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The Irreducible Covariants belonging to the
Concomitant System of Three Quadrics.

By J. WiLL1aMsON,
(Read 14th June 1924. Received 20th October 1924.)

INTRODUCTION.

In the following paper I give a complete list of the types of
covariants belonging to the concomitant system of three quater-
nary quadrics, where covariant is used in its restricted sense and
refers solely to a concomitant involving the variable x alone. A
complete list of the types, 62 in number, is given in §1. In
§$(6-10) the covariants are determined, and in §§(11-12) a list of
the identities used in the reduction of the covariants is given, along
with typical examples of the process.

The paper is based on a paper of Professor H. W. Turnbull
(Proc. Lond. Math. Soc., 2, 20 (1921) 465-489), in which he has
worked out a complete system for the concomitants of three quadrics.
In his paper he gives a complete list of the bracket factors from com-
binations of which all the concomitants can be formed. I have
simply found out all the possible covariants, and have then reduced
as many as possible, that is have expressed them in terms of simpler
ones. The following list contains all types of irreducible covariants
or covariants which cannot be expressed in terms of simpler ones.

Types of the Covariants of Three Quadrics showing the degree
in the co-effictents of the quadrics and the order in .

The K, Group.

a; (1,0,0) 2
The K, Group.
(:3a¢z) 1,3,1) 2
(za’ﬁ Ca bZ) (4) 4: 1) 2;
(A Bx)* (2,3,0) 2,
(5) (4, B)(4AB) 22 3) 2,
(4, B)(AC)(CB) 2,25 o
(ﬁA‘r )( 8% bv) (51 4’ 4) 2:
(45 X(By )(4B)( g0y ) (3,53 2
(45 (B, (ACYCB) say) 3,55 2
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(]0) (Aﬂ )(B‘r )(A B)( ACa by) (51 6’ 4) 21
(4s)(B, J(ACYCB)( 0., ) (5,6,6) 2
(Ap (B, N(AB)( 4.0y ) (2,6, 4) 4
(4p )( By ((AB)( g1.,b, ) (3, 6, 3) 4,
(Cs )(By )(BC)( pay) (L,55 2
(15) (Ca)(B,)(BC)( se.dy) (3,6,6) 2,
(Ca)(B, BAXAC) sab,) (5,6,6) 2,
(Ca B, )(BOX se.by) (0,6,6) 4
(Cﬂ )(BY)(‘BO)<ﬂazb7) (1: 67 5) 4)
(4 C. B)(4B) (5, 5, 2) 4,
(20) (4Ca B) (4, (AB)(ay) (6,5 5) 4
The K, Group.
(2By)( 43)( ) a) (4,4, 4) 4,
(xByz)( by ) 0:) 3, 4,4) 2
(aBy2)(ABY)AB)(cs) (5,6,4) 2,
(Boa)(Ba)(a c)( b 461 2
(25) (Bea)(Bo)(ape)( ) (4,59 2
(Bea)(Ba)(ac)( b, ) 5,64 2
(Bca)(Be)(a, b, )e, 4, 3, 4) g,
(Bea)(Ba)c, a, 42 1) 2,
(Bca)(Ba)e, (a,b,) (4,3, 4) 2,
(30) (Bea)(Ba)(ac) ob.) (4,3,1) 4
(Bea)(4y)(B4)(caa)(,b,) (3,6,4) 2
(Bea)(Ay)(BCHCA)(cpa)(,b,) (3,6,6) 2
(Bea)(Ay)(B4)(c. by a. (6,3, 4) 2,
(Bea)(4y)(BC)C4)(c. by )a, (6,3,6) 2
(35) (Bea)(Ay)(B4)a,c, (8, 2, 4) 2,
(Bea)(4y)(BC)(CA)ay c, (326 2
(Boy)(Be)(ya) 423 2
(Bay)(dyX(BAY oc2) 5,24 2
(Boy)(4y)(B4)(oby a.) (6,3,6) 2
(40) (Boy)(dy)(BA)( b, a5¢;) 6,6, 7) 2
(Bay(AB)(BA)(pay ) acs) (6,5,4) 2
(Bay)(AB)(BCYHCA) pay )(oc)  (6,5,6) 2
(Bac)(Bey)( by Yase) 43,4 2
(Ba'c)(Bo”YX wBY )(aﬂ c) (4s 7: 4) 2:
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(45) (Bac)(Cab)(BC )(b,c) (1, 8, 8) 2,
(Bac) Cab)(BA)AC)(b,c) 3,33 2
(Bac)(Cab)(BC)(b,agc) (2, 6, 3) 2,
(Bac)(Cab)( ,45 )(BC)Yb, cq (3, 6, 6) 9,
(Bac)(Cab)(4, B)(AC)(b,c) (3, 3, 6) 4,

(60) (Bac)(Cab)(By)(Co)( ,a,b)c, (5, 8, 6) 4,
(BOLY)(C"‘IB)( VAP)(BC) (5’ 5: 5) 2;
A 1,2, 2) 2,
h(BC)a, (1, 2, 2) 3,
hy(BA)(AC)a, 3,22 %

(55) hy(B,C)a, (4, 2, 2) 4,
h,(Bac)(Bo)(BC)c, 4, 4, 3) 2.
hy(Boy)(Co)a, 4, 2,5 2
hy(Bay)(Be)(BC)a, (4,4, 5) 2,
hy(Boy)(Be)(BAYAC)a, (6, 4, 5) 2,

(60) hy(Bac)(Cab) ad.c, 23,3 4,
hyhshyab e, 3, 3,3) 6,
Vi 22,2 2.

§(2) The corollary follows: — The system of contravariants is

correlative with this list of covariants and is immediately deducible
by the principle of duality (§13).

§(8) Norarion.—In symbolic farm let the point, plane, and
line equations of the three quadrics be :—
Si=al=al. , ¢=ul=ul ...,
So=0i=02 ..., ¢2=u;=u§, ey
Si=ci=cl..., ¢=ul=ul ...,
and,
Ty = (AyPss + A1gPas + A1Poy + Aoz + Auprs + Aoy, ) = (Ap)’,
wy= (Byupu + Bigpio+ Bripm + Bupro+ Bupis + Byup,)' = (Bp),
Ty = (0127’34 + Clspn + 0147)':3 + 034}712 + C4W13 + C%Pu)z = (CP)"',
where a,=Zaz,, u =2Zuo,=(ux), i=1, 2, 3, 4.
4, = (a1a5); = (aya,; — aa,) or briefly 4 =(a,a,).
O = (A, Ba5) i = (01,8,,03) or briefly o= (a,a.a;).
o= (da;) = (a;4) ete., with similar meanings for B, B, C, ¥
and dashed letters.
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§(4). All possible covariants are products P of factors chosen
from the following four groups of factors Fy, F,, F, and F,.
(1) Three of type I, :a,, b, c..
(2) Fifteen of type F,:as, a,, b,, b, c., ¢z, (4Pz), (dyx),
(Byx), (Box), (Cox), (CBi), (AB), (BC), (C4).
(3) Eleven of type F,: («fyx), (dbc), (Bea), (Cad), (48y), (Byw),
(Cap), hyy hoy by, k.
(4) Three of type F,:(BCaw)=F, (CAbB)=F, (ABcy)=1F,
where A, = (BCura) = (b,Ca) b,, - (b,Ca) b,,=p(,Ca)d,,
k= (ABCxx)= (Ab,c,) by, c., — (Abscy) byy 0y
+(db,ey) by 0, — (dbie.) by, 00, = Lpc (4B, €1) by Comy
F, = (BCao) = Qp(b,Ca) by, the rest being of
type (abcd).
Definition of chain symbols : —
(a50a) = Ay aaba, (45 C. B) = (4Bx)(CPa)(Cose)( Buc)
and (4, B) = (AC)(CB) or (4B). (AB) or (4,) is used for (4Sx).

§(6). The notation #=¢ means that F - ¢ is reducible, i.e. can
be expressed in terms of simpler forms.

A form is reduced, (1) when its currency is raised, (2) if F;
factors are present and no F,,, factors are present when the
number of #; factors is decreased, (3) if the number of F, factors
remain the same, when the maximum number of symbols 4, B, C
convolved in one F, factor is decreased.

§(6). Throughout this paper the covariants have been con-
sidered in order of simplicity following the order of Professor
Turnbull in his paper. They are divided into four groups X, A,
K, K, where any group K, contains at least one factor F; and no
factor F, where £>1.

If MV is a covariant where & is a product of ¥, and F, factors,
then & contains an even or an odd number of factors of type
(ABx) according as M contains an even or an odd number of
capital letters. For the total number of capital letters in any
product must be even, and the only two types of F, factors
involving capital letters are (4.B8) and (4Bx). When finding the
possible forms of ¥ in any particular case, the covariants were
graded according to the number of brackets of type (48:x)
appearing in N.

2 Vol. 43
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§(7). K, Grour. The only covariants belonging to this group
are the quadrics themselves of which e is typical.

§(8). K, Grour. The brackets which may appear in a covari-
ant in this group are the fifteen F, and the three F, factors.
There must be present in such a covariant no factors, two, four or
six of type (4Bx).

No factors of type (4Bx).

The only two types of covariants are :— (, agc,), (4, b.¢,).

Two factors of type (ABw).

These factors may be:—(1) (48z)%, (2) (B,4), (8) (44,)
(4) (45)(By ), (5) (Cp )(By)-

The types of covariants are :—

(1) (AB=).

(2) (B, 4)(B4), (B, 4)(BC)(C4).

(3) (o4y) (a2 )% (s4y) (4201 )s (5dy) (oby ),* (pdy) (s0y )*

(pdy) (p2:0ad, ) *

(4) (45 )(B, )(4, B)(pay ), (45 )(By )4, B)(g£ady)s
(4p )(By N4, B) gasby ), ** (45)(By )(4, B)( pesty ),*
(4p)(By)(4, B)(geabeay ),* (45 }(B, )(4; B)(po.00by),*
(46 )(By )(4, B)( gosby)-**

(3) (Ca (B, )C, B)( 3y )** (Cp )(By )C B) g¢aby),
(Co )(B, NC, B)( 5855, ), ¥* (Cp )(B, X(C, B)( 0.0, )%
(Cﬂ )(B1 )(C: B)( ﬂczbr )'**

Four factors of type (APBx).

These factors may be : —

(1) (45 C. B), () (sCeB,), (3) (sCaB)(Ay): (4) (€. )B, 4).

The types of covariants are :—

(1) (45C. B)(4B) only, since (4;C.B)(AC){CB) would split
up into factors.
(2) (4CeB,) M where M= (sa,),* (s0b,),* ( s0.8,).*
(3) (50 BYA, XAB) M where M= (), {sb, )% (mb,)*
(40,3,
(4) None, because of the factor (B, 4)(B, 4).
Six factors of type (4PBzx).
There is only one covariant (4,C, B, 4).*

* The covariant is reducible,
** The covariant is reduc:ble unless
(4, B), (B, 0), (C, 4)=(AB), (BC) (CA) respectively.
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§(9). K, Group. Let N denote throughout a product of ¥, and
F, factors. The F, brackets which enter into the consideration of
covariants are of the following typest:—A (aByx), B (4bc) with its
dual (48y), C hy=(BCax), D k=(4BCxzx).

A From the table, loc. cit. 484, any covariant in this group

must be one of two types:—
(@) («fy2) %, B) (xBy=)(4B7) N

Type (o). (aByx) N. N may contain any F, or F, factors
except (4B), (BC), (CA)}. It may contain no factors, two or four
of type (4Bx).

No factors of type (4Bzx).

The types of covariants are:—

(oBya)( p2:)(182)(ae)s (aBy@)( oy )( a2)-
Two factors of type (4Bz).
The factors must be ( 44, ) and the types of covariants are :—
(xByx)(p4,) M where M = (oc.),* (a€p@.),* (uLpa,b).*
Four factors of type (APx).
The factors must be (4, B.) and the only type of covariant is
(xByx)(p4y Ba)(1b2)-*

Type (B). («PByx)(4By)N. XN may not contain a,, (4B), (BC)
or (C4)} but may have one, three or five factors of type (4SBz).

One factor of type (A4Px).

The factor must be (48) and the types of covariants are :—
(aByz)(4By)(A4B) M where M =(ucs); (oby @p),* (aC:y as),* (abuts)-*

Three factors of type (4Bwx).

These factors must be (1) (4, B.), (2) (45)(.B,). The types of
covariants are :—

(1) (xBy=)(4By)4, B.).*
(2) (2By=z)(4By)4p)(oB,) M where M =(4a,),* (,.5,)* and
(poby) *

Five factors of type (4Px).

These factors must be (45C,..B,) and each Covariant of this
type has the factor (afByx)(48y)(4,C.).

+ Gf. Proc. L.M.8., loc. cit., 488.
1 Cf. loc. cit. 477,
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B This group can be divided (loc. cit. 485) into (o) (Bac) ¥,
(B) (Bay) N, () (Bac)CaB)R, (3) (Bac)(Bav)H, (¢) (Bac)(Cab)¥,
() (Boy)(CafB) N

Type .. (Bac)N. N may contain any of the F, and F, factors
and must have one, three or five factors of type (4Sx).

One factor of type (4Bx).

This factor may be (1) (Bo), (2) (4y), (3) (48). The types of
covariants are: —

(1) (Bea) (Ba) M where M = (ayc)(ab.), (a5¢) (as)y Calus
(ase)( Dy ), (ay b, )e,, €a(a, b,), (a.c)(a0,)

(2) (Bca) (Ay) (B, A) M where M=(cga)(,b,), (cga)(,a,).*
a, ¢,y a,(Cab.) ¥ (cga)(,bac)* (caby e, (a.0)(,b,).*

(3) (Bea)(AB)(B, A) M where M = (csa,),* ¢z (a, b,),* ¢s(a, b, c,)¥
since (Bea)(4B)a; =0.

Three factors of type (ABx).

These factors may be (1) (,B.)(Cs), (2) (,B.C), (3) (44, B),
) GAa)(B), (8) (,44C), (6) (LA (CL), (7) (B,)(C.)(4p),
(8) (B, 4)(C.), (9) (B,)(4,0), (10) (B, 4)(Cy).

In cases (3), (4), (5), (6), (7) and (9), a; may not occur, and in
cases (1), (), (9) and (10) ¢s may not occur. In case (5) (B, C)
must be (BC), and in cases (8) and (10) (4, C) must be (4C). Any
covariants of types (2) and (9) involve the factors (B, C)(B, C) and
(45C)(4, C) respectively.

Since (.B,).b0,) (By)(abs) (o B,),bz) are all reducible, the
types of covariants are :—

(1) (Bea)(, B.)(Ca )(B,O)ageo(yas)

(3) (Bca)(B,A4 ) M where M =cga,* cg(a,br)* ca(a,b,er)*

(4) (Bea) (,4z) (B.) M where M =cza,(.b,),* cza,(.c,)¥,
s, (b, )%, c(a, ca)(, 0. )*

(5) (Bea)(,45C)(BC)Y M where M =a,c,,*a,(c.b)*, ac.b,),*
(a0)(,b.).%

(6) (Bea) (,4,)C.) (B,C) M where M=cza,(,b,),*csa,(ac)*
csa, (b))%, caa, (,b.c.) ¥

(7) (Bea)(B,)(C.)(45)(4,C) M where M =cza,(.b,)*,
cpa, (€)%, coa(ab,)¥, cs(, 6.)(ac, a)*.

(8) (Bea) (B, A)(C,)(AC) M where M = (a,¢)(.b,)*, (age)(ac,),*
(a/i c)(m b7 a‘z)*’ (a.., ba )cx*’ Ca a'z*’ (axc)(u- bz)*7 Ca (av bx)'*

(10) (Bea)(B, A)(Co Y (AC) M where M =azc,* ag(c.b,) *

https://doi.org/10.1017/50013091500036257 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500036257

Five factors of type (d4Bx).
These factors may be (1B, 4,C.), (2)(4:C.B,) (3)(4,B.Cs).

Since any covariant of type (2) or (3) factorises the types of
covariants are :—

(Bac) (B, 4,C.) M where M = a,c.,* (a,b,) c.,* ¢ (a, b.)*
(a.e)(ub.)-*

Type (B) . (Bry) N. Since (Boy) b,=0, & may not contain b,
but it may contain any other # or ¥, factors. The factors of type
(4Bx) are the same in this case as for (Bac) .

One factor of type (ABx). The types of covariants are:—

(1) (Bay) (Ba)M where M = (,a.), (00:),* (,bocs),*
(wac/iax)'*

(2) (Buy) (47) (4,B) I where M = (.0) ** (vepa)* (.B,a,), %
(o0, agc,).**

(3) (Bay)(4B) (4, B) M where M =(acs) (;8.),% (say) (aC)s
(7bm) (ﬂ"’z>’* (vba-) (ﬂ ax)'*

Three factors of type (AfBz).

Since (Bay) (By)CB) (B, C)=0 the types of covariants are:
(3) (Bay)(B,A45) M where M=(.c5)(,a.),* (sa,) (ac,),*
(y0a) (pe)y™* (,8a) (sa)*
(4) (Boy) (44 5) (Ba) (ger)*
(3) (Boy) (,4,C) (BC)M where M= (,¢.),* (ocsa.),* (ub,a,),*
(ebyape,)*
(6) (Bay)(,4,5) (Ca)(B, C) M where M= (za,),* (s¢,),*
(ﬂc a byaz):* (ﬁa‘yb a cz)'*
(7) (Boy) (By)(Ca)(4B) (4, C) M where M =: (a,),* (yc,).*
(8) (Bay) (B,4)(Co)(AC) M where M =(,a,),* (,azc,).*
(10) (Bay)(B,4)(CR)(AC) M where M =(ocp)(,0.),* (505 )(ac.),*
(‘/bﬂ-) (ﬁcx)!* (Ybﬂ-) (ﬂax)'*

Five factors of type (ABx).

The types of covariants are :—

(1) By) (B,45C.) M where M=(,a,),* (yagc),* (,b.c)*
(ybacpa,)*

Type (v). (Bac) (Caf)N. The following are some reductions
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which considerably shorten the work in this section. They are at
once deducible from the formulae in §(11).

(Bac) (CaB)es =0, (Bac)(Caf)(4dy) =0,

(Bac) (Cof) (48)=0, (Bac)(CaB)(CB)e. =0.

N must therefore be formed from the factors a,, b,, as, ¢4, be, b, ,

a,, (By), (Ba), and (Cw) . (U8) is impossible as then the ¢ in (Bca)
could not be paired off N may have no factors of type (48z) or
two factors of that type.

No factors of type (APx).
There are no covariants of this type.

Two factors of type (4 Bx).

These factors may be, (1) (.B,), (2) (B.C), (3)(B,) (C.).
The types of covariants are :—

(1) (Bac)(CoB)(, B, )(B,C) M where M =ay(c.b, ),* as(c.b:a,).*

(2) (Bae)(CaB)(B.C) ape,.*

(3) (Bac)(CoB)(B,)(C.) M where M =as(c.b, ),* as(ca bz a, ).*

Type 8. (Bac) (Bay)N. The following reductions considerably
shorten the work in this section.

(Bac) (CB)cq =0, (Bac) (4B)ag =0, (Bac) (Bay) (4y) (Ca) =0,

(Bac) (Bay) (dy) (Bo) =0, (Bac) (Bay) (Ca) (By) =0.

N may contain any F, or F, factor, except b, and must have no
factors, two or four of type (48x).

XNo factors of type (ABx).

The types of covariants are :—

(Bac)(Bocy)(@, ¢)(«by ), (Bac)(Bay)(a,c)(acats)*

Two factors of type (4Bx).

These factors may be, (1)(. B, ), (2)(Cs), (8)(Bu)(C5), (4) (B.C),
(5)(B.)(45), (6)(C.)(4p), (T)(Cad).

Any covariant of types (4) or (7) has a factor

(B.C)(B,C) or (Cs A)(C,A).

The types of covariants are:—

(1) (Bac)(Bowy)(, B,) M where M = (a,c), (a.c),* (a, b.c).*

(2) (Bac)Boy)(.Cs) M where M =as(, a,c),* as(, b.c).*

(3) (Bac)(Boy) (B, XCs X(B,C) M where M =as(, a,¢),* as(,b.¢).*

(5) (Bac)(Bocy)(Bo)(da )(B,4) s (a7).*

(6) (Bac)(Boy)(C.)(4s)(4,C) M where M =cza,,* cs(a,c.b,)*

Four factors of type (4Bx).

https://doi.org/10.1017/50013091500036257 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500036257

1

These factors may be, (1) (B,4,C), (2) (. B,)(4,:C), but any
covariant of either of those types involves a factor.

Type (¢). (Bac)(Cab)N. N may contain any of the F, or F,
factors but many of the covariants in this section reduce because
of identities of the three types.

(Bac)(ds)ap =0, (Bac)(Cab)(Bu)cg =0, (Bac)(Cab)(Cp) b, = 0.

& may have no factors, two or four of type (48x).

No factors of type (4Bx).

The types of covariants are: —

(Bac)(Cab)(B,C)(b, ¢), (Bac)(Cab}(B,CYb, agc).**

T'wo factors of type (4Bx).

Since (Bac)(Cab) (By)(CB)=0 the factors may be (1) (,4,),
(2) (Ba), (3) (4y)(B), (4) (4, B), (5) (4y) (Ca), (8) (47)(CB),
(7) (By) (Cex), (8) (B.0).

The types of covariants are :—

(1) (Bac) (Cabd) (s 4,) (B, C) by cg.**

(2) (Bac) (Cab) (, B,) (B, C) M where M =(,a,bd) ¢.,* (,a,c) b, .*

(8) (Bac) (Cab) (4, B)(4 C) M where M = (b, c),* (b,¢), (b, azc).*

(4) (Bac) (Cad) (Ay) (Ba) (4, C) M where M=b5,¢c.,* b, (.b,¢),*

by (b, ag¢).*

(7) (Bac) (Cab) (By) (Co) M where M =(,a,b) c, (,a,¢) b,.*

(8) (Bac) (Cab) (B.C) M where M= (b,¢),* (b,c),* (b,azc).*

Four factors of type (ABwx).

These factors may be, (2) (,45C.), (4)(d4C. B), (6)(,B.C)4,),
(7) (Cs4,) (Bex), (9)(CaB) (4,)-

All the covariants of these types reduce either because they
involve factors or because of the three identities quoted above.

Type (£). (Bay)(CoB)N. N may contain any F, or ¥, factors
except b, and ¢, and may have no factors, two or four of type (48x).

No factors of type (4Bx).

There are no covariants of this type.

Two factors of type (4fBx).

Since (Bay) (CapB)(B.C)=0 the factors are the same as for
(Bac) (Cab) N where (CB)(By) takes the place of (B,C) in (8).
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The types of covariants are :—
(1) (Boy)(CoB)(, 4 ) (B, C).**
(2) (Bay) (Caf)(,B.)(B, C) (e B, 7).
(3) (Buy) (Cof) (4) (Ba) (4, C) M, where M= (sc.),* (sa,b,).*
(4) (Bay)(Caf)(AdyB)(AC) M, where M = (sa,),* (a¢.b,)*
(5) (Bay) (CaB) (4y) (Co)(d, B)H, where M = (o), * (5,01).
(6) (Boy) (Caf)(4y)(CB) (4, B).*
(7) (Bay) (Caf)(By)(Co) M where M =(,¢p),* (b a5).*
(8) (Bay)(Cap) (By)(CR).*
Four factors of type (Af3x).
Because type (8) above reduces thes factors may be
(l) (wCﬁA‘/ )» (2) (CﬂAv) (B,,) d
The types of covariants are :—
(1) (Boy) (Ca) (o Cs dy) (B, C) (o, B).*
(2) (Bay) (CuB) (Cad, ) (Bux) M where M=(,0),*(ud, g).*

C h,=(BCzxa).
From loc. cit. 488, we see that possible covariants with an X
factor are : —
(@) Ayhohya b c., (8) hy by (a,0) (4, B),
() b, (d) by (Byo) (CaB) (,ap) 0, ,*
(e) h, (Bac) (Cab)a, b.c,, (f)h (Bys) N,
(g) h, (Bea) N, (h) (4bc) I, (i) b, N.

Of these (a), (¢), (d) and (¢) are particular covariants.

Type (b) . hy hy (a.b) (4, B). (4,B) may not be (4 C)(C B) or
else b, (B C)a, would be a factor and if (4, B) were of the form
(48) (Bw) (¢, B) the covariant would be reducible mod 4#*. There-
fore &, h, (4 B) (@, b)* is the only possible covariant in this group.

Type (f) kb (Bay)N. N may notcontainb,,b,,cs, (48), (47),
or (By). It may have one or three factors of type (48x).

One factor of type (4Bx).

This factor may be (1) (Bax), (2) (Cex), (3) (CBx).

The types of covariants are :—

(1) A, (Bye) (Ba) (B, C) a, .
(2) by (Byo) (Co)a,.
(3) I (Bye) (CB) @ (3s) (ncs)-*

Three factors of type (ABx).

The only three possible factors are (5,C;) and any covariant
of this type has the factor (B,C) (B, C).
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Type (g). h,{Beca) N. In this section the following identities

were used :(—
h, (Bac) (CB)=0, h(Ady)a, =0, h (4B)a;=0,
hi(dy)ye.=0 , 2 (d4B)b.=0, h(4B)c.=0,
hy(4y) b, = s h b, =0 , hica=0 )
hiboe,=hc.b, , h b.b,=0 s hyc,e,=0

N may have one three or five factors of type (48z).
One factor of type (4Bx).
The factor may be (1) (C),  (2) (Ba),  (3) (BYy).
The types of covariants are :—
(1) h, (Bac) (Ca) e..*
(2) b, (Bac) (Ba) (B, C)c, . **
(8) by (Bac) (By) (B, ) (ya.¢).*
Three foctors of type (4Bx).
These factors may be (1) (C. B,), (2) (4, B.), (3) (4, B)(C.).
The only possible type of covariant is: —
(1) hy (Bac) (C. B, ) (,a,c).*
Five factors of type (AfSx).
There is no possible covariant of this type
Type (k) . by (Abe) N. N may have one, three or five factors of
type (452).
One factor of type (4[Sx).
Since &, (4bc) b, = 0 and %, (4bc) is symmetrical in the symbols
of the second and third quadrics the only possible factor is (Byx).
h, (4bc) (B,) (4, C) a, (b, ¢)* is the only covariant of this type.
Three factors of type (4 Bx)
These factors may be, (1) (4,C) (B,), (2) (C.B,).
The types of covariants are :—
(1) Ao (4bc) (4,0) (By) a (b, 0).*
(2) &, (4bc) (C.B,) (4 B) a, (b, e).*
Five factors of type (4 Bx).
The only possible factors are (4, B,C;) and any covariant of
this type involves the factor (C, B) (C, B).

Type (i) . by N. N may have no factors, two or four of type
(4Bx).
No factors of type (ABx).
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The types of covariants are :—
hy (BC)a,, h (B4)(AC)a,.
Two fuctors of type (4fBx).
These factors may be, (1) (45C), (2)(,sC.), (3) (Cs) (Ba)y
(4) (Cﬂ) (By ): (5) (C,,B).
The types of covariants are :—
(1) ks (45C) (4 B) a, .
(4) b (Cp) (By) @, (pay).*
(5) b, (C. B) a,.
Four factors of type (4Bx).
These factors may be, (1) (, B.Cs), (2) (4, B.C), (3) (. B, 4) (CB)
(4) (Cs) (4, B), (5) (B, 4,0).
The only type of covariant is: —
(5) by (B, 4,0) a, *
D. k=(4BCxx).
k* = (ABCxx) is the only covariant in this group.

§(10). K, Group.

From loc. cit. 489, we see that possible covariants in this group
are of types (a) F/' (Bac) (4bc) (a,bd) (¢, ¥) and its dual.

(0) F,” (Bac) a, (4,) and its dual.
(c) # by (y)-
(d) F" (4, B, ¢, 7).
F/” may occur with the following F, and F; factors :—
Ces Cay Oy by, @y, (Ay), (By), (BC), (C4), (4B).

Type(a). F|" (Bac)(Abe) (a,b)(c,y). The unpaired vy can only
appear as a, or b, and in either case the covariant will have a
factor. A similar proof applies to the dual case and accordingly
there are no covariants of this type.

Type (b). F|' (Bac) a,(4,). The unpaired (4) necessitates a
factor (4, ) or (4, B) (B,) and in either case a y is left unpaired.
It may be paired off by means of the factor e, or b,, the former of
which involves the factor a,® and the latter leaves an unpaired b
which is impossible. A similar proof applies to the dual case and
therefore there arc no covariants of this type.

Types (c) and (d). Both types leave an unpaired y and as in
type (b) this is impossible,
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§(11). List of Identities used in the Reduction of the Covariants.
L ap(dyx)  =a,(dB)-a, (4By).

II. F, b, = hy b, + (Cab) (Bozx).
TIL. (4By)(Baz)=(BA) (+By2) + (Boy) (4B).
IV. F, b, =(Cab) (Boy) + (BC) by a, .

V. F,(4Bz) =(dB) (CBa) a,+(4B) (Cox) as
- (AC) (Box) as.

VI. F,(Byx) =h (Bay)+ (Bay) (BC) a,.
VIIL. F,(4bc) =(Cba) (4B) c, +(Bca) (AC) b,.
VIIL F,(4By) =(CBa) (dB) a, +(Bya) (4C) as.

IX. kb, = (Bax) h,+ (AB) (Co) b,.

X. ke =(Bac) (CBx) + (BC) ¢, ag.

XL b (478)  =(AB) (CBz) a, +(4C) (Bya) ap

= (BC) (4ps) a.

XIIL k(aByr) =(Byz) (Cox) (4Bx)+ (Box) (CBx) (Ayx).

§ (12). Typical Reductions.
To reduce-—(Bac) (Cab) (,B.) (B, C) (,a,¢) b, =E..
E=[F,b,-h b,] (Bac) (By) (B, C) (,a.c) b, by IL
= F, (Bac) (By) (B, C) (,a.c) (.b,) mod b,2
(£ (B, C) (b, a)] [(Bac) (By) ayc.]-
product of two covariants.
=0.
To reduce—(Bac) (CBx) (BC) ¢, a5.
h, ¢s =(Bac) (CBx) +(BC) ¢, a5 by X,
Squaring both sides we have
B os= (Bac) (CBa) + (BOY o,* a,+ 2 (Bac) (CBz) (BC)eap
i.e. 0 =(Bac)(BC) (CBx) c, az.
Some covariants were reduced by splitting a capital letter up
into its two components, e.g.
To reduce—(4Bx) (Byx) (AC) (CB) (pa.b,)=E.
E=4 agay by, b,, (a,8,C) (C b by) (sa.b,).
=4 0,58, Gy by, (b1 83 C) (C b1 by) (s, by)
+4 ayp ag, a5, by, (2,5, C) (Cb; by) (54, b,) mod ¢,?
=4 X447,
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Where X =(,a,5a,b,) @bz (by 0, C) (C by 1)
= product of two covariants.
=0.
Y=(,aub,) apbs(a, b, C) (Cbb,) (saz).
= product of two covariants.
=0.
Therefore E=0.
The reduction of (Bea) (AB) (AC) (CB) csa; is interesting. It
is dedu-ed by means of a differential operator from
(Bea) (4B) (4B) ¢4 a;
in the same way that Professor Turnbull proved that the invariant
(Bea) {(4By) (AC) (CB) csa, was reducible.* This was the only case
in which this type of reduction was possible, as usually a covariant
involving (AC) (CB) is easier to reduce than the corresponding one
involving the single factor (4 B).

§ (13). From the list of covariants given the complete list of
contravariants—concomitants involving solely the variable w—
can at once be written down by the principle of duality, i.e. by
changing Italic letters to Greek and vice versa and by writing
u for .

For example the covariant (ABxz)*at once yields the contra-
variant (4bu)® and the covariant
(ABx)(Byx)(AB)(sc.b,) the contravariant (4bu)(Bcu)(AB)(b, azc).

§ 14, It is worth noting that all the covariants are of even
order and that there is no irreducible covariant of higher order
than the sixth. There is only one sextic — A, A, Ay a; b, ¢, which is
symmetrical and of degree three in each of the coefficients of the
quadrics. In some cases there appear to be two or more covar-
iants of the same order and of the same degree in the coefficients.
The simplest example is the following—the covariants A? A (BC)a,
are both of the second order and of degree (1, 2, 2) in the coefficients
of the gquadrics. All efforts to prove these two equivalent have
failed as in the other cases.

My thanks are due to Professor Turnbull who has throughout
superintended this work and given me much valuable advice and
assistance.

* Proc. Lond. Math. Soc., 2.23, 423-7 (1924).
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