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Abstract

The factorial conjecture was proposed by van den Essen er al. [‘On the image conjecture’, J.
Algebra 340(1) (2011), 211-224] to study the image conjecture, which arose from the Jacobian
conjecture. We show that the factorial conjecture holds for all homogeneous polynomials in two variables.
We also give a variation of the result and use it to show that the image of any linear locally nilpotent
derivation of Clx, y, z] is a Mathieu—Zhao subspace.
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1. Introduction

The Jacobian conjecture (JC for short) asserts that any polynomial map F : C* — C"
with nonzero constant Jacobian determinant is invertible (see [3] or [1]).

In 2011, van den Essen et al. [5] established a connection between the JC and
images of derivations. They considered the following question.

QuesTion 1.1 [5, Question 4.1]. Let D be a derivation of Clx, y] with divergence zero,
that is, 0,(D(x)) + 0,(D(y)) = 0. Is ImD a Mathieu—Zhao subspace of C[x,y]?

Throughout, a derivation always means a C-derivation. Mathieu—Zhao subspaces
(see Definition 3.1 below) are a kind of generalisation of ideals. Van den Essen
et al. [5] showed that the two-dimensional JC holds if and only if Question 1.1 has
an affirmative answer in the case 1 € ImD.

In 2017, the second author showed in [10] that Question 1.1 has a negative answer
in general (see also [4] for a generalisation of the result). However, the following
conjecture is still open for any n > 3.

This work was supported by the NSF of China (grants 11871241 and 11771176), the EDJP of China
(JJKH20190185K]J) and the China Scholarship Council.

© 2019 Australian Mathematical Publishing Association Inc.

71

https://doi.org/10.1017/5S0004972719000546 Published online by Cambridge University Press


https://orcid.org/0000-0003-4626-2930
https://doi.org/10.1017/S0004972719000546

72 D. Liu and X. Sun [2]

Consecture 1.2 [14, Conjecture 1.7]. Let D be a locally nilpotent derivation of
A :=Clxy, x3,...,X,] (so that D is of divergence zero). Then ImD is a Mathieu—Zhao
subspace of A.

Conjecture 1.2 holds for n = 2, since by Rentschler’s theorem (see [3, Theorem
1.3.48]) a locally nilpotent derivation of C[x,y] is conjugate by a C-algebra
automorphism of C[x, y] to a derivation of the form f(x)d,, the image of which is
the ideal (f(x)) and thus a Mathieu—Zhao subspace of C[x, y].

In this paper, we focus on Conjecture 1.2 in dimension n = 3. We find that the
problem is related to integrals of polynomial functions and, more precisely, to the
following factorial conjecture.

Consecture 1.3 (Factorial conjecture (FC(n)) [6, Conjecture 4.2]). Suppose that f €
Clxy1, x2, ..., x,] is such that

fmem Rt gy dxy - dx, = 0
R,

forallm > 1. Then f =0.

The factorial conjecture was proposed by van den Essen et al. [6] to study the
image conjecture, which also arose from the study of the Jacobian conjecture (see
[6, 7,9, 11]). Edo and van den Essen investigated a stronger version of the factorial
conjecture in [2]. The factorial conjecture FC(n) has only been verified in the
following cases: (1) n=1; (2) n =2 and f is quadratic homogeneous; (3) n is
arbitrary and f has a very special form, for example, f is a power of a linear form
or f=cix +coxd + -+ + cuxd, where ¢y, ¢, ..., ¢, € C (see [6]).

In Section 2, we show that the factorial conjecture holds for all homogeneous
polynomials in two variables and we also establish a variant of this result. In Section 3,
we apply the result to show that Conjecture 1.2 has an affirmative answer for any linear
locally nilpotent derivation in dimension n = 3.

2. Factorial conjecture
Let C" := C[x;, x2, ..., x,] be the polynomial algebra in n variables over C. For

any f € C, Jet

Ei((f) ;=f f.e*(x1+xz+...+x,,) dx; dxy - - - dx,,
Rh

e~ 2ix2++x2)/2
Ex(f) = f [ dxy dxy -~ dx,,
Rz

which are the expected values of f with respect to the exponential distribution and the
Gaussian normal distribution, respectively. We can restate the factorial conjecture as:
if f € C" is such that E\(f™) = 0 for all m > 1, then f = 0.
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RemMark 2.1. The name ‘factorial conjecture’ comes from the fact that for any i € N,

E|(t) = fooo fe~tdt = i! and, thus, for any monomial M = x’i‘ xgz .. xﬁl

E\(M) = f X5 e e Gyl - dixy = g Vi)
RS

Lewvia 2.2. Ei(f) = Ex(f30 + 2D, 505 + 23), -, 307 + 2) for any f € C.

Proor. Using the polar coordinate transformation of R,

£+ £+ £2\i g=(1+1)/2 0 (21 20 2
E((l 2)):f(1 2) d,dt:ff (_) drdo
NE 2\ 2 a0 T 2T T

SN N - _
= _ -r</2 d_)(f —d@) :f £ —t dt = E+ (¢
(fo (Z)e 2NJy 2x 0 ¢ 1)

and it follows that E{(M) = Ex(M(3(y3 + 23), 303 + 23), ..., 3(v2 + 22))) for any
monomial M = xil' xgz ‘e xil The conclusion follows. O

In what follows, we will show that FC(n) holds in dimension n =2 for all
homogeneous polynomials f.
We first recall the usual polar coordinate transformation of R*:

=rcosb,

= rsin 6, cos 6,,

X3 = rsin @ sin 6, cos 63,
X4 = rsin @ sin 6, sin 03,

= =
[} —
I

where 0 <r < 00,0<60; <m,0< 6,60 <2x This polar coordinate transformation
cannot be applied successfully to prove Theorem 2.6 below. So, we need to define a
new coordinate transformation of R*.

Dermvirion 2.3. Define a coordinate transformation of R* as follows:

X1 = rcosé; cos6,,
Xp = rcos 8 sin 65,
X3 = rsin @ cos 65,
X4 = rsin 6 sin 65,

(2.1)

where 0 < r < 00,0 <0, < (1/2)x,0 < 6,, 05 < 2. One may verify that

dx1 de dX3 dX4 Idet Jr’91’92’93 (x1 , X2, X3, )C4)| -dr d@l d@z d93

> sin 6, cos 0, dr df, d6, do;.

The following lemma ensures that Definition 2.3 is reasonable.
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Levmva 2.4. The map ¢ : M = [0, o0) X [0, (1/2)n] % [0, 27) X [0, 271) — R* defined by
formula (2.1) is almost one-to-one with the inverse given by

_ /2 2 2 2.

= NJx] X+ g+ X
[.2 2
x|+ x5

6, = arccos ;
Je+2+x2+ 22
6, = the unique angle in [0, 2r) withcos 6 = ,8in@, = 2 _
A lx +x3 3+
03 = the unique angle in [0, 2r) withcos 63 = ,8infz = M .
\ / T+

(2.2)
More precisely, the map ¢ induced by ¢ with domain M defined by
(0, c0) x (0, %ﬂ') x [0,27) X [0,27) = {(x1, X2, X3, X4) € R* | x% + x% #0, x% + xﬁ # 0}
is one-to-one.

Proor. Let P = (x1, x2, X3, x4) € R* be such that x% + x% # 0 and x% + xﬁ #0. On
one hand, if we take My = (r, 61, 6, 63) to be the point determined by (2.2), then
My € M and one may verify by (2.1) that ¢(My) = P. On the other hand, if a point
My = (1,61,6,,03) € M is such that ¢(M) = P, that is, M, satisfies (2.1), then one may
see from (2.1) that M, must be of the form determined by (2.2). Therefore, the map ¢
is one-to-one. O
Lemma 2.5 [8, Corollary 4.1]. Suppose that a,b € R and a # b. If f € C[t] is such that
fahf’"dt=0f0rallm2 1, then f = 0.

THeEOREM 2.6. The factorial conjecture FC(2) holds for all homogeneous polynomials.
More precisely, if f € C[x,y] is homogeneous and

E|(f™) = f f e dxdy =0 forallm> 1,
0 0

then f = 0.

Proor. By Lemma 2.2, for any m > 1,

0=E(f"(xy)= Ez(f’"(@, #))

(XX X+ g e (a2
= f dxy dx, dxz dxy.
R4

2 72 (2r)?
Set d := deg f. Using the coordinate transformation in Definition 2.3 with

dxy dx, dxz dxq = > sin 6, cos 0, dr d, do, dos,
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2 2 2 «in2 —r2/2
0 0
0= f fm(r o8 A 5 LU ) ¢ r3 sin 91 COS 91 d}’d91 d@z d93
M

2 2 ) @ne
72 \dm e 12
= f (5) f™(cos? 6y, sin® 6)) 20 1> sin 6, cos 6 dr d6, do, dbs
M T

/2
=c f f”’(cos2 9, sin’ 6y) sin 0, cos 8 db,
0

where M = [0, o) X [0, (7/2)] X [0, 27) X [0, 27) and

00 r2 dm 213 3 2n r2n 1\2
- Y e rdr)-(f f (—) 46 de)
(L (2) 0 0 271' 2 3
0o 2\ dm+1 2
:(2f (%) e”z/zd%)-1=2(dm+1)!¢0.
0

It follows that

/2
0= f f™(cos® 6y, sin* 6)) sin 8, cos 6; db,
0

1 /2
=5 f f™(cos? 6y, sin® §;) d(sin* )
0

1 1
:Efo (1=t 1) dt

and, by Lemma 2.5, f(1 —¢,1) = 0.
Let f = X%, c;jx"/y/, where c; € C for j=0,1,...,d. Then

d
c;i(1 =" =0,

=0

which implies that co = 0 by setting 7 = 0. Then ¥4, ¢;(1 - )*~/#/~! = 0 and it follows

that ¢; = 0 for the same reason. Similarly, one may obtain that c; =c3 =--- =¢4 =0.
Therefore, f = 0. O

Now we give a variation of Theorem 2.6.

TueoreMm 2.7. Let f € C[x,y] be a homogeneous polynomial in two variables such that

2 2

X7+ X
Ez(f’”( — 2,y2))=0 forallm > 1.

Then f =0.
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Proor. Let d = deg f. Note that for any m > 1,

X2+ x2
o-rlrisE)

= Y 3 X1dxpdy.
R3 2 (\/ﬂ)

Using the polar coordinate transformation

X1 = rsinf; cos 6y,
Xy = rsiné; sin6,,
y =rcosb,

where 0 < 7 < 00,0 <6 < 7,0 < 6, <27 and dx; dx, dy = r* sin 0, dr db, db,,

0 f ()C] + xz 2) —(x +3+y%)/2 dor dooo
= X1 dxp ay
(V2r)’

2 o2
J2dm m(sm 2 0529) .
,C 1 3r sin 6 dr db, do,
(V2ry
( f 2 (- [ (0 oo )acoso ) [ o de)
= r ,COS S —
| m | > 1 N 2z 92

(2dm2+ 1)Hf fm(l—t2 2)dt

for all m > 1, where Rdm + D!! = Rdm + 1) X Qdm - 1) X --- x 1,
It follows from Lemma 2.5 that f(3(1 — #%),7*) = 0 and, as in the proof of the last
theorem, we obtain f = 0. |

3. Images of linear locally nilpotent derivations

In this section, we show that the image of any linear locally nilpotent derivation of
the polynomial algebra A = C[x, y, z] is a Mathieu—Zhao subspace of A.

Derinition 3.1 [12]. A C-subspace M of a commutative C-algebra S is called a
Mathieu—Zhao subspace if for each pair f, g € § with /™ € M for all m > 1, we have
gf™ € M for all m > 0 (that is, there exists some myg such that gf™ € M for all m > m,).

The definition of Mathieu—Zhao subspaces was introduced by Zhao in [12] and
called ‘Mathieu subspaces’ in some early literature. For more properties of Mathieu—
Zhao subspaces, we refer the reader to [7, 13].

Recall that a derivation D of C"! = C[xy, x5, ..., x,] is called locally nilpotent if for
each f € Cl", there exists an my € N such that D"/ (f) = 0. Also, D is called linear if
each D(x;) is a linear form.

Lemma 3.2. Let D = x0y, — y0, and let x'ykz/ be any monomial in C[x,y,z). If i > ],
then x'y*z/ € ImD.
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Proor. First observe that for any i, j, k € N,
D(xi ]) — kxl+l k— l Jxlyk+l (31)

We use induction on j to show that x'y*z/ € ImD if i > j. When j = 0, by setting
j=01in (3.1), we have x'*!y*"! € ImD for any i € N, k > 1. Now suppose that j > 0

and x'y¥*1z/=1 € ImD for any i € N, k > 1 with i > j— 1. Then, by (3.1), we have

xHyk=lz) e ImD for any i € N, k > 1 with i + 1 > j, as desired. m

Lemva 3.3. Let D = x0y, — y0, and let f € C[x,y,z] be such that f € ImD. Then
Ex(f((x = 2D/ V2,, (x +20)/¥2)) = 0.

Proor. Using the polar coordinate transformation

X = \/Ercosﬁ, z= V2rsinf and dxdz =2rdrdo,
we have

X —Zi\i/x + zi\ N — AN x4 2\ e D2
) [ o

2

—r

27
= f (rcos 6 — risin0) (rcos 6 + risin H)je 2rdrdf
0 0 2

oo 27
= f (re719 (re'g)f dr do
0 Jo 2

:( oo,,i+je—r2 drz)( > ei@(j—i)idg): i fori=j
0 0 2r 0 fori#j.

Also note that

P ke-> 2 (k-1 forke2N,
Ea0) = N {0 for k ¢ 21V, (3-2)
where (k— D! =(k-1) X (k —3) x -+ x 1. So, for any monomial M = x'y*z/,
k= 1N =
Ez(M(x Zl’ ’X+Zl)) iltk— 1! fori JandkEZN, 3.3)
\V2 \2 0 otherwise.

Since f € ImD, f is a C-linear combination of the monomials considered in
Lemma 3.2, that is, polynomials of the form

hl/k _kxl+1 k— 1 ]xtyk+1

By (3.2) and (3.3),

x—zZ x+z
el 52

—7y7
Ve
(kG + DIk =21 = (i + D%k =0 fori+1=jandk—1€2N,
—10 otherwise.
Therefore,
—zi x4+
) :
e
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THeoREM 3.4. Let D be any linear locally nilpotent derivation of A = C[x,y, z]. Then
ImD is a Mathieu—Zhao subspace of A.

Proor. We may assume that D # 0. Since D is a linear locally nilpotent derivation, D
is nilpotent as a linear operator on V := Cx + Cy 4+ Cz. So, there exists some linear
polynomial automorphism 7' of A such that (T~' o D o T)|y has the matrix Ej, or
E\» — E»; with respect to the C-basis x,y,z of V. Thatis, T~! o D o T is of the form
x0y or x0, — y0,.

For any polynomial automorphism ¢ and any C-subspace M of A, M is a Mathieu—
Zhao subspace of A if and only if ¢(M) is a Mathieu—Zhao subspace of A. So, we may
assume without loss of generality that D = xd, or D = xd, — y0,. When D = x0,, we
see that ImD is the ideal (x) and thus is a Mathieu—Zhao subspace of A.

From now on we assume that D = xd, — yd,. Consider the w = (=1, 0, 1)-degree on
A = Clx,y,z], so that deg x'y*z/ = j — i. Suppose that 0 # f € A is such that ™ € ImD
for all m > 1. We divide the discussion into two cases.

Case 1: deg,, f <0. Forany g € A,

deg, gf" = deg, g + mdeg, f <0

for m > 0 and thus gf™ € ImD for m > 0, by Lemma 3.2. It follows that ImD is a
Mathieu—Zhao subspace.

Case 2: s :=deg, f > 0. We show that this case does not occur. Since x* € ker D and
f™ € ImD, we have (x*f)" = x™ f™ € ImD and deg,, x°f = (—=s) + 5 = 0. So, replacing
f by x'f, we may assume that deg,, f = 0.

Let f; be the w-homogeneous part of f of w-degree i. Then f = fy + f-; +---. Note
that /™ = fi" + g, where deg, g <0. By Lemma 3.2, g € ImD and thus fi" € ImD for
all m > 1. Replacing f by fy, we may assume that f is w-homogeneous of w-degree 0.

Denote by f the highest homogeneous part of f with respect to the ordinary degree.
Since D is a homogeneous derivation with respect to the ordinary degree, replacing
f by ]_”, we may assume that f is homogeneous with respect to the ordinary degree.
Replacing f by f? if necessary, we may also assume that deg f is even.

In conclusion, we may assume that f is w-homogeneous of w-degree O and is
homogeneous of even degree with respect to the ordinary degree, that is, f is of the
form f = g(xz, yz), where g(t, ;) € C[t;, 1] is homogeneous.

Since /™ € ImD for all m > 1, from Lemma 3.3,

Ez(fm(x\_/;l,y, xir/;l)) =0 forallm>1,

that is,

2, .2
Eg(gm(x ;Z ,yz))zo forallm > 1.

Since g(t1, t) is homogeneous, it follows from Theorem 2.7 that g(t;, #;) = 0 and thus
f =0, which is a contradiction. O
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