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Abstract

We consider the weak convergence of the set of strongly additive functions f{(q) with rational argument
q. It is assumed that f(p) and f(1/p) € {0, 1} for all primes. We obtain necessary and sufficient
conditions of the convergence to the limit distribution. The proof is based on the method of factorial
moments. Sieve results, and Haldsz’s and Ruzsa’s inequalities are used. We present a few examples of
application of the given results to some sets of fractions.
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1. Introduction

Let {f. : N - R, x > 2} be a set of additive functions, A be some subset of natural
numbers, and

v (A) = L #{n <x, ne€ A}
[x]
be a frequency of natural numbers n € A. The set A is allowed to depend on x and
other parameters.

The central problem of probabilistic number theory is to find conditions under which
the frequencies v, ( f, (n) —a(x) < u), with a suitably chosen centering function o (x),
converge to the limit law as x — oo. Starting with Turdn’s proof of the Hardy-
Ramanujan theorem on the normal order of prime factors in 1934, many works have
been devoted to this problem. This problem is the main object of the monographs of
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Kubilius [5] and Elliott [1, 2]. There are three different cases in the investigation of a set
of additive functions (see, for example, [1, 2, 5]). The first case is when f, (n) does not
depend on x. The Erdds-Wintner theorem (see, for example, [2, page 187]) is the most
celebrated result of this case. The second case arises when f,(n) = f(n)/b(x), where
b(x) is some normalizing unbounded function satisfying some additional conditions.
The well-known Levin-Timofeev theorem (see, for example, [2, pages 122-123]) is
one such result about the weak convergence of distributions v, (f(n)/b(x) —a(x) < u)
to the limit law.

The third, most general case, we obtain when the additive function f, depends on x
in an arbitrary way. The first result in this direction was obtained by Rusza. He found
necessary and sufficient conditions for the weak convergence of v, (f, (n) —a(x) < u)
to the improper law (see [6]). Siaulys continued the investigation of the set of such
functions. He derived necessary and sufficient conditions for the convergence of
the distributions v, (f,(n) < u) to the Poisson law in the case when f, are strongly
additive and f,(p) € {0, 1} (see [8]).

In the present paper we consider the additive function defined on the set of pos-
itive rational numbers Q.. We suppose throughout that the natural numbers in the
representation of the rational number ¢ = m/n, are coprime, that is, (m, n) = 1. Any
rational number ¢ has a unique representation as a product ¢ = py' - -- p®, where
P1, ..., ps are distinct prime numbers, and «, ..., o are integers. The power of
prime p in such a product for the rational g is denoted by «a,(g). We say that the
rational number q, = m,/n, divides q; = my/n, (q1lq2) if m;|m, and n,|n,, and that
they are coprime if (m,, my) = (my, ny) = (Ma, ny) = (ny, ny) = 1.

For any additive function f : Q; -> C the equality f(q) = Y_, f(p*‘?) holds.
If, in addition, f(p®) = f(p*®"®) for all integers « and primes p, the function f
is called strongly additive. Thus for any strongly additive function f with rational
argument f(q) = }_ s, f(p°), where § € (-1, 1}.

For x > 2, for an interval I := (£, n], and for some condition A, where £, n and A
are allowed to depend on x, we write:

Q: = [q:%:nfx, §' <§§n}, [Ei(pa) = {qui:ap(q)za},
VA= (0] H{ge @ ige A, PL= (T E) £0).

In the expression for v/(A) we suppose #Q! > 0. We call the elements from P! the
prime ones. The quantity v!(A) denotes the frequency of the rational numbers which
satisfy the condition A. In the particular case I = (0, 1] we omit the symbol 7 and
instead of Q!, EL(p®), P!, v/ (A) we simply write Q,, E,(p®), P,, v,(A). We observe
that @, = {m/n:n < x, m/n < 1} is the classical set of Farey fractions.

The probabilistic model for solving problems on the value distribution of additive
functions with rational arguments can be developed in analogy with the Kubilius
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model (see [4, 11, 13, 12]). In this work, we consider the distribution of the set of
strongly additive functions v,(f,(q) < u) using the factorial moments method.

Throughout the paper we use the following notations. The function £(x) is always
vanishing as x tends to infinity. The absolute constants are denoted by ¢, ¢, .... The
expression a <« b is equivalent to |a|] < cb, with some positive constant c¢. If the
vanishing function or bounding quantities depend on d, we write £;4(x), VOd, <.

Let P, := {p® € P.: f(p®) = 1}. For the sake of brevity, we use a star and a ¢
above the summation sign }_* to denote a summation expanded over all collections
of pf', p§2, e pf’ € ﬁx (with some fixed ¢) such that p; # p;,1 <i < j <t.The
most frequent case is when 7 = I. In this case we will omit / and write }_*.

The main result of this paper is the following statement.

THEOREM 1.1. Let {f.., x = 2} be a set of strongly additive functions with rational
argument. Let f.(p®) € {0, 1} for every prime number p and exponent § € {—1, 1}.
Then the frequency v,(f.(q) < u) converges weakly to some distribution function if
and only if the limit

. A (P ps ... ph
(L1) lim } ey o)
x>0 P+ D2+ D (p+ 1D

exists for every fixed natural number l. Here

1 ifitexists q, € Q, : qlqi,
0 if that q, does not exist.

A, (‘1) = [

Moreover, if the limit distribution exists, then its characteristic function is equal to
L+ 32 (g/IHE" =1

2. Examples

Using Theorem 1.1 we can calculate the asymptotic densities of some arithmetically
interesting sets of fractions. Let us give a few examples.

EXAMPLE 1. Define the strongly additive function f by

£ 1 ifp=23, d f(/p) 1 ifp=23,5,
= an =
P 0 otherwise, P 0 otherwise.
It follows from (1.1) that g, = 1, g, = 11/18, g3 = 1/6, g, = 0,1 > 4. Hence the
limit law of v, (f(q) < u) has the characteristic function
17

(21) i+__eit+g_62il+i63il
' 18 36 9 36
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From the well-known asymptotics #{g € Q,} ~ (3/m?)x2, x — 00, and the structure
of characteristic function (2.1), we have that

5
#{q € Q, : prime elements 2, 3, 1/3, 1/5 do not divide g} ~ pc x2,
3

2
#{q € Q, : exactly two elements from {2, 3, 1/3, 1/5} divide q} ~ -j—Exz,
bid

1
#{q € Q, : exactly three elements from {2, 3, 1/3, 1/5} divide q} ~ 2m7 x2,
s

as x — 00.
ExXAMPLE 2. Define the strongly additive function f, by

1 if logx < p <log’x,
£p) = £,(/p) = gr=p =78

0 otherwise.

In this case g, = 2log2, g, = (2log2)?, g = (2log2)',! > 3. Thus the limit law of
v, (fx(q) < u) is the Poisson law with parameter A = 2log 2, and we have
2

3
#{geQ.: ptq,(1/p)1q for p € (logx, log’ x1} ~ — 7,

3log2 ,
m?
3log’2 ,

) X

#{q € Q, : g has exactly one prime divisor p’ for p € (log x, log® x]} ~

’

#{q € Q, : g has exactly two prime divisors p’ for p € (log x, log® x]} ~

as x — 00.
EXAMPLE 3. Let the strongly additive function f, be defined by

1 ifYx <p=<nx,
0 otherwise.

f(p) = f:(1/p) = l

Put & = log3 log2 + Li,(1/3) — Li,(2/3), where Li;(u) is the polylogarithm of

second order, that is,
x k

. u
Lip(u) = Z 2’ lul < 1.
k=1
We have that g, = 2log3, g, = 2((log3)> + 6), g3 = 661log3, g4 = 667, g = 0,

1 >5.
Since the limit law of v, (f,(g) < u) has the characteristic function

(1 —log3)(1 —log3+6) +6%/4 + (2log3(1 —log3) + (3log3 — 2 — 0)9) &
+ (log?3 + (1 — 3log3 + 36/2)8) €% +(log 3 — 0)0 &¥* +67 &% /4,
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the following asymptotic expressions (for x — 00) are true:

#{q € Q, : prime elements from {p, 1/p, p € (Vx, x]} do not divide g}
~ % ((1 —log3)(1 —log3 + 6) + 6%/4) x* ~ 0.00072x>,

#{q € Q, : exactly 3 elements from{p, 1/p, p € (V/x, x]} divide ¢}
~ -73—2 (log3 — 0)6x* =~ 0.07197x2,

#{q € Q, : exactly 4 elements from{p, 1/p, p € (V/x, x]} divide g}
~ % 6%x? =~ 0.00659x>.

3. Auxiliary lemmas

The proof of Theorem 1.1 is based on the factorial moments method, but some
sieve results (Lemma 3.1), and the inequalities of Haldsz (see [3]) and Ruzsa (see [7])
are of key importance as well. In this section we present the analogues, sufficient for
our needs, of these inequalities for functions of rational argument (Lemma 3.2 and
Lemma 3.3).

LEMMA 3.1 (see [12]). Let I = (&, n}, 0 < & < n, be an interval of real numbers.
Let Ny, Ny, N, be natural numbers, which do not have any common prime divisor. All
quantities £, n, No, N|, N, may depend on x > 2. Then

#[% € Q! : (m, NoN,) = (n, NoNy) = 1]

3 2 1
= (- (1 - —) (1 - —)
7T2 l—[ p+1 plll:;!\/z p+1

PINo

X (1 + 2w(NoNIN2) ) (lOgX + 1 )) ,
x xn=¥8)

where w(m) is the number of distinct primes dividing m.

LEMMA 3.2 (see [10]). Let I = (&, n] be an interval of real numbers, where £ and
n may depend on x > 2 and satisfy the limit conditions:

¢, lm————=0

3.1 lim sup =8

—_—<
—soo X(n—§)
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Let f : Q —> N U {0} be an integer-valued additive function. Then, for every
L e NU ({0},

-12

32 v(f@=L)<c|max{ > 1/p, Y 1p :

pePl, F(PYAO  (1/p)ePl, f(1/p)£0

where ¢, depends on ¢, and on the convergence rate in (3.1).

LEMMA 3.3 (see [9]). Let I = (&, n] be an interval satisfying the conditions
£ < cx(n—8), x(n — &) > c4. Then, for an arbitrary strongly additive function
[+ Q — Cand for every natural number I,

12

!
s PNYS syl
Zf(‘I)‘Zf(::) <0 —8) Zlf(P)\ +Z|f(§)l ’

qeQ! pleP! plep! pPeP!

where the constant implied in the symbol < may depend on ¢, ¢4 and .

4. Boundedness of factorial moments

PROPOSITION 4.1. Let I = (&, n] be an interval of real numbers, where & and n
may depend on x > 2 and satisfy the limit conditions:

£ , 1

limsup ———— < 00, lim ——— =
e 207~ £) 5w x (1 — )
Let f. be a set of strongly additive functions with rational argument. Let f,(p®) €
{0, 1} for every prime number p and exponent § € {—1, 1}. Let
1
#Q!

@.1) Pl x)=— > f@Ff@ =D (ful@—1+1)

qeqQ}

for every natural number 1.
If the distributions v!(f,(q) < u) have a weak limit as x — 0o, then

limsup ¢(l, x) <« 1.

xX—>00

Here the constant in < depends onl and on the structure of the limit law.
PROOF. Suppose X is a random variable for which

v (felg) <w) =2 P(X < ).

https://doi.org/10.1017/51446788700014403 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700014403

[7] Factorial moments of additive functions 431

The random variable X is integer valued, hence there exists L € {0} U N for which
P(X = L) > 0. From the limit

4.2) lim v (fu(q) = L) = P(X = L),

we have that v/(f,(g) = L) > %P(X = L) for x > cs, where ¢s depends on
P(X = L) and on the rate of convergence in (4.2).
It follows from Lemma 3.2 that

1
max Z 1/p, Z 1/p <<-17(X=—L)'

pePl, fi(p)=l 1/pePl, f.(1/p)=1
Hence
4.3) lim sup Z 1/p < cs.
TR phebl, fi(ph=1

The constant ¢ depends on the structure of the limit random variable. According
to Lemma 3.1, #Q/ > x%(n — §) for x sufficiently large. Therefore from (4.3) and
Lemma 3.3 we obtain

{

. 1 +(P)

lim sup —— Z fol@) — Z L) < (e? + co).

X=>0C #Qx f s , p

q€Q] pep!
Since
! ' !
+(p°) - (p*)

Y r@<2 | Y |a@- 3 E2) s | T L2
q¢€Q] q€Q! pleP) p pieP! p

we conclude finally from (4.3) that

1
limsup ¢/ x) < limsup 2o 3" fl(g) < max (¢, 1).
q¢qQ]
Proposition 4.1 is proved. O

5. The factorial moments method

PROPOSITION 5.1. Let I = (&, n) be an interval of real numbers and f, be a set of
strongly additive functions satisfying the condition of Proposition 4.1. Let X be an
integer-valued random variable and

g=) kk—1--(k—I+1DPX =k)
k=l
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for every natural l. If g, < o0 for some | and

.1 v:(fx(q) < u)ﬁoP(X < u),
then
(5.2) lim ¢, x) = g.

Furthermore, if (5.2) is satisfied for every fixed natural | and Y_,° (2'g,/l!) < o0,
then (5.1) holds for a random variable X that has the characteristic function
(o0}
1+ %(e“ N

=1

PROOF (necessity). Let condition (5.1) be satisfied. Since the random variable X
is integer-valued, it follows from (5.1) that

(5.3) Vi (fe(@) = k) = P(X = k) + &:(x)

foreachfixedk =0,1,2,....
Let us split the factorial moment (I, x) (see (4.1)) into two parts:

(5.4) e, x) =B, x, )+ fll.x,y), y=1+3,

where Bi(l, x, y) is that part of sum (4.1) for which f,(gq) < [y]and B,(, x, y) is the
part for which f,(g) > [y].
From (5.3) we have

[y)-1

Bul,x,y) =) k(k—=1)--(k =1+ ](fulg) =k

yl-1

=Y k(= 1)+ (k =1+ D(P(X = k) + £:(x))

=g +&@) — Y k(k—1)---(k—1+DP(X =k).
k=[yl
Since

D ktk—1)--(k=1+1)P(X =k)

k=[y]
<> k(=1 (k=1+1)
k=[y}

Z](J—l) =l+DG-DG-1-1)
JjGg-=10-- J—l+1)(1—l)(1—l—1)

P(X =)

https://doi.org/10.1017/51446788700014403 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700014403

[9] Factorial moments of additive functions 433

<Z kk—1)---(k=14+1)
_k=m ktk~1) - (k=14+Dk-Dk-1-1)
o0
x Y JG =D —I=DPX=j)
j=i+2
<g i 1 —g i 1 < 81+2
—= ol+2 h—1_1)2 5" 2o vi—1=-2"
i k—1-1D it T D=2
we find that
8i+2
5.5 ILx,y)= o\ ———}.
53 tx) =a+e0 + 0 (252)
Applying the estimate of Proposition 4.1 we obtain, for x sufficiently large,
1 fx(q) -1
(x,y) = D) - (filg) -1+ 1) ———
Brllox. ) = g 2; £ @ (felg =
JARE!
< e+ 1,x) 1

= < .
DI-1 ' DI-1
The last estimate and equalities (5.4) and (5.5) imply that

_ 8i+2 1
e, x) =g +¢&,(x)+ 0 ([y] —1 —2) *o ([y] —l) '

Consequently equality (5.2) holds. U

PROOF (sufficiency). Let equation (5.2) be satisfied for every fixed natural /. Let

1 itfe(q)
mmﬂmZeq
q€Q}

be the characteristic function of the distribution v!(f,(q) < ).
Foreveryr e {0)}UNand L € N

L

eirr —-1- Z (;) (eir _1)1

1=1

r )
< 11_1 L+1‘
= (L+1)le |

Consequently

L
VO =1+ ?(—ll}i)(e" 1) +0 (‘L’S’:_“Ll_’xllen _1|L+1)
I=1 :

(L+1)
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for every natural number L.
According to equality (5.2) we have

L
111{.10‘/&([) =14 Z %(eil _1)1 + 0 (..fgl‘;l-leil _1|L+1>

~ (L+ 1)
e gl(eit_l)l <°° 21g1 2L+lgL+1)

BN ot TG PY ot e A )
= I oyt I (L+1)

where ¢ € R.
Letting L go to infinity, we can assert that

lim ¢, (t) =1+ — e —1

forevery t € R.
Since the limit function is continuous, (5.1) holds for some random variable X,
which has the above characteristic function. Proposition 5.1 is proved. O

6. Main term of the factorial moment

PROPOSITION 6.1. Let f, be a set of strongly additive functions with rational argu-
ment. Assume f, (p‘s) € {0, 1} for each prime number p and exponent § € {—1, 1}.

Then
1
p(l,x) = — +e(x).
p%; p+1
f(pH)=1
If
1
6.1) > =«
p‘e[P p
f(ph)=t
then for every natural |
. A, (P pl.. . p?
6.2) o, x) =Y (pi'pr - pi) + &(x).

P+ DE+D (g + 1)

PROOF. First we consider the case [ = 1. It is evident that

PIRACIE Z O Z

q€Q; preP, Plg

o(l,x) = #Qx

https://doi.org/10.1017/51446788700014403 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700014403

[11] Factorial moments of additive functions 435

Assume p € P, and x is sufficiently large (x > ¢;). Using Lemma 3.1, we obtain

Zl_(#Q, 1#[—:%51, n<x, (mp,n)=1}

plg

e
= #Q)#{[= e Q%7 (1, p) =1}
n

1 1 1 1
=——<1+0(°gx+£))=———+0(°gx>.
p+1 x x p+1 x

Ifl/pe ﬁ"’x and x > ¢4, we have similarly from Lemma 3.1

‘ 1 1
Ly 1=;(1+0<M+_)>=_+0(bﬁ)~
#Q, p+1 x x p+1 x

(1/p)lg

If pP € P, and p > % := x!~V/vI&x then

1
#_Q:,,s ‘#QXZ Z 1<<—

n<x m<n

Plim/n)

for x > ¢;. Hence

- 5 (o () o 2

$eP, peP,
p=x p>x
1 (long )
=y 1+ >
preb, P+ 1 psi X<p<xp
B SRS (WA R
B St 1 8 Jlog x '

Finally o(1,x) = 3 5, (p + D+ e(x).
Now let [ > 2. It is easily seen that

(6.3) ol,x) =Y m Qx Yo
qu,
p p, ‘Iq
We split (6.3) into four parts and denote them by {¢(l, x)};, i = 1,2, 3,4. Into the
first and second sums we include all summands for which §,,6,,...,6 = 1 or —1,

respectively. The third sum

-1
{cp(l,x)}:;:Z(]l() > o b

k=1 Siveens &=1 qEQx
Sktlyeeesy=—1 _puk_lq
Pr+t P =X Pheit
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The fourth sum {¢(l, x)}4 is constructed in the same manner as {¢(l, x)}; with the
condition py,, - - - p; < X replaced by its opposite pyyi--- pr > X.
If Ac(p} - p¥) = 1for pi' - pf, we define

[ {
P1=P1(pf'“'Pf')=]—[Ph P2=P2(p‘f‘-'-pf')= n pi,
i=1

i= i=1
&=1 8i=—1

Let pi, pa, - .., p; be distinct prime numbers. It follows from Lemma 3.1 that, for x
sufficiently large (x > ¢;),

1 P
6.4) Y oi=@)#Z 2 <, Pn<x, (Pm, Py =1
#Qx n an
q€Q,
Lepilg

= (#Q,)"'# {g € QORI (m, P = (n, P,) = 1}

1 P,logx P
= 1<1+Oz(i+——‘>)
PIP1P2p+ x *

1 log x 1
= 0 —).
e ’(xﬂ +XP2)

On the other hand, for each p’' - - - p} = P,/ P, we have

1
6.5 —_ 1
(6.5) oy qu L — ;m ‘Ple
(fz/f’z)lq Pain Pyim
for x > ¢;.
Using condition (6.1), expression (6.4) and Landau’s inequality (see, for example,
[14]),

x  (loglogx)/~!

(6.6) #Hm<x:0@m=j}< G — 1) log x

where j is a fixed natural number, we obtain

* APy pr)
6.7 1, =
(6.7) {o, ) M%:l PRSI TES
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) Ar(py---p1)
= + |
51.§,:=1 pm+hH---(p+ ) &(x)

because the first remainder term is Oi(xog x (3 5, 1/p)) = Oi(x'log x), and
the second is O;(x"'#{m < x : w(m) = I}) = 0,((log x)~'(loglog x)'").
Similarly from (6.1) and (6.4)—(6.6), we have

©68) {od, 0}
_ Z A(1/(py---p)
Sivee D+ D

P P/ <x

+o |t Z*( 5 A/ i p)

+ logx) +
X e \PL P 5.5l P h

pi-pi <k pLpr> i

«  A(/(pr--p)
= O (W, ,
al,....¥,=-1 P+ D-(p+ 1) +al)+ l( l(x))

W=y —

81 f=—1 I R 4]

E<prpi<x

Using (6.1) and (6.4)—(6.6) again, we obtain
(6.9) {e(,x)};

S (1) Z* A ((pre P/ (Prsr -+ P1))
k) oS i+ D (et D)

where

Siptify=—1
Prs1-pr <X
5050 (25) (25 )
+ 0| - +
K =1 b=l Pkti* " Di Pi- " Pxe Pit1° " P
5k+1v &=-1
PrtiprSX
d A, (-"—P—‘ k ) -1
Pi+1:P1
= +ea(x)+ 0 W) ).
Z() X Grnmen e (Z . )
5k+1 ----- §=—1
Finally, inequality (6.1) and estimate (6.5) imply that
-1
(6.10) {o, x)}a = O (Z Wl_k(x)) .
k=1
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Substituting (6.7)—(6.10) into (6.3), we can assert that

< AP p)) -
11 = .
G ¢t =) ot D (D T+ O W)

We have that

-1
W, = Z %5Z%=log(l—ﬂ%) —+—0(e' °g").

(1/p)eP; f<psx
X<p=<x

Define -721 — xl—(logx)—l/(H»l)

we obtain

for natural number /. Applying (6.1) for each fixed k > 2,

Wi (x)

*(k—1) 1 1 £
< Y — <log <1 L losl/x) )
Srotig=—1 P17 Pk-1 log(x/(p: - px-1))

P1ePr—1 <Xz

1 *(k=1) 1
+o( : ))+0 L
10g(%/(p1++* Pa-1) ‘A, 2 Pr it

LoesBg—1=—1

X2 <pr-pi-15x

1 *(k—1) 1
) (log x)1/6 s Z 2T 5

Lo Bkm1=—1
2<pipr-15x

1 *(k-2) 1 log(x/%,) )
=0 | ——+ ———— (g {14+ —=
| Qogx)ie 2 pl---pH( g( log(%2/(p1 -~ Pa-2)

LoeeeoBp—2==1

Pr-pr-2<X

1 *(k—2) 1
+o ( : )) N S —
log(x2/(p1- - pr—2) 61..4.,52,_;?1 P Pr2

X3<pi-pr-25x

1 *(k—2) 1
¢ (log x)1/12 51W§=_1 pi- P2

X3<prpe-aSx

o | —L 4 > ! o) (———1 )
==Y 1/(kk+ D) P B ks )
(logx) womed, P1 (log x)

X <pi=x
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Equality (6.2) follows from (6.11). This completes the proof of Proposition 6.1. O

7. Proof of Theorem 1.1

PROOF (Necessity). Let v, (f:(q) < u) = P(X < u) for some integer-valued
random variable X. It follows from Proposition 4.1 that

YL@«

qeQx

19
(l,x) = Qx

Hence, according to Proposition 6.1, ) ;
structure of the limit law of X.
Using (6.5), we have for x sufficiently large

1 “« 1 1 *k 1 1 1
@ =k =52 W,Z L« o sul 2y

Pk lg pPePs

scp, 1/P = cs, where cg depends on the

k

Since lim, ,» v, (fx(q) = k) = P(X = k) forevery k =0, 1, 2, ..., we obtain that
P(X = k) < cf/k!, k € N. Hence

=) k(k—1)--(k=1+1)P(X = k)<<z l)' = cle

for each fixed natural /.

The necessity of the condition in Theorem 1.1 now follows from Propositions 5.1
and 6.1. |

PROOF (Sufficiency). Let all the limits in the statement of Theorem 1.1 exist. Since

in ¥ o=

peP,

we have that

8
Ac(pr - 1) . 1 ,
= lim < | lim — ] =4
&= x—»ooz P +D--(p+1) H,OPEZ +1 &

Therefore the series Y -, (2'g;/I!) converges.

On the other hand, Proposition 6.1 implies that lim,_ ., ¢(l,x) = g for each
natural /.

The statement of Theorem 1.1 now follows from Proposition 5.1. O
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