). Also, using the chain rule in
equation (2.2) for the hyperbolic derivative, the estimate | f*(z)| < M on A, and equations
(3.3),(3.4), (3.6), and (3.7), for each z € A,

<€

[(@uH) @] = [FHP™ 0 ()™ (@) - (P )3y ) ™ (@) - (W) D) ()]

()09

< M(1+¢),
again using ¢ < 1 at the end, which proves item (2) as desired. O
4. Phasel
4.1. Setup. We begin by finding a suitable disk on which f o g~ ! is defined for arbitrary
f.ges.

https://doi.org/10.1017/etds.2024.61 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.61

740 M. Comerford and C. Staniszewski
LEMMA 4.1. If f,g €S, then f o g~ is defined on D(0, (1/12)) and
(f 0 g~ H(D(O, (1/12))) € D(O, §).

Proof. Let f,g € S. By the Koebe one-quarter theorem (Theorem A.l) we have
D(0, ) C g(D) so g~ ! is defined on D(0, ). Then if h(w) := 4g~ (w/4) for w € D,
we have that h € S and g~ l(z) = é]—‘h(4z) for z € D(0, }T), where z = w/4. Thus,
if |z] < 1/12, we have |w| < % and by the distortion theorems (Theorem A.2), we
have that |h(w)| 5% and |g7'(z)| < (3/16) <1 so that, in particular, fog '(2)
exists. Then, using the distortion theorems again, if z € D(0, (1/12)), we have that
(fog™MH(2) < (48/169) < % Thus, f o g~! is defined on D(0, (1/12)) forall f,g € S
and maps D(0, (1/12)) into D(O0, %) as required. O

In the proof of Phase I, we will scale the filled Julia set for the polynomial P (z) =
Az(1 — ), where A = 27/(/3=1/2) o that the filled Julia set is a subset of D(0, (1/12)).
We are then able to apply f og~! for f, g € S, which are then defined on this filled
Julia set. We wish to find a suitable subdomain of this scaled filled Julia set so that we
may control the size of the hyperbolic derivative (f o g~!)" on that subdomain. There are
two possible strategies for doing this: one can either consider a small hyperbolic disk
in the Siegel disc, or one can scale P, so that the scaled filled Julia set lies inside a
small Euclidean disc about 0. We found the second option more convenient, as it allows
us to consider an arbitrarily large hyperbolic disk inside the scaled Siegel disc on which
|(f o g~ 1| is tame and |(f o g~")?| is thus easier to control. Lemmas 4.2—4.7 deal with
finding a suitable scaling which allows us to obtain good estimates for |( f o g)°|.

LEMMA 4.2. There exists K1 > 0 such that forall f, g € S, if |z| < 1/24, then

I(fog N —zl < Kilz.
Proof. Let f, g € S. By Lemma 4.1, the function f o g~! is defined on D(0, (1/12)). Let
weD,z=(1/12)w, so that z € D(0, (1/12)), and define h(w) = 12(f o g_l)(w/12) SO

thath € S. Then, lettingw + ) o>, a,w" denote the Taylor series about O for 4 and setting
Ko=e Y22, n?(1/2"72),if [w| < 1, we have

o
|h' (w) — 1| = ’w Z na,w" 2
n=2

o0
-2
< wl Y nlay|lw|"

n=2

ad 1

3
< lwle Y n’>—
n=2

= Kol|w|,
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where we used that |a,| < enash e S (see e.g. [CGI3, Theorem 1.1.8]). Let y = [0, w]
be the radial line segment from O to w. Then, if |w| < %

|h(w) —w| = ‘ /[h/(C) - 1]d§‘
Y

< Kolul [ 1dc
Y
= Kolw|*.
Then, if |z| < 1/24 (so that |w| < %), a straightforward calculation shows
I(f o™ (@) — 2l < 12Kzl
from which the lemma follows on setting K1 = 12Kj. O]

Recall P, = 1z(1 — z) and the corresponding Siegel disc U, . Now fix R > 0 arbitrarily
and let Uy denote Ay, (0, R), the hyperbolic disc of radius R about 0 in U,,. Let ¥y :
U, — D be the unique Riemann map satisfying ¥, (0) = 0, ¥ (0) > 0. Let 7y = 7o(R) :=
d(3Ug, 8U,), the Euclidean distance from dUg to dU;. Similarly to in §3, for k > 0
arbitrary, set P := (1/k) Py (kz) and note that P obviously depends on «. Then, if K =
K(x) is the filled Julia set for P, we have L C D(0, (2/x)). Let U = {z : kz € U, } be
the corresponding Siegel disc for P and set Ur = Ay (0, R). Define ¥ (z) := ¥, (kz) and
observe that ¥ is the unique Riemann map from U to D satisfying ¥ (0) = 0, ¥'(0) > 0.
Lastly, define ro = ro(k, R) := d(0Ug, 0U) and note ry = ro/«x. Observe that ro and rg
are decreasing in R while we must have 7y < 2. In what follows, let P, U, ¥, P, U, ¥,
79, and rg be fixed. For the moment, we let k > 0 be arbitrary. We will, however, be fixing
a lower bound on « in the lemmas which follow.

LEMMA 4.3. (Local distortion) For all k, Ry > 0, there exists Co = Co(Ro) depending
on Ry (in particular, Cq is independent of k) which is increasing, real-valued, and
(thus) bounded on any bounded subset of [0, 00) such that, if Ug, and ro = ro(x, Rp) =
d(0UR,, dU) are as above and z( € ﬁRO, z € U with |z — 20| < s < rg, we have:

(D) ¥ (@) — ¥ o)l < Cols/ro)/(1 — (s/ro))*;

2 (L= (s/ro)/(L+ (s/r0))* < ¥/ (@) /¥ o)l < (1 + (s/r0))/(1 — (s/r0))*.

eU
does not depend on « and is clearly increasing in Ry, and therefore bounded on any
bounded subinterval of [0, co). For z € D(zg, ro), set { = (z — zg)/ro and note that if
we define ¢(¢) := (¥ (ro¢ + z0) — ¥ (z0))/rov’ (zo), we have that ¢ € S. Applying the
distortion theorems (Theorem A.2) to ¢, we see
__ Il
Ol = T
s/ro

= U=/

Proof. SetCo = Co(Rg) =2max = |¥(2)| = (2/k) max__77_  |¥'(2)|. Then Co(Ryp)
z Ro A ZEUR0
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from which we can conclude (using ro = 7o/k and rp < 2)

0>

s/ro
¥ (z) — ¥ (z0)] < m :

which proves item (1). For (2), we again apply the distortion theorems to ¢ and observe

1= (s/ro) Y 141El 1+ (s/r0)
A+ G/ro)? — (1+ g = OIS T = Tt
from which item (2) follows as ¢’ (¢) = ¥/ (2) /¥ (z0). O

LEMMA 4.4. For any Ry > 0 and n > 0, there exists ko = ko(Ro, n) > 48 such that, for
allk > ko, f,g€eSandz € U,

I(f o g™ H(@) -zl < nro,

where ro = ro(k, Ro) = d(dUR,, 0U) is as above. In particular, this holds for z € ﬁRO.

Proof. Fix kg > 48. By Lemma 4.2, we have, on U C D(0, (2/«)) C D(0, (1/24)), that
I(f o g~ D(z) — z| < K1l|z|> for some K| > 0 (note that f o g~! is defined on U by
Lemma 4.1). So |(f o g7 1)(z) — z| < 4K1/k? since |z| < 2/k. Then make g larger if
necessary to ensure that 4K /k? < nro = nig/k for all k > ko (where we recall that
o = 70(Ro) = d(80R0, oU,) = «rg). In fact, ko = max{48, (4K /nry)} will suffice and
since 7o depends only on Rp, we have the correct dependencies for k¢ and the proof is
complete. O

Lemmas 4.2—4.4 are technical lemmas that assist in proving the following result which
will be essential for controlling the hyperbolic derivative of .

LEMMA 4.5. Given Ry > 0, there exists ko = ko(Ro) > 48 such that for all k > ko,
f.geS, andz e ﬁRO, (fog N(z) e U and:

(M) A= [Y@PH/A =¥ (f e H@NP) < 10/9;

Q) W og Hl/Iv' @) < §.

Proof. For R > 0, set cg := eR — l/eR + 1. Then, if we fix zg € URO, we have that
[V (z0)| < cg, (recall that pp(0, z) = log((1 + |z])/(1 — |z|)) for z € D). Thus, cg, < 1
and

1= ¥ Go)l* = 1 = ck, > 0. @.1)

As in the proof of Lemma 4.3, set Cop = Co(Rg) = 2 max__z |1ﬁi(z)|. Let 0 <y =
4 Ry

M (Ro) < % be such that

Coni
ﬁ < 2(log 10 — log 9)(1 — cROJrlog 3) 4.2)
and note that 1 depends only on Ry. Using Lemma 4.4, we can pick k1 = «1(Rp, n1) =
K1(Ro) > 0 such that, if ¥ > «y, then |(f o g71)(z) — z| < n1ro on U D Uk, (recall the

definitions of 7y = Fo(Rp) and ro = ro(x, Ro) given before Lemma 4.3).
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Now set s := |(f 0 g~")(z0) — 2ol We have |(f 0 g™")(z0) — z0l = s < mro < ro/2
asn| < % Then, recalling the definition of ryp = d(0Ug,, dU), we have (f o 2 Nz €
D(z0, (r0/2)) C D(z0, 79) C U as in the statement so that, in particular, ¥ (f o g~ 1)(z0)
is well defined. Again using pp(0, z) = log((1 + |z])/(1 — |z])) for z € D combined
with the Schwarz lemma for the hyperbolic metric, we must have that (f o g~ ") (z0) €
Ay (z0,log 3). By the triangle inequality for the hyperbolic metric, (f o g !)(z0) €
Ay (0, Ry +1log3) = vRO-i-log 3 so that [¥(f o g7 ") (z0)| < CRy+log 3- Then, similarly to
equation (4.1),

1=y ((fog P =1 = ckytiogs > O- 4.3)
We may then apply item (1) of Lemma 4.3 and equation (4.2) to see that

V(o) = ¥ (fog™DoDl = T 55

Com
(1 =m)?

1
< 5(og 10 —log 9)(1 — Chytlog 3)-

A

Thus, using the triangle inequality (and the fact that ¢ is a Riemann mapping to the unit
disc which has radius 1), we see that

1A= YO = A =1 ((f o g NP < (log 10 — log (1 = cRy 110g3)-

Making use of equations (4.1) and (4.3), noting that Cg is an increasing function
of R, and applying the mean value theorem to the logarithm function on the interval
[1-— C%?o+10g3’ 00), we have

llog(1 — |4 (z0)*) —log(1 = ¥ ((f o g~ ) (zo)I*)| < log 10 — log 9

from which item (1) follows easily. For item (2), let 0 < 12 < 1 (e.g. n2 = 1/35) be such
that

1+mn 9
— = <2
(I —m) 8
By Lemma 4.4, using the same Ry > 0 as above, we can pick k2 = k2(Rp, m2) =
K2(Ro) > 48 such that for all k > iy, if z € U D Ukg,,

I(f o g M) -zl < mro.

Using the same z € URO as above, in a similar way to how we used item (1) of
Lemma 4.3 above, we can apply item (2) of the same result to see that

W' (fog NI _9

[V (z0)] =%

as desired. The result follows if we set kg = ko(Rg) = max{x(Rp), k2(Ro)}. O]
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LEMMA 4.6. Forall k > kg := 576, forany f,g € Sand z € U,
_ 6
(Fog™V@I= .

Proof. As in the proof of Lemma 4.2, define h(w) = 12(f o ¢~ H(w/12). Note that & is
defined on all of D by Lemma 4.1 and that 7 € S. Let z = w/12. Using the distortion
theorems (Theorem A.2), we have that, for z € D(0, (1/12)),

N 1+ |12z
(o™ @I = T

If & > ko, we have that D(0, (2/k)) C D(0, (2/k0)) = D(0, (1/288)). Let z € U and,
since U C K € D(0, (2/k)) C D(O0, (1/288)), we have |z| < 1/288 for ¥ > k¢. Thus, the
right-hand side of equation (4.4) is less than 25 - 24?/233, which in turn is less than g for
all € > «q as desired. O]

4.4

As all the previous lemmas hold for all « sufficiently large, applying them in tandem
in the next result is valid. In general, each lemma may require a different choice of kg,
but we may choose the maximum so that all results hold simultaneously. The purpose of
Lemmas 4.5 and 4.6 is to prove the following.

LEMMA 4.7. Given Ry > 0, there exists ko = ko(Rp) > 576 such that, for all k > ko, for
any f,g € S, and z € URO, (fog V() €U and

(fog )@ < %

Proof. Applying Lemmas 4.5 and 4.6 to the definition in equation (2.1) of the hyperbolic
derivative taken with respect to the hyperbolic metric of U, and letting «( be the maximum
of the two lower bounds on « in these lemmas, we have that there exists a ko > 576
depending on Ry such that, for all k > k¢, and z € ﬁRO, (fo gfl)(z) e U and

ey = WP 2 W ((Fogh@
(o8 Ol = T Fa e TP ) (fog™) (@
10 9 6
=9 85
_3
=2,
as desired. O

4.2. Statement and proof of Phase L.

LEMMA 4.8. (Phase 1) Let Py, U, k, P, and U be as above. Let Ry > 0 be given,
and let U Ry and Ug, also be as above. Then, there exists ko = ko(Ro) > 576 such that,
for all Kk > kg, € >0, and N € N, if {fi}lN;él is a collection of mappings with f; € S
fori=0,1,2,...... , N+ 1 with fo = fny+1 =1d, there exists an integer My and a
(17 + «)-bounded finite sequence {Pm}xg])MN of quadratic polynomials both of which

depend on Ry, k, N, the functions {ﬁ}iN:J(r)l, and ¢ such that, foreach 1 <i < N + 1:
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(1) Qimy(0) =0;

(2)  Qimy is univalent on Usg,;

3 pu(fi(@), Qimy(2)) < € on Uzgy;
@ 1Q7yy llug, <7

Before proving this result, we remark first that the initial function fy =1d in the
sequence {f; }1N= 4(—)1 does not actually get approximated. The reason we included this
function was purely for convenience as this allowed us to describe all the functions being
approximated in the proof using the Polynomial Implementation Lemma (Lemma 3.9) as
fistof7L0<i <N,

Second, we can view this result as a weak form of our main theorem in that it allows to
approximate finitely many elements of S with arbitrary accuracy using a finite composition
of quadratic polynomials. Phase I is thus intermediate in strength between the Polynomial

Implementation Lemma (Lemma 3.9) and our main result (Theorem 1.3).

Proof. Step 1: Setup. Without loss of generality, make ¢ smaller if necessary to ensure
& < Ro. Let kg = kop(Rp) = 576 be as in the statement of Lemma 4.7 so that the
conclusions of this lemma as well as those of Lemmas 4.5 and 4.6 also hold. Then for
allk > xg, wehave U C K C D(0, (2/«x)) C D(0, (1/288)) C D(0, (1/12)). Note that the
last inclusion implies that, if f, g € S, then f o g~ ! is defined on U in view of Lemma 4.1.
Step 2: Application of the Polynomial Implementation Lemma. First apply
Lemma 4.7 with 5Rg + 1 replacing Rg so that, for all ¥ > ko, if f,g € S, we have
(f 0 g ) (Usry+1) C U and
—1\f —1\8 3
1Cf 087 ) luse, = W 08 N llusgyer = 5 4.5
Note that, by Lemmas 2.8 and 2.9, since Ujg, is then hyperbolically convex while (f o
2~ 1(0) = 0, this implies

(f 0 & ) (Uagr,) C Usg,. (4.6)

We observe that since Id € S, in particular, we have f(Uag,) C Usg, forall f € S.

Fix « > ko and for each 0 <i < N, using equation (4.5), apply the Polyno-
mial Implementation Lemma (Lemma 3.9), with Q = D(0, (1/24)), ' = D(0, %),
y = C(0, (1/24)), ' = C(0, %) (where both of these circles are positively oriented
with respect to the round annulus of which they form the boundary), f = fi+1 o fi_l,
A = Usg,, § = 1 (and hence, A= Usgyt1), M = % and ¢ replaced with 8/3N. Note that
f(©) =0, (f og ') (Usry+1) C U (as noted above), and that, in view of Lemma 4.1, f is
analytic and injective on a neighborhood of © and maps y inside D(0, %) which lies inside
I', so that (f, Id) is indeed an admissible pair on (y, I') in the sense given in Definition
3.3 in §3 on the Polynomial Implementation Lemma, which then allows us to obtain a
quasiconformal homeomorphism of ¢ using Lemma 3.2.

Let My be the maximum of the integers ny, in the statement of Lemma 3.9 for each
of the N + 1 applications of this lemma above. Note that each ky depends on «, the
curves y = C(0, (1/24)), " = C(0, %), and the individual function f = f;j41 o fi—1 being
approximated, as well as A, §, the upper bound M on the hyperbolic derivative (which, in
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our case, by equation (4.5) is % for every function we are approximating) and finally ¢.
Thus, My, in addition to N, then also depends on Ry, k, the finite sequence of functions
{ f,~}lN= J{)l, and, finally (recalling that here we have y = C(0, (1/24)), I' = C(0, %) and
A=Usg,, 6 =1, M = %), e. From these N + 1 applications, we also then obtain (after
a suitable and obvious labeling) a finite (17 4 «)-bounded sequence {Pm},(nl\:l)MN such
that each Q;umy (i+1)Mmy 1s univalent on Usg,, and we have, for each 0 < i < N and each
z € Usgy,

pu @ty Q). fisn o /@) < 53 @.7)

It also follows from Lemma 3.9 that each Q; py,i+1)my depends on N, Ry, k, the functions
fi> fi+1, and ¢ so that we obtain the correct dependencies for My and {Pm}an:'ql)MN i
the statement. Lastly, by item (3) of Lemma 3.9, Q; pmy.i+1)my (0) = 0, for each i, proving
item (1) in the statement above.

Step 3: Estimates on the compositions {Q; y, } 1N= Jql. We use the following claim to prove
items (2) and (3) in the statement (note that we do not require part (ii) of the claim below

for this, but we will need it in proving item (4) later).

n

CLAIM 4.9. Foreach 1 < j < N + 1, we have that Q ju,, is univalent on Uag, and, for
each z € Uag,,

() pu(Q iy (. 1) < 3777
(ii) pu(Qjmy(2), 0) < 4Ry.

Note that the error in this polynomial approximation for j = N 4 1 is the largest, as
this error combines errors from the largest number of prior mappings.

Proof. We prove the claim by induction on j. Let z € Uag,. For the base case, we have
that univalence and part (i) in the claim follow immediately from our applications of the
Polynomial Implementation Lemma and in particular from equation (4.7) (with j =i +
1 =1 so that i = 0) since fp = Id. For part (ii), using part (i) (or equation (4.7)) and
equation (4.6), compute

Pu(Qumy (), 0) < pu(Qumy (2), f1(2) + pu(f1(2), 0)
< 3% + 3Ry
< 4Ry,

which completes the proof of the base case since we had assumed ¢ < Rg. Now suppose
the claim holds for some 1 < j < N + 1. Then,

Pu(Q+1my (2), fij+1(2) < pu(Qjmy.j+1)My © Qjmy(2), (fjt10 fj_l) o Qjmy(2))
+pu((fir10 ;) 0 Qimy (@), (fi10 7)o £ ().

Now Q;my (z) € Usg, C Usg, by the induction hypothesis, so equation (4.7) implies
that the first term on the right-hand side in the inequality above is less than & /3" . Again by
the induction hypothesis, Q juy (z) € Usgr, C Usg,, while we also have f;(z) € Usg, C
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Usg, by equation (4.6). Thus, equation (4.5), the hyperbolic convexity of Usg, from
Lemmas 2.8, 2.9, and the induction hypothesis imply that the second term in the inequality
is less than % -&/3N+1=J Thus, we have py (Q(j+1ymy (2), fi+1(2)) < g/3NF1=U+D
proving the first part of the claim.

Also, using what we just proved, equation (4.6), and our assumption that ¢ < Ry,

pu(Q+1My (2),0) < pu(Qj+1)My () fi+1(2) + pu(fj+1(2), 0)

<m+3R0

< 4Ry,

which proves part (ii) in the claim. Univalence of Q(;y1ymy follows by hypothesis as
O jmy (Uary) C Usg,, while Qjt1ym,,jmy is univalent on A = Usg, D Usg, by the
Polynomial Implementation Lemma as stated immediately before equation (4.7). This
completes the proof of the claim, from which items (2) and (3) in the statement of Phase I
follow easily. U

Step 4: Proof of item (4) in the statement. To finish the proof, we need to give a bound on
the size of the hyperbolic derivatives of the compositions Q;py, 1 <i < N 4 1.1t will be
of essential importance to us later that this bound not depend on the number of functions
being approximated, the reason being that, in the inductive construction in Lemma 6.2,
the error from the prior application of Phase II (Lemma 5.17) needs to pass through all
these compositions while remaining small. This means that the estimate on the size of
the hyperbolic derivative in item (2) of the statement of Lemma 3.9 is too crude for our
purposes and so we have to proceed with greater care.

Let dpy (z) be the hyperbolic length element in U and write dpy (z) = oy (z)|dz|, where
the hyperbolic density oy (as introduced in the proof of Lemma 3.7) is continuous and
positive on U (e.g. [KLL07, Theorem 7.2.2]) and therefore uniformly continuous on Usg,,,
as Uyg, is relatively compact in U. Let 0 = o (Rp) > 0 be the infimum of oy on Usg, so
that

oy(z) 20, 2z € Usg,. 4.8)

Let z € Usg, and observe that, since k > kg > 576, U C D(0, (1/288)) C ID. Then
item (3) in the statement together with the Schwarz lemma for the hyperbolic metric
(e.g. [CG93, Theorems 4.1 or 4.2]) give, for 1 <i < N+ 1, pp(Qimy (2), fi(2)) <
pu(Qimy (2), fi(2)) < e. If y is a geodesic segment in I from Q;uy, (z) to fi(z), we
see that

e > py(Qimy (), fi(2)
> pp(Qimy (2), fi(2))

:/dp]D)
%

_/ 2ldw|
y 1—1w?
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> / 2|dw|
Y

=2(y)
> 21Qimy (2) — fi(2)]

and so, in particular,

1Qimy (2) — fi(2)] <e. (4.9)
Now suppose further that z € Ug,, and set

80 = 80(Ro) = min d(w, dU3.2)R,), (4.10)
weBURO

where d(-,-) denotes Euclidean distance. By [New51, Theorem VII.9.1], the winding
number of U 3 & (suitably oriented) around z is 1. Then, using [Con78, Corollary IV.5.9]
2 0

together with the standard distortion estimates in Theorem A.2 and equation (4.9) above,
we obtain

1Qiay @ < 1A @1 +1Q]y, () — ()]
/ 1 Qimy(w) — fi(w)
=i S d
O+ ' = /a By s
1+ (1/288) P
T (1-(1/288)) ' 2742

1OU@G2)R)»

where [(0U 3 ® ) is the Euclidean length of 90U 3 R By making e smaller if needed, we can
20 270

thus ensure, for z € Ug,, that

10}y, (@) < 3. (4.11)

We can make ¢ smaller still if needed to guarantee that, if z, w € Usg, and |z — w| < &,
then, by uniform continuity of oy on Usg,,

lov(z) —oy(w)| <o. (4.12)

Note that both equations (4.11) and (4.12) required us to make ¢ smaller, but these
requirements depended only on Ry and, in particular, not on the sequence of polynomials
we have constructed. Although this means we may possibly need to run the earlier part
of the argument again to find a new integer My and then construct a new polynomial
sequence {P, : 1 <m < (N + )My, 0 <i < N}, our requirements on ¢ above will
then automatically be met. Alternatively, these requirements on ¢ could be made before
the sequence is constructed. However, we decided to make them here for the sake of
convenience.

If z € Ug,, we then have

100, @1 < 1Ff @1+ 105, @ — f@)]
ou(Qim, (@) ., oy (fi(2))

P L —

=11 )|+ £ @)
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sm%»+—59%¥ﬁgm<»““€?)ﬂmo‘
_+U?ﬁ%DQM“)_GMﬁ@Df(4

We need to bound each of the three terms on the right-hand side of the above inequality.
Recall that, as g = Id € S, we have that | fiu @) < % by equation (4.5). For the second
term, by equations (4.6), (4.8), (4.9), (4.11), and (4.12), and part (ii) in Claim 4.9, we have

ov(Qim, (1) ou (fi(2)
oy (2) QlMN( Q) - oy (2) Q:MN( )‘
1 3 3
< _.Z.g="2.
o 2 2

For the third and final term, recall that we chose ko = xo(Rp) sufficiently large to ensure
that the conclusions of Lemmas 4.5 and 4.6 hold. We can then apply Lemmas 4.5 and 4.6,
together with equation (4.11) to obtain that

ou (fi(2) U(fl(Z)) ou(fi)| /
o0 @) ——= 0y (@) — f()'f o @ ' (1Qipmy @1+ 1fi (D
e
-9 8\2 5
< 4.
Thus,
3 3
Qi @I = 5+ 5 +4=1.
as desired. ]
5. Phase Il

The approximations in Phase I inevitably involve errors and the correction of these errors is
the purpose of Phase II. However, this correction comes at a price in that it is only valid on
a domain which is smaller than that on which the error itself is originally defined; in other
words there is an unavoidable loss of domain. There are two things here which work in
our favor and stop this getting out of control: the first is the Fitting Lemma (Lemma 5.15)
which shows us that loss of domain can be controlled and in fact diminishes to zero as
the size of the error to be corrected tends to zero, while the second is that the accuracy
of the correction can be made arbitrarily small, which allows us to control the errors in
subsequent approximations.

We will be interpolating functions between Green’s lines of a scaled version of the
polynomial P, = Az(1 — z), where A = &>/ (v3=D/2)_1f we denote the corresponding
Green’s function by G, we will want to be able to choose /4 small enough so that the regions
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between the Green’s lines {z : G(z) = h} and {z : G(z) = 2h} are small in a sense to be
made precise later. This will eventually allow us to control the loss of domain. However,
we will want & to be large enough so that, if we distort the inner Green’s line {z : G(z) =
h} slightly (with a suitably conjugated version of that same error function), the distorted
region between them will still be a conformal annulus which will then allow us to invoke
the Polynomial Implementation Lemma (Lemma 3.9). However, first we must prove several
technical lemmas.

5.1. Setup and the target and fitting lemmas. We begin this section with continuous
versions of Definition A.7 of Carathéodory convergence and of local uniform convergence
and continuity on varying domains [Com13a, Definition 3.1].

Definition 5.1. Let W = {(W},, wy)}ner be a sequence of pointed domains indexed by a
non-empty set I C R. We say that W varies continuously in the Carathéodory topology at
hg € I oris continuous at hy if, for any sequence {hn}zo | in [/ tending to ho, (Wp,,, wp,) —
(Why, wp,y) as n — oo. If this property holds for all i € I, we say W varies continuously
in the Carathéodory topology over 1.

For each h € I, let g, be an analytic function defined on Wj,. If hg € I and W is
continuous at &g as above, we say g;, converges locally uniformly to g, on Wy, if, for every
compact subset K of Wy and every sequence {h,},2 , in I tending to hq, g5, converges
uniformly to g, uniformly on K as n — oo.

Finally, if we let G = {gn}rer be the corresponding family of functions, we say that G
is continuous at ho € I if g, converges locally uniformly to g, on Wy, as above. If this
property holds for all & € I, we say G is continuous over I.

Definition 5.2. Let I C R be non-empty and let {y;}se; be a family of Jordan curves
indexed over I. We say that {y,}ner is a continuously varying family of Jordan curves
over I if we can find a continuous function F : T x I — C which is injective in the first
coordinate such that, for each # € I fixed, F(z, h) is a parameterization of yj,.

Recall that a Jordan curve y divides the plane into exactly two complementary compo-
nents whose common boundary is [y] (e.g2. [Mun00, Theorem 63.4] or [New51, Theorem
V.10.2]). It is well known that we can use winding numbers to distinguish between the two
complementary components of [y]. More precisely, we can parameterize (that is, orient)
y, such that n(y, z) = 1 for those points in the bounded complementary component of
C\ [y], while n(y, z) = 0 for those points in the unbounded complementary component
(e.g. [New51, Corollary 2 to Theorem VIIL.8.7 combined with Theorem VIIL.9.1]).

LEMMA 5.3. Let I C R be non-empty and {yp}ner be a continuously varying family of
Jordan curves indexed over 1. For each h € I, let W}, be the Jordan domain which is the
bounded component of @\ [yn], and let w: I — C be continuous with w(h) € Wy, for
all h. Then the family {(Wy,, w(h))}nes varies continuously in the Carathéodory topology
over L.

Proof. The continuity of w implies item (1) of Carathéodory convergence in the sense of
Definitions A.7, 5.1. For item (2), fix hg € I, let K C W), be compact, and let z € K. Set
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8 :=d(K, 0Wp,). By the uniform continuity of F* on compact subsets of T x /, we can
find n > 0O such that, for each h € I with |h — hg| < 1,

1)
[Yn (1) — vno ()] < 3 forallz € T,

and y;, is thus homotopic to yj, in C\ K. We observe that we have not assumed that
I N (ho —n, ho + n) is an interval, so we may not be able to use the parameterization
induced by yj(z) to make the homotopy. However, using the above, it is a routine matter
to construct the desired homotopy using convex linear combinations. By the above remark
on winding numbers and Cauchy’s theorem, one then obtains

n(yp, w) = n(ypy, w) =1 forallw € K.

Thus, if |h — hg| < n, then K C W}, and item (2) of Carathéodory convergence follows
readily from this.

To show item (3) of Carathéodory convergence, let {/,} be any sequence in / which
converges to ho and suppose N is an open connected set containing w(ho) such that
N C W, for infinitely many n. Without loss of generality, we may pass to a subsequence
to assume that N C W), for all n. Let z € N and connect z to w(ho) by a curve n in
N. As [n] is compact, there exists § > 0 such that a Euclidean §-neighborhood of [n] is
contained in N and thus avoids yj, for all n. By the continuity of F, this neighborhood
also avoids yj,. Since w(ho) and z are connected by 7 which avoids yj,, they are in
the same region determined by yj, so that n(yy,, z) = n(yn,, w(ho)). Hoewever, since
by hypothesis w(hg) € Wy, by [New51, Corollary 2 to Theorem VII.8.7 combined with
Theorem VIL9.1], n(yh,, w(ho)) = 1 whence z € Wj,,. As zis arbitrary, we have N C Wy,
and item (3) of Carathéodory convergence, and the result then follows. O

Recall that a Riemann surface is said to be hyperbolic if its universal cover is the unit
disc D. For a simply connected domain U C C, this is equivalent to U being a proper
subset of C. The next lemma makes use of the following definition, originally given in
[Com14] for families of pointed domains of finite connectivity. Recall that for a domain
U c C, we use the notation §y7(z) for the Euclidean distance from a point z in U to the
boundary of U.

Definition 5.4. [Com14, Definition 6.1] Let V = {(V,, vy4)}aca be a family of hyperbolic
simply connected domains and let & = {(Uy, uy)}qeca be another family of hyperbolic
simply connected domains indexed over the same set A, where U, C V,, for each or. We
say that U is bounded above and below or just bounded in V with constant K > 1 if:

(1) U, is a subset of V,, which lies within hyperbolic distance at most K about vy in Vi;

2
Su, (ue) = l5v (Ug)-
o = K Ve
In this case, we write pt C U T V.

The essential point of this definition is that the domains of the family I/ are neither too
large nor too small in those of the family V. For families of pointed domains of higher
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connectivity, two extra conditions are required relating to certain hyperbolic geodesics of
the family U. See [Com14] for details.

LEMMA 5.5. Let I C R be non-empty, U = {(Uy, vp)}ner be a sequence of pointed
Jordan domains, and V = {(Vj, vy)}ner be a sequence of pointed hyperbolic simply
connected domains with the same base points, both indexed over I If pt T U T V, V varies
continuously in the Carathéodory topology over I, and 90Uy, is a continuously varying
family of Jordan curves on I, then R??/Z,vh) Uy, is continuous on 1.

Before embarking on the proof, we observe that, since both families ¢/ and ) have the
same basepoints, it follows from Lemma 5.3 and the fact that V varies continuously in the
Carathéodory topology over I that I/ also varies continuously in the Carathéodory topology
over 1. However, we do not need to make use of this in the proof below.

Proof. Using Definition 5.2, as dUj, is a continuously varying family of Jordan curves, let
F : T x I — C be acontinuous mapping, injective in the first coordinate where, for each &
fixed, F' (¢, h) is a parameterization of dUj,. We first need to uniformize the domains Vj, by
mapping to the unit disc D where we can compare hyperbolic distances directly. So let ¢,
be the unique normalized Riemann map from V}, to D satisfying ¢y (v,) = 0, gojl (vp) > 0.
By Definitions 2.2, 5.4, since pt — U C V), there exists K > 1 such that R(e{‘,;’vh)Uh <
K and thus ¢, (Uy) C Ap(0, K) = D(0, ((eX — 1)/(eX + 1))). Also, for any hg € I, we
know from Theorem A.9 that ¢, converges to ¢, locally uniformly on Vj,, as h — hg
since (Vi vi) = (Vi,, Up,) in the sense of Definition 5.1. Now, set ¢(z, h) := ¢p(2).

CLAIM 5.6. Forall hy € I and zog € Vy,, ¢(z, h) is jointly continuous in z, h on a suitable
neighborhood of (zo, ho).

Proof. Lete > 0.Let {h,} be a sequence in I which converges to i and {z, } be a sequence
in V,, which converges to z. Using item (2) of Carathéodory convergence (Definition A.7)
and the fact that V},, is open, we have that z,, € V},, for all sufficiently large n. Then, for
n sufficiently large so that z,, and &, are sufficiently close to zg and kg, respectively, since
@p converges to @p, locally uniformly on Vj, and ¢y, is continuous, we have

|9 (zn, hn) — ¢(z0, ho)| = @, (2n) — @ny(20)]

= |(Phn (zn) — Phy (zn)] + |§0h0 (zn) — Phyy (z0)]
& + &

< — —

2 2

=€,

A

which proves the claim. O

Using this claim, if we now define ¥ (¢, h) := @(F (¢, h), h), we have that V¥ (¢, h) is
jointly continuous in f and on T x 1.

Now let hg € I be arbitrary and let {#,} be any sequence in / which converges to h¢. If
we write R, = R?@; n,vhn)Uhn and Ry = Rf{‘,;o,th)UhO, we then wish to show that R, — Ro
asn — oo. As pt C U C V, we may choose a subsequence {R,,, } which converges using
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Definition 5.4 to some finite limit in [0, K]. If we can show that the limit is Rg, we will
have completed the proof. In view of Lemma 2.5, for each k, we have that R, is attained
at some z,, € 0Uy,, so we may write R,, = PVi, (vhnk, Zn,) = pp(0, @(zn;, hn,)). Now
Zn, = F(ty,, hy,) for some t,, € T, so R,, = pp(0, ¥ (ty,, hy,)). As by, — ho, applying
the compactness of T and passing to a further subsequence if necessary, we have that
(tag» hny) — (to, ho) for some 1y € T, so that ¥ (t,,, hy,,) converges to ¥ (fy, ho) by the
continuity of ¥ and R,, = pp(0, ¥ (#,,, hy,)) then converges to some limit ﬁo. Observe
that there is no loss of generality in passing to such a further subsequence. O
CLAMS.T. RE  \Uny = Ro = Ro = pp(0. ¥ (t0. h0)) = pv,, (Vo F (10, ho)).

Proof. Suppose not. Since dUy is a continuously varying family of Jordan curves on
I, F(t, ho) € dUp, for any ¢t € T. In view of Lemma 2.5, this means that the external
hyperbolic radius for Uy, is not attained at F (#, ho) and so there must exist o € T such
that py, (vny, F(to, ho)) = Ry < Ry = PVio (Whg» F(to, ho)), that is, pp(0, ¥ (to, ho)) <
on(0, ¥ (o, ho)) whence | (to, ho)| < |¥ (7o, ho)|. Choose a sequence {(fy,, hn,)} in
T x I which converges to (%o, ho). Then by joint continuity of v, there exists a ko € N
such that for all k > ko, we have that | (7, hn,)| > |V (t, hn, )|, which contradicts the
fact that R,, = pp(0, ¥ (¢4, hn,)), again by Lemma 2.5. This completes the proof of both
the claim and the lemma. O

Recall that we had P, = Az(I — z), where A = ¢27/(¥3=D/2) For > 1, we then
defined P = (1/x) P (xz) and let G be the Green’s function for this polynomial. For each
h>0,set V,:={ze€C : G(z) < h}—see Figure 3 for an illustration showing two of
these domains.

LEMMA 5.8. The family {0V, }n~0 gives a continuously varying family of Jordan curves.

Proof. Let P be as above, let K be the filled Julia set for P, and let ¢ : @ \K —
C \ D be the associated Béttcher map. Then the map F : T x (0, 00) — C, F(e!?, h)
¢~ (") is the desired mapping which yields a continuously varying family of Jordan
curves. O

LEMMA 5.9. (V;,,0) - (U,0) as h — 0O4.

Proof. By appealing to Definitions A.7, 5.1, and Theorem A.8, we can make use of the
Carathéodory kernel version of Carathéodory convergence to prove this. So let 4,, be any
sequence of positive numbers such that 4, — 0 as n — oo. From above, we will then be
done if we can show that the Carathéodory kernel of {(V},,, 0)}2021, as well as that of every
subsequence of this sequence of pointed domains, is U.

Let {(Vp,, , 0)}72, be an arbitrary subsequence of {(Vj,,, 0)};2; (which could possibly
be all of {(Vj,,0)}72,) and let W be the Carathéodory kernel of this subsequence
{(thk ,0)}72 ;. Since U C V), for every h > 0, clearly U € W. To show containment in
the other direction, let z € W be arbitrary and construct a path y from 0 to z in W. By
definition of W as the Carathéodory kernel of the domains {(Vh”k’ O)},fil, the track [y]
is contained in Vi, for all k sufficiently large. From this, it follows that the iterates of P
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FIGURE 3. The filled Julia set /C for P with the Green’s lines V), = {z : G(z) = h} and 0Vy;, = {z : G(2) = 2h}.

are bounded on W which immediately implies that W C C. Since W is open, W C int /C.
Moreover, since W is connected, W is then contained in a Fatou component for P and, since
0 e W, W C U. Since we have already shown U € W, we have W = U, as desired. [

As in the discussion in the proof of Phase I in §4 just before Lemma 4.3, let KC be the
filled Julia set for P and let U be the Siegel disc about O for P. Again, for R > 0, define
UR = AU(O, R).
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For the remainder of this section, we will be working extensively with these hyperbolic
discs Ug of radius R about 0 in U. At this point, we choose 0 < ry and restrict ourselves
to R > ro (we will also impose an upper bound on R just before stating the Target Lemma
(Lemma 5.13)).

Again, let ¥ : U — D be the unique normalized Riemann map from U to D satisfying
¥(0) =0, ¥'(0) > 0. For h > 0, let ¥y, : Vo5, — D be the unique normalized Riemann
map from Vy;, to I satisfying v2,(0) = 0, ¥, (0) > 0. Set R = R?\lftzh,O) Ug and define
\72;, = Ay,, (0, Ié). Let ¢y, : \72;, — Vy;, be the unique conformal map from ‘72;, to Vo
normalized so that ¢;,(0) = 0 and (péh (0) > 0. An important fact to note is that Vo is
round in the conformal coordinates of Vay, that is, ¥y, (Vay) is a disc (about 0). This is an
essential point we will be making use of later in the ‘up’ portion of Phase II. We now prove
a small lemma concerning this conformal disc \72;,.

LEMMA 5.10. For R > ro, we have the following:
(1)  there exists dy > 0, determined by k and rq such that

d(0,9Ug) = do

(where d(0, dUR) denotes the Euclidean distance from 0 to dUpR);

(2) given any finite upper bound hg € (0, 00), there exists py > 0, determined by ro and
ho, such that, for all h € (0, hol, we have that the hyperbolic radius Ry, o) ‘72;, of
‘72;1 in Vap, about 0 satisfies

Ry, 0 Van = po.

Proof. Since R > rg, we have that dUg is the image under Iﬂ_l of the circle C(0, s)
in D, where s > 5o := (¢'* — 1)/(¢’® + 1). Item (1) then follows on applying the Koebe
one-quarter theorem (Theorem A.1).

For item (2), using Lemma 2.5, since 8 V5, is the hyperbolic ‘incircle’ about 0 of dUg
in the hyperbolic metric of V3;, we have that for all 4 € (0, h], there exists zo, € \72;, N
0Ug. By item (1), we have |z25| > do. However, as the domains { V24 },.¢(0,1,] are increasing
in h, there exists Dy depending only on « and A such that for all z € U, and for all & €
(0, hol, we have 8y,, (z) < Do (where dy,, (z) is the Euclidean distance from z to 9 V2).
Letting py;, be the hyperbolic radius about 0 of Vzh in V5, we have

P = / dpvy,(2)»
%

where y is a geodesic segment in V5, from O to zj. Then, using Lemma A .4, we have

P2n = / dpvy,(z)
y

1 1
> 1 f dz|
2 Jy 8wy (2)

1
—
3D 62

v
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1
2_D0|Z2h|
do

> —,
— 2Dy

v

from which the desired lower bound follows by setting pg = do/2Dy (note that in the
above, we use [ to denote Euclidean arc length). Finally, the fact that py does not depend
on the scaling factor « follows immediately by the conformal invariance of the hyperbolic
metric of V5, with respect to (Euclidean) scaling. O

Now define \7;, = (pz_hl(Vh) and recall that \72;, = (pz_hl(Vz;,). Further, define Ié(h) =
R%‘Zh 0) Vi and note that the function R(h) does not depend on the scaling factor «, while

by conformal invariance, we have R (h) = R(e"i/t 0 \7;1.
2h>

LEMMA 5.11. Ié(h) is continuous on (0, 00).

Proof. This follows easily from Lemmas 5.3, 5.5, and 5.8. Note that it follows easily from
Lemmas A.4 and 5.8 that the family (Vj, 0) is bounded above and below in the family
(Van, 0), where #h is allowed to range over any closed bounded subset / of (0, co). O]

Further, we have the following.
LEMMA 5.12. R(h) — coash — 0.

Proof. By Lemma 5.9 and Theorem A.9, v, converges locally uniformly on U to i as
h — 04 (in the sense given in Definition 5.1), where we recall that ¥, and ¢ are the
suitably normalized Riemann maps from V3; and U, respectively, to the unit disc (these
were introduced in the discussion before Lemma 5.10).

Now let R > 0 be large and let z € dUg, where Ug is the hyperbolic disc of radius R
about 0 in U introduced above. From the above, we then have that py,, (0, z) > R — 1 for
all & sufficiently small so that by the definition of external hyperbolic radius (Definition
2.2), we must have R?@;h’O)UR > R —1. Since Ugr C U C Vp, we must have Ié(h) =
R V), > R(e)\(/;h,O)U > R Ugr > R — 1. The result then follows on letting R tend

(Van,0) (V21,0)
to infinity. O

At this point, we choose 0 < rop < Ry < /2 and restrict ourselves to R € [rg, Rg]. The
upper bound /2 is chosen so that the disc Ug as well as its image under any conformal
mapping whose domain of definition contains U is star-shaped (about the image of 0—see
Lemma A.6).

Given ¢1 > 0, using the hyperbolic metric of U, construct a 2¢1-open neighborhood of
dVa;, which we will denote by N. We now fix our upper bound hg on the value of the
Green’s function G (z). Recall the lower bound pg on the hyperbolic radius about 0 of Vo
in Vyj, as in item (2) of the statement of Lemma 5.10. Recall also the scaling factor « and
that U C D(0, (2/«)). We now state and prove one of the most important lemmas we need
to prove Phase II (Lemma 5.17).
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LEMMA 5.13. (Target Lemma) There exist an upper bound & € (0, (po/2)) and a
continuous function T : (0, &;] — (0, 00), both of which are determined by hqy and rq such
that, for all h € (0, hol and R € [ro, Rol, we have:

() RE (Vo \N) = T(e) forall ey € (0. 511

2) T(g) = % log(1/e1) 4+ Co on (0, &1, where Co = Cq(ho, ro), so that, in particular;
3) T(e1) > oc0aser — 04.

Before embarking on the proof, we remark that item (1) in the statement of Lemma 5.13
will help us to interpolate in the ‘during’ portion of Phase II. Item (3) will be vital for the
Fitting Lemma (Lemma 5.15); it allows us to conclude that 7 — 0 as &1 — 04 (see the
statement of the Fitting Lemma), which is key to controlling the inevitable loss of domain
incurred in correcting the errors in our approximations from Phase I (Lemma 4.8). We
observe that, even though we require R € [rp, Ro], the upper bound R\ does not appear in
the dependencies for £; and the function T above. The reason for this is that we apply the
upper bound Ry < 7 /2 in the proof which eliminates the dependence on Ry. Lastly, we
observe that, although the domain V5, by definition will depend on R (as will the mapping

ho \72;, +— Vo), €1 and T (e1) do not depend on R since we are obtaining estimates
which work simultaneously for all R € [rg, Ro].

Proof. We first deduce the existence of £;. Regarding the upper bound £o /2 on 81 in the
statement: we note that, if ¢; is too large, then we would actually have V2h C N so that
Vo \ N = @. Recall that, by item (2) of Lemma 5.10, we have that pg > 0 is such that
for all R € [rg, Rol and & € (0, hol, we have Ry, o) Vzh > po. Using the Schwarz lemma
for the hyperbolic metric (e.g. [CG93, Theorems 1.4.1 or 1.4.2]), we see that Ri(‘l‘}’o) \72;1 >
Rvy,.0) \72;, > po, SO setting €1 := pg/4 < po/2 implies that, if &; < &, then 0 € \72;, \ N
and, in particular, Vai \ N # () (so that the internal hyperbolic radius of this set is well
defined in view of Definition 2.2). Note that, in view of Lemma 5.10, since pg depends on
ro and hg, the quantity &; inherits these dependencies.

Recall the lower bound dy = dy(k, rg) > O from item (1) of the statement of Lemma
5.10 for which we have d(0, dUg) > dy so that, if & € dUp, then |&| > dy. With the
distortion theorems in mind, applied to ¥5," ! we define

em/? -1
ry = en/2+1’
1 2
Dy 1=< +r1> =e".
1—r;

Note that | is chosen so that D(0, r1) has hyperbolic radius /2 in D, that is, D(0, 1) =
Ap(0, (/2)). By the Schwarz lemma for the hyperbolic metric, since V»; C Ug,
U C Vop,and R < Ry < /2, we have

~ ~ ~ b
Reva0 Van = Ry, 0 Van = R ) Van = Rio)Ur = Rwo)Ur = R < 5

(recall that Vo, and Ug are round in the conformal coordinates of Vay,, U, respectively, so
that the internal and external hyperbolic radii coincide). By Lemma 2.5 and the definition
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of \72;, given before Lemma 5.10, dUg and 9 ‘72;, meet, and it then follows by comparing the
maximum and minimum values of |1p2‘hl | given by the distortion theorems (Theorem A.2)
that

do U ~
|z| > D_ = dpe if z € AVyy. (5.1)
1

Now suppose ¢y € 8\72h and let &1 € (0,&1]. If ¢ € ZU(g“o, 2e1), we wish to find an
upper bound on the Euclidean distance from ¢ to ¢y. Let yp be a geodesic segment in U
from ¢ to ¢. Then, using Lemma A.4 and the fact that U C D(0, (2/«)), we calculate

2¢e1 2/ dpy
%0

1/ |dw|
2_
2 Y 8U(w)

%
|
=
=S

%
i
w~
|
g

where [(yp) is (as usual) the Euclidean arc length of yy. Thus, | — ¢o| < (8/k)e1. As &o,
¢ were arbitrary, this implies that

_ _ 8 -
Ay (2o, 2¢1) C D(Co, ;81) for any g € dVay,. (5.2)

Now we aim to specify the value of the function 7 (¢1). Choose a point zg € ‘7211 N
N = ‘72;, \ (Vzh \ N ). Pick z € 8\72;, which is closest to zg in the hyperbolic metric of U
(see Figure 4 for an illustration). Then py (zo, z) < 2¢1, which by equation (5.2) implies
|zo — z| < (8/K)e1. Note that as |z| > dy/D; by equation (5.1), using the reverse triangle
inequality, we have that

Z - — —€1. 5.3
ol = D] 1

Note also that, to make sure that 7'(e1) is defined and positive on (0, &;], it will be
essential (because we will be taking the difference of the logs in the two terms in this
quantity) that (do/D;1) — (8/x)e1 > 0, so we may need to make & smaller if needed so
that &, < xdy/8D;. Since the constant dy is determined by « and the lower bound ry for
R, &1 will then be determined by these same constants as well as /¢ in view of our earlier
discussion on &; above (we will argue later that the dependence on the scaling factor «
can be removed). Now let y be a geodesic segment in Vay, from zg to 0. If w € [y], since
|zo — z| < (8/Kk)¢e1 from equation (5.2), we have

8
8y, (w) < Jw —z| < [w—zol + 20 — 2| = |w — 20|l + —e1.
K

https://doi.org/10.1017/etds.2024.61 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.61

Limit functions on a Fatou component in non-autonomous iteration 759

FIGURE 4. Finding a lower bound for P, (0, zo).

So, once more using Lemma A .4,

Py, (0, z0) Z/V d’o‘72h(w)
1 / |dw|
2 —
2 ¥ 8‘72;. (w)
1

/ ldw|
2 Jy lw—zol + ®/x)er’

Now parameterize y by w=y(l) =z0+ r()e'?® fort € [0, 1], and note that, as y is
a geodesic segment in Vy, from zo to 0, r(1)e!?D = —z. Since y is not self-intersecting,
we have r(¢) > 0 for all t € (0, 1]. Then, using equation (5.3),

1[ |dw| _1f1WmMW+Wmumem
lw—zol + B/K)er 2 Jo r(t) + (8/k)e;

1
zlf ' (1)] dr,
2 Jo r(@)+ (8/k)e

‘/ o
dt
0 r(6) + (8/K)er (8/K)e1
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1 [zl 1

=5 | e dn
2Jo u+ @/
1 /(do/Dl)—(S/K)8| 1

> —— du
2 Jo u—+ (8/k)e
1 [d/D1 q

== / —dx
2 J@firer X

= 2(oe () -1 (2))

_logdy —m —log &) —log 8 + log k
B 2
1 1+logdo—7r—10g8+log/c

= — log —

2 €1 2

Taking an infimum over all zg € Vo NN and applying the definition (Definition 2.2)
of internal hyperbolic radius (which in particular does not require that Van \ N be con-
nected), and setting T'(g1) = 1 log(1/e1) + %(log do —m —log 8 4+ log k), then T'(e1) is
continuous, strictly positive (in view of the definition of &; given in the discussion after
equation (5.3)), and gives the desired lower bound on Rmt (V2h \ N ). Explicitly, the
function 7 (e1) above is determined by «, rg, and h¢ (this las% being due to the requirement
that &; < £1). However, similarly to the end of the proof of Lemma 5.10, we may eliminate
the dependence on « (for both £; and T') given the conformal invariance of the hyperbolic
metric of V5, with respect to the scaling factor . O

Before turning to the Fitting Lemma (Lemma 5.15), we prove a small lemma from real
analysis.

LEMMA 5.14. Let b > 0 and let ¢ : (0, b] — [0, 00) be a continuous function such that
@(x) — oo asx — 04. Then, forall y > min{p(x) : x € (0, b]}, if we set

x(y) := min{x : ¢(x) = y},

we have x(y) — 0 as y — oo.

Proof. We note first that, since ¢ is continuous while ¢(x) — oo as x — 04, ¢ attains
its minimum on (0, b]. Also, in view of the intermediate value theorem, for each y >
min{g(x) : x € (0, b]}, the set {x : ¢(x) = y} is non-empty. Because ¢(x) — oo as x —
04, the infimum of this set is strictly positive, and, as ¢ is continuous, we must have
that ¢(x(y)) = y so that this infimum is attained and is in fact a minimum. Suppose
now the conclusion is false and that there exists a sequence {y,}>~, such that y, — oo,
but x(y,) # 0 as n — oco. Set x, := x(y,). Since x, /4 0, we can take a convergent
subsequence {x,, }p= , which converges to a limit xo > 0. This then leads to a contradiction
to the continuity of ¢ at xg. O
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: D> . pext __ pext 7 : :
Recall the quantity R(h) := R(Vz;,,O) Vi = R(%h’ 0 Vi which was introduced before

Lemma 5.11 and the 2¢1-open neighborhood N of 9 Vgh which was introduced before the
statement of Lemma 5.13. We now state and prove the Fitting Lemma.

LEMMA 5.15. (The Fitting Lemma) There exists & > 0 and a function h : (0, &;] —
(0, 00) both of which are determined by h, ro for which the following hold:

(1) Vi C Vangey \ N foreach 0 < & < &y;
(2) h(g;) > 0ase; — 04

Proof. We first apply the Target Lemma (Lemma 5.13) to find £€; > 0 and a function 7 :
(0, &1] — (0, c0) as above, both of which are determined by &g, ro. We now show how to
use the function T to define an appropriate value & of the Green’s function for which item
(1) above holds, which will then allow us to do the interpolation in the ‘during’ part of
the proof of Phase II (Lemma 5.17). Our first step is to fix a (possibly) smaller value of &;
which still has the same dependencies as in the statement of Lemma 5.13. Since by item
(3) in the statement of Lemma 5.13 T'(¢;) — oo as ¢; — 04, we can make & smaller if
needed so as to ensure that

min T(¢;) > min R(h). (5.4)

0<e1 <& 0<h=<hy

Note that T (¢1) and Ié(h) attain their minimum values above in view of the fact that T (g1)
is continuous on (0, ;] by Lemma 5.13 and R (h) is continuous on (0, ko] by Lemma 5.11,
while T'(¢;) — oo as &1 — 04 and Ié(h) — oo as h — 04 by item (3) in the statement
of Lemmas 5.13 and 5.12, respectively. We now define the function 4 of the variable €1 on
the interval (0, £1] by setting, for each 0 < g < &1,

h(e1) :=min{h € (0, ho] : R(h) = T(e1)}. (5.5)

Note that in view of equation (5.4), again since R is continuous and R(h) — oo as h —
04, using the intermediate value theorem, the set of which we are taking the minimum
above will be non-empty, and so this function is well defined. It also follows that the set
{h € (0, ho] : R(h) = T(e1)} has a positive infimum which, by the continuity of R(h), is
attained and is thus in fact a minimum, and moreover,

R(h(g1)) = T(e1). (5.6)

The right-hand side of equation (5.4) depends only on /(. Hence, the upper bound &
and the function 7 from the statement of Lemma 5.13 will still only depend on kg and
rg, and the dependencies in the statement of that lemma thus remain unaltered. Lastly, we
observe that this function / above is then determined by /¢ and r¢ in view of equation (5.5).

By item (1) of the Target Lemma (Lemma 5.13), for each 0 < &) < &1,

R o (Von \N) = T(en). 5.7

However, by equation (5.6), in view of the definition of Ié(h) given before Lemma 5.11,

ext % _
R(Vzh(g,),o)vh(sl) =T (e1). (5.8)
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Thus, using item (1) of Corollary 2.4, if we set X = \7;,(81), Y = \72;,(81) \ ](7, we have
Vi € Vaneen \ N (this latter set clearly being closed) and so we obtain item (1).
Again by item (3) of the statement of Lemma 5.13, T(g;) — oo as & — 0.
Lemma 5.12, together with the fact that R is continuous in view of Lemma 5.11 then
ensure that the hypotheses of Lemma 5.14 are met. Equation (5.5) and Lemma 5.14 then
imply that h(e1) — 0 as &1 — 04 as desired, which proves item (2). O

As we remarked earlier, the Fitting Lemma will be essential for proving Phase II.
Basically, item (1) of the statement says that, for each 0 < ¢; < &, the domain ‘7;, (ep) ‘fits’
inside Vs, e \ N, which will allow us to apply the Polynomial Implementation Lemma,
but we will need to correct the error from the Phase I immediately prior to this. However,
item (2) of the statement says that #(e1) — 04 as €1 — 04 which, as we will see, is the
key to controlling the loss of domain incurred by the correction of the error from the Phase
I immediately prior to this and which is the purpose of Phase II.

Observe that getting \7;, to fit inside \72h \ N as above is easier if the value of / is large,
while ensuring the loss of domain is small requires a value of 2 which is small. Indeed it
is the tension between these competing requirements for 2 which makes proving Phase 11
so delicate and why the Target and Fitting Lemmas are so essential. Before we move on to
the statement and proof of Phase II, we state one last technical lemma that will be of use
to us later.

LEMMA 5.16. Let D C C be a bounded simply connected domain and let zy € D. Then
for all ¢ > 0, there exists R, > 0 such that if X is any set containing zo and contained in

D such that Rig;; )X > Re, thend(3X, D) < e.

Proof. Define D, ={z€ D : d(z,dD) > ¢/2}. Since D is bounded, D, is a compact
subset of D and we can find R, > 0 such that D, C Ap(zp, R:). Then, if X is any set
containing zo and contained in D such that Ri(‘g’zo)x > R., by the definition of internal
hyperbolic radius (Definition 2.2), for every z € D \ X, we have pp(zo, z) > R,. It then
follows that for every z € dX N D = 9(D \ X) N D, we also have pp(zo,z) > R, from
which it follows that z ¢ D,. Since X = (X N D) U (dX N 9 D), it follows that X C
{z € D : d(z,dD) < &/2}, and from the compactness of the bounded set X C D, we

getd(0X,0D) < ¢e/2 < ¢, as desired. O

5.2. Statement and proof of Phase II. Recall the scaling factor k > 1 and upper bound
ho on the value of the Green’s function from the statement of Lemma 5.10. Recall also
the bounds 0 < r9 < Rg < 7/2 for R and that the upper bound of 7 /2 was chosen in the
discussion before the Target Lemma (Lemma 5.13) so that Ug as well as its image under
any conformal mapping whose domain of definition contains U is star-shaped (about the
appropriate image of 0).

LEMMA 5.17. (Phase II) Let «, ho, ro, and Rg be fixed as above. Then there exist an
upper bound & > 0 and a function § : (0, 1] — (0, (ro/4)), with §(x) — 0 as x — 0,
both of which are determined by hy, ro, and Ry such that, for all €1 € (0, &), there exists
an upper bound &, > 0, determined by €1, ho, and ro, Ry, such that, for all gy € (0, &;],
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all R € [ro, Rol, and all functions & univalent on Ug with £(0) = 0 and py (£(2), z) <
&1 for z € Ug, there exists a (17 + «)-bounded composition Q of finitely many quadratic
polynomials which depend on k, €1, €, R, ho, ro, Ro, and & such that:

() Qs univalent on a neighborhood of U g_sz,);

(i) forallz € UR_S(SI), we have

pu(Q(2), £(2)) < &2;
(i) Q) = 0.

Because we will be using the Polynomial Implementation Lemma repeatedly to
construct our polynomial composition, we need to interpolate functions outside of /C,
the filled Julia set for P. Indeed, as we saw in the Polynomial Implementation Lemma
(Lemma 3.9), the solutions to the Beltrami equation converge to the identity precisely
because the supports of the Beltrami data become small in measure. However, £ is only
defined on a subset of U and hence we will need to map a suitable subset of U on which
& is defined to a domain which contains K, and correct the conjugated error using the
Polynomial Implementation Lemma. The trick to doing this is that we choose our subset
of U such that the mapping to blow this subset up to U can be expressed as a high
iterate of a map which is defined on the whole of the Green’s domain V},, not just on
this subset. This will allow us to interpolate outside /. Further, we will then use the
Polynomial Implementation Lemma twice more to ‘undo’ the conjugating map and its
inverse.

The two key considerations in the proof are controlling loss of domain (which is
measured by the function § in the statement above), and showing that the error in our
polynomial approximation to the function £ (measured by the quantity &, above) is mild
and, in particular, can be made as small as desired. In controlling the loss of domain,
one main difficulty will arise in converting between the hyperbolic metrics of different
domains, U and V5, and we will deal with this by means of the convergence of the pointed
domains (V2;, 0) to (U, 0) in the Carathéodory topology as A tends to zero. One last thing
is worth mentioning: since this result involves many functions and quantities which depend
on one another, the interested reader is encouraged to make use of the dependency tables
in the appendices to help keep track of them.

Proof. Ideal loss of domain: The techniques for controlling loss of domain will be the
Fitting Lemma, and again the fact that (V5;, 0) — (U, 0) in the Carathéodory topology
(Lemma 5.9) as & tends to zero combined with the Target Lemma. As stated above, we
will apply the Polynomial Implementation Lemma to our conjugated version of £, which
will be ¢y 0 € o 902711 in what we call the ‘During’ portion of the error calculations. To
approximate £ itself rather than this conjugated version, we then wish to ‘cancel’ the
conjugacy, so ‘During’ is bookended by ‘Up’ and ‘Down’ portions, in which we apply the
Polynomial Implementation Lemma to get polynomial compositions which are arbitrarily
close to ¢y, and (p2_h1 , respectively, on suitable domains.

We begin the proof of Phase II by considering ‘Ideal Loss of Domain’. In creating
polynomial approximations using Phase I (Lemma 4.8), errors will be created which will
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FIGURE 5. The setup for Phase II in rotated logarithmic coordinates.

have an impact on the loss of domain that occurs. We first describe the loss of domain
that is forced on us before this error is taken into account. During what follows, the reader
might find it helpful to consult Figure 5, where most of the relevant domains are shown in
rotated logarithmic coordinates where the up direction corresponds to increasing distance
from the fixed point for P at 0.

We first turn our attention to controlling loss of domain. Let R € [rg, Ry] be arbitrary
as in the statement. Note that because we need to consider uniform convergence in R to
define the function § which measures loss of domain in the statement above, we consider
R for now as varying over the whole of the interval [rp, Rg]. However, later we will fix
an (arbitrary) value of R from this interval at the start of the ‘up’ portion of the proof).
Recall the discussion before the statement of Lemma 5.10, where we let ¢ : U — D be the
unique normalized Riemann map from U to D satisfying ¥ (0) = 0, ¥/(0) > 0. Recalling
the upper bound # for the value of the Green’s function G for P, for i € (0, hg] arbitrary,
let Yoy, @ Vo, — D be the unique normalized Riemann map from V,;, to D satisfying
Y2 (0) = 0, ¥4, (0) > 0. Recall also that we had R = R[}}  Ug, Var = Avy, (0, R) and
O - \72;1 — Vo, which was the unique conformal map from \72h to Vo, normalized so
that ¢2,(0) = 0 and <p§h (0) > 0. Now define R’ = Rzrl‘},o) ‘72;, and note that the value of
this quantity is completely determined by those of R and 4. We prove the following claim.

CLAIM 5.18. R — R’ — 0 uniformly on [ro, Ro] as h — 0.

Proof. By Lemma 5.9, (V2p,, 0) — (U, 0) in the Carathéodory topology as 7 — 04 and
thus ¥, converges locally uniformly to i on U in view of Theorem A.9.
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Let {h,},2 | be an arbitrary sequence of positive numbers such that 2, — 0asn — oo.
By the definitions of Vzh and R’, and Lemma 2.5, there exists wy, | € 8\72;,” N oUg and
Wh, 2 € 8‘72;,,1 NoUg.Let0 < s,s), s, < 1besuchthat y(dUg) = C(0, 5), Yy (dUg) =
C(0, s;), and Yrap, (3 Vo) = C(O, s,).

Let &9 > 0. By the local uniform convergence of ¥, to ¥ on U, there exists ng, such
that for all n > ny,

W, ) = v@I < T 2€Ug,

Thus, for any n > ng and any R € [rg, Ro],

€0

Is — sy | = |1V (wn, )| — [¥2n, Wi, DI| < ¥ (Wh,1) — Yon, (Wi, 1)] < >

€0

sy, — 55| = [[¥2n, (W, 2)| — ¥ (Wi, DI < Y21, (Wh,2) — ¥ (W, 2)| < >
whence

Is —s,| < 0.

Since the sequence {h,}7 , was arbitrary, the desired uniform convergence then follows
on applying the conformal invariance of the hyperbolic metric under v~ O

Now define the Internal Siegel disc, U := <p2_hl (U), and set R" = R}‘l‘}’o)f] , noting again
that the value of this quantity is completely determined by those of R and /. Next, we show
the following claim.

CLAIM 5.19. R — R” — 0 uniformly on [ro, Ro] as h — 0.

Proof. First, we show Ri(?/tz;,,O)U — oo as h — 04 (note that this convergence will be
trivially uniform with respect to R on [rg, Ro] as there is no dependence on R). Fix R; > 0
and set X := Ug,, Y := Upg,41 so that ¥ (X) = Ap(0, Ry), ¥(¥Y) = Ap(0, Ry +1). As
Ap(0, R)) C Ap(0, Ry + 1), if we let n = d(dAR(0, Ry), dAp(0, Ry + 1)), then n > 0.
Now let z € 9Y and w € Ap(0, Ry). We have that (V,;, 0) — (U, 0) as h — 04 in view
of Lemma 5.9, so, by Theorem A.9, we again have that i, converges to ¥ uniformly on
compact subsets of U in the sense given in Definition 5.1. Then, for all & sufficiently small,
we have

|(Y21(2) = w) = (¥ (2) —w)| = [21(2) = ¥ (2)]
<n
=¥ (@) —wl.

Thus, by Rouché’s theorem, since the convergence is uniform and w € Ap(0, R;) was
arbitrary, Ap(0, R1) C ¥2,(Y). Then w;hl(AD(O, R1)) CY,so Ri(‘g}z}l’o)Y > R;. We also
have that Y C U so R?‘l/ch»O)U z'RiI‘I}Zh,O)Y’ and thus R?‘l/tzh,O)U > R;. Since R; was
arbitrary, we do indeed have that Rzlg/tzh,O)U — ooash — 0.

For a constant ¢ > 0 and a set X C C, define the scaled set ¢cX :={z€C : z=
cw for some w € X}. Let 0 < rp; < 1 be such that W2h(‘72h) = D(0, rop,). The quantity

rop then depends on rg, Ry, R, and A (and thus ultimately on €1, R, hg, ro, and Ry once
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we make our determination of the function 4 = h(e1) immediately before equation (5.11)
below) and clearly 1/rpp o (Vo) = D
By conformal invariance,

Rlnt 1nt - _Rlnt Rl
(,z'hwzh(m)m( wzhw)) R 7oy V21O = R, U = 5, 0)U.

As R?“} 0U — coas h — 0, from above, it follows that, uniformly on [, Ro],

1nt int
R ,2, I/f2h(V2h)0)< th(U)> Ry, 0l — o as h— 04.

We can then apply Lemma 5.16 to conclude using 1/ry, th(‘72h) = ID that on letting
h — 04, we have

1 ~ 1 ~ 1 ~
d<3<—¢2h(U)), 3(—¢2h(V2h)>> = d<8 (—th(U)), 8]D)> — 0,
r2n hn n

where again the convergence is uniform on [rg, Ro]. Thus, scaling by r»;, we have, again
uniformly on [rg, Ro],

d@Wan(0)), 3 (Vap))) — 04 ash — 0. (5.9)

We observe that, since rp; depends on R, this is the first time when the convergence being
uniform on [rg, Ro] is not entirely trivial.

Further, using the Schwarz lemma for the hyperbolic metric [CG93, Theorems 1.4.1 or
1.4.2], we have that

Yon(U) C Yon(Van) € Yan(UR) C Yron(Uz2) C Yo (A, (0, (1/2))) = Ap(0, (17/2)),
(5.10)

(where we use the Schwarz Lemma for the hyperbolic metric for the last inclusion) which
shows that both lﬂzh(l} ) and 1,02;,(\72},) lie within (hyperbolic) distance /2 of 0 within
D. Since wz_hl converges to ¥~ uniformly on compact subsets of I by Theorem A.9,
using equations (5.9) and (5.10), we have that d (8[7 R 8\72h) — 04 uniformly on [rg, Ro]
as h — 04. Using Lemma A.4 and the fact that UcC Vzh C Ugr C Ay(0, (t/2)), we see
that we can say the same for distances with respect to the hyperbolic metric for U and that

oy @U, Vo) > 0 ash — 04

uniformly on [rg, Rop].
Fix g9 > 0. Using Lemma 2.5, pick z € U such that py (0, z) = R”. From above, for
all & sufficiently small, we can pick wy;, € dVy;, such that

£0
pu(z, wap) < >

(forany R € [ro, Ro]). Now let y be the unique geodesic in U passing through 0, wop. As y
must eventually leave Ug, let w be the first point on y N dUg after we pass along y from 0
to wop. Then 0, wyp, and w are on the same geodesic and w»y, is on the hyperbolic segment

yu[0, w]in U from 0 to w. We now have py (0, w) = R and py (0, woy,) > R = R?l‘]t 0 Vo
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using Lemma 2.5. Then, since wy;, € yy[0, w], using our Claim 5.18, we have, uniformly
on [ro, Rol,

pu(w, wap) = py (0, w) — py (0, wap)
<R-FR
0]
< R—
2

for i sufficiently small. Further, we have

R—R" = py(0, w) — py(0, z)
< pu(z, w)
< pu(z, wan) + pu(wan, w)
g €0
<7213
= 5‘0

for h sufficiently small, and thus R — R” — 0 as & — 0, while this convergence is
uniform on [rg, Ro] as desired (see Figure 6). ]

By the Fitting Lemma (Lemma 5.15), there exist £; > 0 and a function 4 defined on
(0, £1], both of which depend on kg, ro which we fixed before the statement for which we
have (by item (2) of the statement of this result) that

h(e;) > 04 ase; — 0. (5.11)
From this, using using this function and Claim 5.19, we have that

R—R'"—0ase — 0y (5.12)

while this convergence is uniform on [rg, Ro].

To conclude this section of the proof, we make our final determination of the upper
bound &; and define the function & on (0, £;]. Using the value of &; above which comes
from Lemma 5.15, for &1 € (0, &;], set

8(e1) :== sup (R — R")+ 5¢ (5.13)
[ro.Ro]

(the justification for this definition of this function will be made clear later). Note that, in
view of the above dependencies of the function / on h¢ and rg, the function § then depends
on hg and the bounds ry, Ry for R (but not on R itself), all of which we regard as fixed in
advance. It follows from equation (5.12) that §(¢1) — 0 as ey — 04 (we remark that this
is the point where we require that the convergence above be uniform). We can then make
&1 smaller if needed such that

sup 8(e1) < 2, (5.14)
0] 4

which ensures that Ug_s(,) # . Note from above that &; will therefore also depend on
hg and the bounds rg, Rp for R (in other words, we pick up an extra dependency on Ry
from the definition of the value §(e1) in equation (5.13)), so that we now have the correct
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FIGURE 6. Showing R — R” — Oas h — 0.

dependencies for both the quantity &; and the function é : (0, ;] — (0, (r9/4)) as in the
statement. Note in addition that this change in £; may require us to redefine the function
h above by restricting its domain of definition. Note that restricting &; in this way will
not violate equation (5.4) in the proof of the Fitting Lemma (Lemma 5.15) so that we
can still define % (e1) according to equation (5.5) in the proof and, in particular, equation
(5.6) still holds. Note that what we are essentially doing here is defining new ‘copies’
of the functions T (g1), h(ey), 8(g1) with restricted domains, but the same values as the
originals, and then relabeling them with the original names so that there is no danger of
circular reasoning. It is also worth noting that one only needs to carry out this restriction
once, after which equation (5.14) is then automatically satisfied. In addition, because the
function § depends on hg, ro, and Ry, the redefined function 4 now depends on Ay, ¢y, and
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Ry as in the statement. Lastly, note that, in particular, equation (5.14) implies that
Ur—s D Uspya. (5.15)

Controlling error: ‘Up’: Now fix g1 € (0, 1], h = h(e) using the function / introduced
before equation (5.11) (and redefined later so as to satisfy equation (5.14)), and also fix R €
[r0, Ro] as in the statement. Recall from the discussion before Lemma 5.10 that we had R =
Ri("‘}zh 0) Ug, \72;, = Ay,, (0, Ié), and oy, : \72;, — V»p, which was the unique conformal map
from 172;, to V;, normalized so that ¢, (0) = 0 and (péh (0) > 0. Recall also that ¥y, is the
unique normalized Riemann map which sends Vy; to . Since V2, is a hyperbolic disc
about 0 in V5y, it follows that, in the conformal coordinates of Vay,, @), is then a dilation
of Vaj,. To estimate the error in approximating ¢o,, we wish to break this dilation into
many smaller dilations, and apply the Polynomial Implementation Lemma (Lemma 3.9)
so as to approximate each of these small dilations with a polynomial composition. The
key idea here is that conformal dilations by small amounts can have larger domains of
definition and, by dilating by a sufficiently small amount, we can ensure this domain of
definition includes the filled Julia set and indeed all of the Green’s domain V}, which
ultimately allows us to apply the Polynomial Implementation Lemma to approximate it to
an arbitrarily high degree of accuracy.

As before, let rp, € (0, 1) be such that th(VZh) = D(O0, rop,) and recall that rp;, depends
on €1, R, hy, ro, and Ry (via h, R, and vy, noting that we can ignore the dependence of
You on k in view of conformal invariance). Pick s € (0, 1) so that ¥, (V}) € D(0, ).
Note that s depends immediately on / and ¥, but does not depend on x by conformal
invariance, so that s also depends ultimately on ¢1, R, hg, rg, and Ry. Note also that we
must have s > o, since V, DU D Ug D ‘72h~ Now fix N such that

sy i < /s, (5.16)
2h
and note that this choice of N will depend immediately on s and ry;, and thus ultimately
on ey, R, hg, ro, Ro, from above.

This choice will ensure that our conformal dilations in the composition do not distort
aV}, so much so that we no longer have a conformal annulus for interpolation when we
apply the Polynomial Implementation Lemma.

Next, define on Wz_hl (D(0, s)) the map

[1
g(2) = w;,: ( Y awzh(z)) (5.17)

and note in particular that g is defined and, in addition, analytic and injective on a

neighborhood of V, as Yon (Vh) C D(0, s) by our choice of s. Further, since ¥, fixes
0, we have g(0) = 0 and, given our choice of N in equation (5.16), we have

8(Vp) C Vap. (5.18)

By conformal invariance or simply because g corresponds to a dilation by r;}ll/ Nin the

conformal coordinates of V3, recalling that we set Vj, := 90271] (Vi) (immediately before
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Lemma 5.11), we must then have that 1//2;,(0) C 1//2h(\7h) C Ap(0, rops). Again, since g
corresponds to a dilation by r;h]/ " in the conformal coordinates of Vo, the compositions
g°j ,0<j <N (where g"O is the identity) are all then defined on U and, in particular,
we have g° = ¢o;, on U. We observe that the functions g°/ then form (part of) a Léwner
chain on U in a sense similar to that given in [CDMG10] (although these authors were
working on the unit disc).

Since R” < R < Ry < /2 is bounded above, the external hyperbolic radius about 0 of
Upr_g, inside Ug» (with respect to the hyperbolic metric of this slightly larger domain)
can be uniformly bounded above in terms of &1 and the upper bound Ry < 7 /2 for R. By
the Schwarz lemma for the hyperbolic metric (e.g. [CG93, Theorems 1.4.1 or 1.4.2]), the
same is true for the external hyperbolic radius about 0 of Ug»_, inside the larger (than
Ug») domain U. By conformal invariance under ¢y, the same is also true for the external
hyperbolic radius about 0 of @25 (Ugr—g,) inside U. We can then find an upper bound R;
for this external hyperbolic radius which depends directly on ¢; and the upper bound R
on R, and thus ultimately on &1, ko, 79, and Ry. As a result, we have

Rfﬁ,oypzh(UR”—%.) < R?Z(},o)fpzh(UR”—zs]) < R(ef/t,o)ﬁt?zh(UR"—g.) <R, (5.19)

Note that in view of equations (5.13), (5.15), Ugr_3¢; D Usyy/4 and all the sets in the
above are thus non-empty. Note also that this upper bound is in particular independent of
N and h (recall that, in fact, we have 4 is a function of €| in view of equation (5.5) and the
discussion after equation (5.14)). We also note that, at this point, we do not actually require
that R, be independent of 4. However, we will need this later when we turn to giving upper
bound &, for &, which has the correct dependencies as listed in the statement. Finally, we
note that this upper bound is for the set Ug»_¢,, while all we will need in this section of
the proof is a bound on the slightly smaller sets Ug»_o¢,, Ug_3¢,. However, we will need
the bound on the larger set when it comes to the ‘during’ part of the proof later on.

Since, from above, the compositions goj ,0 < j < N are all defined on U>U R3¢, >
we can now set B 1= g°N(UR~_3€1) and note that, since g°N = @5 on Ugr_3,, it follows
from equation (5.19) that g° maps U R"—3¢, inside Ug,, which is a relatively compact
subset of U. However, recalling the normalized Riemann map ¢ from U to D (which was
introduced before the start of Lemma 5.10), since R” < Ry < 7/2, by Lemma A.6, the
set Yon(Urr—3¢,) = Yo 0 ¥~ (Ap(0, R” — 3¢1)) is star-shaped with respect to 0. Since
g corresponds to a dilation by rz_hl/ ¥~ 1 in the conformal coordinates of Vap, it therefore
follows that the sets g°/ (Ugr_3¢,), 0 < j < N (which from above are well defined) are
increasing in j and therefore all contained in B. Thus, any estimate which holds on B will
also automatically hold on these sets also.

Now set A := Ug,+1 D B (we remark that the ‘extra’ 1 here is due to the fact that
@on = g°V is a composition of g with itself many times and each of these compositions
with g will be approximated so that we need to be able to allow for the total error which
arises—see the proof of Claim 5.20 below for details). Since the function g is defined
on a neighborhood of Vj, D U and this containment does not change if we increase the
value of N in view of equation (5.16), it follows that the functions wz_hl (N Aroap) ¥ (2))
clearly converge to the identity locally uniformly on U as N — oo (and, in particular, for
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all sufficiently large N, are defined on any relatively compact subset of U and map it into
another relatively compact subset).

Using a similar argument as in Lemma 3.7 and also in Step 4 of the proof of Phase
I (Lemma 4.8), based on the hyperbolic density oy for the hyperbolic metric of U and
that this density is uniformly continuous and bounded below away from O on any relatively
compact subset of U, it follows that the functions Iﬂz_hl (N/1/r21vr2n(2)) converge uniformly
to the identity while their hyperbolic derivatives converge uniformly to 1 on any relatively
compact subset of U. Since A depends on R, which from above does not depend on N,
it follows that, if we fix a constant K| = %, we may therefore make N larger if needed
(without invalidating equation (5.16)) so that, if Aisa 1-hyperbolic neighborhood of A in
the hyperbolic metric of U (which implies that A=U R,+2), then g still maps A into a
relatively compact subset of U and we have

g%l ; < Ki, (5.20)

where, as usual, we are taking our hyperbolic derivatives with respect to the hyperbolic
metric of U. Our new choice of N will depend directly on R, and g in addition to the old
dependencies on €1, R, hg, ro, R from the discussion after equation (5.16) and so, using
equation (5.17) and the dependencies of R, from equation (5.19), ultimately N depends on
K, €1, ho, 1o, Ro, and R (this last also being via rp;, which we are not allowed to alter at this
stage). However, since we are estimating a hyperbolic derivative here, we can eliminate the
dependence on « so that N ultimately depends on €1, hg, o9, Ro, and R (which is the same
as for the original version). Note also that the function g defined in equation (5.17) is being
redefined here as we are changing N (but not rp; or s), but we could have introduced the
requirement in equation (5.20) as part of the definition of N and thus of g by introducing
the bound R; (which depends only on €1, kg, rp, and Ry, but not on g) earlier, so there
is no danger of circular reasoning here. One also easily checks that all the properties of g
listed above still remain true for the new version. This new version of g will then depend
on the six quantities «, €1, ho, ro, Ro, and R (and, in particular, we cannot eliminate the
dependence on « since the domain of g depends on « via ;).

Note also that by Lemma 2.8, Ais hyperbolically convex which will be useful (though
not essential) when we come to apply the hyperbolic M-L estimates (Lemma 2.9) later on.
Also important to note is that N is fixed from now on which means that we can choose our
subsequent approximations using the Polynomial Implementation Lemma with this N in
mind.

Set & :=1 and let 0 < &3 < &, be arbitrary and fixed (note that this upper bound
&7 is universal, but we will be making further restrictions later in the proof to deduce
the upper bound &, with the same dependencies as in the statement). Define y := 9V},
and I' := 9V, (with positive orientations as Jordan curves with respect to the conformal
annulus bounded by 9V}, and dV3;,), and note that, since g is injective and analytic on a
neighborhood of V', while 2(Vy) C Vay, from equation (5.18), we must have that g(y) lies
inside I" (so that (g, Id) is an admissible pair on (y, I') in the sense given in Definition 3.3).

Now set ¢ in the statement of the Polynomial Implementation Lemma (Lemma 3.9) to be
&2/32K DY-1K5 K3, where K5 and K3 are bounds on hyperbolic derivatives which will
be chosen later. For now, we just assume that K; > 1 for i = 2, 3 (these are just constants,
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and we can always choose a larger constant). Note that we have &5 /3(2K )" —1 < 1, which
implies that ¢ < 1. Further, note that ¢ < ¢>. Now, since g(0) = 0, g(y) lies inside I" and
we have the estimate in equation (5.20) on the hyperbolic derivative of g, we can apply the
Polynomial Implementation Lemma (Lemma 3.9), with Q = V;,, Q' = Vo, y =T, ' =
Iop, f=8 A=Upy+1,8=1, M =Kj,and ¢ = e2/(B2K1)N"1K>K3) as above to g
to get ng, > 0, and a (174« )-bounded finite sequence of quadratic polynomials {Qm}:;kil
such that the composition of these polynomials, ano, is univalent on A and satisfies

pu(Qnyy (2. 8(2)) < m —e zeA (5.21)
i 2

1O, 14 = K1<1 + 3(2K1)N—1K2K3>’ (5.22)

Oy, (0) = 0. (5.23)

Note that by Lemma 3.9, since M = K| = % and § = 1, ny,, and ano depend directly on
k, K1, &, Ry, g, and h, one can check that ny, and Q,,k0 eventually depend on «, €1, &2, K2,
K3, R, ho, ro, and Ry (and then ultimately on «, €1, &2, R, hg, o, Ro, and £ via the ultimate
dependencies of K, and K3 in the ‘during’ and ‘down’ sections of the proof below, the
dependence on & coming from K7).

For1 < j < N, define Q , Ko = Q%o. We prove the following claim, which will allow
us to control the error in the ‘Up’ portion of Phase II.

CLAIM 5.20. Foreach1 < j < N, we have:

. oi &2
() pU(Qj”ko(Z)’ 8 j(Z)) < m <

(i) Qjny, (2) € A, 7 € Upr—3gy;

(iii) Q/”ko is univalent on Ugr_3, .

13 Z € UR”—S{;‘];

Proof. For the base case j = 1, recall that, from the discussion before the definition of R;
given in equation (5.19), we have that the external hyperbolic radius of Ug»_3,, C Ugr_2g,
inside U is bounded above by Ry. Since U C U, by the Schwarz lemma for the hyperbolic
metric (e.g. [CG93, Theorems 1.4.1 or 1.4.2]), we have that Ugr_3,, C Ug, C Ug,4+1 = A.
Part (i) then follows from equation (5.21).

For part (ii), recall that the sets g°j(UR//_381), 0 < j < N, are increasing in j and, in
view of equation (5.19), therefore, all contained in B = g°N(UR~,3€1) = @ (Ugr_3¢,) C
Ug,. Thus, g(z) € Ug, and the result follows from equation (5.21) on recalling that & < 1
and that A = Ug,+1 contains a 1-neighborhood of B (in the hyperbolic metric of U).

Finally, part (iii) simply follows from the above fact that Oy, is univalent on A, which
we already saw contains Ugr_3g, .

Now assume the claim is true for some 1 < j < N. For z € Ugr_3,, we have

pu(Q i+, @), 8771@) < pu Qi1 (2): 8 © Qg ()
+pu(g 0 Qjn, (2), €77 (2).
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Now Qi (2) € A by hypothesis, so the first term in the inequality above is less than ¢
by equation (5.21). In addition to Qf”ko (z) € A, we also have g°/(z) € B C Ug, C A (we
remark that this is a place where we need to make use of the fact that the sets g°/ (Upr_3¢,))
are increasing in j and thus all contained in B). Using part (i) of the induction hypothesis
above, equation (5.20) and the hyperbolic convexity of A which follows from Lemma 2.8,
we see on applying the hyperbolic M-L estimates (Lemma 2.9) to g that the second term
is less than K1(e2/3(2K )N_j K> K3). Thus, we have

PU(Q(j+1)ng, (2), @) <e+ K- 3(2[{1);—2—11(21(3
_ 1 &
T QK 3QK)N-UHDK K,
1 &2
2 32KV UK, K;
&
= 3QK)N-GTVK,K;

<1,

which proves part (i) in the claim using the fact that K| > 1 for the second last inequality
and &5 < 1, K1, K», K3 > 1 for the last inequality above.

Now Q(j+1)n1<0 (Ugr—3¢,) lies in a 1-neighborhood of go/t! (Ugv—3¢,) by part (i) above.
However, g°/*!(Ugr_3;,) € B (where again we note that the sets g/ (Ugr_3¢,)) are
increasing in j and thus all contained in B), while a 1-neighborhood of B C Uk, lies inside
A by the definition of A and so Q(j+1)”k0 (z) € Aif z € Upr_3¢, (note that j +1 < N),
which finishes the proof of part (ii). To show part (iii) and see that Q Jj+Dng, (z) is
univalent, we obviously have Q D, () = Q”ko oQ Jnkg (z). Since by hypothesis we
have both that Qj”ko is univalent on Ugr_3¢, and Qf"ko (Upr—3¢,) C A, while ano is
univalent on A by our application of the Polynomial Implementation Lemma (Lemma 3.9),
we have that Q (j+1yn o is univalent on Ug~_3¢, . This completes the proof of the claim. [

For convenience, set Qp := QN”kO and recall that on Ugr_3¢, C f/, we had g°N = @
From above, Q; then depends on k, €1, €2, K2, K3, R, hg, ro, and R (recall that N depends
on ey, R, hy, ro, and Ry, while the mapping g2, = g°N depends on k, €1, R, hg, ro, and Rp).
By part (iii) of Claim 5.20, Qq is univalent on Ug~_3,, and, on this hyperbolic disc, from
part (i) of the same claim and the fact that g°N = @25, on Ugr_3¢,, we have (on this set)

&2
) ) 5.24
pu (Q1(2), 921 (2)) < 3K,K; (5.24)
while, from part (ii) of this claim and equation (5.23),
Q1(z) € A, (5.25)
Q1(0) = 0. (5.26)

The mapping ¢;;, obviously maps Ug»_3¢, to @2,(Ugr_3¢,) and, provided the next
polynomial in our construction has the desired properties on this set, we will be able to
compose in a meaningful way so that the composition also has the desired properties.

https://doi.org/10.1017/etds.2024.61 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.61

774 M. Comerford and C. Staniszewski

However, in practice, we are approximating ¢; with the composition Q which involves an
error, and our next step is to show that we can map into the correct set ¢, (Ugr—_3¢,) using
Qq provided we are wiling to ‘give up’ an extra &;. First, however, we have the following
important estimates which we will need later, especially when it comes to defining the
upper bound &, for &; to obtain the same dependencies as given in the statement.

CLAIM 5.21. There exist n1, 12 > 0 depending on €1, hg, ro, and Ry such that
—1
m < @) lugyn < M-

Proof. Recall the upper bound R; on R??}’O)gaz;, (RR"—¢,) given in equation (5.19) and the
normalized Riemann map v from U to D which was defined just before Lemma 5.10. Here,
902_}:] maps U to U C U so that the conjugated mapping ¥ o <p2_hl o ¥~ !is defined on all of
D. Using equations (5.14) and (5.19), one checks easily that

93, (U) D 93,1 (Ury12) D 03, (020 (Urr—2¢,)) = Urr—2¢, D Usyyya. (5.27)

Hence, ¢ o <p2711 o ¥ ~! maps D to a domain which is contained in ID and which contains
Ap(0, 3r9/4), and so by the Koebe one-quarter theorem (Theorem A.1), we then obtain
(strictly positive) upper and lower bounds for the derivative |(y o (p2_h1 o ¥ ~1Y(0)| which
depend only on kg (because we assumed i < hg) and ro. Note that, in particular, these
bounds do not depend on the values of / or R.

Since ¥ o (pz_hl o ¥~ ! is defined on the whole of the unit disc, on applying the distortion
theorems (Theorem A.2), we obtain strictly positive upper and lower bounds for (¢ o
(p;}ll o 1,0*1 )| onthe set Y (Ug,+2) = Ap(0, Ry + 2). Since by equation (5.19), R, depends
on g1 and Ry, these bounds depend on &1, hg, r9, and Ryp.

Here, (p2_hl maps Ug,42 inside Uc Ur 2 and, as Ug, 2 and Uy, are both relatively
compact subsets of U, |v'| is uniformly bounded above and below away from O on both
of these sets. We therefore obtain strictly positive upper and lower bounds for the absolute
value of the Euclidean, and thus the hyperbolic derivative of ‘92711 on Ug, 2. These bounds
will depend on «, €1, ho, ro, and R (the dependence on the scaling factor « arising via ¥).
However, since we are estimating hyperbolic derivatives, we can actually eliminate the
dependence on « and the claim then follows. O

We now define our upper bound &; on &; by setting

&, = min {1, 8—1}. (5.28)
n2
Given the dependencies of 1, above (in Claim 5.21) as well as the dependence of €] on
&1 which in turn depends on hg, rg, and Ry, this upper bound then depends on ¢, kg, ro,
and Ry, which is the same as given in the statement.
Now make &, smaller if necessary to ensure that &, < &;, (note that this may require us
to obtain a new composition Qg as above, but since &, and &, in no way depend on Qy,
there is no danger of circular reasoning).

CLAIM 5.22. Given &, 0 < gy < & and Qq as above, we have

Q1(Urr—4¢,) C @21 (Ugrr—3¢,). (5.29)
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Proof. Let z € Upr_4g,, w € 0Ugv_3,, be arbitrary and note that py (z, w) > &1, while
both ¢2,(z) and ¢y, (w) lie inside Ug, = Ay (0, Ry) in view of equation (5.19). As
@2, is @ homeomorphism, we also have that @25, (z) € int 2, (Ugr_3,,), wWhile ¢, (w) €
02, (Ugr—3¢,). Lemma 2.8 ensures that Ay (0, Ry + 2) is hyperbolically convex and
so we may apply the hyperbolic M-L estimates (Lemma 2.9) using Claim 5.21 on
Ay (0, Ry +2) to go;,ll. Thus, we have py (¢21(2), p2n(w)) > &1/n2, which implies the
hyperbolic distance from @24 (z) to d(@2n (Upr—3¢,)) is at least &1 /1.

Again let 7 € Ugr_4,, be arbitrary. We then have using K>, K3 > 1, and equations
(5.24) and (5.28) that

pu(Q1(2), 21 (2)) < 3K, K

<&

&1

T m
and since the hyperbolic distance from @z (z) to 9(@2n(Ugr—_3¢,)) is at least g1/n, from
above, it follows that Q(z) misses 0¢2;(Ugr—3¢,). Additionally, as Q1(Ugr_4e,) is
connected in view of part (iii) of Claim 5.20 while Q1(0) = 0 € @25, (Ugr_3q,), it follows,
since z € Upr_4¢, Was arbitrary, that Q1 (Ug»_4¢,) C @24,(Ug»_3¢,) and the claim follows,
as desired. O]

Controlling error: ‘During’: Recall that at the start of the last section, we fixed a value
of £1 in (0, £1], which in turn fixed the value of 7 = h(g) and that we also fixed a value of
R € [ro, Ro]. We now fix a function £ as in the statement which is defined and univalent
on Ug with £(0) = 0 and py (£(2), z) < €1 for z € Ug. Note that, in addition to R, £ will
also depend on ry, Ry (via R) and also on «, the latter arising from the fact that £ is defined
on the set Uz which depends on «. Recall the quantity R(h) := R?@;h’o) Vi = R‘:%h 0 Vi,
introduced before the statement of Lemma 5.11 and the function T : (0, &;] — (07, o0)
which was introduced in the statement of the Target Lemma (Lemma 5.13) and which
served as a lower bound for Rlnt (V2h \ N ) (where N was a 2¢1-neighborhood of 9 V2h
with respect to the hyperbolic ngtrlc of U).

Now U C Vh (recall that Vh = ¢y, (Vh) was introduced immediately before Lemma
5.11), while in equations (5.5), (5.6), and (5.14), we chose h = h(e1) (where, for con-
venience, we will suppress the dependence of & on &) as small as possible so that
Ié(h) = T'(&1) (cf. equation (5.6)). By item (1) of the Fitting Lemma (Lemma 5.15), we
have Vh C Vzh \ N (this latter set clearly being closed). Hence, the 2e;-neighborhood
N of 8\72h avoids \7h (and hence also the smaller set U ).lhus, if we let O be an
&1-neighborhood (in the hyperbolic metric of U) of the closure Vi, then, by the hypotheses
on & in the statement, £(O) C Vayp,, while £(Vi) C E(Van \ N ) avoids an g1-neighborhood
of 3Va;,. In particular, again by the hypotheses on £, £(d Vi) isa simple closed curve which
lies inside 8‘72h.

Next, on ¢35, (0), define = o€ o cp;h]. Since from above £(O) C Vo, it follows

that £ is well defined, analytic, and injective on a neighborhood of (pzh(Vh) =V}, Then
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£ depends immediately on the six quantities «, €1, &, R (these last two among other things
being via the domain V), @2y, and £ from which one can deduce (e.g. by using the
tables in the appendices) that E ultimately depends on «, €1, R, hg, ro, Ry, and E. As
before, let y = 0V, ' = dVy;, (again with positive orientations as Jordan curves with
respect to the conformal annulus bounded by 9V}, and dV>;,). Then, from above and again
by the hypotheses on &, since £ is defined on @21, (O) which contains y = 9V}, (since
ViCcOC Vy \ N from above), we have from above that é (y) lies inside I and so (é‘ , 1d)
is an admissible pair on (y, ') in the sense given in Definition 3.3 in §3 on the Polynomial
Implementation Lemma. Lastly, since ¢; and &€ both fix 0, we must have that £ ) =0.
By the hypotheses on £ in the statement,

EURr—26) C Upr—sg,. (5.30)

Since O D \7_;, O U D Ugy, it follows that Ugr—2¢, C O and s0 925, (Ugr—2¢,) C 021,(0),
and from this and the definition of £ := ¢y, 0 £ o (pz_hl,

E(pan(Urr—2¢,)) C pan(Urr—e,)- (5.31)

Hence, since E maps the relatively compact subset @2;,(Ugr_2¢,) to another relatively
compact subset of U, we can fix the value of 1 < K, < oo such that

1E°) < K2, z € on(Upr—2¢,)s (5.32)

where, as usual, we take our hyperbolic derivative with respect to the hyperbolic metric of
U. Immediately, K, depends on ¢, R”, ¢p, and £ Using the chain rule in equation (2.2)
for the hyperbolic derivative, it follows from equation (5.19), Claim 5.21, equation (5.30),
and the hypotheses on £ in the statement that K> can be bounded uniformly in terms of «,
1, ho, ro, Ry, the function &£, as well as the particular value of R (since £ is defined on all of
Uk in the statement while the mapping ¢2;, also depends on R). However, the dependence
on k (arising via ¢y;) can be eliminated since we are estimating a hyperbolic derivative.
We also observe that this is the one point where we employ the full force of equation (5.19),
and require an upper bound on the external hyperbolic radius of ¢z, (Ug~_¢,) and not just
@21 (Ugr—2¢,) or some smaller set.

Note in particular that this bound has nothing to do with the existence of the composition
Q from the last section, and so there is no danger of circular reasoning in fixing the bound
K> at this point. Note also that this does not affect our earlier assertion that ¢ < 1 in the
previous section on controlling the error for ‘up’. However, the same argument as used in
the proof of Claim 5.22 shows that if we set §o = &1/n2, where 1, is the upper bound on
the hyperbolic derivative of goz_hl from Claim 5.21, then a §p-hyperbolic neighborhood in U
of @2n (Ugr—3¢,) is contained in ¢, (Ugr_2¢, ), While 8o depends on &1, ho, o, and Rg.

Since & (y) lies inside I" while é (0) = 0, using equation (5.32), we can then apply
the Polynomial Implementation Lemma (Lemma 3.9) with Q = V;,, Q' = Vyp,, vy = Iy,
=Ty, f= é, A = @p(Ugr_3¢,), 8 =80, M = K3, and ¢ = &/(3K3) to construct a
(17+«)-bounded composition of quadratic polynomials, Q2, univalent on @24 (Ugr_3,)
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such that
A {;‘2
v (Q2(2), £(2)) < 3K Z € op(Ugr—3¢,), (5.33)
1Q2 gy W ) < Ko 1+ = (5.34)
$2n(URr_3¢,) —= 3K3 s
Q2(0) =0, (5.35)

where the bound K3 > 1 is to be fixed in the next section. From the statement of Lemma
3.9, the composition Qp depends directly on «, &1, &, K2, K3, m2, @2, R” (via the
set @2 (Ugr—3g,), and &. From this, one checks (e.g. using the tables) that Q, depends
eventually on on «, €1, &, K3, R, hg, ro, Ro, and the function £ (and ultimately on «, &,
&2, R, ho, ro, Ro, and &€ once the dependencies of K3 in the ‘down’ section of the proof
below are taken into account).

Controlling error: ‘Down’: Recall equation (5.31), where we had that é (p2n(Ugr—2¢,))
C ¢2n(Upr—g,). In exactly the same way, we have

E(pan(Urr—36)) C pan(Urr—2,). (5.36)
Recall also that from equation (5.19), we had that Rf["]"o)wz;,(URw_le) < R,. Also,

by equations (5.33) and (5.36), we have that Qa(¢2;(Ugr_3¢)) is contained in an
(&2/3) K3-neighborhood of @y (Ug»—2e,) (using the hyperbolic metric of U). Thus,

£
R 0)Q2(02n (Ugr—3¢))) < Ro +

3K3
< Ry + &,
(recall that we assumed K3 > 1) and so
RS 0, Q2921 (Urr—3¢,)) < Ra+ 1 (5.37)

as &3 < 1 using equation (5.28). Thus, Q2(@24 (Ugr—3¢,)) C Ugry+1 C Ug,42 C U C Vap,
while <thI maps Ug,42 C U inside (p;hl(U ) = U, which is compactly contained in U.
Using Claim 5.21, if we set K3 = max{n3, %} so that K3 > 1, we have that

(o) ()| < K3, z € Upya. (5.38)

Note that, in view of equation (5.19) and Claim 5.21, K3 depends on &1, hq, g, and Ry.
Again, note that this bound has nothing to do with the existence of the compositions Q1,
Q> from the last sections, and so there is no danger of circular reasoning in fixing the bound
K3 at this point. Further, (pz_hl is analytic and injective on a neighborhood of V', and maps
V) inside U C Vay, so that, if we set y = 0V, I' = 9V, again with positive orientations
as Jordan curves with respect to the conformal annulus bounded by 0V, and dV,;, we
have that (pz_hl(y) lies inside I'. Thus, ((pz_hl, Id) is easily seen to be an admissible pair
on (y, I'), as in Definition 3.3, and we also have that (pz_hl (0) = 0. Using equation (5.38),
we can then apply the Polynomial Implementation Lemma (Lemma 3.9) with Q =V},
QL =Vop,y =Ty, T =T, f = g02_h],A =Upy+1,6 =1 (sothatA = Ug,+2), M = K3,
and ¢ = &,/3 to construct a (17+«)-bounded quadratic polynomial composition Q3 that is
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univalent on Ug, 1 for which we have

pu(Q3(2). 93, (2)) < %2 z € Up,+1, (5.39)
1Q3% MUz, 41 < K3<1 + 83—2> (5.40)
Q3(0) =0. (5.41)

Note that by Lemma 3.9, since § = 1, Q3 depends directly on «, K3, ¢, Ry, h (via the
curves dVy, dVay), and ¢op so that one can check that Q3 ultimately depends on «, €1, €2,
R, hg, rg, and Ry.

Concluding the proof of Phase II: Now, as Qy, Q2, and Q3 were all constructed using
the Polynomial Implementation Lemma, they are all (174«)-bounded compositions of
quadratic polynomials. Next define the (17 4 «)-bounded composition

Q:=Q30Q200Q;. (5.42)

Q then has the correct coefficient bound of 17 4 « as in the statement and, checking the
dependencies of each of the compositions Qj, i = 1, 2, 3, as well as those of the constants
K>, K3, one sees that Q depends on «, €1, &2, R, hg, ro, Rg, and £, which is the same as
given in the statement.

Using the definitions of the compositions Qq, Q2, Q3 (defined previously), in part (iii)
of Claim 5.20, Claim 5.22, and equation (5.37) (respectively), we showed the following:
(1)  Qqisunivalenton Ugr_3¢; D Upr_4¢; and Q1(Urr—4¢)) C 921 (Urr—3¢,)3
(2) Q2 is univalent on @25 (Ug»—3¢,) and Q2(@2n (Urr—3¢,)) C UR,y+13
(3) Qg isunivalent on Ug,41.

Combining these three observations, and recalling the definition of d(e1) =
SUP[ Ry] (R — R") + 5¢; which we set in equation (5.13) at the end of the section on
ideal loss of domain, we see that the composition Q is univalent on Ugr_4., and therefore
univalent on a neighborhood of UR”—58| D UR—8(8|) (this is the reason why the function
8: (0, 1] — (0, (ro/4)) was defined the way it was and, in particular, why we needed to
include an ‘extra’ €1 in our definition of §), which gives part (i) in the statement. As all
compositions were created with the Polynomial Implementation Lemma, we have using
equations (5.26), (5.35), and (5.41) that Q(0) = 0, which gives part (iii) in the statement.

The last thing we need to do is then establish part (ii) in the statement. Recall that in
equation (5.14), we chose & sufficiently small such that, in particular, §(e1) < ro/4, which
ensured that Ug_s(s,) # 9.

Then for z € ﬁR,g(El) C ﬁRn_sgl C Ugr_4¢,, we have

pv(Q(2), £(2)) < pu(Q3 0 Q2 0 Q1(2), 93, 0 Q2 0Q1(2))
+ pu (95 0Q20Q1(2), 93! 0 €0 Q1(2))
+ pu (@3 0 € 0 Q1. E()). (5.43)

We now estimate the three terms on the right-hand side of the inequality above. We
have that z € UR”—SE] C Urr—4¢,, 50 Q1(2) € 921, (Ugr—3¢,) by Claim 5.22. Then Q3 o
Q1(z) € Ug,+1 by equation (5.37). Thus,
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pu(Q30Q20Q1(2), 93, ©Q20Qu(2)) < 83—2 (5.44)

by equation (5.39). For the second term, we still have Q1(z) € @2, (Ur7—_3¢,) and Q2 o
Q1(2) € Upy+1 C Ug,42 as above. Also, we have Eo Q1(2) € pan(Upr—2¢,) C Ug, C
Ug,+2 by equations (5.19) and (5.36). Thus, using the hyperbolic convexity lemma
(Lemma 2.8) and the hyperbolic M-L estimates (Lemma 2.9) applied to 9027} on Ug, 42,
by equations (5.33) and (5.38), we have

_ _ A &
:OU(Wghl 0 Q2 0Q1(2), 902;,1 0€0Q1(2)) < K3 - E
£2 (5.45)
< —. .
3

For the third term, we note that £(z) = goz_hl oo @2, on the set O D Vi, D 5 D

UR//_581 ) ﬁR,g(Sl) (where we remind the reader that O is an &;-neighborhood of \7;,
in the hyperbolic metric of U) so that £ and goz_h] 0oéo Qq differ in the first mapping
of the composition. We still have Q1(z) € @2,(Ugr_3¢,) by Claim 5.22, and clearly
©21(2) € ap (URH_581) C ¢2n(Upr—3¢,). We need to take care to ensure that we have at
least a local version of hyperbolic convexity when it comes to applying the hyperbolic M-L
estimates for € and (pz_hl. By equation (5.24) (and the fact that K>, K3 > 1), we have that
Q1(z) € Ay(pan(2), &2). Since by equation (5.28), g3 < & < 1, it follows from equation
(5.19) that this hyperbolic disc is in turn contained in Ug,41.

Recall that by Claim 5.21, we had 5, depending only on ¢, hg, rg, and Ry for
which we had, in particular, ||(¢£;L1)u||Au(0,Rz+2) < ny. If we now apply the hyperbolic
convexity lemma (Lemma 2.8) and the hyperbolic M-L estimates (Lemma 2.9) for
the function (pz_hl on the ball Ay (p(2), €2), we have that <p2_hl(AU(<p2h(z),82)) C
Ay (z, me2) C Ay(z, €1), the last inclusion following from equation (5.28), which implies
that &5 < & < &1/m2. Thus, 3, (Ay (924(2), £2)) C Ay (2. £1) C Upr—se, C Upr_3e, 50
that Ay (¢21(2), €2) C @21 (Ugr—3¢,). We also know using equation (5.32) that |é”| is
bounded above on gon (Ugr—2¢;) D ¢2n(Urr—3¢;) O Au(pan(2), €2).

Thus, by equations (5.19) and (5.36), we have E(Ay (24(2), £2)) C E(@2r(Ugr—3¢,)) C
@21 (URr—2¢,) C Ur, C Up,42 so that, in particular, é((pz;l (z)) and SA(Ql(z)) both lie
in Ug,42, while we know |(g02_hl)”| is bounded above on Ug,42 using equation (5.38).
Then, using equations (5.24), (5.32), and (5.38), and combining the hyperbolic convexity
lemma (Lemma 2.8) and the hyperbolic M-L estimates (Lemma 2.9), applied first to Eon
Ay (921(2), €2) C ¢2n(Ugr—2¢,) and then to (027,1 on Ug, 42, we have

—-1 1Y)
U@y, ©E0Q1,E(2)) < K3- K3 - 3K, K>
2 (5.46)
3 .
Finally, using equations (5.43), (5.44), (5.45), and (5.46), we have
pu(Q(2), £(2)) < &2,
which establishes part (ii) in the statement and completes the proof of Phase II. O
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Before going on to §6, we close with a couple of observations. It is possible if one
wishes to find a bound on the absolute value of the hyperbolic derivative of the composition
Q above on ﬁR”—S(s]) which is uniform in terms of the constants «, €1, &2, hg, ro, and Ry
(the hardest part of this is controlling the hyperbolic derivative of Qq which can best be
done using equation (5.24) and Claim 5.21 combined with Lemma A.4 and the version of
Cauchy’s integral formula for derivatives—e.g. [Con78, Corollary IV.5.9]).

However, we do not actually require estimates on the size of Q. The reason for this
is that the purpose of Phase II is to correct the error from a previous Phase I (Lemma
4.8) approximation which essentially resets the error of which we need to keep a track.
However, as we saw, this Phase II correction itself generates an error which is then passed
through the next Phase I approximation. To control this, then, we do need an estimate on
the hyperbolic derivative of the Phase I composition (which is item (4) in the statement of
Phase I).

6. Proof of the main theorem

In this section, we prove Theorem 1.3. The proof of the theorem will follow from a large
inductive argument. First, however, we need one more technical lemma. Recall the Siegel
disc U for P and that, for R > 0, Ugr = Ay (0, R) is used to denote the hyperbolic disc of
radius R about 0 with respect to the hyperbolic metric of U.

LEMMA 6.1. (The Jordan curve argument) Let U and Ug be as above. Given 0 < ¢ < R,
suppose g is a univalent function defined on a neighborhood of U g such that g(0) = 0 and
ov(g(2),2) <eondUpg. Then, g(Ug) D Up—_;.

Proof. The function g is a homeomorphism and is bounded on U g, so that it maps dU to
g(@UR) = 9(g(Ug)) which is a Jordan curve in C, while Ug gets mapped to the bounded
complementary component of this Jordan curve in view of the Jordan curve theorem (e.g.
[Mun00, Theorem 63.4] or [New51, Theorem V.10.2]). Then 0 = g(0) lies in g(Ug) and
thus inside d(g(Ug)), and since this curve avoids Ug_,, all of the connected set Ur_, lies
inside d(g(Ug)). Hence, Ur—_. C g(Ug). O]

LEMMA 6.2. There exist:

(@)  a sequence of positive real numbers {e}}7° | which converges to 0;

(b) asequence {J;}72, of natural numbers, a positive constant ko > 576, and a sequence
of compositions of quadratic polynomials {Q'}2

(c) asequence of strictly decreasing hyperbolic radii {R;}:°,; and

(d) a sequence of strictly increasing hyperbolic radii {S;}{2,,

such that:

(1) foreachi >0,S; <1/10 < % < R;;

(2) foreachi > 1, Q' is a composition of J; (17+kq)-bounded quadratic polynomials
with Q1(0) = 0;

(3) foreachi > 1, Qi O s o Ql(Ul/z()) C Us; C Uiy, and

@) foreachi>1and 1 <m < J, if an denotes the partial composition of the first
m quadratics of QV, then, for all f € S and for all i = 2k + 1 odd, there exists 1 <
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my < Ji such that, for all z € Uy, we have
pU(Qpy 0 QMo o Q. f(2)) < exs1-

Let J; be the integers and Q' the polynomial compositions from part (b) of the statement
above. Fori =0, set Tp = 0 and, foreachi > 1, set T; = Zi-:l J;j. Given this, we define
a sequence {P,}>> ; in the following natural way: for m > 1, let i > 1 be the largest
index such that 7;_1 < m so that T,_; < m < T; = T;_1 + J;. Then simply let P,, be the
(m — T;_1)th quadratic in the composition Q' (which is a composition of J; quadratic
polynomials).

The next lemma then follows as an immediate corollary (using items (2), (3), and (4)
above).

LEMMA 6.3. There exists a sequence of quadratic polynomials {Py,},>_, such that the

following hold:

(1) P}y, is (17+k0)-bounded;

(2)  Om(Uiy20) C Uyjio for infinitely many m;

(3) forall f €S, there exists a subsequence {Qp, )32 which converges uniformly to f
on Uy as k — oo.

Proof of Lemma 6.2. We begin by fixing the values of the constants in the statements of
Phases I and IT (Lemmas 4.8 and 5.17). Starting with Phase II, let 4y = 1 be the maximum
value for the Green’s function G and let ro = 1/20, Ry = % < /2 be the upper and lower
bounds for the hyperbolic radii we consider in applying Phase II. We will also use Ry = ‘—11
when we apply Phase I and we set k = ko = /co(%) > 576 for both Phases I and II.

Let C := 7 be the bound on the hyperbolic derivative from item (4) of the statement
of Phase I and let £; > 0 and &(x) be the function defined on (0, &;] measuring loss of
hyperbolic radius from the statement of Phase II, both of which are determined by the
values of hg, rg, and Ry which we have just fixed. The reader might find it helpful to
consult the block diagram for the scheme of the proof in Figure 7 for orientation in what
follows. The proof of Lemma 6.2 will follow quickly from the following claim, which we

prove by induction.

CLAIM 6.4. There exist inductively defined infinite sequences of positive real numbers
{exie s {medpe ), and {ox}72 ;. sequences of hyperbolic radii {R;}{° ) and {S;}7°,, integers
{Ji}72,, and polynomial compositions {Qi}?i] such that, for each n € N, the following
hold.

(i)  The sequences {ex};_,, {nk}i_,, and {o}};_, satisfy

4
L sen), k=1,

Nk = 4 1
g‘i‘f)t"k‘f‘g@k), 2<k<n,
4

Ok = 4 1 )<k
—_ - < <
<3+3C)8k, <Kk =<n,
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FIGURE 7. A block diagram illustrating the induction scheme.
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where in addition, we require that 0 < ¢ < ox < ni < 1/40 - 2% and that ¢, < &
foreach 1 <k < n.

(ii) The sequence (RiY=1 s strictly decreasing and is given by Ry = 1, Ry = 1 —
i=0 3 1
(e1/3), and
1 - Ek+1
Z_<Z"/>_T’ i =2k forsomel <k <n—1,
j=1
Ri = )
- Z ]~ 1+L8 i =2k + 1 for some
/:
I<k=<n-1

The sequence {S,-}l.zia1 is strictly increasing and is given by So = 1/20, S1 =
(1/20) + (e1/3), and

k
1
—+(Zoj)+8k—+l i =2k forsomel <k <n-—1,

L zk: H(Ly ] | = 2k + 1
— ; — 4+ — |egyy, = or some
20 ° 3 T3¢ )k !

1<k<n-—1.

(iii) 1/20§S,~<1/10<%<Ri§}—tf0reach05i§2n—l.

(iv) For each 1 <i <2n—1, Q' is a (17+xo)-bounded composition of J; quadratic
polynomials with Q'(0) = 0.

(V) Foreach 1 <i <2n — 1, the branch of (QV)~! which fixes 0 is well defined and
univalent on Ug,;, and maps U, inside Ug,_,. The branch of (Qi O o Q2 o
QY ! which fixes 0 is then also well defined and univalent on Ug;.

(vi) Foreachl <i <2n-—1, Qi is univalent on Us, |, and

Q'(Us,_,) C Us,.
Thus, Qo - - o Q1 is univalent on U, 120 and
o 0 Q'(U1/20) C Us; C Uijno-

(vii) Ifi =2kwithl <k <n—liseven, and z € UR,_,_5(s;)

. - ) ,
v (Q'(2), (Q' oot o Ql) L(2) < :;czl ’
where we use the same branch of (Q" 1o .. .- o QY™ which fixes 0 from part

(v) above.
For the final two hypotheses, let i = 2k + 1 with0 < k <n — 1 be odd.
(viii) If z € Ug,, using the same inverse branch mentioned in statement (v), we have

pu((Qio------ o QH7(2), 2) < ext1
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(ix) If,foreachl <m < J;, Qin denotes the partial composition of the first m quadratics
of Qi, then for all f € S, there exists 1 < m < J;, such that, for all z € Uy 2, we
have

pu(QhoQ 1o ... 0 QY (2), f(2)) < ex41.

Remarks.

(1) Statements (i)—(iii) are designed for keeping track of the domains on which estimates
are holding and, in particular, to ensure that these domains do not get too small and
that the constants &; which keep track of the accuracy of the approximations do
indeed tend to 0. The outer radii R; are chosen primarily so that the image of Uk,
under the inverse branch of Q! which fixes 0 is contained in U R, (this is statement
(v) above). This allows us to compose the inverses of these compositions and then
approximate this composition of inverses by means of Phase II. The inner radii S; are
chosen primarily so that the image of Us, | under the polynomial composition Q' lies
inside Ug, (this is statement (vi) above). This allows us to compose these polynomial
compositions and gives us our iterates which remain bounded and approximate the
elements of S.

(2) Statement (vii) is a ‘Phase II” statement regarding error correction using Phase II of
the inverse of an earlier polynomial composition. Effectively, the Phase II correction
compensates for the error in the previous Phase I composition, whose deviation from
the identity is measured in statement (viii) above.

(3) Statements (viii) and (ix) are ‘Phase I’ statements. Statement (viii) is a bound on the
error to be corrected by the next Phase II approximation. Statement (ix) is the key
element for proving Theorem 1.3.

(4) It follows readily from statement (i) that the sequence {gi}?il converges to 0
exponentially fast, which gives item (a) in the statement of the lemma. Item (b)
follows from statement (iv) and our choice of xg, while items (c) and (d) follow
from statement (ii).

(5) Part (1) of the second part of the statement of the lemma follows from statement (iii)
above while part (2) of the statement follows from statement (iv). Lastly, part (3)
follows from statement (vi), while part (4) follows from statement (ix).

Proof. Base case: n = 1. Recall the bound &; > 0 and function §(x) defined on (0, &{]
whose existence is given by Phase II (recall that we have fixed the values of hg, rg, Ro at
the start of the proof) and that §(x) — 0 as x — 0. We can then pick 0 < ¢; < & such
that if we set

N = z&1 +8(e1),
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then we can ensure that 0 < &1 < o1 <1y < 1/(40-2) = 1/80. This verifies statement
(1). Now recall that we already set Ry = le let So = 1/20, and set

1 €1
R] )
4 3
1 &1
Si1=—=+—,
=273
which verifies statement (ii) and then statement (iii) follows easily.
Applying Lemma 2.1, we choose an ¢1/3-net { fo, fi,..., fa,+1} for S (consisting

of elements of S) on Uy,2, where N1 = Ni(e1) € N, and with fy = fy,41 = 1d. Apply
Phase I (Lemma 4.8) for this collection of functions with Ry = %, & = €1/3, to obtain
M € N and a (17 4 «p)-bounded finite sequence {P,,,}’(nNz'f_l)M1 of quadratic polynomials
both of which depend directly on Ry, kg, Ni, the functions { f,-}lN:‘(T 1, and &, and thus
ultimately on &1 and {f,-}f\garl (recall that we set hg = 1, ro = 1/20, Ry = ;11, as well as
ko = ko(1/4) at the start of the proof in equation (6)) such that, for 1 <i < N; + 1, if we
let Q,ln, 1 <m < J; denote the composition of the first m polynomials of this sequence,
we have:

(1) Qfy, (0) =0;

2) QilMl is univalent on Uy /2;

3)  pu(fi(2), Qly, (@) < e1/3 onUya;

@ 1Qfy) vy, < C.

Now set Q! = ONy+1)M, - By item (1), Q'(0) = 0 and, as Phase I guarantees Qlis
(17 4 xp)-bounded, on setting J; = (N + 1) M|, statement (iv) is verified.

Now we have that each QilM1 is univalent on Uy/2 D U, /4= ﬁRO by item (2) above.
Further, by item (3), if py (0, z) = ;11, then py (Ql(2), z) < €1/3, so by item (1) and the
Jordan curve argument (Lemma 6.1), QiU Ry) O Ug,. The branch of (QYH~! which fixes
0 is then well defined and univalent on Ug, and maps this set inside Ug,. With this, we
have verified statement (V).

Likewise, if py(0,z) < 1/20, then py (Ql(2),0) < (1/20) + (e1/3). This implies
Ql(Ugo) C Us, and, since by statement (iii), S; < 1/10 while by item (2) above, Qlis
univalent on Uy/2 D Uj 20, which verifies statement (vi). We observe that hypothesis (vii)
is vacuously true as it is concerned only with Phase II.

Now let z € Ug,. Using the same branch of (QYH~! as in statement (v), it follows from
statement (v) that we can write z = Q!(w) for some w € U R, and that by item (2) above,
this w is unique. Since fy,4+1 = Id, it follows from item (3) above that

o (QHY ™ 1(2), 2) = pu(w, Q' (w))

&1

3
< e

which verifies statement (viii).
Finally, let z € Uyj2. For f €S, let f; be a member of the net for which
pu(f(w), fi(w)) < &1/3 on Uiz D Uy, and, using item (3), let QilMl be a partial
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composition which satisfies py (Q}n(w), fiw)) < e1/3 onU;y2 D Uy Then, on setting

m =1iM,
pu QR (2). f(2)) < pu(QR(). fi(2) + pu(fi(2). £(2))
B
-3 3
<el,

which verifies statement (ix) and completes the base case.
Induction hypothesis: Assume statements (i)—(ix) hold for some arbitrary n > 1.
Induction step: We now show this is true for n + 1.
Since the above hypotheses hold for n, we have already defined Ry,—1 = Rop—p —
(en/3). Using statement (viii) for n with i = 2n — 1, we have

pu(Q™ oo .. oQHY @), 2) <en, z€Upy (6.1)

where of course we are using the branch of (Q**1o...... o QH)~! from statement (v)
which fixes 0.

Recalling that the function § : (0, &1] — (0, (ro/4)) in Phase II (Lemma 5.17) has a
limit of O from the right, we can pick ¢,4+1 > 0 sufficiently small such that ¢, < &, and

if we set
4 1
NMn+l = (3 3C)8n+1 +8(&n+1), (6.2)
4 1
Ontl = <3 3C)8n+1’ (6.3)
then we can ensure
1

0 <ént1 <opg1 < Mpg1 < (6.4)

which verifies statement (i) for n + 1. If we now apply Phase II, with «g, ko, 9, Ro as
above, R = Ry,—1, &1 = &, (recall that ¢, < &; in view of hypothesis (i) for n), &, =
ent1/3C, and £ = (Q* 1o ... 0 Q™! and make use of equation (6.1), we can find a
(17 + ko)-bounded composition of quadratic polynomials Q*" which depends immediately
on kg, &y, €n+1, R, and &, and thus ultimately on {Ek}”‘H and {Q‘}l 1 , such that Q2" is
univalent on a neighborhood of U Ron_1—8(s,)» Satisfies Q2n (0) =0, and

pu(@Q™(2), Q™ 1o .. 0QY) '(2)) < ”“ 2€Ury s, (6.5

which verifies statement (vii) for n + 1. Note that, because of the upper bound &, in the
statement of Phase II, we may need to make ¢,41 smaller, if necessary. However, this does
not affect the estimates on 1,41 or 0,41 or any of the other dependencies for QZ“ above.
Finally, Q2n (0) = 0 from above, so that, if we let J,, be the number of quadratics in QZ“,
we see that the first half of statement (iv) for n + 1 is also verified. Now set

En+1
Ryp = Royp—1 — &y — 8(811) nz (66)

Son = Son_1 + &0 + 3—21 6.7)
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We observe that the €, change in radius above is required in view of statement (viii) which
measures how much the function (Q*1o...... o Q1)~! which we are approximating
moves points on Ug,, ,—s(s,), the §(&,) change is the loss of domain incurred by Phase II,
while the additional &,,41/3C is to account for the error in the Phase II approximation (the
factor of C arising from the fact that this error needs to be passed through a subsequent
Phase I to verify statement (ix) for n + 1).

A final observation worth making is that here we are dealing with a loss of radius in
passing from R»,_1 to Ry, arising from two distinct sources—the initial loss of domain
by an amount §(e,) arising from the need to make a Phase II approximation, and the
subsequent losses of &, and €,11/3C which arise via the Jordan curve argument (Lemma
6.1) due the amount that Qzn moves points on Ug,, | —5(s,) (for details, see equation (6.10)
below as well as the discussions immediately preceding and succeeding this inequality).

One easily checks that using hypotheses (i) and (ii) for n that

Ry, = 1 S . 1 1 s En+1
2n = Z_ Zﬁ] - g‘i‘f &n | —&n—68(&n) — 3C
j=1
_1_ 2’1:,7. _ Entl (6.8)
4 / 3C’ '

1 — 1 1 Entl
S2n=<%+<20]‘>+(3+§> n)+en+ i

1 " En+1
ot (Xa)+ 22 (69)
=1

which verifies the first half of statement (ii) for n + 1. We also observe at this stage that
one can verify that the total loss of radius on passing from Ro,_» to Ry, is (&,/3) +
(en + 6(en) + en41/3C) = (4e,/3 + 6(en)) + en+1/3C, which explains the form of the
constants 7; in statement (i) of the induction hypothesis. A similar argument also accounts
for the other constants o; in statement (i). Further, clearly Ry, < }‘ and, using statement
(iii) for n and equation (6.4),

Ry, =

Xn: ) Ent1

j=1

N |
/_\

1 Z 1
>_

4 40-27 ) 40.2n+1
_1 1 1 1
=3 o\ T T

1
> —.

5
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The calculation for S, is similar, and thus we have verified the first half of statement (iii)
for n + 1. Combining equations (6.1) and (6.5), we have, on U g,, | —5(c,)»
pu(Q™(2),2) < py( Q™ (2), Q" 'o---0QNH7'(2))
+ou(@Q o0 QY (), 2)

Ent1
< 32 + &,. (6.10)

This, combined with the Jordan curve argument (Lemma 6.1), the fact that Q2,(0) =0,
and equation (6.6) implies that

Q™™ (Ury,_1=5(en) D URyyo1—5(6n)—en—(ens1/30) = URay» (6.11)

and, since from above Q2n is univalent on a neighborhood of URznq—B(en)’ the branch of
(Q*™)~! which fixes 0 is well defined on U R,, and maps this set inside Ug,, ,—s(,) C
Uk,,_,» which verifies the first half of statement (v) for n + 1.

By equation (6.6), the first half of statement (iii) for n + 1, and statement (iii) for n,
Ryu—1 —8(gy) > Ry > % > S7,_1 so that Q2“ is univalent on Uy, . It then follows
using equations (6.7) and (6.10) that

2n
Q (USZn—]) C USZn—]+8n+5n+l/3C = USZn'

Since, by the first half of statement (iii) for n + 1, Sp,, < 1/10 and, together with statement
(vi) for n, this verifies half of statement (vi) for n 4+ 1 and finishes the Phase II portion of
the induction step.

Now again apply Lemma 2.1 to construct an &,41/3-net {fo, f1,..., fy,.+1} for S
(which again consists of elements of S) on U 2, where we obtain N, 11 = Ny41(gq11) €
N and require fo = fn,,,+1 = Id. We apply Phase I (Lemma 4.8) with Ry = % and
& = &p41/3 for this collection of functions to obtain M,,;| € N, and a (174«¢)-bounded
sequence of quadratic polynomials { Py, }fjﬁﬁ DMt hoth of which depend directly on Ry,
ko, Ny11, the functions {fi};\]:"gl+1 , and ¢, and thus ultimately on &, | and {ﬁ}’{\’:,,al+l_

Now let Jo,4+1 = My 4+1(Ny41 + 1) be the number of quadratics and denote similarly
to before the composition of the first m of these quadratics by QIZI:‘H. By Phase I, these
compositions satisfy, foreach 1 <i < N,41 + 1:

1 QL =0

2) Qﬁ{',lﬂl is univalent on Uy 2;

) pu(fi@), Q! () < en41/3, 2 € Uip;
@ QM )l < C.

Now set Q¥ .= Q%}GI}I +1)M,,,- The polynomial composition Q>+l is then a
(17 4 xp)-bounded composition of J,41 quadratic polynomials which by item (1) satisfies
Q2+1(0) = 0. This then verifies statement (iv) for n + 1.

Next, we define

En+1

Ropt1 = Rop — 3 (6.12)
En+1
Sont1 = Son + ; (6.13)
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We observe that the ¢,,11 /3 change in radius above is required in view of item (3) above.
One easily checks, using the above and equations (6.8) and (6.9),

1 “ En+1 En+1
R =[-- E P— —
2n+1 <4 o 1n;j 3C > 3

- 1 1
=1 nj — §+§ En+1,

1 < 11
= +; o+ (§ + §>en+1.
Thus, we have verified statement (ii) for n 4+ 1 and a similar calculation (again using the
first half of statement (iii) for n 4+ 1 and equation (6.4)) to that for verifying the first half of
statement (iii) for n + 1 allows us to complete the verification of statement (iii) for n + 1.
By items (1) and (3) above applied to the function fy,, +1 = Id, together with statement
(iii) for n + 1, equation (6.12), and Lemma 6.1, we have

Q2n+1(UR2n) ) UR2)1_8n+l/3 = UR2)1+1’ (614)

while Q31 is univalent on a neighborhood of this set by item (2). Hence, the branch of
(Q**+1)~! which fixes 0 is well defined and univalent on Ukg,,, , and maps Ukg,,.,, inside
Ug,, which then verifies statement (v) for n + 1.

By item (2) above and the first half of statement (iii) for n + 1, Q2+1 5 univalent on
U2 D Uy D Us,,. Again by item (3) applied to the function fy,,,+1 = Id, statement
(iii) for n + 1, and equation (6.13), we see

2n+1
Q n (USZH) - US2n+8n+1/3 = US211+1'

By statement (iii) for n + 1, we have Us,,,, C Uy/10 and, together with statement (vi) for
n, this verifies statement (vi) for n + 1.

Now let w € Ug,,. Using the same branch of (Q*)~1 which fixes 0 as in the first
part of statement (v) for n 4 1, by equation (6.11), (Q™)~!(w) = ¢ for some (unique)
¢ € Ug,, ,—s(,) and thus w = QZ“(C). Then, by equation (6.5),

P (Q™ o Q™ 1o 0 QH) H(w), w)

= pur((Q*™ o 0 QH™ o (™™ (w), w)
= py((Q*™ o0 QH7 (D), Q™))

En+1
3C

(6.15)

By equation (6.14), if now z € Ug,,,, C QZ““(U R,,)» then, using the same inverse branch
as in statement (v) which fixes 0, (Q2**1)~1(z) = w for some (unique) w € Ug,, and thus
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7z = QM H (y). By item (3) above and statement (iii) for n + 1, since fy,,,+1 = Id,

pv Q™) 1(2), 2) = py(w, Q™ (w))

< ST“ (6.16)

Then, if we now take z € Ug,,,, and we let w = Q™h-lxyeu R,, again as above
using the branch of (QZ“‘H)_1 which fixes 0, using equations (6.15) and (6.16), we have

pu Q™o Q™o 0 QH7(2), 2)
= pu((Q™o---0QH o Q™) (2), 2)
<pu(Q™o---0QH 1o (@™ (), @) (2))
+pu(Q™H7(2), 2)
= pu((Q™ o Q™ 1o 0 QH ' (w), w) + pr Q™) '(2).2)

En+1 En+1
§(+j %«gnﬂ. (6.17)

This verifies statement (viii).
Now by statements (iii), (vi) for n together with equation (6.6), we have

(an_l O v o Ql)(U]/z()) C Us,,, CUij10 CUry, CURy, =8> (6.18)

while, again by statement (vi) for n, the forward composition Q2-1,...5Q!isunivalent
on Uy zo. Lastly, applying statement (v) for n, we see that the branch of Q™ 1s...0
QY)~! which fixes 0 is well defined and univalent on Ug,, |, D U g,,—s(,)- Combining
these three observations, we have the cancellation property

(an_l O v o Ql)_1 o (an_l Orvvrnn o Ql) =1d on Uy). (6.19)
Let z € Uyyo0 and set ¢ = (QZ“_1 0---0 Ql)(z). Then from equation (6.19), we

have (Q*1o...0Q")~!(¢) = z while by equation (6.18), ¢ € Ug,,_,—s(,)- We then
calculate, using equation (6.5),

pu(@Q™ o --0Q(2),2) = pu (@), Q" o0 QH ()
En+1
3C
Now let f € S be arbitrary. Let f; € S be an element of the &,4;/3-net which

approximates f to within ¢,41/3 on Uy, D Uy 2. Let lel\’}lﬁl be a partial composition

(6.20)

of QZ“Jrl which approximates f; to within g,1/3 also on Uy/2 D Uy oo using item (3)
above and let m = i My, so that Q2"+1 = lel\'}lﬂl

Applying statement (vi) for n + 1 gives us that QMo...0Qlz) e Uijio C Uyya.
Then, using the hyperbolic convexity of Uj;4 (which follows from Lemma 2.8), the
hyperbolic M-L estimates (Lemma 2.9), equation (6.20), items (3), (4), and the fact that f;

approximates f, we have

pr(QE o Q™o ... .. 0 QY(2), f(2))
<pr QX oQ™Mo. ... .. 0 Ql(z), Q2 (2))
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+ pu (QET(2), fi() + pu(fi(2), f(2))
<C. En+1 En+1 En+1

_3C+3+3

= &n+1,

which verifies statement (ix). Note that the first term uses Lemmas 2.8, 2.9, equation (6.20),
and item (4), the second uses item (3), and the third uses the net approximation. This
completes the proof of the claim. O

Lemma 6.2 now follows. O]

We are now finally in a position to prove the main result of this paper.

Proof of Theorem 1.3. Let f € S be arbitrary. Let { P,,};_, be the sequence of quadratic
polynomials which exists in view of Lemma 6.3 and which is bounded by part (1) of
the statement. By Proposition 1.2 and part (2) of the statement, Uj /20 is contained in a
bounded Fatou component V for this sequence. By part (3) of the statement, there exists
a subsequence {Q, };2; of {Qm};_; such that the sequence of compositions {Q, }32,
converges locally uniformly to f on Uy /2. Since {Qm, }32, is normal on V, we may pass
to a further subsequence, if necessary, to ensure this subsequence of iterates will converge
locally uniformly on all of V. By the identity principle, the limit must then be f. In fact,
since every such convergent subsequence must have limit f, it follows readily that { Q. }72

converges locally uniformly to f on all of V. O

Finally, we arrive at the last result of this paper, Theorem 1.4. We note that the
proof of this result is not simply a ‘change of coordinates’ applied to Theorem 1.3.
While it is straightforward to make a change of coordinates to transform one function
from the family A/ to a member of S which we can then approximate, there are, in
general, many functions in A/, and each of these requires, in general, a different change
of coordinates. We will use a density argument to approximate all the necessary changes
of coordinates using a countable set. The proof therefore requires that one successfully
integrates two approximation schemes, one for the changes of coordinates and the other
for the approximations of suitable functions from N using Theorem 1.3, with the first
approximation scheme operating on a longer time scale than the second. Essentially, the
proof says that one has to first wait until one has approximately the right change of
coordinates after which one chooses the right time when one also has approximately the
right function from S.

Proof of Theorem 1.4. Letr > 0 be such that D(zg, r) C 2. Then the function
2(w) = f(rw+zo)—f(zo)’ weD ©621)
rf'(zo)

belongs to S, while f can clearly be recovered from g using the formula

f@) = rf’(Zo)g<Z_r—Z0> + f(z0), z € D(zo, 7). (6.22)

Since A is locally bounded and all limit functions are non-constant, using Hurwitz’s
theorem e.g. [Con78, Theorem VII.2.5 and also Corollary IV.5.9], we can find K > 1
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such that, for all f € N, we have

1
X = If'zo)l < K, 1f(z0)l < K. (6.23)
Then, if we let X be the subset of C2 given by X = {(f'(z0), f(z0)), f € N}, we can
clearly pick a sequence {(a, B)},=; which densely approximates all of X and such that,
for all n,

1
ﬁ<|an|<2K |Bnl < 2K.

We next wish to apply a suitable affine conjugacy to the polynomial sequence { Py},
of Theorem 1.3 to construct the sequence {Py} ~ ; needed to prove the current result.
To this end, define ¢o(w) = rw + zg, and ¢, (w) = roayw + B, for n > 1. Recall the
compositions {Qi}l?’i1 from Lemma 6.2 and that each Qi was a (17 4+ kg)-bounded
composition of J; quadratic polynomials.

As we did before the statement of Lemma 6.3, for i = 0, set Ty = 0 and, for each
i>1,setT; = Zi —1 Jj- Recall that these compositions {Q'}""1 then gave rise the the
polynomial sequence { P, }°° | of Lemma 6. 3 and ultimately Theorem 1.3.

For m = 1, we define P1 =¢@joPro <p0 . For m > 1, let i > 1 be the largest index
such that 7;_1 < m. For i = 2k even, we define P, by

-1
sz{‘PkJrlOPmO(Pk . m=Ti 1+ 1, 6.24)
Gkv1oPpoger1™, Tioi+1<m<T,
while for i = 2k + 1 odd, we set
Pun=rs10Pnogrri ', T—i+1<m<T,. (6.25)
Then (whether i is even or odd), if as usual welet Q,,, = P o0---- - - o P, o Pjand Qm =
Pm [ o Pz o P] then
Om = @ir100mogy (6.26)

Recall the Fatou component V' O Ui 29 > 0 from the proof of Theorem 1.3. Since the
family {¢,};2, is bi-equicontinuous in the sense that the family {¢,};° as well as the
family of inverses {¢, 1}°° o are both equicontinuous and locally bounded on C, it follows
from [Com03, Proposition 2.1] that W = ¢y(V) is a bounded Fatou component for the
sequence {15,,,};’10: | Which contains ¢o(U1/20).

Let ¢ > 0. It follows from applying the local equivalence of the Euclidean and
hyperbolic metrics from Lemma A.4 to items (a), (b), and part (4) of Lemma 6.2,
there exists jjo such that, for each j > jo, there exists m;, 1 < m; < Jojy such that for
w € Uy 20, we have

2+ C02ig...o0!
IQ,;[lj Q Q (w) —g(w)| < Kr (6.27)

where, as before, QZJ—|r1 denotes the partial composition of the first 772 ; quadratics of QA1

Next, using the appr0x1mat10n property of the sequence {(a,8,)}72, to all of the set
X above, we can find a subsequence {(ct;, B, )15 e which converges to (f'(zo), f(z0)).
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Hence, we can find kg such that for all k > ko, if |w| < 1/288 < 2/xp, we have
&
|@n, (W) — (rf'(zo)w + f(z0))| < 3 (6.28)

Now let z € ¢o(Ui/20) be arbitrary, and let ko be sufficiently large so that ng, > jo.
Then, for each k > ko, if we leti = 2ny + 1 so thati = 2j + 1, where j = ng, so that by
equation (6.26) and the construction of the sequence { P, }°°_; from just before Lemma 6.3,

~ _ 2 1 -
QTan‘H’;lnk = (pnk-i-] o QTan‘H’;lnk o (pO 1 = (pnk+1 o Qﬁ:lnl::’_ o ank oO---0 Ql ° (;00 1
and, using equations (6.22) and (6.26),
101, 4, (D) = F D]
= 1@ut10 Q1 1y, © 95 (@) = (rf'(z0) - g 0 95 () + f(20))]
< @nt1 0 Oty iy, 09 (@) = (nf'(20) - Q3 1y, © Py ' () + f(20))]
+1(rf(20) - Oy, 40, © By (@) + £(20)) — (rf'(z0) - g 0 5 ' (2) + f(20))]-
k k
Recall that we chose kg > 576 in Lemma 6.2. From this, it follows that QTznkJr,ﬁnk o
9 @) € Oy, 1, (U1720) C Oy, 1, (V) CD(O, (1/288)) s0 that the first term
on the right-hand side of the above is less than &/2 in view of equation (6.28).
In addition, it follows from equation (6.27) that the second term is bounded above

by r|f'(z0)|(¢/2Kr) < &/2 in view of equation (6.23). Thus, if for k > 1, we set
my = Tou, + my,, then for k > ko, we have

10m(2) — f(2)] <&

and, since ¢ > (0 was arbitrary, {Om « }ee; converges uniformly to f on ¢o(U1/20). The same
argument using the identity principle as at the end of the proof of Theorem 1.3 shows
that {ka},‘j‘;l converges locally uniformly on W to f and, as f € N was arbitrary, this
completes the argument. U
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A.l. Appendix. Known results

A.1.1. Classical results on S. We now state some common results regarding the class
S. These can be found in many texts, in particular, [CG93]. Before we state the first result,
let us establish some notation. Throughout, let D be the unit disk and let D(z, R) be the
(open) Euclidean disk centered at z of radius R. The following is [CG93, Theorem 1.1.3].

THEOREM A.1. (The Koebe one-quarter theorem) If f € S, then (D) D D(O0, %).
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Also of great importance are the well-known distortion theorems [CG93, Theorem
L.1.6].

THEOREM A.2. (The distortion theorems) If f € S, then

1 —|z| 1+ |z
Gy =@ =g
2] 2]
At =M@ =g

The above implies immediately that S is a normal family in view of Montel’s theorem.
More precisely, we have the following [CG93, Theorem 1.1.10].

COROLLARY A.3. The family S is normal, and the limit of any sequence in S belongs
to S.

A.1.2. The hyperbolic metric. One of the key tools we will be using is the following
relationship between the hyperbolic and Euclidean metrics (see [CG93, Theorem 1.4.3]).

LEMMA A4. Let D C C be a simply connected domain and let 7 € D. Then,

1 |dz] |dz|
— <d <2 .
230 = W@ =25 05

We remark that there is also a more general version of this theorem for hyperbolic
domains in C which are not necessarily simply connected (again see [CG93, Theorem
1.4.3]). However, for the purposes of this paper, we will consider only simply connected
domains which are proper subsets of C. The advantage of this is that there is always a
unique geodesic segment joining any two distinct points, and we can use the length of this
segment to measure hyperbolic distance.

A.1.3. Star-shaped domains. Recall that a domain D C C is said to be star-shaped with
respect to some point zg € D if, for every point z € D, [z, z] C D, where [zg, z] denotes
the Euclidean line segment from z to z. We have the following classical result which will
be of use to us later in the ‘up’ section of the proof of Phase II (Lemma 5.17).

LEMMA A.5. [Dur83, Corollary to Theorem 3.6] For every radiusr < p := tanh(w/4) =
0.655 ..., each function f € S maps the Euclidean disc D(0, r) to a domain which is
starlike with respect to the origin. This is false for every r > p.

Since this value of r corresponds via the formula pp (0, z) = log(1 + |z])/(1 — |z]) to a
hyperbolic radius about 0 of exactly /2, we have the following easy consequence.

LEMMA A.6. If f is univalent on D, z0 € D, r <m/2, and Ap(zo,r) denotes the
hyperbolic disc in D of radius r about z, then the image f(Ap(zo,r)) is star-shaped
with respect to f(zp).

The important property of star-shaped domains for us is that, if we dilate such a domain
about its center point by an amount greater than 1, then the enlarged domain will cover the
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original. More precisely, if X is star-shaped with respect to zp, » > 1, and we let r X be the
domain rX :={z: (z — z0)/r + z0 € X}, then X C rX. Again, this is something we will
make use of in the “‘up’ portion of the proof of Phase II (Lemma 5.17).

A.1.4. The Carathéodory topology. The Carathéodory topology is a topology on
pointed domains, which consist of a domain and a marked point of the domain which
is referred to as the base point. In [Car52], Constantin Carathéodory defined a suitable
topology for simply connected pointed domains for which convergence in this topology
is equivalent to the convergence of suitably normalized inverse Riemann maps. The work
was then extended in an appropriate sense to hyperbolic domains by Adam Epstein in
his Ph.D thesis [Eps93]. This work was expanded upon further still by the first author
[Com13a, Com14]. This is a supremely useful tool in non-autonomous iteration where
the domains on which certain functions are defined may vary. We follow [Com13a] for
the following discussion. Recall that a pointed domain is an ordered pair (U, u) consisting
of an open connected subset U of C, (possibly equal to @ itself) and a point u in U.

Definition A.7. We say that (Uy,, u,) — (U, u) in the Carathéodory topology if:

(1)  u; — u in the spherical topology;

(2) for all compact sets K C U, K C U, for all but finitely many m;

(3) for any connected (spherically) open set N containing u, if N C U, for infinitely
many m, then N C U.

We also wish to consider the degenerate case where U = {u}. In this case, condition (2)
is omitted (U has no interior of which we can take compact subsets) while condition (3)
becomes
(3) for any connected (spherically) open set N containing u, N is contained in at most

finitely many of the sets U,,.

Convergence in the Carathéodory topology can also be described using the
Carathéodory kernel. Originally defined by Carathéodory himself in [Car52], one first
requires that u,, — u in the spherical topology. If there is no open set containing # which
is contained in the intersection of all but finitely many of the sets U,,, then one defines the
kernel of the sequence {(Upn, um)};,_, to be {u}. Otherwise, one defines the Carathéodory
kernel as the largest domain U containing u with the property (2) above. It is easy to check
that a largest domain does indeed exist. Carathéodory convergence can also be described
in terms of the Hausdorff topology. We have the following theorem in [Com13a].

THEOREM A.8. Let {(Up, um)},,_, be a sequence of pointed domains and (U, u) be

another pointed domain where we allow the possibility that (U, u) = ({u}, u). Then the

following are equivalent:

1) Un, um) = (U, u);

(2)  um — u in the spherical topology and {(Up, un)},,_, has Carathéodory kernel U
as does every subsequence;

(3)  um — u in the spherical topology and, for any subsequence where the complements
of the sets Uy,, converge in the Hausdorff topology (with respect to the spherical
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metric), U corresponds with the connected component of the complement of the
Hausdorff limit which contains u (this component being empty in the degenerate
case U = {u}).

Of particular use to us will be the following theorem in [Com13a] regarding the
equivalence of Carathéodory convergence and the local uniform convergence of suitably
normalized covering maps, most of which was proved by Adam Epstein in his PhD thesis
[Eps93].

THEOREM A.9. Let {(Uy, un)}m>1 be a sequence of pointed hyperbolic domains and for
each m, let r,,, be the unique normalized covering map from D to Uy, satisfying w,,(0) = 0,
7;,(0) > 0.

Then (U, u;,) converges in the Carathéodory topology to another pointed hyperbolic
domain (U, u) if and only if the mappings 1, converge with respect to the spherical metric
uniformly on compact subsets of D to the covering map w from D to U satisfying 7 (0) = u,
7'(0) > 0.

In addition, in the case of convergence, if D is a simply connected subset of U and
v € D, then locally defined branches w,, of m,, U on D for which w,,(v) converges to a
point in D will converge locally uniformly with respect to the spherical metric on D to a
uniquely defined branch  of m ="

Finally, if m, converges with respect to the spherical topology locally uniformly on D
to the constant function u, then (U, u,,) converges to ({u}, u).

A.2. Appendix. Glossary of symbols
We will be using many different symbols repeatedly throughout this exposition. For clarity
of exposition, we have gathered them into the following table.

Symbol Description Defined in §

A A= eZ”i((‘fS_l)/z): the irrational multiplier for 1.2.1,3.1,4.1,5,5.1
the fixed point 0 in the Siegel disc polynomial

P, P, (z) = Az(1 — z): the unscaled Siegel disc 1.2.1,3.1,4.1,4.1,5,5.1
polynomial

K, The filled Julia set for P;, 3.1

U, The Siegel disc for P;, 1.2.1,3.1,4.1

Ur The disc of hyperbolic radius R > 0 about 0 in U 41,5.1

0 7o := dist(dUg, 8U,): the Euclidean distance 4.1
between dU; and U

Y The unique Riemann map from U) to D 4.1
satisfying ¥, (0) = 0 and ¥ (0) > 0

K Scaling factor 31,4.1,4.1,4.2,5.1

P P(z2) = (1/k) Py (kz) = Az(1 — k7): the scaled 1.2.1,3.1,4.1

version of Py,

(Continued)
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Symbol Description Defined in §
K The filled Julia set for P 1.2.1,3.1,4.1
U The Siegel disc for P 1.2.1,3.1,4.1
Ur The disc of hyperbolic radius R > 0 about 0 in U 4.1
) ro := dist(dUg, oU): the Euclidean distance between 4.1
dUg and 0U
W The unique Riemann map from U to D satisfying 4.1,5.1
¥(0) =0and ¥/ (0) > 0
G G(z): the Green’s function for P 3.1,5,5.1
Vi The Green’s domain {z € C : G(z) < h} (forh > 0) 5.1
Von The Green’s domain {z € C : G(z) < 2h} (for h > 0) 5.1,5.1
R R:= R?Q}Zh’o) Ukg: the internal hyperbolic radius of Ug 5.1
in V35, about 0
Van R := Vy, := Ay, (0, R): the hyperbolic disc of radius 5.1
of R in V>, about O
21 The unique Riemann map from \72;, to Vo, satisfying 51,52
@21 (0) = 0, @5, (0) > 0.
Yon The unique Riemann map from V5, to D satisfying 51,52
Yan(0) = 0,97, (0) > 0. ]
R’ R = R?E,O) Vot the internal hyperbolic radius of Vs, 52,52,52
in U about 0
U U:= <p2_hl (U): the inverse image of U under ¢y, 5.2
R R" = R?(‘]"O)f] : the internal hyperbolic radius of U in 52,52,5.2
U about 0

A.3. Appendix. Dependency tables
The proofs of the three key steps in this paper, namely the Polynomial Implementation
Lemma (Lemma 3.9), Phase I (Lemma 4.8), and Phase II (Lemma 5.17) involve many
quantities and functions which are defined in terms of other quantities introduced earlier
(and occasionally later) in the proofs of these results. To fully understand these quantities
and avoid any danger of circular reasoning, we feel it is therefore important, if not
indispensable, that we provide full tables for all three of these results detailing the
dependencies of the most important objects in their statements and proofs (see Tables 1-3).
The objects in each table are for the most part listed in the order in which they appear
in the proof of the corresponding result as well as the statements and proofs of the
supporting lemmas which lead up to it. The tables for Polynomial Implementation Lemma
(Lemma 3.9) and Phase I (Lemma 4.8) each have five columns. To determine the depen-
dencies for a given object (given as ultimate dependency in the third column), one looks at
the immediate dependencies (second column) for that row. One then reads off the depen-
dencies for each object in this column from the column entries for ultimate dependencies
(third column) for the earlier lines in the table for these objects, and the combined list of
these dependencies for every object then forms the new entry in the third column.

https://doi.org/10.1017/etds.2024.61 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.61

ssa.d Ausianun abpliquied Aq suljuo paysiiand L9420z 'spIa/£ 101 0L/610"10p//:sdny

TABLE 1. Dependencies table for the Polynomial Implementation Lemma (Lemma 3.9).

Quantity/ Immediate Ultimate Role Defined

Function Dependency Dependency in §

y, I [x] Boundary curves of Jordan domains €2, €’ 3.1, 3.1

f [¥] y, T y, I Function defined and univalent on a neighborhood 3.1,3.1
of @

F v, [, f y, I f Quasiconformal interpolation between f and Id 3.1,3.1,3.1

K [*] Scaling factor for Py, 3.1

y, I (scale fixed) [*] Boundary curves of Jordan domains €2, 3.1, 3.1

f (scale fixed) [*] k,y,T k,y, I Function defined and univalent on a neighborhood 3.1, 3.1
of @

F (scale fixed) k,y, 0, f K, vy, 0, f Quasiconformal interpolation between f and Id 3.1,3.1

N [*] Iterative time at which interpolation is constructed 3.1

{1//,1,;’ }5:0 k,y, T, AN k,y, I, AN Quasiconformal changes of coordinates which fix 0 3.1

{PmN}EZO k,y, T, AN k,y, I, fN Conjugated version of P which fixes 0 3.1

A [%] K, f K, f Relatively compact set on which polynomial 32
approximation is constructed.

38 [*] f f Enlargement of hyperbolic neighborhood 3.2

M [x] f f Bound on hyperbolic derivative 32

€[] Error bound of polynomial approximation 3.2

ko k,y, I, A, 8, M,e, «k,v,0,f,A, 6, M, ¢ Minimum number of compositions of P required for 3.2

{(wg ky—1 el desired approximations
ky [*] ko k,y, I, LA, 8,M, ¢ Length of finite polynomial sequence 3.2
{P,Zk] }:flzl k,y,I'.ffA, 8, M, e, «k,y,T,f,A,8,M,e¢,k; Finite polynomial sequence possessing desired 3.2

koo ki, {Wm Tl

approximation properties

86L
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TABLE 2. Dependencies table for Phase I (Lemma 4.8).

Quantity/ Immediate Ultimate Role Defined

Function Dependency Dependency in §

Kk (first version) [*] Scaling factor for Py, 4.1

Ro [*] Radius of hyperbolic disc about 0 in U 4.1,4.2

7o (function of R) [*] d(@Ug, 90) 4.1

ro (function of R) [*] K K d(0Ug, 0U) 4.1

KQ Ry Ro Minimum necessary scaling to control distortion 41,4.1,4.2

k (redefined) [*] Ko Ro K > Ko 4.1,4.1,4.2

¢ (initial version) [x] Upper bound on error of approximation 4.2

N + 1 [%] Number of functions being approximated 4.2

{fi }N 1 k] The finite sequence of functions being 4.2
approximated

& (first redefinition) [*] Ry Ry £ < Ry 4.2

My K, Ro, N, { fi }IN “Il, K, Ro, N, { f; }fv ng, & Number of quadratics needed to approximate 4.2
each f; o fl.__l1

{P }(N+1)MN K, Ro, N, {fi} ZN "[1, K, Ro, N, {fi} ZN "[1, &  Finite polynomial sequence with desired 4.2
approximation properties

o Ry Ro Inf. of hyperbolic density oy on Uyg, 4.2

8o Ro Ro d(0URgy, 0U3,2)R,) 4.2

€ (second redefinition) [*] «, Ro K, Ro Continuity estimate for oy on Usg, 4.2
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TABLE 3. Dependencies table for Phase II (Lemma 5.17).

Quantity/ Immediate Intermediate Ultimate Role Defined

Function Dependency Dependency Dependency in §

K [*] Scaling factor for Py, 5.1

ro [*] Lower bound for hyperbolic radius 5.1,5.1

dy K, 10 K, 1o d(0,0UR) > dy 5.1

ho [*] Upper bound for value of Green’s 5.1,5.1,5.2
function for P

Dy K, ho K, ho 8vy, (@) < Do, z€e U,h < hy 5.1

00 do, Do ho, 1o Rvy,.0)(Van) = po 5.1

Van h K, €1, ho, ro, Ro Domain bounded by Green’s line for 5.1
P with value 2h

% h K, &1, hg, ro, Ro Domain bounded by Green’s line for 5.1
P with value &

R (function of h) ho ho R(h) = RE ) Vi 5.1

R [*] Upper bound for hyperbolic radius 5.1

R [*] ro, Ro ro, Ro Hyperbolic radius of disc on which £ 51,52,52
is defined (value is fixed at the
start of ‘up’)

E [*] K, R, rg, Ro K, R, ro, Ro Error we wish to correct (fixed at the 52,52
start of ‘during’)

&1 (first version) 00 ho, ro Vo \ N # ¢ 5.1

e [*] g1 ho, ro g1 € (0, &1] 51,51

(Continued)
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TABLE 3. Dependencies table for Phase II (Lemma 5.17) — Continued.

Quantity/ Immediate Intermediate Ultimate Role Defined
Function Dependency Dependency Dependency in §
&1 (first restriction) €1 (previous), «, dg ho, 1o €1 < kdo/8Dq 5.1,5.1
&1 (restricted) [x] 21 ho, 1o g1 € (0, 1] 5.1,5.1
T (function of &) i, &1, do ho, 7o Rifgmo)(f/% \ N) > T(e)), 5.1,5.1
€1 (second restriction) €1 (previous), T, R, ho ho, ro ming.g <z, T(e1) > 5.1,5.1
min g<n<py R(h)
&1 (restricted) [*] 21 ho, ro g1 € (0, &1] 5.1
h (function of &) £, T, R, ho ho, ro Viter) C Vanen \ N, 0 < 5.1,5.1
£1 < &
8 (function of £1) g1, h, rg, Ro hog, ro, Ro Measures total loss of domain 5.2
€1 (third restriction) €1 (previous), rg, & &1 (previous), ro, ho, ro, Ro Ur—s@) #9 5.2
SUP(0.z] 5(e1)
g1 (restricted) [*] g1 ho, ro, Ro Maximum size of error to be 52,52
corrected in Phase I1
(fixed at the start of ‘up’)
h (domain restricted) &, T ho, ro, Ro Vi) € Vane \ N, 0 < 5.1,5.1,52
e1 < &
4 K K Normalized Riemann map 5.1
from Uto D
Yo K, h K, &1, ho, ro, Ro Normalized Riemann map 51,52
from Vp, to D
(Continued)
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TABLE 3. Dependencies table for Phase II (Lemma 5.17) — Continued.

08

Quantity Immediate Intermediate Ultimate Role Defined
Dependency Dependency Dependency in §

©oh K, h, R K, &1, R, hg, ro, Ro Normalized Riemann map 51,52

from ‘72;1 to Vy
172;, h, R K, &1, R, ho, ro, Ro Hyperbolic ‘incircle’ of Ug 5.1

in Vo, <
Vi Yon, h K, &1, R, ho, ro, Ro bon (Vi) 5.1 Q
R’ Von, R €1, R, ho, ro, Ro R = R?ll;,O) Von 52,52,52 §
R" h, R, o2 K, €1, R, ho, ro. Ro e1, R, ho, ro. Ro R =R} U 52,52,52 %
rap Van, Vi e1, R, ho, ro, Ro Yon(Van) = D(O, rap) 52,52 =
s Vi, Yon e1, R, ho, ro, Ro Y2, (V1) € D(O, 5) 52 &
N 5, S €1, R, ho, ro, Ro ) «N/l/rzh < ﬁ 52 a
g Yo, ran, S, N K, &1, R, ho, ro, Ro Conjugated expansion map 5.2 §
Ry &1, Ro €1, €1, Ro €1, ho, ro, Ro R 0,021 (Urr—¢) < Ro 5.2 &
K Ki=3 52 =
N (redefined) S, Yon, ran, R K, €1, R, hg, ro, Ro &1, R, hg, ro, Ro ||gﬂ||A < Ki 52 x
g (redefined) 8, Yons 120, N, Ra, Kk, &1, R, ho, ro, Ro g%l ; < Ki 5.2
&, (first version) & =1 5.2
&y [*] 5 5 & € (0, &] 52
Qi K, &, K1, K2, K3, «k,¢€1,8, K1, K2, K3, K, €1, &2, R, ho, ro, R, € Approximates ¢, on 52

Ry, h, g R, ho, ro, Ro Ugr_3e,

(Continued)
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TABLE 3. Dependencies table for Phase II (Lemma 5.17) — Continued.

Quantity Immediate Intermediate Ultimate Role Defined
Dependency Dependency Dependency in §

N1, 72 von, Ro K, €1, R, ho, o, Ro &1, ho, ro, Ro n < ||(¢{;,1)“||UR2+2 <m 5.2

&y (restricted)  «, &1, M2 1, ho, ro, Ro Maximum size of error of 5.2
approximation using Q

&y [*] & &1, ho, ro, Ro Upper bound for error of 5.2
approximation using Q

é K, &1, h, R, pop, € K, €1, R, hg, ro, Ro, € Conjugated error 5.2
= ppofo gpz_hl

K> e1, R", oo, € e1, R, ho, ro, Ro, € 1£%z)| < K for 5.2
2 € @ (Ugr—2¢,)

Q2 K, &1, &2, Ko, K3, 2, K, €1, &2, Ko, K3, R, K, €1, &2, R, ho, ro, Rp, £ Approximates the conjugated 5.2

o, R, é hy, ro, Ro, € error € on ©2h (Urr—3¢,)

K3 . Ry e1. ho, ro, Ro |(@3,)3(2)| < K3 for 5.2
Z € Upy+2

Qs Kk, K3, €2, R, h, oo, K, €1, €2, K3, R, hg, K, €1, €2, R, ho, ro, Ro Approximates (p2_hl on Ug,+1 5.2

ro, Ro
Q Q1. Q2, Q3 K,€1,€2, R, ho, 1o, Ro, € Q:=Q30Q20Qy 5.2
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Due to the more complicated nature of the proof, the table for Phase II has an
extra column for intermediate dependencies. However, the determination of the ultimate
dependencies is done similarly to before where, instead, one looks at the ultimate
dependencies (fourth column) for each quantity in the second and third columns for the
row containing a given object and the combined list gives the entry for the ultimate
dependencies for that object (which is in the fourth column). One exception to this is
where, for objects depending on the constants K>, K3, one needs to look at later entries
in the table for these constants (as explained in the proof of Lemma 5.17, there is no
danger of circular reasoning here). For intermediate dependencies, when listed, these are
the same as ultimate dependencies but involve extra quantities which are then eliminated
by monotonicity or some uniformization procedure such as taking a maximum (e.g. 1y, 172)
or by being determined later as is the case with K7, K3. Another exception is when some
of the ultimate dependencies appear to be ‘missing’. Most of these are instances of where
the scaling factor « is omitted because an estimate involving the hyperbolic metric of U
which will not depend on «.

One final remark concerns those objects which appear in the columns for ultimate
dependencies. As a matter of logical necessity, these fall into two categories—objects
which are defined or whose value is determined before the proof (e.g. x, Rp) and
universally quantified objects appearing in the statement (e.g. €1, €2). Both of these are
indicated in the tables by their appearance in the first column being marked by an asterisk.
However, these objects also generally come with bounds which have dependencies of their
own which then forces these objects to inherit these dependencies. A good way to think
of this is to view these results of determining these ultimate dependencies as methods or
routines within a computer program where the objects in the ultimate dependencies are
then free objects which are either defined outside the method and then passed to it as
parameters or alternatively set within the method itself.
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