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A BERRY-ESSEEN BOUND FOR
THE LIGHTBULB PROCESS
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Abstract

In the so-called lightbulb process, on days r = 1, ..., n, out of n lightbulbs, all initially
off, exactly r bulbs, selected uniformly and independent of the past, have their status
changed from off to on, or vice versa. With X the number of bulbs on at the terminal
time n, an even integer, and u = n/2, o2 = var(X), we have sup, g [P((X — u)/o <
72)—P(Z <2)| < nZQ/2a2 + 1.64n/<73 +2/0, where Z is a standard normal random
variable and Ag = 1/2/n + 1/2n 4+ ¢~ "/2/3 for n > 6, yielding a bound of order
O(n~Y%)asn — oo. A similar, though slightly larger bound, holds for odd n. The results
are shown using a version of Stein’s method for bounded, monotone size bias couplings.
The argument for even n depends on the construction of a variable X* on the same space
as X that has the X-size bias distribution, that is, which satisfies E[ X g(X)] = 1 E[g(X*)]
for all bounded continuous g, and for which there exists a B > 0, in this case B = 2,
such that X < X® < X + B almost surely. The argument for odd n is similar to that
for even n, but one first couples X closely to V, a symmetrized version of X, for which
a size bias coupling of V to V¥ can proceed as in the even case. In both the even and
odd cases, the crucial calculation of the variance of a conditional expectation requires
detailed information on the spectral decomposition of the lightbulb chain.
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1. Introduction

The problem we consider here arises from a study in the pharmaceutical industry on the
effects of dermal patches designed to activate targeted receptors. An active receptor will become
inactive, and an inactive one active, if it receives a dose of medicine released from the dermal
patch. Let the number of receptors, all initially inactive, be denoted by n. On each day of the
study, some number of randomly selected receptors will each receive one dose of medicine,
changing their statuses between the inactive and active states. We adopt the following, somewhat
more colorful, though equivalent, ‘lightbulb process’ formulation from [8]. Consider n toggle
switches, each connected to a lightbulb, all of which are initially off. Pressing the toggle switch
connected to a bulb changes its status from off to on and vice versa. The problem of determining
the properties of X, the number of light bulbs on at the end of day n, was first considered in [8]
for the case where on eachday r = 1, ..., n, exactly r of the n switches are randomly pressed.
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More generally, consider the lightbulb process on n bulbs with some number & of stages,

where s, € {0, ..., n} lightbulbs are toggled in stage r, for r = 1, ..., k; we refer to the
vector s = (s1, . .., sx) recording the number of bulbs affected on each study day as the ‘switch
pattern’. In order to consider quantities that depend on some subset of size b of the n bulbs, we
define
NOWWO! -
b= ( )(—2)’— and  Apps =[] nbs (1.1)
t=0 ! (n)t r=1

where (n)y =n(m —1)---(n —k + 1) denotes the falling factorial, and the empty product is 1.
Generalizing the results in [8], writing X for the number of bulbs on at the terminal time when
applying the switch pattern s = (sy, ..., s,), the martingale method in Proposition 4 of [12]
shows that if the process is initialized with all bulbs off then

n n2

n
EX; = 5(1 —Anl,s) and  var(Xg) = Z(l —An2s) + I()\n,Z,s - )\3)1,3), (1.2)

where, from (1.1),

2 4 4s(s — 1
i =1 =2 and .=l A a3
” n - n nn—1)
Letting n = (1, ..., n), we call the standard lightbulb process the one where s = n, and

in this case we will write X short for X,. In particular, (1.2) with s = n recovers the mean
u# = E X and variance of ot = var(X) as computed in [8]. Other results in [8] include
recursions for determining the exact finite sample distribution of X. Though computational
approximations to the distribution of X, including by the normal, were also considered in [8],
the quality of such approximations, and the asymptotic normality of X, was left open.

Theorem 1.1 below settles the matter of the asymptotic distribution of X by providing a
bound to the normal which holds for all finite 7, and which tends to O at the rate n=1/2 as n
tends to co. We consider the cases of even and odd n separately. In the even case we directly
couple the variable X to a variable having the X-size bias distribution, as described later on in
this section. In the even case (1.3) yields A, 1,,/2 = 0, and, therefore, A,,,1,» = 0; hence, from
(1.2) we find that E X = n/2, and also that 62 = var(X) is given by

2 (1 ) i (1 )
o = A + A . 4
4 n,2,n 4 n,2,n

To state our result for odd n, let

n
and Ay pp = l_l)tn,b,r,

r=I1

1
X by = j()&n,b,m + )\n,b,m-&-l), r e {m, m + 1},
e An,b,rs otherwise,

that is, Xn,b,n is obtained from A, j, » by replacing A, p m and A, p m+1 in the product (1.1) by
their average. In the odd case, we proceed by first coupling X to a more symmetric random
variable V with mean and variance given respectively by
n 2 n — n2_
my =3 and oy = 4_1(1 — An2n) + I)Ln,Z,no (1.5)

Then, with V in hand, we couple V to a variable with the V -size bias distribution, and proceed
as in the even case. In Theorem 1.1, and the remainder of the paper, Z denotes a standard
normal random variable.
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Theorem 1.1. Let X be the number of bulbs on at the terminal time n in the standard lightbulb
process. Then, for all even n, with o* as given in (1.4),

X —n/2
P(T = Z> —-P(Z <2

_ 2
< P Ro+1642 42 foralln=6, (1.6
202 o3 o

sup
zeR
where , 1 1
A, — —n/2’
0= 2\/_ + +
and, for all odd n,
— n/
sup |P -P(Z<2)
zeR oy

2 1
<—A +164 14+ — oralln > 17,
207 ! o GV( V2JT> d

where 0‘2/ is given in (1.5) and

A =L + Le—"/“ (1.7)
NIV, A '
In the even case, as A, 2., decays exponentially fast to 0, the variance o2 is of order n and
the bound (1.6), therefore, of order 1/4/n; analogous remarks hold for the case where 7 is odd.
We now more formally describe the lightbulb process on n bulbs with k stages. Withn € N
fixed and s = (s1,...,s¢) withs, € {0,...,n}forr = 1,...,k, we will let Xg = {X,;:
r=0,1,...,k, j =1,...,n} denote a collection of Bernoulli variables. The initial state of
the bulbs is given deterministically by {Xo;, j = 1, ..., n}, which will be taken to be state zero,
that is, all bulbs off, unless specifically stated otherwise; in fact, nonzero initial conditions are
considered only in Corollary 4.1. For r € {1, ..., k}, the components of the switch variables
X have the interpretation that

X, — 1 if the status of bulb j is changed at stage r,
710 otherwise.

At stage r, s, of the n bulbs are chosen uniformly to have their status changed, and the stages

SIr=k, 1= =

variables, the distribution of X is glven by

k —1
n
if " e i=s,r=1,...k
P(X, = ¢) = rlj[l <s,> 2 Gmreri =srr (1.8)
0 otherwise.
Clearly, the vectors of stage r switch variables, (X,1, ..., X,,), are exchangeable and the
marginal distribution of the components X,; are Bernoulli with success probability s,/n. In
general, for j = 1, ..., n, the variables
k n
X;= (Zxrj) mod 2 and XS=ZX]~ (1.9)
r=0 j=1
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are the indicator that bulb j is on at the terminal time &, and the total number of bulbs on at that
time, respectively. For the standard lightbulb process, we will write X and X for X, and X,
respectively.

The lightbulb process, where the individual states of the n bulbs evolve according to the
same marginal Markov chain, is a special case of a class of multivariate chains studied in [12],
known as composition Markov chains of multinomial type. As shown in [12], such chains
admit explicit full spectral decompositions, and in particular, the transition matrices for the
stages of the lightbulb process can be simultaneously diagonalized by a Hadamard matrix.
These properties were put to use in [8] for the calculation of the moments needed to compute
the mean and variance of X. Here we put these same properties to somewhat more arduous
work, the calculation of moments of fourth order.

That no higher-order moments are required for the derivation of a finite sample bound holding
for all n is one distinct advantage of the technique we apply here, Stein’s method for the normal
distribution, brought to life in the seminal monograph [11]. By contrast, the method of moments
requires the calculation and appropriate convergence of moments of all orders, and yields only
convergence in distribution. Stein’s method for the normal is based on the characterization of
the normal distribution in [10], which states that Z is a standard normal variable if and only if

E[Zg(2)] = Elg'(2)] (1.10)

for all absolutely continuous functions g for which these expectations exist. The idea behind
Stein’s method is that if a mean O, variance 1 random variable W is close in distribution to Z,
then W will satisfy (1.10) approximately. Hence, to gauge the proximity of W to Z for a given
test function &, we can evaluate the difference E h(W) — Nh, where Nh = E h(Z), by solving
the Stein equation

F'w) = wf(w) = h(w) — Nh

for f and evaluating E[f'(W) — Wf(W)]. A priori it may appear that an evaluation of
E[f/ (W) — W f(W)] would be more difficult than that for E #(W) — Nh. However, the former
form may be handled through couplings.

Here we consider size bias couplings to evaluate E[ f'(W) — W f(W)]. Given a nonnegative
random variable Y with positive finite mean u© = EY, we say that Y* has the Y-size bias
distribution if P(Y* € dy) = (y/u) P(Y € dy), or more formally, if

E[Yg(Y)] = nE[g(Y®)] for all bounded continuous functions g. (1.11D)

The use of size bias couplings in Stein’s method was introduced in [1], where it was applied
to derive bounds of order o ~!/2 for the normal approximation to the number of local maxima
Y of a random function on a graph, where 0> = var(Y). In [6] the method was extended to
multivariate normal approximations, and the rate was improved to o~ !, for the expectation of
smooth functions of a vector Y recording the number of edges with certain fixed degrees in a
random graph. In [4] the method was used to give bounds in the Kolmogorov distance of order
o~ ! for various functions on graphs and permutations, and in [5] for two problems in the theory
of coverage processes, with bounds of this same order. A more complete treatment of Stein’s
method and its applications can be found in [2].

Here we prove and apply Theorem 2.1 below for bounded, monotone size bias couplings,
which requires that the random variable Y of interest, and a random variable Y*, having the
Y-size bias distribution, be constructed on a common space such that, for some nonnegative
constant B,

Y<Y'<Y+B
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with probability 1. Loosely speaking, Theorem 2.1 says that, given any such coupling of ¥ and
Y* on a common space, an upper bound on the Kolmogorov distance between the distribution
of Y and the normal can be computed in terms of E Y, var(Y'), B, and the quantity

A = /var(E[Ys — Y | Y]). (1.12)

Theorem 2.1 is based on a concentration-type inequality provided in Lemma 2.1 below.

For the standard lightbulb process, a size bias coupling of X to X* is achieved in the even
case by the construction, foreachi =1, ..., n, of a collection X ! from the given X as follows.
Recalling (1.9), where, for s = n, we have k = n, if X; = 1, that is, if bulb i is on at the
terminal time, we set X' = X. Otherwise, let J be uniformly chosen from all j for which
Xnp,j =1 — Xy, and let X' be the same as X but with the values of Xny2,i and X2, 7
interchanged. Let X' be the number of bulbs on at the terminal time when applying the switch
variables X’. Then, with I uniformly chosen from 1, ..., n, the variable X* = X I has the
X-size bias distribution, essentially due to the fact, shown in Lemma 3.2 below, that

LXH=LX | X;i=1).

Owing to the parity issue, to handle the odd case when n = 2m + 1, we first construct a
coupling of X to a more symmetric variable V. The variable V is constructed by randomizing
stages m and m + 1 in the switch variables that yield X. In particular, at stage m we add an
additional switch with probability % and, independently, at stage m + 1 we remove an existing
switch with probability % A size bias coupling of V to V¥ can be achieved as in the even case,
thus yielding a bound to the normal for X. We remark that the size-biased couplings developed
here are used in [3] to show that the distribution of X, in both the even and odd cases, obeys
concentration-of-measure-type inequalities.

In Section 2 we present Theorem 2.1, which gives a bound to the normal when a bounded,
monotone size-biased coupling can be constructed for a given X. Our coupling construction
and the proof of the bound for the even case of the lightbulb process are given in Section 3.1.
Symmetrization, that is, the construction of V from X, coupling constructions for V, and an
outline of the proof of the bound in the odd case are given in Section 3.2. Calculations of
the bounds on the variance A in (1.12) require estimates on A, p ¢ in (1.1). These estimates,
given in Section 4, are based on the work of [12] and yield the spectral decomposition of the
underlying transition matrices of the chain. Complete detailed calculations can be found in the
technical report [7].

2. Bounded monotone couplings

Theorem 2.1 for bounded, monotone size bias couplings depends on the following lemma,
which is in some sense the size bias version of Lemma 2.1 of [9]. With Y having mean u and
variance o 2, both finite and positive, with some slight abuse of notation in the definition of W,
we set v -

B and w* = il @.1)

o o

W =

Lemma 2.1. Let Y be a nonnegative random variable with mean p and variance o2, both finite
and positive, and let Y* be given on the same space as Y, having the Y -size bias distribution,
and satisfying Y* > Y with probability 1. Then, with W and W* given in (2.1), for any z € R
anda > 0,

u
p E[W*® — Wiliws—w<aliz<W<zta) < a-
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Proof. For fixed z € R, let

—a, w§Z7
fwy=jw—-—z—a, z<w<z+2a,
a, w >z + 2a.

Then, using | f(w)| < a for all w € R, var(W) = 1, and the Cauchy—Schwarz inequality to
obtain the first inequality, followed by definition (2.1) and the size bias relation (1.11), we have

a = E[Wf(W)]
1 Y—n
=—E[Y—M]f< )

o o
w
= ;E[f(WS) — f(W)]
M WT_W
Z_E/ W +1)de
o Jo
w_ [V
s /o Lo<r=a)liz=wzztar f (W + 1) dt,

where in the final inequality we have used W* > W and f/(w) > 0 for all w € R. Noting
that f/(W + 1) = 1jz<wir<z4+24}, and that 0 < ¢ < g and z < W < z + a imply that
7z < W +1t < z+2a, wehave

Lo<i<aliz=w<zta) /W + 1) = Lo<r<a)lz<w <z4a)
and, therefore, we obtain

a

v

1 WS—w
- E/ Lio<r<a)liz<w<z+a) dt
o Jo

- gE[min(a, WS — W) lpew=zia)]

i ,
- E[W® — Wliws —w<ayliz<W<z4a},

v

as claimed.

Theorem 2.1. Let Y be a nonnegative random variable with mean |t and variance o2, both
finite and positive, and let Y* be given on the same space as Y, with the Y -size bias distribution,
satisfying Y < Y® < Y + B with probability 1, for some positive constant B. Then, with W
and W* given in (2.1), we have

82

sup[P(W < 2) —P(Z < 2)| < S5 A + 08225 45,
zeR o o
where
B
A=/var(E[Ys —Y | Y]) and §=—. (2.2)
o

Proof. For z € R arbitrary, let h(w) = 1<) and let f(w) be the unique bounded solution
to the Stein equation
f'(w) —wf(w) = h(w) — Nh, (2.3)

where Nh = E h(Z). Substituting W into (2.3), and using definition (2.1) and the size bias
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relation (1.11) yields

E[h(W) — Nh]
=E[f (W) = Wf(W)]

= E[f’<w> - g(f(WS) = f(W))]

WS —w
= E[f’(W)(l - §<WS - W)) - g /0 (F' (W +1) = f/(W)) dr] 2.4)

As compiled in Lemma 2.3 of [2], we have the following bounds on the solution f from
Lemma 2 of [11, Chapter II]:

V2
0< f(w) < TJT and |f'(w)] < 1. 2.5)
Also, as previously noted in [9], as a consequence of (2.5) and the mean value theorem, we
obtain
2w
w4+ fw+1) —wf(w)] = (|w|+T>It|- (2.6)

Noting that EY* = E Y2/ by (1.11), we find that

EY?2
EEiws —w) = %(——M> 1.
o o m

Therefore, taking the expectation by conditioning, and then applying (2.5) and the Cauchy—
Schwarz inequality, we bound the first term in (2.4) as

uw

‘E[f’(W)E[l _Ewr—w) ‘ WH < B Nar@ws —w [ wh = S A,
o o o

To bound the remaining term of (2.4), using (2.3), we have

w (VW w (Vv
;/o (f/(W-H)—f/(W))dl:;/O [(W+D)f(W+1)— Wf(W)ldr
[V
+ —/ (1{W+t§z} — I{WSZ}) dr. 2.7
o Jo

Applying (2.6) to the first term in (2.7), and using 0 < WS — W < § and E W? = 1, shows that
the absolute value of the expectation of this term is bounded by

EEUOWX_W(|W| + ﬁ)tdt] - iE[(WS _ W)2<|W| + ﬁ)]

o 4 20 4
< Hs2(q + var
20 4
82
<0822 1,
o
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Taking the expectation of the absolute value of the second term in (2.7) we obtain

m WS —-w
= _E|:/ 1 r<w<z) dt:|
o 0

7
; E[Ws - W]l{z—5<W§z}y

m wWs—w
—E ' / (Mwi<zy — Lw=zp) dt
o 0

IA

again using the fact that 0 < W* — W < § with probability 1. Lemma 2.1 witha = § and z
replaced by z — § shows that this term can be no more than §. Since z € R was arbitrary, the
proof is complete.

3. Normal approximation of X

The next lemma shows that the size bias distribution of a sum may be achieved by taking
certain mixtures. The result is a special case of Lemma 2.1 of [6], but we give a short direct
proof to make the paper more self-contained.

Lemma 3.1. Suppose that X is a sum of nontrivial exchangeable Bernoulli variables X1, ... .,
Xn, and that, fori € (1, ..., n}, the variables X\, ..., X, have joint distribution

LOXG, XD =LKy, X | Xi = 1),

Then
n
i _ i
X'=) X]
j=1

has the X-size bias distribution X°, as does the mixture X! when I is a random index with
values in {1, ..., n}, independent of all other variables.

Proof. qu i € {1,...,n}, we first need to show that X! satisfies (1.11), that is, that
E[X]E[g(X")] = E[Xg(X)] holds for a given bounded continuous g. Now, for such g,

E[Xg(X)] = ) E[X;jg(X)] =) P(X; = DE[g(X) | X; =1].
j=1 j=1

As exchangeability implies that E[g(X) | X; = 1] =E[g(X) | X; = 1]forall j =1,...,n,
we have
n
E[Xg(X)] = (Z P(X; = 1)) E[g(X) | X; = 1] = E[X]E[g(X))],
j=1
proving the first claim. The second claim now follows from

Eg(X") =) Elg(x'), I =i]
i=1

=Y ElgX") | I =ilP(I =)

i=1

= ZEg(Xf)P(I =)

i=1
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= ZEg(XS)P(I =1i)

i=1

=Eg(X")) PU =i
i=1
=Eg(X").

3.1. Even case

In this subsection we provide the proof of Theorem 1.1 for even n. We begin by describing
a coupling of X, the total number of bulbs on at the terminal time » in the standard lightbulb
process, to a variable X* with the X-size bias distribution. Throughout, we let U(S) denote
the uniform distribution over a finite set S.

Theorem 3.1. With even n € N, let the collection of switch variables X = {X,j:r, j =
1,...,n} and X satisfy (1.8) and (1.9), respectively, with s = n. For everyi = 1,...,
let X' be given from X as follows. If X; = 1 then X' = X. Otherwise, with L(J' | X)
ULj: Xnpo,j =1 — Xppi), let X' = {x;'j: r,j=1,...,n}, where

=

Xrjs r#n/2,

X2, r=n/2, j &{i,J'),
Xpp,gis r=n/2, j=1i,
Xupi, r=n/2, j=J",

-
X =

and let X' = Z?:l Xi/, where

n
X' = (Z X;j> mod 2.

r=1

Then, with I uniformly chosen from {1, ..., n} and independent of all other variables, the
mixture X! = X* has the X -size bias distribution and satisfies
XS—X=21{x[:0,xJ[=0} and X <X’ <X+2. 3.1
To prove Theorem 3.1, we make use of a preliminary lemma, and also of the fact that

P(X;=0)=P(X;=1) =1 forallj=1,...,n. (3.2)

The equalities in (3.2) follow from E X = n/2, itself implied by (1.2) and that A1 , , = 0, as
noted earlier.

Lemma 3.2. Foralli =1, ..., n, the collection of random variables X i constructed from X
as specified in Theorem 3.1 satisfies

LXHY=LX | X;=1).

Proof. For a giveni € {l,...,n}, 1et e =1{ej:r,j=1,...,n} withe,; € {0,1} for
r, j =1,..., n. First note that, since X' = X when X; = 1, we have

PX =e)=PX;=1)PX' =e | X;=1D)+PX;=0)PX' =¢ | X; =0)
=PX;=DPX =e | X; =) +PX; =0)P(X' =e | X; =0),
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so the desired conclusion is equivalent to
PX =e|X;i=0)=PX=c¢| X; =1). (3.3)

As the construction of X’ preserves the number of switches in each stage r, we may assume
that Z erj = r for all r, as otherwise both sides of (3.3) are 0. If ), ¢,; = 0 mod 2 then the
left- hand side of (3.3) is 0 since X ! = 1 by construction; similarly, the right-hand side is 0 as
X = e implies that X; = 0. Hence we need only verify (3.3), assuming that

n n
Zerj:r forallr =1,...,n and Ze”' = 1 mod 2. 3.4
j=1 r=1

Writing J for J' for simplicity, and letting e’/ denote the array e with coordinates e, /2 ;
and e, 2 interchanged, by (3.2) we have

P(X'=e|X;=0)=2P(X' =e¢, X; =0)

n
=2) P(X'=e X;=0,J =)
j=1

n
=22P(X=ei’j, X; =0, J=)).

Note that when e, ; = e;2,j, or, equivalently, ei;/Z,i = e;’/jl i then
PX=¢"7, X;=0,J=j)=PX =¢€"/, J =), (3.5)

as both sides are 0, since on J = j we have X2 ; # X;,2,j. Otherwise, e, /2 ; # en/2, j, and,
by the second equality in (3.4),

n N
Yool =Y eiteh, =D eit+l- en/zz—ZenH_o
r=I1

r#n/2 r#n/2

with equalities modulo 2, so (3.5) holds again. Hence,

n
PX' =e| X; =o)=2ZP(X=e"J, J=))
j=1

n
=2 PU=j|X=¢/)P(X =¢"/)
j=1

n -1 n
n ..
=2 PJU=j|X=¢e"/
Y|:|l (s) ;:1 (=l e’)

no -1
=2
;)
s=1
where in the second to last equality we have used the fact that e’-/, as e, satisfies the first equality

of (3.4), and the distribution of X given by (1.8), and in the last equality we have used the fact
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that the sum of probabilities of the conditional distribution of J given an X configuration that
satisfies the first equality of (3.4) for r = n/2 must sum to 1. Now, again using the second
equality in (3.4),

n -1
2]_[(”) —2PX=e¢)=2PX =e¢, X; =) =P(X =e¢ | X; = 1),
N
s=1

proving (3.3), and completing the proof of the lemma.

Proof of Theorem 3.1. That X* has the X-size bias distribution follows from Lemmas 3.1
and 3.2. To prove the first equality in (3.1), note that if X; = 1 then X I — X: hence, in this case
X% = X. Otherwise, X; = 0 and the collection X is constructed from X by interchanging the
stage n/2, unequal, switch variables X, /2y and X,, 5 jr. If X ;1 = 1 then after the interchange

X; =1 and Xg, =0, yielding X* = X. If X ;s = 0O then after the interchange X{ =1 and

X 5 ; = 1,yielding X* = X + 2. The second claim in (3.1) is an immediate consequence of the
first.

The following lemma shows that, for the case at hand, the variance of the conditional
expectation term (2.2) in Theorem 2.1 may be expressed in terms of quantities of the form

8up =PX1 =" =Xo4p=0, Xpp21="-=Xnpa =0,
Xnpor1 = =Xpparp=1), (3.6)
the probability that, when applying switch pattern n, bulbs numbered 1 though « + 8 terminate

in the off position, and in stage n/2, bulbs numbered 1 through « receive switch variable 0 and
bulbs numbered « + 1 through o 4+ B receive switch variable 1.

Using the spectral decomposition in Section 4 to handle the probabilities in (3.6), we now
provide an upper bound to term (2.2) when applying Theorem 2.1 for even n. Let

n n
mp=(1...5-1L7+1L...n). (3.7)

the vector n with its (n/2)th component deleted.

Lemma 3.3. Let n be even, and let X and X* be given by Theorem 3.1. Then, for n > 6,
Ao < Ao,

where

_ 1 1 1
Ay = E[X* — X | X d Nog= —— + — + —e "2,
0 = /var(E[ | XI) and Ao 2ﬁ+2n+3e

Proof. We apply the construction of X*, and the conclusions, of Theorem 3.1. For nota-
tional simplicity, let JI = J,s0in particular, from (3.1) we have X* — X = 21;x,—0, x,=0}-
Expanding the indicator over the possible values of I and J, and then over the values of the
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switch variables X2 ; and X,/ ; yields

n
Lix,=0, x,=0) = Z Lix,=0, x;=0}{1=i, 7=j}
ij=1

n
= > 10, X,=0 X, =0 1 =i, 1))
i,j=1

n
+ > =0, %,=0, X, 0, =1) L1 =i, s =)
i,j=1

= Y 1{X,=0, X;=0, Xu2,i=0, Xupo, =1} L1=i, =}
i#]
+ D 1X=0, X,=0, Xy =1, X2 j=0) L1 =i, J=)
i#]
=2 Z 1ix;=0, X;=0, X,,/2.i=0, X0 j=1} L{1=i, 7=}
i#]
where the second to last equality holds almost surely, as the probability of the event {I = i,
J = j} is O whenever X, 2 ; and X2 ; agree, and the last inequality holds since the final
expression is the sum of two terms which can be seen to be equal by reversing the roles of i
and j.
To obtain a tractable bound on the required variance, we apply the inequality

var(BE[X® — X | X]) < var(E[X® — X | F]), (3.8)

which holds when # is any o-algebra with respect to which X is measurable (see [6] for
example). Here we let ¥ be the o -algebra generated by X, the collection of all switch variables.
The first indicator in the final sum above, 1{x,=0, x;=0, X,/2.,=0. X, 2 ;=1}> 1$ measurable with
respect to ¥ . For the second indicator, conditioning on ¥ yields

. . 2
Ely=iy=p | FIl=PU =i, J=j | F) = n—zl{x,,/zy,v;éxn/z,,},

as, for any i, chosen with probability 1/n, there are n/2 choices for j satisfying the condition
in the indicator. Hence, recalling from (3.1) that X* — X = 21(x,-0,x,=0}, We have

< 4
EX°-X | F]=U,, where U, = ) Zl{xizo, X;=0, Xp/2.:=0, X, /2. ;j=1}> 3.9
i#]j
and A3 < var(U,) by (3.8).
Taking the expectation of U}, in (3.9), using the exchangeability of the (n); terms in the sum
and applying Corollary 4.1, also recalling the notation defined in (3.7), we have

4 1
EU, = n—z(n)zgl,l = Z(l — An2,m)- (3.10)
Squaring (3.9) in order to obtain the second moment of U,, we obtain a sum over indices
i1,12, j1, o with {i, 2} N {j1, jo} = @, so [{i1, i2, j1, j2}| € {2, 3, 4}, and we may write

Ul=Ug,+Us;+U;,, (3.11)

n
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where

2 _
Upp = nt Z 1{Xi1=0, X j; =0, Xp/2,i; =0, Xn/z,j1=1}1{Xi2=0’ X jp =0, Xn/2,iy =0, X2, j, =1}
Iiisiz. 1.2} =p
{in}N{j, j2}=2

Beginning the calculation with the main term U 3 4» where all four indices are distinct, taking
the expectation using exchangeability, and applying Corollary 4.1 yields

, 16 n—2\?
E Un,4 = F(n)4g2,2 = T (1 - 2)\11,2,n,1/2 + )\n,4,nn/2)- (312)

With the inequalities over the summation in (3.11) in force, the event |{iy, i2, ji, j2}| = 3
can only occur when

(a) iy # iz and ji = jp, or
(b) i1 =iz and ji # jo.
Applying Corollary 4.1, case (a) leads to a contribution of

16( ) n—2
—(n —
> 3821 a2

while in the same manner, again using Corollary 4.1, the contribution from case (b) is

(1 + )\n,l,nn/z - )\n,Z,nn/z - )\n,3,n,1/2)’

-2
an2 (1— )\n,l,n,,/z - )\n,z,n,,/z + )\n,3,n"/2)~

16( )
—(n —
n4 381,2
Totaling we find that
2 n—2
EBUps=— 70 = n2m,p) (3.13)

With the inequalities over the summation in (3.11) in force, the event |{i1, i2, ji1, j2}| = 2
can only occur when i; = i3 and j; = j,. Hence, again by Corollary 4.1,

16 1
EU;, = —Fmagi1 = —5 (1= dnom,p)- (3.14)

Summing (3.12), (3.13), and (3.14) we obtain

2 n—2\2 1
E Un = an (1 - 2)\'}1,2,"”/2 + )‘n,4,n,l/2) + ﬂ(l - )\'n,z,n,l/g)'

Subtracting the square of the first moment, given in (3.10), yields

1 2\? 1
Var(Un) = 1_6(1 - ;) (l - 2)"1’1,2,""/2 + )\n,4,n,1/2) + Z(l - )"n,z,n,,/z)

1 2
- E(l - )Ln,Z,n,,/z)

1 1—n
R()"n,ﬁl,nn/z - )\'5,2,",,/2) + W(l - 2)\'11,2,",1/2 + )m,4,n,1/2)

1
+ %(1 - )Ln,Z,n,,/z)

11 s 1 1—n

= 0 T @ T gt = Pume) T gtk £ i hndme
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Now applying Lemma 4.5 given in Section 4, for n > 6, we obtain

A

4n  4n? + 1_6 2 2n? 8n2
_ 1 n 1 Lo 1 n 1 n 1

— 4+ —+e —+ =+ —.
~4n  4n? 16  n?  8n

The inequality ~/a + b + ¢ < /a + +/b + /c, holding for all nonnegative a, b, and ¢, now
yields the claim of the lemma.

1 1 1 /1 1 —1
var(Up) < — + — ( e '+ 62”> + —e "+ n—e*"

With all ingredients at hand, we may now prove the bound for even n.

Proof of Theorem 1.1: even case. The size-biased coupling given in Theorem 3.1 satisfies
the hypotheses of Theorem 2.1 with B = 2, by the second inequality in (3.1). Hence, the result
for the even case follows by applying Theorem 2.1 with . = n/2, § = 2/, and the bound A
on A given in Lemma 3.3.

3.2. Odd case

Now we move to the case where n = 2m + 1 is odd. Instead of directly forming a size-biased
coupling to X, we first couple X closely to a more symmetrical random variable V for which
a coupling like the one in the even case may be applied. The variable V is constructed by
randomizing stages m and m + 1. In particular, at stage m we add an additional switch with
probability % and, independently at stage m 4+ 1 we remove an existing switch with probability %

Formally,let X = {X,;: r, j =1, ..., n}beacollection of switch variables with distribution
given by (1.8) with s = n, and let X = X,, be given by (1.9) with k = n. Let

LBy | X) = U Xy =0} and  LBps1 | X) = ULj: Xt = 1)

with B, and B, conditionally independent given X, and let C,, and C,,+; be symmetric
Bernoulli variables, independent of X and of B,, and B, 4. Now let a collection of switch
variables V. = {V,;, r, j =1, ..., n} be defined by

X, r ¢ {m,m+ 1},
ija r=m5j;éBma
Vij =1Cn, r=m, j =By, (3.15)

Xm+l,jv r=m+1, j# Bpuy1,
Chnti, r=m+1, j = By,

and set

n n
V=>"V;, where V;= (Z V,,-) mod 2. (3.16)

j=1 r=1

In other words, in all stages other than m and m + 1 the switch variables that produce V are
those from the given collection X. In stage m, the switch variables for all bulbs but bulb B,,,
chosen uniformly over all bulbs in that stage that were not toggled, are those given by X. The
switch variable for By, in stage m, however, is set to C,,, which takes the values 0 and 1 equally
likely. Hence, with probability %, one additional bulb in stage m is toggled. Similarly, in stage
m+ 1, the switch variable of bulb By, uniformly selected from all the bulbs that were toggled
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in that stage, is no longer toggled with probability % Since X and V differ in at most two
switches, we have

X —-V|<2. (3.17)
It is now not difficult to show that the collections of variables {V,;, j = 1,...,n} are
mutually independent for r = 1, ..., n, and that the distribution of the switch variables V in

stages m and m + 1 are the same equal mixture, that is, for r € {m, m + 1},
LVety oo Vi) = 3L X1+ Xown) + 3L Xt 115 -+ Xim10)-

The expressions in (1.5) for the mean and variance of V now follow from (1.2); see [7] for
details.

We now present a size bias coupling for V. As in the even case, the variable V* is obtained
by first constructing, for eachi = 1, ..., n, switch variables Vi that satisfy

LV =LV |V =1). (3.18)

For a giveni = 1, ..., n, to construct Vi, we first determine if V; = 1. If so, set V! = V.
Otherwise, let M be a variable that chooses from the stages m and m + 1 uniformly and
independently of V. Since in this case V; = 0, we may achieve Vii = 1 by changing the switch
variable Vys; to 1 — V)y;. The coupling accomplishes this change in one of two possible ways.

To introduce the first way, called a flip, we say that a configuration e of binary switch variable
values is feasible if P(V = e) # 0, that is, when

n n
Ze,j =r forr¢g{m,m+1} and Ze,j e{m,m+1} forr € {m,m+ 1}.
j=1 j=1
If flipping Vs, to 1— V), results in a feasible configuration, then the flip is made with probability
1/(m+1). In other words, givene,r € {m,m+1}andi =1, ...,n,let e" be the configuration
with entries
ri {esl, s#rorl #1,

e; = .
1—ei, s=randl=1.

Defining V™! in a like manner, the distribution of F', the indicator that V)y; is flipped, is given

by
. 1
P(Fl = 1 | V, M) = m + 11{vM,i is feasible}' (319)
If the flip is unsuccessful, that is, if F/ = 0, we perform an ‘interchange’ in stage M, much
like the coupling in the even case. For a configuratione,r € {m,m + 1} andi, j € {1,...,n},
let

es1, SFErorl#i,
g _ L s =1 Led{i,jh
! ei, s=rl1=]j,
ej, s=rl=i,
that is, e/ is the configuration e with the variables in the r, i and r, j positions interchanged.
Now let J* be a random index with distribution given by

LUV, M) = UL Vigj # Vini). (3.20)
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Defining V+/ in a like manner, when F' = 0, we interchange Vy;; with Vy, ;i. Hence,
overall the configuration V' is specified by

V’ ‘/l = 1’
vi=3yMi v, =0, Fi =1, (3.21)
VMiET oy =0, FI =0.
The following theorem shows that V' satisfies (3.18). In the following we denote F' and J'
by F and J, respectively, for simplicity.

Theorem 3.2. Let V be constructed from X asin (3.15), let M be a random variable uniformly
distributed over {m, m + 1} independent of V, and, for i € {l,. o n}, let F and J have
distributions as specified in (3.19) and (3.20), respectively. Then V' given by (3.21) satisfies
(3.18).

Furthermore, letting V' = 27:1 V;, where

n
Vi= (Z V;j) mod 2,
r=1
and I be uniformly chosen from {1, ..., n} and independent of all other variables, the mixture
V! = V* has the V -size bias distribution and satisfies
V=V =1y,—0, F=1) + 21{v,=0, x,=0, F=0y and V <V° <V +2.

For a proof of Theorem 3.2, see [7]. The coupling so constructed leads to the following
bound to the normal for V.
Theorem 3.3. Ifn is odd and V is given by (3.16), then

sup
zeR

n — n 2
<-— Ay + 1.64—3 + — foralln >,
20 o

V—n/2
Pl —— <z])-P(Z <2
oy 7% v oy

where 0‘2, and Ay are given in (1.5) and (1.7), respectively.

Outline of the proof. By Theorem 3.2, we may apply Theorem 2.1 with § = 2/ovy, and it
only remains to prove that Ay in (1.7) is an upper bound on A = /var E[V® — V | V] for all
n > 7. The desired bound may be obtained by computations similar to, but somewhat more
involved than, those for the even case; see [7] for details.

We now provide a bound for the normal approximation of X in the odd case. We remark
that, using V, fewer error terms, and, therefore, a smaller bound, result when standardizing X
as in Theorem 1.1, that is, not by its own mean and variance but by the (exponentially close)
mean and variance of the closely coupled V.

Proof of Theorem 1.1: odd n. Letting W = (X — n/2)/oy and Wy = (V —n/2)/ovy,
recalling that | X — V| < 2 from (3.17), we have
|X — V]| 2

W —=—Wy|=—""—=<
ov ov

(3.22)
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With ®(z) =P(Z < z) and
n — n 2
207, oy oV

by (3.22) and Theorem 3.3, we obtain

P(W<z2)—®(2) =< P(Wv - Gi < z) - ®(2)
\%4

2 2 2
=P(Wv §z+—) —<1><z+—> +d><z+—> - P(2)
oy oy oy

<Cy+

2
oy 2m ’
As a corresponding lower bound can be similarly demonstrated, the claim is shown.

4. Spectral decomposition

In [12] the lightbulb chain was analyzed as a composition chain of multinomial type. Such
chains in general are based on a d x d Markov transition matrix P that describes the transition
of a single particle in a system of n identical particles, a subset of which is selected uniformly
to undergo transition at each time step according to P.

In the case of the lightbulb chain there are d = 2 states and the transition matrix P of a

single bulb is given by
0 1
r= )

where we let g = (1,0)" and e; = (0, 1) T denote the 0 and 1 states of the bulb, for off and
on, respectively. With b € {0, 1, ..., n}, let P, 5 s be the 2b % 2P transition matrix of a subset
of size b of the n total lightbulbs when s of the n bulbs are selected uniformly to be switched.
Let P, o5 = 1 for all n and s, and let I, be the 2 x 2 identity matrix. For n > 1, the matrix
P, ;, s is given recursively by

S S
Py = ;(P Py _1p-1,5-1)+ (1 - ;)(12 ®Py_1p-15) forbefl,... n},

as any particular bulb among the b in the subset considered is selected with probability s/ to
undergo transition according to P, leaving the s — 1 remaining switches to be distributed over
the remaining b — 1 of n — 1 bulbs, and with probability 1 — s/n, the bulb is left unchanged,
leaving all the s switches to be distributed.

The transition matrix P is easily diagonalizable by the orthogonal matrix T as

1
P=T'TT, where T = ﬁ[—ll i] and T = |:(1) _01:|; 4.1

hence, P, ;s is diagonalized by

b b
Pops=QT Tuss QT. 4.2)
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where I';, 0.y = 1 and T, 5 5 is given recursively by

S S
rn,b,s = ;(r ® rn—l,b—l,s—l) + (1 - ;) (12 ® rn—l,b—l,s) forb e {1’ cee I’l} (43)

The next result describes the diagonal matrices I',, 5, s more explicitly in terms of a sequence of
vectors ay, of length 2 for all 5 > 1 defined through the recursion

ap = (ap—1,ap—1 +1p—1) forb > 2, witha; = (0, 1), 4.4)
where 1, = (1, ..., 1) is of size 2°. For example,
a; = (0,1), a=(0,1,1,2), and a3=(0,1,1,2,1,2,2,3). 4.5)

Letting a,, be the nth term of the vector ay, for any b satisfying 2° > n results in a well-defined
sequence ap, az, . . ..

Lemma4.1. Forn € {0,1,...,},b,s €{0,...,n}, andr, p s givenby(1.1), the matrix 'y p ¢
in (4.2) satisfies
rn,b,s = diag()\n,al,Sa cee )\n,azb,s)-

In particular, with 0551 the vector of Os of length 20=1 forb > 1,
Tups =diaghn g 55 -- - )‘n,azb_l 50 0g5-1) +diag(0yo-1, Ap gy +1.55 - - - » )“”,ﬂzb—l'f'],é‘)'
For instance, from (4.5), for b = 2, we have
Ty 25 = diag(An,0,5. An, 155 An1ss An2,s),
and, for b = 3,
T35 = diag(hn,0,5, An,1,ss Anolss An2,ss Anyliss An2,ss An2,ss An,3,s)-

Proof of Lemma 4.1. As a; = 0, we have T, 05 = 1 = A0, S0 the lemma is true for
b = 0. For the inductive step, assuming that the lemma is true for b — 1, by (4.3) and the
definition of I from (4.1), it suffices to verify that

S S
_)\n—l,a,s—l + <1 - _>)\n—l,a,s - )\n,a,s
n n

and
S S
__)\n—l,a,s—l +(1—-- )\n—l,ays = )\n,a+1,s
n n

foralla =0, 1, .... To prove the first equality, by (1.1) we have
s s
_)\n—l,a,s—l + (1 - _>)\n—l,a,s
n n
(s — ) s\ (@ &)
- -2)! 1-- -2)!
Z( )i+ n>§0 )TV,

Z<a> (g(s—l)t+<l_5) () )
t nm—1) n)m—1),

<a oy ()41 + (1 = 5)($);
t

()41
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_ Xa: <a> (—2y ($)i(s —t+n—ys)
t=0 t

()41
_ Z (a) (—ay =D
=0 t (m)r+1
’ (a ()
= —2 il
=0 (t)( ) (n);
- )\n,a,s-

The second equality can be shown in a similar, though slightly more involved, fashion.

We note that [12] expresses these eigenvalues in terms of the hypergeometric function.

If the & stages of the process 1, .. ., k use switches s = (s1, .. ., s¢), then since the matrices
P,,s, s € {0,1,...,n}, are simultaneously diagonalizable by (4.2), the transition matrix
P, ;, s for any subset of b bulbs can be diagonalized as

k b b b b
Pops=[]Pibs; =QT Tups QT =T diaghnarsr > 2nays) QT
j=1

4.6)
where A, 4,5 is given in (1.1) and
k
Tubs =] [ Tub.s;- (4.7)
j=1
If 7 is a permutation of {1, ..., k}, let w(s) = (Sxq1), ..., Sx(k))- As all the matrices I';, ;, 5 are
diagonal, from (4.7) we have I';, j s = I'y . z(s), and now from (4.6) we have the following

result.

Lemma 4.2. The distribution of the lightbulb chain is independent of the order in which the
switch variables s are applied, that is, for all permutations 7,

Pn,b,s = In,b,m(s)-

The following lemma helps us compute probabilities such as gg’)m in (3.6). For j €

{0,1,...},let 2, ; be the 2 x 2P diagonal matrix in the variables x¢, k € {0, 1, ...}, given by

@ ; = diag(xq, 4, ..., xa2h+j)’ 4.8)
and set
b b
up=Q)Tes” and wy =) Tef". 4.9)
where we recall that ey = (1,0)" and e; = (0, 1)". Note that, for » = 1, we have

1 1
u,=Tey= —2(1, —HT and w; =Te = —2(1, nr. (4.10)

V2 V2
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Lemma4.3. Lett € {0, 1, ...} and @; = ; 0, and suppose that, for some vector v; € th,
- (1) .
v, Qiu; = o CJa(i)x; 4.11)
j=0 M

holds fort = b — 1 with some sequence a(j), j =0,...,b— 1. Then (4.11) holds fort = b
when replacing v; by vp = u1 @ vy and a(j) by

b=
au(j) = b a(j)+ Za(J -1, (4.12)
and for t = b when replacing v; by vy, = w1 Q v; and a(j) by
N b= . .
aw(j) = =Faj) = $a(j = 1. (4.13)

Proof. By (4.4) we may write

| Rp-10 0
Qb_[ 0 9b—1,1i|

and by (4.10) we have

1 T
T \T
up =u1 Qup_1 = —=Up_1, —Up_q) .
V2
Hence, when vy, = u1 ® vp_1 = (vbe], —vbe])T/\/Z we obtain

v;—ﬂbub = %(vl—;[lﬂb—l,oub—l + v;;]ﬂb—l,lub—l)
b-1 b—1
1 b—1 1 b—1
ijzo( j )a(])x] 2bj;0( j )a(])xH_I
b—1 b
1 b—1 . 1 b—1 .
:?,Z_%( j )a(])x]+2—bj2_:l<j_l>a(]—1)x]
b
1 b—1\ = (b—T1\
= ﬁjzz;)(( i )a(])—i- (j B 1)a(] - 1)>xj
_1zb:b> b= Nacir o (Dot - 1)\
R VA S SR )

1 (b
=D (J.)au(j)x,-,
j=0
as claimed. The proof is essentially the same, using (4.10), when vy, = w| Q vp_] = (v;_l,
T T2
V) /2.

In Corollary 4.1 below we use the conditional probability

fa,,g,s:P(Xi:O,i:l,...,a—}—,B|X0,,':0,i:1,...,a,
Xoi=1li=a+1,....,0+p) 4.14)

(see Lemma 4.4 below), where X has distribution given by (1.8), to express the functions g4, g
in (3.6).
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Lemma 4.4. For given a, B > 0, setting b = o + B, the probability fy g s in (4.14) is given

by
1 & (/b
faps =55 ;O (J.)aa,,s(mn, Jis (4.15)
where ay0(j) = 1 foralla > 0 and
L b—j L .
ag,(j) = 5 g, p—1(j) — Zaa,ﬂ—l(] —1) foralla >0, > 1. (4.16)

Proof. Using exchangeability for the first equality, extracting the relevant component of the
k-step transition matrix and applying (4.6), we obtain

faps = (€)% & (e ) )Py p5S”

b b
= ()® @ ())*) QT Tups Q Te”
= v[—;rrn,b,suba

where u, and wg are given as in (4.9) and v, = wg ® u,. Hence, with £, = £, ¢ as in (4.8),
the result follows from

b
1 b ,
v, Quup = % 2 : <j)aa,ﬁ(J)x,-. 4.17)
Jj=0

We first prove the case in which B = 0 by induction in «; note that in this case v, = uy.
Equality (4.17) holds with a, 0(j) = 1 for @ = 0, as both sides equal xp in this case. Assuming
that (4.17) holds for some o > 0 with ay,0(j) = 1, then (4.12) of Lemma 4.3 implies that
(4.17) holds for o + 1 and 8 = 0 with
b—j

b
Hence, (4.17) holds for all « > 0 and 8 = 0 with a, 0(j) = 1. Similarly, assuming now that
(4.17) holds for ay g—1(j) with nonnegative o, 8 — 1, (4.17) holds with a, g(j) given by (4.13)
of Lemma 4.3, thus completing the induction.

. o .
ag+1,0(j) = an,0(j) + Eaa,o(J - =1

As our computations involve only moments up to fourth order, we highlight these particular
special cases of Lemma 4.4 in the following corollary.

Corollary 4.1. For o, B > 0, the probability gy g in (3.6) is given by

(n/2)a(n/2)
8a.p = fa.BmupPa,ps  Where pop = #, (4.18)
o+

and fo,B.n,, is given by (4.15). For 0 < a + B < 4, the sequences in (4.15) specialize to
ao0(j) =1,
ao,1(j) = (=1’ and ai0(j) =1,
a2() =D a()=1-j, and ayo(j) =1,

. . 27
as() = (=17, aj2(j) = (=1) (1 - g)

2j .
a1 =1-— 3 and azo(j) =1,
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and
. . . i
ao4(j) = (=17, a1,3<j>=<—1>f<1 —%) wo =187 : D

az1=1—1%j, and aso(j) = 1.

Proof. By Lemma 4.2, that is, the fact that the switch variables can be applied in any
order, conditioning on the values of the switch variables in stage n/2 yields the same result
as assuming these values as initial conditions in stage 0, and applying the switch pattern n, >,
that is, n skipping stage n/2. Hence, the first claim in (4.18) follows, as the first factor is the
probability of the given event conditioned on the values in stage n/2, while the second factor
is the probability of the conditioning event, as

PXnpi="=Xnp2a=0, Xnpat1 = =Xnpatp=1
_‘h‘(nﬂ—i)’ﬁ( nj2—i )
=0 n—i1 i=0 n—o—i
which is py g.

The specific forms of the sequences ay g(j) for 0 < o + B < 4 follow directly from the
initial condition and recursion in Lemma 4.4.

Applying Corollary 4.1, we obtain, for example, the formulae

X (n/2)2n/2
g1 = g(l + )\'n‘l,'ln/z — )"'1,2,”;1/2 — )\-;1,3,11,,/2)T

and

(n/2)2(n/2)s
(ma
Lastly, we present the bounds on products of eigenvalues of the chain used to handle the
variance term (2.2) when applying Theorem 1.1 to the lightbulb chain.

1
822 = E(l - 2)‘n,2,nn/2 + )\n,4,n,,/2)

Lemma 4.5. For all even n > 6,
An2amypl <€ and  |hpam,,) < e (4.19)

Proof. We show only that the first inequality of (4.19) holds. The remaining claim can be
obtained by similar, but more extensive calculations; see the technical report [7] for complete
derivations, which slightly generalize the arguments of [8].

Let n > 2. Consider the second-degree polynomial (cf. (1.3))

4x  4(x)2
Lx)=1-—+ ; 0<x=<n.
no (n)
It is simple to verify that f>(x) achieves its global minimum value of —1/(n — 1) at n/2, and
that f>(x) has exactly two roots, at (n + +/n)/2 and (n — /n)/2. Hence, as f>(x) < 0 for all
x between these roots, and additionally, as (x — 1)/(n — 1) < x/n for all x € [0, n], we obtain

the bound
] —
7 for x € [n Zﬁ’ n+2\/ﬁ:|’
n—
@I < 2\ 2 w_ i oma i (4.20)
1—— for x e 7 5 N[0, n].
n
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For x € R, let | x| and [x] denote the greatest integer less than or equal to x, and the smallest
integer greater than or equal to x, respectively. Letting

(]2

L(n—+/n)/2]

|An,z‘m|=< I1 Ifz(S)|)<H|f2(S)I)< [1 Ifz(S)|>-
set

=0 s=[(n+/n)/2]

we have

If either of the roots (n — /n)/2 or (n + 4/n)/2 is an integer then equality holds as both
expressions above are 0. Now assuming that neither value is an integer, the product below is
over disjoint indices.

Applying the bound (4.20), [n/2 —x] 4+ [n/24+x] =nand 1 —2(n—s)/n = —(1 —2s/n)

yields
L(n—v/n)/2] 2 n 2
2s 1 2s
et = (CTD (=3 )50 T (-3))
5=0 set s=[(n+/m)/2]
~ L(n—lil@/ZJ | 26\ \ 4 1 I¢]
N 0 n n—1J) "~

where |¢| is the cardinality of ¢.
Using 1 — x < e™ and the fact that [x] > x — 1 on the first product, we obtain the bound

= A )

§exp|:—<n—2ﬁ—1+%+|t|log(n— 1))}. 4.21)

To control |£|, note that, as [x] < x 4+ 1, we have

|t|={”+2ﬁJ—[”_*ﬂ - o2,

2
Aslog35 > 3.5, for n > 36, we have
2 3
—2ﬁ—1+7+|tllog(n—1) > —2ﬁ—1+3.5(ﬁ—2):§f—820,
n

and, hence, from (4.21),

An2.m,)0] < e " forn > 36.

It can be verified directly that A, 2 p, P satisfies this same bound for all even integers 6 < n < 34,
thus completing the proof.
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