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Abstract A positive answer to a question of Müller is given: any semi-perfect complete hereditary
Noetherian prime ring R has a weakly symmetric self-duality sending every ideal I to its cycle-
neighbour X. Consequently, the factor rings R/I and R/X are isomorphic without using the 1984
results of Dischinger and Müller.

Keywords: Morita duality; Noetherian prime rings; hereditary; injective modules; localizations;
quotient rings

2000 Mathematics subject classification: Primary 16D50; 16D90; 16E60

1. Introduction

Let RUR be a bimodule. For any subsets X ⊆ R, V ⊆ U let

X∗ = {u ∈ U | Xu = 0}, V ∗ = {r ∈ R | V r = 0}.

The map I �→ I∗∗, I � R is an endomorphism of the ideal lattice of R. Motivated by the
corresponding notions for hereditary Noetherian prime (HNP) rings, this map is called
a cycle map and the orbits of maximal ideals of R are said to be cycles with respect to
a bimodule U . Since throughout the paper it is always clear which bimodule induces the
considered cycle map, we denote by I∗∗ the cycle-neighbour of an ideal I, omitting the
indication of the corresponding bimodule.

If U = Q/R, where Q is the classical quotient ring of a semi-perfect (in the radial
topology) complete HNP ring R (assumed always to be a non-Artinian, basic, non-local
ring), then U induces a self-duality for R. Inspired by the fact that proper factors of
HNP rings are finite direct sums of indecomposable Artinian serial rings, and the latter
have weakly symmetric self-duality (cf. [3]), in [9,10] Müller asks whether there exists an
automorphism α of R such that it sends a non-zero ideal I onto its cycle-neighbour I∗∗.
We will answer Müller’s question in the positive without using the result in [3].
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If S is any non-zero, localizable semi-prime ideal of R, then it is well known (cf. [11])
that both the localization RS and its completion with respect to the radical topology
are semi-local HNP rings. This shows that the mild condition of completeness is in fact
a technical one that makes the essence clear and simplifies the situation.

2. Preliminaries

We recall the close relation between automorphisms and dualities described in [8]. Since
the results are consequences of long theorems in [8], for the sake of completeness and
self-containedness we insert a short proof of them. More detailed discussion can be found
in [6].

A Morita duality (henceforth called a duality for brevity) between two rings R and T is
a contravariant equivalence between certain full subcategories of left R-modules and right
T -modules respectively, both of which contain all the finitely generated modules and are
both closed under taking submodules and factor modules. Such a duality is called a self-
duality if R and T are isomorphic rings. A duality is representable, i.e. it is equivalent to
functors HomR(−, U) and HomT (−, U) for some appropriate bimodule RUT . If RUT and
RVT induce two dualities between R and T , then these dualities are naturally equivalent
if and only if RUT and RVT are isomorphic as bimodules. A bimodule RUT is called
faithfully balanced if R = End(UT ) and T = End(RU).

We denote by Aut(R) and Aut(T ) the groups of ring automorphisms of R, and T ,
respectively. For a bimodule RUT and each couple of automorphisms α ∈ Aut(R), β ∈
Aut(T ) we define a new bimodule structure on U by putting

r ∗ u ∗ t = α(r)uβ(t) ∀r ∈ R, u ∈ U, t ∈ T.

Following the notation in [2], this new bimodule is denoted by αUβ . For example, 1U1 =
U .

The proof of the following statement is similar to that of [2, Proposition II.5.2] or [4,
Lemma III.12.16].

Proposition 2.1. Let R and T be rings, and let RUT and RVT be faithfully bal-
anced bimodules. If f : RU → RV is a left R-module isomorphism, then there is an
automorphism β ∈ Aut(T ) such that

(i) f becomes an isomorphism between the bimodules 1Uβ and 1V1;

(ii) β is an inner automorphism if and only if the bimodules 1U1 and 1V1 are isomorphic.

Moreover, if g : RU → RV is another left R-module isomorphism, and it induces an auto-
morphism β′, then there exists x ∈ T such that β = x−1β′x.

Proof. For each element t ∈ T , the map

βt : RU → RU : u ∈ U �→ ((u)ft)f−1
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is an R-endomorphism of RU ; hence, it is an element of T . It is routine to check that the
map β : T → T : t �→ β(t) = βt is a ring automorphism that makes 1Uβ isomorphic to V

in view of

(ru ∗ t)f = ((ru)βt)f = {[(ru)ft]f−1}f = (ru)ft = r((u)f)t for all r ∈ R, t ∈ T.

Assume that h : 1V1 → 1U1 is a bimodule isomorphism. Then y = fh ∈ T has the
inverse x ∈ T . By definition, we have, for each u ∈ U , t ∈ T ,

(u)β(t) = (u)βt = [(u)ft]f−1 = [(u)yh−1t]hy−1 = {[((u)yh−1)t]h}y−1

= {[(u)yh−1h]t}y−1 = (u)(yty−1) = (u)(x−1tx).

Thus, β is an inner automorphism induced by x. Conversely, if β is an inner automorphism
induced by a unit x ∈ T , then, for all elements t ∈ T , u ∈ U ,

(ut)(fx) = (uβ(xtx−1))(fx) = ((u)βxtx−1)(fx) = [((u)fxtx−1)f−1](fx) = (u)[(fx)t].

Consequently, fx is a bimodule isomorphism between U and V .
The last statement can be checked directly by taking x = gf−1. �

The outer automorphism class group Out(T ) of T is the factor group of Aut(T ) by
the normal subgroup of all inner automorphisms. Proposition 2.1 says exactly that, for
a faithfully balanced bimodule RUT , there is a bijective correspondence between the
bimodule structures on the left R-module RU and the elements of Out(T ). Moreover, if f

is a left R-module isomorphism between faithfully balanced bimodules RUT , RVT with
the associated automorphism β making f a bimodule isomorphism between 1Uβ and V ,
then f is clearly a right T -module isomorphism between UT and Vβ−1 . Consequently,
again by Proposition 2.1 there is a ring automorphism α of R such that f is a bimodule
isomorphism between bimodules αU1 and 1Vβ−1 . However, it is not clear whether there
is a natural correspondence between automorphisms α of R and isomorphisms f of the
left R-module RU . If U is an essential extension of the direct sum S of all pairwise non-
isomorphic simple modules such that S is of finite length and any automorphism of S can
be extended to U , then it is clear that the groups Out(R) and Out(T ) are isomorphic.
In particular, if (R, RUT , T ) is a duality where R and T are basic rings, then the socle
of U is isomorphic to the direct sum of all pairwise non-isomorphic simple modules.
Therefore, the groups Out(R) and Out(T ) are isomorphic and they characterize all the
equivalence classes of dualities between R and T . In the general case, choose e2 = e ∈ R,
f2 = f ∈ T such that R and T are Morita equivalent to the basic rings A = eRe and
B = fTf , respectively. Then eUT and RUf are the minimal injective co-generators for R

and T , respectively, i.e. their socles are the direct sum of all pairwise non-isomorphic
simple modules. Moreover, (A, AeUfB , B) is also a duality. Thus, the groups Out(A) and
Out(B) are isomorphic. More generally, let (R, RUT , T ) be a Baer duality, i.e. the lattices
of submodules of RR and UT as well as RU and TT , respectively, are anti-isomorphic.
(For the foundation of Baer duality we refer the reader to [1].) By [1, Corollary 3.4],
any automorphism of the socle of RU or UT can be extended to an automorphism of RU
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and UT , respectively. Therefore, if U is in addition faithfully balanced, then, in view
of [1, Proposition 2.5], one can obtain a slight generalization of [8, Theorem 8.3] as
follows.

Theorem 2.2. If (R, RUT , T ) is a Baer duality such that U is faithfully balanced or,
in particular, a Morita duality, then Out(A) and Out(B) are isomorphic, where A and B

are the associated basic rings of R and T , respectively.

Remark 2.3. RU and ᾱU are in general not isomorphic modules over R. Let F be
any field and R be a direct sum of two copies of F , denoted by A and B. Then RA, RB

are all types of simple left R-modules. Let W be the direct sum of two copies of RB. Put
U = RA ⊕ W , T = End(U) and C = End(W ). Then T is a direct sum of the rings A

and C. Let α be the automorphism of R interchanging A and B. It is then easy to check
that αU ∼= RA2 ⊕ RB and, hence, that RU and αU are non-isomorphic left modules
over R.

3. A solution to a problem of Müller

The most intriguing puzzle in the duality theory is the question of self-duality. No reason-
able condition is known to determine whether a ring with duality also has a self-duality,
and, since there are no specific conditions on the nature of the isomorphism between R

and T = End(RU), even in the case when a ring is known to have self-duality it is difficult
to determine whether it has a self-duality satisfying certain ‘nice’ properties.

If a bimodule RUR gives a self-duality for R, and I is a two-sided ideal of R, then I∗

induces a duality between R/I and R/I∗∗. Therefore, we say that a duality induced
by U is a good duality if I = I∗∗ for each ideal I of R or, equivalently, the cycle map
induced by U is the identity map. A weaker notion of good duality is one of weakly
symmetric self-duality. A bimodule RUR induces a weakly symmetric self-duality for R

if HomR(Re/J(R)e, RU) ∼= eR/eJ(R) for every primitive idempotent e ∈ R. Therefore,
a quasi-Frobenius ring is weakly symmetric if and only if the Nakayama permutation on
the set of basic pairwise orthogonal primitive idempotents is the identity. In the following
obvious proposition we explain this concept.

Proposition 3.1. For a self-dual ring R with respect to a bimodule RUR, the following
statements are equivalent:

(i) U gives a weakly symmetric self-duality;

(ii) Soc(U) and R/J(R) are isomorphic as R − R-bimodules;

(iii) M = M∗∗ for each maximal two-sided ideal M of R.

All self-dualities of local rings are weakly symmetric. As observed in [10], a natural
example of self-duality that is not weakly symmetric is given by non-local complete HNP
rings. We shall briefly describe this example.
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In view of [7, Corollary 6.5], if R is a basic non-local complete HNP ring, then there
exists n � 1, and a complete rank-one valuation domain F , with maximal ideal M =
Fa = aF and classical quotient division ring K, such that

R = {(aij) ∈ Mn(F ) | aij ∈ M, ∀i > j}.

The Jacobson radical of R is

J(R) = {(aij) ∈ Mn(F ) | aij ∈ M, ∀i � j},

and the classical quotient of R is the matrix ring Mn(K) = Q. Put U = Q/R. For
k = 1, . . . , n, let ek = (aij) ∈ R be a matrix which has only one non-zero entry, akk = 1.
Then {e1, . . . , en} is a complete set of pairwise orthogonal primitive idempotents of R

and 1 = e1 + · · · + en.
Routine calculations show that eiR/eiJ(R) is the socle of ei+1U for any i = 1, . . . , n−1,

and that enR/enJ(R) is the socle of e1U .
Therefore, for n > 1, the self-duality of R induced by U is never weakly symmetric

and we recognize through duality theory the cyclic quiver Ãn, n > 1. Note that, with a
few obvious exceptions, all proper factor rings of R are basic, connected Artinian serial
rings whose associated quiver is Ãn−1.

Since a simplified version of [5, Proposition 4.1] plays a key role in our solution to
Müller’s problem, we reproduce it, together with a detailed proof.

Proposition 3.2. Every weakly symmetric self-duality of an Artinian serial ring is a
good duality.

Proof. Let R be an Artinian serial ring and RUR be a bimodule such that U induces
a weakly symmetric self-duality for R. We have to show I = I∗∗ for every ideal I of R.
Put X = I∗∗ and let 1 = e1 + · · · + en be a decomposition of 1 as a sum of pairwise
orthogonal primitive idempotents ei. For all i, let Ri = eiRei, Ui = eiUei. To complete
the proof it is sufficient to see that eiIejRj

and eiXejRj
have the same length for all i, j

because the RieiRejRj
are all uniserial both as a left and a right monoid. Since U induces

a weakly symmetric self-duality, Ui induces a self-duality for Ri which sends eiR to Uei.
Consequently, by putting Vi = Uei, Wi = I∗ei for all i, we have

lg(eiXejRj
) = lg(Rj

ej(Vi/Wi)) = lg(Rj
ejVi) − lg(Rj

ejWi)

= lg(eiRejRj
) − lg(ei(R/I)ejRj

) = lg(eiIejRj
),

from which the statement follows. Here ‘lg’ denotes the length of modules. �

A complete answer to Müller’s question is given in the following theorem.

Theorem 3.3. Let R be a semi-perfect complete HNP ring with the semi-simple
Artinian classical quotient ring Q and U = Q/R.

(i) If α is a ring automorphism of R such that 1Uα induces a weakly symmetric self-
duality, then 1Uα is a good duality. In particular, any weakly symmetric self-duality
of R is a good duality.
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(ii) There is an automorphism α of R such that 1Uα induces a weakly symmetric self-
duality.

Proof. Since R/Z is Artinian for any non-zero ideal Z, we have J(R)n ⊂ Z for some n.

(i) Let α be an automorphism of R such that 1Uα induces a weakly symmetric self-
duality for R. We have to show that α(I) = I∗∗ for any ideal I of R. Put X = I∗∗.
Since every automorphism fixes the Jacobson radical, we have α(J(R)n) = J(R)n for
any natural number n.

Without loss of generality we can assume that I is a non-zero proper ideal of R. Hence,
X is also non-zero. As R is prime, I ∩ X �= 0. Therefore, there is a natural number n

with J(R)n ⊂ I ∩ X. Let V = (J(R)n)∗. Then V induces a self-duality for R̄ = R/J(R)n,
where the overbar, such that R → R/J(R)n, denotes the canonical projection. It is clear
that X̄ = (Ī)∗∗ holds where the considered cycle map is induced by the bimodule V

over R̄. The equality α(J(R)n) = J(R)n implies that α induces, in the natural way, an
automorphism ᾱ of R̄. Since, by assumption, 1Uα is a weakly symmetric self-duality of R,
1Vᾱ is also a weakly symmetric self-duality of the Artinian serial ring R̄. By Proposi-
tion 3.2, ᾱ is a good duality. Hence,

ᾱ(Ī) = X̄, consequently α(I) = X.

This completes the proof of the fact that α is a good duality.

(ii) To show the existence of an automorphism α of R that makes 1Uα a weakly sym-
metric self-duality for R, let W = Q/J(R). It is well known (and easy to check) that W

is an injective envelope of R/J(R) both as a left and as a right R-module. Since R has a
self-duality induced by U , W also induces a self-duality which, in addition, it is weakly
symmetric. Since RU and RW are injective envelopes of R/J(R), they are isomorphic
left modules. Let f : RU → RW be any isomorphism. In view of Proposition 2.2, there is
an automorphism α of R such that f is an R − R-bimodule isomorphism between 1Uα

and W . This completes our proof. �

We do not know whether a self-dual ring admits a good duality if all of its factor rings
are self-dual. This question can be formulated in the following more general setting. Let
U be a faithfully balanced R − R-bimodule such that the factor rings R/I, R/I∗∗ are
isomorphic. Does there exist an automorphism α of R sending every ideal I of R to its
ideal-neighbour I∗∗ with respect to the cycle map induced by U?
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