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Regularization and generalized double shuffle relations
for p-adic multiple zeta values

Hidekazu Furusho and Amir Jafari

ABSTRACT

We will introduce a regularization for p-adic multiple zeta values and show that the
generalized double shuffle relations hold. This settles a question raised by Deligne, given
as a project in the Arizona Winter School 2002. Our approach is to use the theory of
Coleman functions on the moduli space of genus zero curves with marked points and its
compactification. The main ingredients are the analytic continuation of Coleman functions
to the normal bundle of divisors at infinity and definition of a special tangential base point
on the moduli space.

Introduction

This paper is a continuation of [BF06]. Let p be a prime number. The first author in [Fur04]
introduced p-adic multiple zeta values (MZVs) for admissible indices (n1,...,nm,) € Z%,, that is
when n,, > 1. In [BF06] the double shuffle relations for these p-adic MZVS were proved. In this
work we extend their result. By using the moduli space of genus zero curves with marked points and
its stable compactification, we introduce a series regularization of p-adic MZVs for non-admissible
indices and then prove a generalized double shuffle relation. This relation is an extension of the
double shuffle relation in [BF06]. This includes a comparison between the integral regularization
and the series regularization of p-adic MZVs.

Let us first review the story for complex valued MZVs. Recall that for positive integers nq, ..., 7y,
the (complex) MZV is defined by

) = Y W (0.1)
0<k1<--<km 1 m
They were studied first by Euler for m = 1 and m = 2. It is easy to see that the series is convergent
if and only if n,, > 1. The double shuffle relations consist of series shuffle relations and integral
shuffle relations. Both of them are product formulae between MZVs. The simplest example of the
series shuffle relation is

¢(n1)¢(n2) = ¢(n1,n2) + ¢(n2,n1) + ¢(n1 + n2).

It is easily obtained from the expression (0.1) and can be generalized in a similar way to other
MZVs. The simplest example of the integral shuffle relation is

) = 3 ("7 et =i+ T (" 77 et = .

7
i=0 J=0 J
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This follows from the iterated integral expression for MZVs. Using these formulae we can get
many relations among the MZVs. However, the double shuffle relations are not enough to capture
all the relations between MZVs. There are two regularization of the MZVs for non-admissible
indices: the series reqularization, which extends the validity of the series shuffle relation, and the
integral reqularization, which extends the validity of the integral shuffle relation. The several variable
multiple polylogarithm (MPL)
k1 km
Ling, oo (@15 sm) = > % (0.2)
0<ki<--<km L m

with complex variables x1,...,x,, is the device to construct the series shuffle regularization. It is
clear that when the indices are admissible the limit of (0.2) when the z; approach 1is ((n1,..., 7).
In general one can show that Liy, . (1—€,...,1—¢€) = Zé\io ai(€)log’ e, where a;(e) € C[[e]] are
analytic functions in a neighborhood of ¢ = 0. The series reqularized MZV ¢%(ny,...,nm) € C[T]
is by definition the polynomial Zé\io a;(0)T*. The one variable MPL

km

. . ¥4
L’lnh___’nm(Z) = LGl,---,nm(17 ooy ]., Z) = Z W (03)
0<ky<--<km 1 m

with one complex variable z is the device to construct the integral regularization. It is clear that
when the indices are admissible the limit of (0.3) when z approaches 1 is ((ni,...,ny,). It can
be shown that Lip, . p,. (1 —¢€) = Zi\io bi(e) log' €, where b;(¢) € Cl[[¢]] are analytic functions in a
neighborhood of € = 0. The integral reqularized MZV (! (ny,...,n,,) € C[T] is by definition the
polynomial Zz‘]\io b;(0)T?. We note that /(1) = —T. There is a comparison relation between these
two regularizations that we now describe. Let L be the C linear map from the polynomials C[T] to
itself defined via the generating function!

EZ:OL(T”)F = exp<— zz:l *u") (0.4)

The regularization relation [IKZ06] asserts that
¢S, onm) =L (1, ). (0.5)

The generalized double shuffle relation is in fact three types of relations: the series shuffle rela-
tion for series regularized MZV, the integral shuffle relation for integral regularized MZV, and
the relation (0.5) that gives the comparison between these two regularizations. It is conjectured
that the generalized double shuffle relations capture all the possible relations between the MZVs
(cf. [Rac02]).

Now we explain the story for p-adic MZVs. The one variable MPL in (0.3) has a p-adic analogue
as a Coleman function on P'(C,) — {0,1,00}. This function depends on a choice of the branch
of p-adic logarithm. We denote this function by Lif, , (z), where a € Q, is the value of the
chosen p-adic log at p. In [Fur04] the p-adic MZV (y(n1,...,nm) € Qp for an admissible index
is defined as a certain limit of this Coleman function as z approaches 1. It is shown in therein
that this limit exists and is independent of the choice of the branch of p-adic logarithm. Using the
language of the tangential base points, it can be explained as follows. The function Lij, , (2)
is a Coleman function on P! — {0, 1, 00}. First analytically continue it to the tangent plane at the
point z = 1, punctured at the origin. Let z denote the canonical parameter of P! — {0,1,00}. Then
t = 1 — z is regarded as a local parameter of this tangent plane and it can be shown that the
function obtained via this analytic continuation is a polynomial in T := log®t. We want to stress

!There is a sign error in [Gon02] for this formula.
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that this polynomial is independent of the choice of a and we define the integral reqularized p-adic
MZV Cpl(nl, ...y My) € Qp[T] to be this polynomial. When n,, > 1, Cpl(nl, ...,Myy) is a constant
polynomial (cf. [Fur04]).

We will use a method inspired by [Gon02] to define the series regularized p-adic MZV. We use a
p-adic analogue of the several variable MPL in (0.2). It is denoted by Lif, ., (¥1,...,2Zm) where a
is the value of the branch of p-adic logarithm at p. It is a Coleman function on Mg ;,43, the moduli
space of genus zero curves with m + 3 marked points. We identify this space with

A" —{xy-xpy=00r1—mz;---2; =07 < j}.

Let Mo m+3 denote the stable compactification of Mg ;,+3. The line (1—¢,1—¢,...,1—t) in Mo m+3
when t approaches 0 intersects a unique divisor Dy (denoted later by D!,) of Mg 3. Let R denote
this intersection point and L be the tangent line above R in the normal bundle of Dy minus the
zero section. The series reqularized p-adic MZV is defined by

¢S, nm) = LitP0) (2, 201,

yeeyTm

where Li?[ff?%m (Z1,...,Ty) is the analytic continuation of MPL to the part of the normal bundle

of Dy minus the zero section that lies over the open part of D outside all the other divisors. The
series regularized p-adic MZV {5 (n1,...,Mm) is a polynomial in Q,[T] where T' = log®t. It a priori
depends on a.

The main result of this paper is the following.

THEOREM 0.1.
(i) The series regularized MZV Cg(nl, .oy m) € Q[T is well defined, that is, it is independent

of the choice of the branch parameter a € Q.

(ii) If ny,, > 1 then Cg(nl, ...,N) is constant and is equal to the p-adic MZV (y(ni,...,Ny) in
[Fur04].

(iii) The generalized double shuffle relation holds, i.e. Cg(nl,...,nm) satisfies the series shuffle
relation and C{f(nl, ..., Nyy) satisfies the integral shuffle relation. Furthermore, the regulariza-
tion relation

Cg(nl, ey ) = Lp(CI{(nl,...,nm))

holds, where L, is defined by analogous generating series in (0.4) where we replace ¢f(n) by

Gp(n).

This theorem is used together with some results of Racinet and the first author to prove the
following result.

THEOREM 0.2. Deligne’s p-adic MZVs satisfy the generalized double shuffle relations.

The definition of these p-adic MZVs is recalled in §7. This definition was suggested in the 2002
Arizona Winter School and the theorem above solves the project proposed by Deligne.

1. Review of Coleman functions

We recall some definitions and properties of Coleman functions and tangential base points as devel-
oped in [Bes02], [Bes05] and [BF06]. We fix a branch of p-adic logarithm log : Q) — @, with value
a € Q, at p for the rest of this paper.

Let X be a smooth variety over K, a finite extension of Q,. Let N'C(X) denote the category
of unipotent flat vector bundles on X, i.e. a vector bundle together with a flat connection on it
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such that it is an iterative extension of trivial vector bundles together with a trivial flat connection.
This category is a neutral tannakian category and any point z € X (K) defines a fiber functor w,
from NC(X) to the category Veck of finite dimensional K-vector spaces (cf. [Del89]). In [Vol03],
Vologodsky has constructed a canonical system (after fixing a branch of p-adic logarithm) of iso-
morphisms af’y : wy — wy for any pair of points in X (K). The properties of these isomorphisms
are summarized in [Bes05, §2]. Following [Bes05], an abstract Coleman function is a triple (M, s, y)
where M € NC(X), s € Homp, (M,Ox) and y is a collection of y, € M, for all z € X(L) for any
finite extension L of K, where M, is the fiber of M over z and is an L-vector space defined by the

fiber functor w, : NC(Xp) — Vecy,.
This data must satisfy the following:

(a) for any two points 1,29 € X(L) = X1 (L) we have a3l,, (Ya,) = Yo

b) for any field homomorphism o : L — L’ that fixes K and x € X (L) we have 0(yz) = Yo (2)-
(z)

There is a natural notion of morphism between the abstract Coleman functions. The connected
component of an abstract Coleman function is called a Coleman function. A Coleman function
is also interpreted as a function on X(K) by assigning to = the value s(y,). This is indeed a
locally analytic function. In this paper, we will use both approaches for Coleman functions, i.e. the
interpretation as a triple (M, s,y) as above and the interpretation as a locally analytic function.
The set of Coleman functions on X is a ring which we denote by Col®(X). Here a € @, is the value

of the chosen branch of the p-adic logarithm at p.

Let X be a smooth Og-scheme and D = ZZ-E 7 D; be a divisor with relative normal crossings
over Ok, with the D; smooth and irreducible over Og. Let J be a non-empty subset of I. In [BF06]
a tangential morphism Resp j : NC((X — D)) — NC(NY) was constructed. Here N is the
normal bundle of D; = [;c; D; minus the normal bundles of D; (5 for all j € J (the normal
bundle Ny is considered as the zero section of Np,), and then restricted to Dy — ;¢,(Dj N Dy).
The construction is given as follows (cf. [BF06, §3]): For each j € J consider the valuation v;
on K(X) associated with the divisor D;. Let Ox(D™1) be the localization of Ox at D. There
exists a multi-filtration F; on Ox(D™'), indexed by tuples x = (x; € Z);cy, such that F} is
the Ox-module generated by {f € Ox(D™1), v;(f) = xj forall j € J}. It is easy to see that
Spec(Gr ;Ox(D™1)) is precisely N'9°. Suppose we have a connection V : M — M ®0, Q% (log D)
with logarithmic singularities along D. We give Q% (D™ 1) = Q4 (log D) ® Ox(D™') the induced
filtrations from the filtration on Ox(D~1). It is easy to see that the differential d preserves the
filtration. Now M (D~ 1) = M ®Ox (D) and M @ Q% (D~!) have the induced filtrations. It follows
that the extended connection V : M(D™!) — M ® QL (D™1) respects the filtration. The connection
Resp, (M) is the graded quotient of this connection.

Let x be the residue field of Ok. It was shown in [BF06] that if the Frobenius endomorphism
of (X, D), locally lifts to an algebraic endomorphism of (X, D) then this morphism respects the
action of the Frobenius endomorphism. Indeed by [Shi02] and [CLS99] the categories NC(X — D)
and N'C(N') are isomorphic to the categories of the unipotent isocrystals NCT((X — D),) ® K and
NCT((NP),) ® K on the reductions (X — D), and (N9°), and therefore admit a natural action
of the Frobenius endomorphism. Choose a point ¢ € (A9°), (%) which is the reduction of a point
t € N9(L) for some extension L of K. The point £ defines a fiber functor w; from N'CT((X — D),) to
Vecr,, which is Frobenius invariant if we take a high power of the Frobenius. Then following [Bes02]
for any point # € (X — D), (%), which is the reduction of 2 € N9(L), we get a canonical Frobenius
invariant isomorphism a; ; : wz — w;. The above categorical equivalence gives an isomorphism

z,t

gt : wy — wy. Now for any 2/ € (X — D)(L) and ¢’ € N9(L) we define
Ayttt = Qg o O Qg g O Ay -

1092

https://doi.org/10.1112/50010437X0600265X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X0600265X

DOUBLE SHUFFLE RELATIONS

This is independent of the choice of = and ¢. Using this we have a way (developed in [BF06, §4])
to extend a certain type of Coleman functions (which were called Coleman functions of ‘algebraic
origin’ in [BF06]) (M, s,y) on X — D to a Coleman function (M’,s’,y’) on N9 as follows. Let
M € NC(X — D) and y be a compatible system over X — D as before. The morphism s : M — Ox
induces a morphism sp : M (D™ ') — Ox(D~1) which we assume to be compatible with the filtration
Fj. Then the Coleman function (M’,s’,y’) is defined by M’ = Resp, j(M) as described above and
the morphism s" is Gr(sp) : Resp jM — Oproo. The section vy’ will be a collection of y; (t € N9(L))
with y; = ay+(y,) for some z € (X — D)(L).

2. The moduli space Mgy n43 and its compactification

In this section we give a quick review on some basic properties of the moduli space Mg n43 of genus
zero curves with NV + 3 distinct marked points and its stable compactification Mg y13. The basic
references are [GHPS88], [GMO04] and [Man99].

The moduli space My y3 can be identified with

m
- U {Hxi _ 1}.
1<n<m<N “i=n
Here G,, = A! — {0}. The identification is given by sending (z1,...,2xy) to the N 4+ 3 marked
points on P! given by (0,z1---2y,72---2N,...,TN,1,00). Note that with this identification we
have canonical coordinates z1,...,zy on Mg n43.
We need to work with Mg y3, the stable compactification of this moduli space. There is a very
concrete description of this space in [GHP88] that we now recall. Let Viy be the set of all distinct
ordered 4-tuples of {1,..., N + 3}. There is an embedding

o M07N+3 — AVN

given by sending (P, ..., Pyy3) to all cross ratios of 4-tuples of points. To normalize the cross ratio
we recall that r(0,00,1,2) = x. Let A, for v € Viy be the coordinates of AYN. The image variety
will be given by the following equations:

)\vlvgvgv4>\vgvlvgv4 = 1)
>\'U11)2'l)31)4 =1- )\1)21)31)4'017

)\vl V20405 )\vl VoU3VL )\vl V2U3V5

for all distinct 5-tuples vy, vg,v3,v4,v5 in {1,..., N 4+ 3}. Now the compactification M07N+3 is
obtained simply by taking the closure of this variety inside (P')V~. This means that we homogenize
the equations by letting A\, = ay,/b,.

To give a natural stratification of ﬂo, ~N+3 which is of combinatorial origin we need to recall
the notion of stable labeled trees. A stable tree is a tree (in the meaning of [Ser80, §2] and is not
oriented or planar) such that each of its vertices has valency at least 3. A stable (N + 3)-labeled
tree is a stable tree with N + 3 external edges labeled by distinct labels from the set {1,..., N 4 3}.
Any stable curve of genus zero with N + 3 marked points defines a stable (IV 4 3)-labeled tree. This
construction is standard and for details consult the above references.

Any vertex ¢ of a stable (N + 3)-labeled tree 7' defines an equivalence relation ~; on the
set {1,..., N + 3} which can be identified with the set of external edges, as follows: i ~; j if
either the corresponding external edges have a common vertex or there is a path from ¢ to j in T’
that avoids t. It is easy to check that this forms an equivalence.
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To each stable (N + 3)-labeled tree T we associate a closed smooth subvariety of Mo 43,
denoted by D(T'). In coordinates it is defined by

Ay =0 forallveV(T),

where V(T') is the subset of Vi of those quadruples (v, va, v3,v4) such that for some internal vertex
t of T we have v ~; vg but vy %4 v4 and vg o4y v4. The main properties of this subvariety are as
follows.

ProposiTION 2.1 [GHPSS].

(i) The codimension of D(T') is equal to the number of internal edges of T'.

(ii) An inclusion D(T) C D(T") holds if and only if T' is obtained by contracting T along certain
internal edges.

(iii) The subvariety D(T') is canonically isomorphic to [ ], Mo,val(t)- Here Ty is the set of internal
vertices of T' and val(t) denotes the valency of t.

(iv) Let D*(T) = D(T) — U D(T"), where the union is taken over all the trees that can be con-
tracted to T' except T itself. Then the set of D*(T') for all non-equivalent labeled trees gives a
stratification of Mo n 3.

(v) IfT and T are two stable trees with only one internal edge then the corresponding subvarieties
D(T) and D(T") are codimension one divisors. Let A; and As be the set of external edges
attached to the corresponding two vertices of T and similarly define A} and A% for T'. The
divisors D(T') and D(T") intersect if and only if one of the following conditions hold:

Az‘ Q A; or A; g Aj
for some i,j € {1,2}.

We consider the following affine covering of ﬂo, N+3. For each labeled tree T' let U(T') be the
open subset of My y43 given by

Ay #0 forall v g V(T).

Notice that for v € V(T) we should have \, # oo on U(T). Because if Ay yyu50, = 00 with
(v1,v2,v3,v4) € V(T) then Apyp,v50, = 0 but (vevivsvs) & V(T'). This shows that U(T") is affine.
The basic properties of these subsets are collected in the following lemma.

LeMMA 2.2 [GHPS8S|.

(i) IfT is a contraction of T" along some internal edges then U(T') C U(T"). Therefore Mg n+3 C
U(T) for all choices of T'.

(ii) If the combinatorial tree associated to a marked stable curve ¢ € Mo y43 is T then g € U(T).
Therefore we have a covering of My y43 by the U(T).

(iii) We have the following relation:
U(T) = Mowys — | D(T),
where the union is taken over all the labeled trees T' such that T cannot be contracted to T".
Finally we need to have an inductive way of constructing a coordinate system on U(7T). In fact
we can choose N elements of vy,...,vy € Vi such that the corresponding functions \,, form a
coordinate system on U(T), i.e. the coordinate ring of U(T") will be a localization of the polynomial
algebra Q[A,,, ..., Ayy]. This is done in [GHPS8S, § 3.2]. To explain this, some preparation is needed.

If T is a stable (IV 4 3)-labeled tree and i is a label, then we define T\, which is a stable (N + 2)-
labeled tree, as follows. If the valency of the vertex of the external edge associated to ¢ is at least 4
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then we just remove the external edge associated to 7. If the internal vertex of the external edge
associated to ¢ has valency 3 then removing the external edge makes the tree unstable. Therefore
we also contract the internal edge which has a common vertex with the external edge associated
to i. Note that the labels of T'\i are from the set {1,..., N + 3} — {i}.

The median of three distinct labels 7, 7 and k in a labeled tree T is the unique vertex ¢ such that
removing t divides 4, j and k into different connected components.

LEMMA 2.3. Let T' be an (N + 3)-labeled stable tree. Let i be a label such that the valency of the
vertex of the external edge associated to i, denoted by wv;, is either at least 4 or there are at least
two external edges attached to v; (such a label always exists). Inductively let Ay, ,...,A\yy_, be a
coordinate system on U(T\i). Let (dy,ds,ds) be a distinct triple of labels in {1,..., N + 3}\{i}
with the following property: If the valency v; is at least 4 then the median of dy,ds,ds should be
v;. If the valency of v; is 3 then the median of dy,ds, d3 should be the unique vertex connected by

an internal edge to v; and d3 is a external edge attached to v;. Then Ay, ,..., Aoy s Adidodsi 1S @
coordinate system for U(T).
Proof. Refer to [GHPS8S, §3.2]. O

3. The tangential base point

In this section we will select a special divisor on My 43 and define a particular line in the normal
bundle of this divisor that will play a crucial role in our definition of the series regularization of
p-adic MZVs.

Let 1 < 7 < N be an integer, and define 7; and Ti’ to be the stable (N + 3)-labeled trees
with one internal edge and two vertices v; and vy. The external edges attached to vy in T; have
labels {1,...,7+4 1} and in 7] have labels {2,...,7 + 2}. The external edges of vy in T; have labels
{i+2,...,N+3} and in 7] have labels {i+3,..., N +3,1}. We let D; = D(T;) and D, = D(T}) in
the notation of the previous section. Note that there is a unique tree, which we denote by T, with NV
internal edges that can be contracted to the T;, and similarly there is a unique tree, which we denote
by T', with N internal edges that can be contracted to the 7;. In fact T is a trivalent tree with
internal vertices vy, ...,vn where v; and v;41 are connected by an internal edge and the external
edges of vy are {1,2}, the external edge attached to v; is i + 2 for 0 < ¢ < N and the external edges
of vy are {N +2, N 4+ 3}. The existence of these trees implies that the intersection of Dy,..., Dy is
a single point which we denote by P and similarly the intersection of Dj,..., D’y is a single point
denoted by Q.

LEMMA 3.1. The collection of A\ N43,i+2+1 for i = 1,..., N gives a coordinate system for U(T').
Similarly the collection Ag 1 ;4342 fori=1,..., N gives a coordinate system for U(T").

Proof. We only prove the first part, the second part being similar. The proof is by induction on
N. For N = 1, U(T) = P! — {1,00}, and M43z sends (0,z,1,00) to =, so we have the natural
coordinate. Suppose we have proved the lemma for N—1. Then U(T'\2) by induction has coordinates
A, N+3,i+1,i+2 fori = 2,..., N. According to Lemma 2.3 we have to add Ag, 4,.1,2, such that (di,dy, 1)
has median vy, the vertex of the external edge associated to 3 in T'. This can be achieved if we let
dy = 3 and dy = N + 3. However since A3 43,12 = 1 — A1 n43,32 We can use A y43,32 as an extra
coordinate. O
Note that for the point ¢ = (0,21 ---zn,22 - ZN,...,ZN,1,00) we have the coordinates
)\17N+3,¢+2,2-+1(q) = z;. Furthermore
1-— T1...%5
zi = Ao 1it3i+2(q) = [ (3.1)
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where xy11 := 0. Also notice that since (1, N + 3,7+ 2,9+ 1) € V(T) so the equation of D; inside
U(T) is M ,N+3,i+2,i+1 = 0 or more naively x; = 0. Similarly the equation of D) inside U(T") is
A21,i43i+2 = 0 or z; = 0. The divisor Df\, given by zy = 0 is the special divisor that will play an
important role in defining our regularization.

Let En be the Zariski open subset of Mg y43 defined by

Eyn ::G%— U {Hmizl}.
IC{1,..,N} “iel
For a subset I of {1,..., N} consisting of non-consecutive numbers we have the divisor [[,.; z; = 1
inside Mg n3. Its closure inside Mg n43 is denoted by D(I).

LEMMA 3.2. The line £ = {(t,t,...,t)} inside Mo n+3 has a limit in Mg n+3 when t approaches 1;
we denote this point by R. This point lies on the divisor Dy, given by zn = 0. Its coordinates using
the coordinate system zi,...,zy are given by (%, %, ..., (N —=1)/N,0). The point R does not lie on
any other component of Moy n4+3 — En.

Proof. As is explained in §2, all the divisors of ﬂo, N+3 — Mo, n+3 are in one-to-one correspondence
with unordered partitions of {1,..., N + 3} into two subsets, where each subset has at least two
elements. For a given partition A U B, the equation of the divisor associated to it inside (]P’I)VN is
given by Ay upv50, = 0 for all quadruples such that the sets {v1,v4} and {ve,vs3} are separated by
A and B. Now since the cross ratio of (0,t* ¢ ¢!) has the limit (I — k)/(I — i) when ¢ approaches
1 and the cross ratio (0,t*,00,t%) has the limit 1, it follows that the limit of (0,tV,... ¢, 1,00)
when ¢ approaches 1 will not lie on any divisor other than the one obtained by the partition
{1,N +3}U/{2,...,N + 2}. In fact since the cross ratio of (0,t',¢/,00) approaches 0, the limit
point lies on this divisor. This also shows that R belongs to U(T”) using the above notation. The
coordinates of the point (0,tV,... t,1,00) in terms of z; are

1—1t

: N

So when ¢ approaches 1 we get the desired coordinates of the lemma. If I is a subset of {1,..., N}
then the divisor D(I) N U(T") lies inside the divisor

1—2--2n

1 gl—zi_l-'-ZN_O' (3.2)
An easy inspection shows that the above divisor has zy = 0 as a component. If we remove this com-
ponent then the point R does not lie on the remaining components. The reason is that substituting
zi=1/(i+ 1) for i < N in (3.2) we get

[Lie;(1 = [0 =1)/Nlzn) = [L;e, (1 = (i/N)zn)

[Lie,(1 = [(&—1)/N]zn) ’
The numerator is (||/N)zy + - where the remaining factors are divisible by 2%;. Now if we divide
by zy and let zy = 0 we get |I|/N. O

Let N9°(N) be the normal bundle of D’ minus the zero section and restricted to D)) = Dy —
U D where D runs over all the divisors of HQ N+3 — Mo, n43 other than D/,. This is a G,,-bundle.
According to the lemma above we have the following embedding:

N Gy = SpecQ [t, H — NY(N),

1 N-—-1
t —...,———,Nt].

= <27 ) N ) >
By this we identify N°(N) with DY x G,,.
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LEMMA 3.3. The composition
Gm -5 NO(N) 25 NO(N — 1)

is ty_1. Here wy is the projection induced from MO,N+3 — MO,N+2 obtained by neglecting the
(N + 2)nd marked point.

Proof. Note that 7 sends the special divisor of MQ N3 to the special divisor of ﬂo, N+2. Using the

coordinates z; the equation of 7wy will become (z1,...,2xy) — (21,...,2N-2,2N-1 - 2n)- (This can
be easily derived from the obvious description of the map in x; coordinates which is (z1,...,zy) —
(1,...,xy-1) and a change of variables.) Therefore the point (,...,[(N —1)/N], Nt) will map to
(3,...,[(N=2)/(N =1)],(N — 1)t) which is by definition ¢ty_1(t). O

4. Series regularization of p-adic multiple zeta values

Let 1 <1< m. The MPL is the series defined by

rkl ]:k
Liyn, .. .n,, (2 Tm) = E e i
Jeeny e .
1 m Y ) k{Ll . knm

0<ky<-<km

Notice that the number of variables could be smaller than the depth m. This satisfies the differential

equation
m
dLinl,...,nm (:L‘l, . ,l‘m) = Z aiLZ'nl’...mm (:L‘l, e ,l‘m),
i=l
where 0;Lin, . pn,.(z1,...,2y) is given by the following formula:
Lin, ... ni—1,...nm (1, - - -, Ty )d1og x5, if n; > 1,
Lin, . #iomn (Tl 1T, o Ty )d log (1 — ;)
— Ly, iy (@1 o @1, - ) d log (1 — @), if ny = 1.

Here by convention z;_; = 1 and in the case where n,, = 1 and ¢« = m we omit the last line, i.e.
formally let x,,41 = 0 and assume Liy, . n,. (21, ..., 2m—1,0) = 0. By iterated integrations we get a
Coleman function on Mg y3 (for N > m) satisfying the differential equation and having the above
expansion near the origin. We denote the corresponding Coleman function by (we may sometimes
omit the ‘a’) Lij, ., (7,...,2Zm) in accordance with a branch a € @, of the p-adic logarithm.
We remark that the way we have parameterized Mg y3 is specially useful to see that MPL is a
Coleman function.

The following proposition describes the behavior of the MPL functions around the divisor DYy
which is essential for our definition of regularized p-adic MZV.

PROPOSITION 4.1.

(i) On the region | Dy [N\Mo n+3(Cp) the Coleman function Lif,  , (xi,...,2m) can be uniquely
expressed as Zé\io fi(z1,. . 2n) - (log® zn)* for some M € N, where f2 is a locally analytic
function on the region, and can be extended to D?S (refer to the previous section for the
definition of the coordinates z; and D'y ).

(ii) The analytic continuation of Lif, ., (xy,...,7Tm) to NO?V, which can be identified with D% x
Gy, is given by Zf\io [z, 2n-1,0) - (log® Zn ).

Proof. The proof is given by induction on the weight. Both statements are clear for weight 1. Using
the formula given before for the differential of MPL we see that by the induction hypothesis the
differential of Liy, . p,.(z1,...,2m) can be expressed as ) g;w; where g; are Coleman functions of
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the desired (logarithmic) form and w; are holomorphic forms on Mg n3 with logarithmic singularity
along zy = 0 (and other divisors which we are not interested in). Integrating such a form will give the
desired logarithmic expansion. This proves the first part of the proposition. The second part of
the proposition follows from the definition of the analytic continuation explained in [BF06, §4]. O

We are now ready to give the following definition for the series regularized p-adic MZV, which
is more accurately an element of Q,[T’]. Its definition a priori depends on the choice of a branch of
p-adic logarithm, i.e. a choice of a € Q, for the value of this logarithm at p.

DEFINITION 4.2. The series reqularized p-adic MZV Cs(nl, o sy) € Q[T is defined as follows.
The analytic continuation of Lij, . (x1,...,2y) to Ng} for N > m can be restricted to the line

defined by vy : G,, — N : this way we get a Coleman functlon in Qp[log®t]. If we replace log®t
N
by T and use the notation of the previous proposition, we get

Cg(nl,...,nm) = TNLG(l, ]\f,)lm(ml,...,xm)

N — .
_ fo(%, o T10> (T +1og® N)* € Q[T).
i=0

This is independent of the choice of N > m which follows from Lemma 3.3. This regularization
will be independent of the choice of the branch a. But this will be proved later in Theorem 6.4.

PRrROPOSITION 4.3. The MPL L:¢ t,...,t) is uniquely expressed in a neighborhood of t =1 as

i (

Z:gZ )log®(1 — t)f, (4.1)
where gi' are locally analytic functions that can be extended to t = 1, then Cg(nl,...,nm) =
Yiogr (T,

Proof. The uniqueness is clear. With the notation of Proposition 4.1 we have

N /. N-1 N\ &7
7 1—1t 1—1t 1—1t
a(4) = a 11—tV ) (log® .
gr() Z<r>f7, <1_t27 ) 1_tN7 ><Og ].—t>

1=T

By letting ¢ = 1 and comparing it with the definition of regularized MZV, the claim follows. U

5. Series shuffle relation

We now describe the series shuffle relation for multiple polylogarithms. To do this we need the
notion of generalized shuffles of order r and s, denoted by

ShS(r, s) U{O‘ {1,....,7r+s} = {1,...,N} | o is onto,

ol)y<---<o(r)o(r+1)<---<o(r+s)}.
We recall the definition from [Gon02, §7.1]. Let
20 ={(k1,... km) €ZT |0 < ki < -+ <kp}CZ™.
There is a natural decomposition
Zhy XThy = U L%y
o€ShS(r,s)
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where
ZG = {(k1,... kyys) € 087 | ki < kj if 0(i) < 0(j), ki = kj if 0(i) = o (j)}.
For example for r = s = 1 we have
{k1 >0} x{ka >0} ={0< k1 <ko} U{0 < ks =hka}U{0 < ko <k}
We define the permuted multiple polylogarithm by

kl kr+s
1‘ ... 1‘
e _ § : 1 r4s
LGl,...,nH_S (:L'l, e 7337‘4-8) - ny . knr+s :
(klv"'va“'S)EZj—-‘- 1 s
Then formally we have
Lin, (@1, @p) Liny oo (Tt - Trgs)
_ o 1
— Z Lig, s (T1y ey Tpgs)- (5.1)
c€Sh<(r,s)
In fact Lif, ., . (z1,...,%r4s) is of the form Lig, g (y1,...,y) with the same weight and the

y; are either one of the z; or the product of two of the ;. If we let N = r + s, notice that this
function cannot be considered in general as a Coleman function on Mg y43. This follows from the
fact that the parameterization of Mg ny3 is not symmetric with respect to the permutation of
the coordinates x1,...,zy. Recall that we only remove the product of the consecutive coordinates
equaling 1. However, all of these functions can be considered as Coleman functions on Ey which
was defined in § 3.

Since the shuffle formula given above is formal, its validity can be extended if we regard the
functions as Coleman functions on Fy. The idea of the proof of series shuffle relation for MZV is
to restrict to the line (¢,¢,...,t¢) and use the asymptotic expansion around ¢ = 1. The crucial step
is the following proposition, which was inspired by Proposition 7.7 of [Gon02].

PROPOSITION 5.1. Let 1 =p; < pa < -+ < P S Pm+1 = N + 1 be integers and let y; = H?i:;i_l x;

(the empty product is defined to be 1). Assume below that ny > 1 and k + 1 = m. Let F' be the
following Coleman function on Mg ny3: for 1 > 0, F' is

Lizl,...,nk,l, e 1(3/1, s Yy Yk+1, - - - 7yk’+l) - Li?Ll,...,TLk,l, ceey 1(yk’+17 v 7yk+l)
—— ——

and for 1 =0, F is

Lig, o1y suk) — Lin, o, (k)

For a divisor D in MO,N+3 — Mo N3 let FD) denote the extension of F to the normal bundle NBO.
Then FP) =0 for D = D)y, D)y_, and Dy.

Proof. Notice that D/ intersects D,_; and Dy,_, intersects Dy. In fact we saw in §2 that all the
divisors D) intersect at a single point Q. To see that D),_, and Dy intersect we can use part (v)
of Proposition 2.1.

We will prove below that F' (DN) is zero and F(Px) and FPN-1) are constant. Now since Df\,_l
and Dy intersect if we apply Proposition 3.6 of [BF06] it follows that F (Pv-1) is zero. A similar
argument using the divisors D, and D, implies that F” ~) vanishes as well.

LEMMA 5.2. The extension of Lig, ., (y1,...,Ym) to NB?V is zero.

Proof. The constant term of MPL at the origin, i.e. the intersection of the D, for ¢ =1,... N, is
zero. This follows from the fact that in the neighborhood of the origin we have the power series
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expansion without constant term. We now calculate the differential of the MPL and take its residue
at y = 0. The differential which contributes is the differential with respect to the last parameter
Ym- U npy, = 1 it is Lin, . pp (Y15 Ym—2s Ym—1Ym)d1og(l — yp,); however, its residue along
xn = 0is zero. If ny, > 1itis Lin, o1 mm—1U1s - -+, Ym)d1log ym, and its residue along xn = 0 is
Lin, ... . 1mm—1(Y1s- -+, Ym), which is an MPL of weight one smaller than the original MPL. Hence
by using induction we can deduce that the extension of MPL to N BON will be zero. This finishes the
proof of the lemma. O

Let us now show that 775 is constant for j =N —1,N. Recall that the coordinates z; for the
divisors D} are related to the original coordinates x; by

1—2z 2N
Ti=————"".
1_Z’i—l"'ZN

The residue of dlog x; at zy = 0 and zy_1 = 0 is zero for ¢ < N. This implies that the differentials
with respect to those indices ¢ for which n; > 1 do not contribute. If n; = 1 for ¢ < k then the
differential of F' with respect to y; (we are assuming y; # 1) is

Lip, oo, AW YimYis - Yrr)d log (1 — 1)
1
= Lip e, 1YY, Ye)dlog i (1 — ).
l

Since dlog y; has residue zero along zy = 0 or zy_1 = 0 an induction on the weight shows that this
difference is zero when the residue is taken. So the only variables that are left are those yx11, - .., Yr1
that are not identically 1 when [ > 0 and y; when [ = 0. The induction implies that these also do
not have any contribution. We provide the details for the case when [ > 0, the case | = 0 being
similar and even simpler. The differential with respect to y; when ¢ > k is given by

Lin17___7nk7]_7 RN ]_(yl7 e Yi—1Yis - - - 7yk+l)dlog(]- - yz)
-1

= Lip el 1 Wkt Yie1Yis -5 Yrpr)d1og (1 — )
-1

_ Linl,...,nk,l, e 1(y1, e Yilid 1, - ,yk+l)dlog yi(l — yi)
-1

+ Lin, 1, 1kt Yio1Yis - Y dlog yi(1 — ).
-1

Now it is clear that induction on the weights implies that the first two and the last two terms will
cancel each other after taking the residues. This finishes the proof of Proposition 5.1. O

COROLLARY 5.3. With the notation of Proposition 5.1 and nj; > 1, the analytic continuation
of Lig, o (y1,---, k) to NO?V is constant and is equal to (y(ni,...,ny). Therefore in this case

¢5(n1, ... ,ny) coincides with the p-adic MZV in [Fur04].

Proof. By Proposition 5.1 the analytic continuation is the same as the analytic continuation of
Lig, . (k). If yp = 24, then the claim follows from Lemma 3.3 and the definition of p-adic MZV.
If yp = ;- - &y, & similar argument as above using the differential equation of MPL shows that the
analytic continuation of Lig, . (yx) — Ligy, . (7m) to Dy and Dy_, is constant and it is zero if
it is continued to Dy . This finishes the proof. ]
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6. Proof of the main theorems

We will derive the validity of series shuffle relations from (5.1). The main idea is to get a nice means
of analytic continuation to give series shuffle relations. A difficulty is that the terms of (5.1) are not
Coleman functions of My n43 (N =7+ s) but Coleman functions of Ex which generally no longer
have a good reduction. Hence we are not able to use directly the method of analytic continuation to
normal bundle explained in §1 and 4. In order to achieve this we introduce a subfamily Col’® inside
Col*(EN) which contains all terms of (5.1) and in purely algebraic way we extend the methods of
analytic continuation into Col’® to give series shuffle relations.

Let 7 € &y Put M 15 = Mo N3 X un AN where 7 : AN — AN is a map sending z; — (i),

ie.
Mins=68- U {Tow =1}

1<n<m<N “i=n
Denote its coordinate along D by

o T T
Yol =y T
Let Col® (MG y3)(log DY) be the subalgebra of Col®(M( y3) each of which has an expansion
Zij\io [T, .., 2%) (log® 2%,)" as Proposition 4.1(i). Let Col™ to be the subalgebra inside Col*(Ex)
generated by all Col"(Mf y,3)(log DY) for 7 € &y. Note that Ex C My, 3 and hence
Col*(En) contains Col®(MG y ., 5) for all 7. For each f € Col" its restriction into £ = {(t,...,t)}

has an expansion Zi\io g%(t)log®(1—1)" like (4.1). By the algebraic prescription described in Propo-
sition 4.3 we get an algebra homomorphism

tl : Col'” — Qu[[T]]
sending it to Ef\io g%(1)log®(1 — t)*. Tts restriction to Col*(M§ . 3)(log DY) agrees with
ty" 2 Col®(Mg n3)(log DY) — Qp[[T]],
which is the analytic continuation into N2 and the restriction into 7y (Gyy,).
N

We note that Lin, . n,, (Tr(1),- -5 Trm)) € Col’® for 7 € &,,, by Proposition 4.3.

LEMMA 6.1. We have t% (Lin, _n,, (Tr(1)s -5 Tr(m))) = Cps(nl, oy Nyy) for any T € G,y
Proof. The proof is clear because Liy,, ., (21, Zm)|e = Liny ... (Tr(1)s - - Tr(m))le- O
LeEMMA 6.2. With the notation of formula (5.1), the image of Lij, ., . (%1,...,%Zr1s) (0 €
e i sty o e g oEo g el e ol tre) =
. {nm +ny, ifo71(i) = {m,l},
] e, if o71(i) = {m}.

Proof. Note that

Lizl,...,n,«+s (1‘1, s ,1‘7«4_3) = LZ.CL---@N (yh cee ,yN)
where

T,  if o71(i) = {m}.
Now since the tangential morphism ¢, ; is invariant under the action of the symmetric group, with
a permutation of the parameters we can assume that we are in the situation of Proposition 5.1.

{mmxl, if o71(3) = {m, 1},
Yi =
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Therefore if ¢y > 1 the result follows from Corollary 5.3. If for some k we have ¢,_; > 1 and
cp = -+ = cy = 1 then we necessarily have yr = x4,...,ynv = Tpqs With ¢ = r+ s+ k — N.
Proposition 5.1 implies that the extension of

Licl,...,ck,l,l, ey ]_(ylv s 7yN)
———

N—k+1

to N9 is the same as the extension of
r+s

Li 71(:L‘Z', ooy Tpys) € Col®( Mo rts)

Cl,...,Ckfl,]., “ e
N—k+1
to N9 . Another application of the same proposition implies that this extension is the same as

r+s
the analytic continuation of

Licl,...,ck_l,l, RN 1(xT+S—N+17 s JxT-i-S)
~—
N—k+1
to N9 . This is a Coleman function on Mo ,r4s with variables (z1,...,2,4s). Using Lemma 6.1 to

48
calculate its image of 7, ; we may replace it by

1(@1,...,2n) € Col®(Morts)-

Z’Cl,...,Ck,1,17 LR
N—k+1
By Lemma 3.3 the image of this function under the map ¢}, is the same if we consider it as a

function on My y and apply the map t4;. By definition therefore the image under ¢§; of this function
as a Coleman function on My y is Cg(cl, cey CN). O

Hence we have ~?+S(Lighm7nr+s(:p1, e Tpyg)) = {g(a(nl, e Mpts))-

THEOREM 6.3. Series shuffle relations for series regularized p-adic MZV hold, i.e.

S ymn) Snstree i) = 3 SO0, )
o€Sh<(r,s)

holds for all v, s,n1,...,npps > 1.

Proof. Apply the homomorphism ¢% s to both sides of the identity (5.1) and use the previous
lemma. O

It is interesting that this theorem together with the observation that Cg (1) = =T as a polynomial
in Q,[T], which follows from the fact that Li{(z) = —log®(1 — z), implies that the definition of the
series regularization is independent of the branch of the p-adic logarithm.

THEOREM 6.4. The definition of series regularized p-adic MZV Cg(nl, ..., Nyy) does not depend on
the choice of a branch a € Q, of the p-adic logarithm.

Proof. Thisis clear if n,, > 1, since by Corollary 5.3 we have Cps(nl, o) = Gp(na, ..., nyy,), which
is independent of the branch (cf. [Fur04]). Now assume that ny > 1 and ngy; = -+ = ngyy = 1
1102
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where k + [ = m. Then the series shuffle relation implies that

S S
G ()¢, (1, ymg, 1,000, 1)
-1
_ 1S
=1¢, (n1, ... ,ng, 1,000, 1)
1
+ ¢ (1, g, 1 D) 4 G (Lng, g, 1, 1)
——— N——
-1 -1
S S
+ n+1,...,n,1,...,1)+-- -+ Nyeve, Mgy 1y, 1,2).
G (m k ) G (n1 k )
-1
Now an induction on [ proves the theorem. ]

Let us now explain the integral regularization of p-adic MZVs. The one variable MPL
km,

. z
Lin,,..n(2) = E T
Ry
0<k1<-<km

can be viewed as a Coleman function on M4 = Ej. Its image under the tangential morphism ¢
is the integral regularization of the p-adic MZV and we use the notation Cé (k1,...,kp). This is an
element of Q,[T] where T' = log®(1 — z). By the p-adic iterated integral expression of p-adic MPL,
the first author in [Fur04] deduced an integral shuffle product formula that we now explain. For
k= (ki,...,kpn) and kK" = (k,..., Kk ,) with k;, k; > 1 the following formula holds for p-adic MPLs:

Liy(2)Liy (2) = Z Lia, iy, w,,) (2): (6.1)
T€Sh(N,N")

Here N =ki+ -+ ky, N =k +---+ k!, and

SHN,N"):={r:{1,..., N+ N'} = {1,...,N + N'} | 7 is bijective,
(1) <+ <7(N),7(N +1) <---7(N + N')}.

For W =X Xp, W = X1y Xpy with X; € {A, B} and 7 € Sh(k,1), the symbol (W, W)
stands for Zy -+ Zpyy with Z; = X, 1. For a = (a1,...,a;) with [,a1,...,a; > 1 the symbol Wy
means a word AM~1BAR-1=1B... AF1=1B and for such W we denote its corresponding index by
aw .

Each term in (6.1) lies in Col*(Mp4). Applying the morphism t{ to identity (6.1) gives the
following result.

PROPOSITION 6.5. The integral series shuffle relation for integral regularized p-adic MZVs holds,
ie.
(k)G (K) = Z ¢ @rmnow,))
r€Sh(N,N")
holds for k = (ki,...,kp) and k' = (k,..., k. ).

Note that CI{ (1) = —T and therefore the integral shuffle relation implies that

(1)

I —
Cp(lw”?l)_ n!

n

(6.2)

The proof of the regularization relation is a p-adic analogue of the proof given in §7 of [Gon02].
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THEOREM 6.6. The regularization relation holds. Namely for ny,...,n, =1
¢S 1y mm) = Lp(¢l(na, ... ) (6.3)
where L,, : Q,[T] — Q,[T] is a linear map that is defined by
e n oo ]
U G (n)
LY = exp<_ 3 Tu>
n=1 n=1

Proof. The validity of (6.3) is clear if n,,, > 1. The following special case for (ni,...,n,) = (1,...,1)
can be proved exactly as in Lemma 7.9 of [Gon02]:

[e'e} [ee) I n
> ¢, Dt :exp<—z%(—u)”>. (6.4)
n=1 n n=1

Assume that ng > 1 and ng 1 = -+ = n,, = 1. We prove the regularization formula by induction
on m — k. Note that by (5.1) we have

Lin, . (21, .. ,xk)Lil, o 1@kg1, - )
k
Linl,...,nm,l, o 1(x1,...,xpm) + other terms, (6.5)
k
Li 1,...,1,2)Li 1.1,
1 e Mg, y)
k—1 m—k m—k—1
= Linl,...,nm,l, o 1(L,...,1,2,1,...,1,y) + other terms, (6.6)
S~ k-1 m—k—1

where ‘other terms’ above means the collection of terms whose number of ones at the end is less
than m — k. We apply the morphism #% : Col® — Col*(G,,) to (6.5) and the tangential map
t§ : Col*(Mps) — Col*(G,,) to (6.6). Now if we use Proposition 5.1 it follows that the first
equation gives the series regularized p-adic MZVs and the second will give the integral regularized
p-adic MZVs. We therefore have

Cg(nl, .. ,nk)CIf(l, 1) = Cg(nl, ey Mum, 1, .., 1) + other terms, (6.7)
m—Fk m—Fk

Cz{(nl’ .. ,nk)CZ{(l, 1) = Cz{(nl’ ooy, 1, 1) + other terms. (6.8)
m—Fk m—k

The left-hand side of (6.8) after applying the map L, coincides with the left-hand side of (6.7).
This follows from (6.2) and (6.4). Also note that the terms which are not written in (6.7) and (6.8)
have less than m — k ones at the end, so by induction after applying L, will match. This finishes
the proof. O

7. Deligne’s problem on double shuffle relations

In [DelOQ] Deligne proposed the following definition for p-adic MZVs. Let X = P'\{0,1 oo} and

TPR(X, 01) denote the de Rham fundamental group of X with the tangential base point 01 at 0.
This can be identified as the group-like elements with constant term 1 of the non-commutative
power series Hopf algebra Q((A, B)), where A corresponds to the loop around 0 and B to the loop
around 1. The coproduct is defined by AA=A® 1+ 1® A and similarly for B. Since X and the
base point have a good reduction modulo p, we have an action of the Frobenius endomorphism ¢
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on this fundamental group tensored with @Q, which can be extended to Q,((A, B)). It can be shown
that under this endomorphism?

A»—>é,
p

B (9P ) <§>q>§ge,

for a certain group-like element ®7 of Q,((A4, B)) with constant term 1 and the coefficients of B"
equal zero. Deligne defines (—1)mCZPe(n1, ...,Nm) to be the coefficient of A"m~1B... A"m~1B in
oo,

It was asked in [Del02] and [DGO5] to prove the validity of the generalized double shuffle relation
for these p-adic MZVs. This is achieved using the results of this paper and [Fur07]. In fact in the
language of Racinet in [Rac02] we need to show that ®}) (A,—B) € DMR\(Qp). We recall his
machinery briefly. The group scheme DMR,, has k (a field of characteristic 0) valued points which is
a subset of power series k((A, B)) of those power series g = Y cwW, where W runs over all words
in A and B, such that the following hold.

(i) The constant term ¢y = 1 and ¢4 = cp = 0.
(ii) The series g is group-like with respect to the coproduct defined above, i.e. Ag = g ® g. This is
a concise way of saying that the coeflicients of g satisfy the integral shuffle relation.
(iii) Let m, : k((A,B)) — k{(y1,92,...)) be defined as a linear map that sends all the words
ending A to zero and the word A~ 1B ... A"~ 1B to y,, - - y,, . Define the coproduct A, on
k{((y1,92,-..)) by

n
Asyn = Zyz ® Yn—i, Yo := 1L
i=0
Also define

o (=1)"

g« = €eXp <— Z o CAn—lB?J?) Ty (9)-
n=1

The last condition is that A,g. = g« ® g«. This is a concise way of saying that the coefficients

of g, satisfy the series shuffle relation.

In [Fur04] a fundamental solution, denoted by Go(z)(A, B), for the p-adic KZ equation
d d
S+ BIEL)GR). e PUEMNO Lok

dG(z) = <A? +B
was constructed. Its coefficients are Coleman functions on P'\{0, 1, co}. If we analytically continue
this function to the tangent vector 1 at z = 1, we get a power series @}, (A, B) € Q,((A, B)), called
the p-adic Drinfel’d associator, whose coefficient for A, _1B--- A"~ B is the integral regularization
(—1)mC£(n1, ..., Ny) evaluated at 7' = 0. The main result of this paper says that in the language
of Racinet

Y7 (A, —B) € DMR((Qy).
Now we can prove the following theorem.
THEOREM 7.1. Deligne’s p-adic MZV satisfies the generalized double shuffle relation.
Proof. Tt is shown in Theorem 2.7 of [Fur07] that

A 4B
(A, —B) =@} (A, —B)- %, <5’ P (A, —B) 1?1%6(14, —B)>.

2We are using the inverse of the usual Frobenius as opposed to [Del02].
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This can be rewritten using the product ® of DMR:
A B
@%Z(A, —B) = ®ky, <g, —E> ® @%G(A, —B).

The set DMR,(Q)) and also Q,((A, B)) form a group under this product (see [Rac02]) and the two
elements ®4, (A, —B) and ®},,(A/p, —B/p) belong to this group, hence ) (A, —B) € DMR(Q,).
Let

P (A, B) := exp(BT)®} (4, B).
The coefficient of A" 1B...AM~1B in & is denoted by (—1)"¢y" (n1,...,nm). This is

(=)™ I],De(nl, ooy Nyp) if ny, > 1, and if n,, = 1 this is a polynomial in terms of T for which if
we let T =0 we get (—1)™ Z]?e(nl, ...,Nm). The series regularization is obtained by applying L,

i.e. the coefficient of A"~ 1B... AM~1B in L,(®% ) is defined to be (—=1)™¢p*(n1, ..., ny). The
fact that ®} € DMR)(Q,) implies that (I],D ®I(ny,...,ny) will satisfy the integral shuffle relations

and CZP e’s(nl, ..., nyy) will satisfy the series shuffle relations. Note that the relation between the two
regularizations automatically holds by the way we have defined the second regularization. O
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