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Abstract

We show that the Gelfand—Kirillov dimension for modules over quantum Laurent polynomials is additive
with respect to tensor products over the base field. We determine the Brookes—Groves invariant associated
with a tensor product of modules. We study strongly holonomic modules and show that there are
nonholonomic simple modules.
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1. Introduction

Let F be a field, take nonzero scalars g;; in F \ {0} where i, j€{1,...,n}, and set
q=(g;;)- Consider the associative F-algebra P(q) generated by uy, ..., u, and their
inverses such that

Uillj = gijUju; Vl,]G{l,,n} (11)

This algebra is known by various names, such as the multiplicative analogue of the
Weyl algebra, the quantum Laurent polynomial algebra and the quantum torus. It has
the structure of a twisted group algebra F = A of a free abelian group A of rank n
over F.

In the special case where n = 2, the condition (1.1) becomes uu, = quyu;, where
q € F \ {0}. This case was first studied by Jategaonkar [15] and Lorenz [16], and it was
shown that P((q)) shares certain curious properties with the first Weyl algebra A (k)
over a field k of characteristic zero, when ¢ is not a root of unity in F.

McConnell and Pettit [18] first considered the case of arbitrary n. They showed that
if the subgroup of the multiplicative group of F generated by the g;; has the maximal
possible torsion-free rank, then P(q) is a simple noetherian hereditary domain.
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Quantum Laurent polynomial algebras play a fundamental role in noncommutative
geometry (see [17]). They also arise in the representation theory of torsion-free
nilpotent groups as suitable localizations (see [10]).

In recent times, there has been considerable interest in the theory of these algebras
and their generalizations. Their ring-theoretic properties were studied in [1, 3, 18].
Artamonov [2, 4, 5] considered projective and simple modules over general quantum
polynomial rings. Brookes and Groves [12, 13] introduced a geometric invariant for
F + A-modules modelled on the original Bieri—Strebel invariant (see [8]).

The algebras P(q) are precisely the twisted group algebras F x A of a free finitely
generated abelian group A over F. In this paper, we consider the structure of modules
over the algebras F = A. Later in this section, we review the basic properties of these
algebras. In Section 2, we then give a brief exposition of the geometric invariant A(M)
of Brookes and Groves associated with a finitely generated F = A-module M. Our first
main result, Theorem 3.1, determines the Brookes—Groves invariant and the Gelfand—
Kirillov (GK) dimension of a tensor product of modules. More precisely, we show
that if M, and M, are finitely generated F' * A;-modules, then for the finitely generated
F % (A; ® Ay)-module M; ®r M,,

AM; ®F My) = piA(M)) + p5A(M5),

where p? : A7 — (A; ® A3)" is the injection induced by the projection p; : A} ® A; — A;
when i = 1, 2. Furthermore,

GK-dim(M;| ®F M;) = GK-dim(M,) + GK-dim(M>).

Section 4 is concerned with strongly holonomic modules. These are defined
analogously to holonomic A, (k)-modules, where A, (k) denotes the nth Weyl algebra
over a field k of characteristic zero. An A,,-module N is called holonomic if

GK-dim(N) = 1 GK-dim(4,).

Holonomic A,-modules form an important subclass of A,-modules and possess some
nice properties (see [9]). By [18, Section 5.1], GK-dim(F * A) = rank(A) for the
algebras F * A. We may thus call an F * A-module M holonomic if

GK-dim(M) = § rank(A).

Such modules are encountered in group theory (see [11]) with the additional condition
that M is torsion-free as an F * B-module whenever B is a subgroup of A such that
F = B is commutative. Brookes and Groves [11] showed that, if an algebra F = A with
center F has a strongly holonomic module and rank(A) = 2m, then there is a finite
index subgroup A’ in A such that

F« A" =(F %« B))®p - - - Qp (F % By),

andeach B;=Z® Zand m = % rank(A). In Theorem 4.12, we give a new proof of this.
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In [18, Section 6], the question was considered whether an algebra F * A that is
simple can have simple modules with distinct GK dimensions. It was shown that
if F * A has Krull (global) dimension one, then the GK dimension of every simple
F % A-module is rank(A) — 1. In fact, if an algebra F * A has dimension m, where
1 <m <rank(A), then the work of Brookes [10] implies that the minimum possible GK
dimension of a nonzero finitely generated F' * A-module is rank(A) — m. The question
then arises if the GK dimension of a simple F * A-module is always equal to this
minimum, as in the dimension-one case.

In Section 5, we show that this need not be true in general. More precisely, suppose
that F = A has center exactly F' and that A has a subgroup B such that A/B is infinite
cyclic and F = B is commutative. Then F * A has a simple F % B-torsion-free module
S for which GK-dim(§) =n — 1.

In the rest of this introductory section, we discuss the basic properties of the algebra
P(q) and its modules. It is easily seen that the monomials u|" - - - u,", where m; € Z,
constitute an F-basis of P(q). The monomial uT‘ -~ uy" is denoted by u™, where
m = (my, ..., m,)€Z". We denote the set of nonzero elements of F' by F*. The facts
in the next proposition were established by McConnell and Pettit.

Prorosition 1.1 [18, Section 1]. The algebra P(q) has the following properties.

0 uMa™ = Hj>i qj;jmi .
m/-m,-

(i) (@™ =pmu™, where u(m) =1, q;

(i) « € P(q) is a unit if and only if = Au™ for some nonzero A € F.

(iv) The group-theoretic commutator [u?, u®] (that is, w*u®(u®)~'(uP)~!) lies in F*.

(v)  The derived subgroup of the group of units of P(q) coincides with the subgroup
of I* generated by the q;; where 1 <1, j <n.

(vi) P(q) is simple if and only if it has center exactly F.

An associative F-algebra A is a twisted group algebra F' * A of a finitely generated
free abelian group A over the field F if the following hold.

(i) There is an injective function ™ : A — A, a — a, such that A= Image(") is a basis
of A as an F-space.
(i) There is a function 7: A X A — F* satisfying

T(ay, ax)t(araz, a3) = v(a, a3)v(ar, axaz) Vai,ax, a3 €A (1.2)
such that the multiplication in A is given by
a\ar =t(ay, ax)aia, Vay,ap € A. (1.3)

Let A be a free abelian group with basis {ay, ..., a,}. Then there is an injection
from A to P(q) defined by [] a;" + [] u}", where m;e Z and i = 1, ..., n. Condition
(ii) above easily follows from (1.1). Finally, the associativity of P(q) implies (1.2).
Hence P(q) is a twisted group algebra F = A.

We note that in an algebra F = A, the scalars are central, so that

Ada=al VAeFVYaceA.
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In a crossed product D+ A (see [19, Ch. 1]), where D is a division ring, the
multiplication is defined as in (ii) above, but an element d € D need not be central.
In fact, for all a € A, there is an automorphism o, of D such that

ad =o,(da YdeD.

Given an element « of the algebra F = A, we may write « uniquely as .4 K.a,
where «, € F. The support of @ in A is the finite subset {a € A |x, # 0} of A; it is
written supp(e). For a subgroup B of A, the subalgebra {8 € F * A | supp(8) C B} of
F = A is a twisted group algebra F * B of B over F.

It is known (see, for example, [19, Lemma 37.8]) that if B is a subgroup of A, then
Sp=F=*B\{0}is an Ore subset in F * A. As a consequence, the subset 75, (M) of
M, consisting of all x such that xs = 0 for some s € S p, is an F * A-submodule of M.
We say that M is § g-torsion or F * B-torsion if Ts,(M) =M and S g-torsion-free or
F « B-torsion-free if 75 ,(M) = 0. We note that the right Ore localization (F * A)S 1—31 is
a crossed product Dg * A/B, where Dy stands for the quotient division ring of F * B.
We shall also write (F x A)(F = B)™! for (F = A)S .

Note that if a € A, then a is a unit of F = A. Without loss of generality, we may
assume that 1 is the identity of F = A. It easily follows from (1.3) that for a;, a; € A,
the group-theoretic commutator [aj, a;], given as usual by alazaflag 1 isin F. Then
the following equalities hold (see [20, Section 5.1.5]):

(@140, a3] = [a1, asllaz, asl,

o T (1.4)
(@1, axas] = [a1, ax][ay, az].

For zﬁub_set X of A, we define X = {x|xeX}. Moreover_,vsﬂen X1, X, CA, we
define [X|, X»] = ([X1, X2] | x1 € X1, x» € X»). It is clear that [X], X;] is a subgroup of
the multiplicative group F*.

2. The Brookes—Groves geometric invariant

We now describe a geometric invariant that was introduced in [12, 13]. It is defined
for finitely generated modules over a crossed product D * A of a finitely generated free
abelian group A over a division ring D. Since a twisted group algebra F * A is a special
case of D = A, the definitions and theorems that follow apply to F = A-modules as well.

Let A be a finitely generated free abelian group and denote Homz(A, R) by A*. Then
A* is an R-space and dim(A*) = rank(A), where rank(A) is the cardinality of a basis of
A. Given a basis b= {b; | i € I} of A, there is a basis b* = {b] | i € I} dual to b, and this
allows the construction of an isomorphism from R® to A*. We may thus speak of
characters ¢ € A* as points. There is a Z-bilinear map (-, -) : A* X A — R defined by

(¢, 0) > (b ey = p(c) Ve A Ve eA.
Given a subgroup B of A, define its annihilator ann(B) in A* by
ann(B) = {¢ € A" | (¢, B) = 0};
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this is a subspace, and
dim(ann(B)) = rank(A) — rank(B).
For a subspace V of A*, we define ann(V) analogously:
ann(V) ={b e A|(V,b)=0}.
It is easy to show that ann(ann(B)) = B. For a point ¢ € A*, we define

Ago={acAl¢(a) =0},
Ay ={a€A|¢(a) >0}

Note that Aso is a submonoid and Ay, is a subsemigroup of A. Brookes and
Groves [13, Proposition 3.1] gave several equivalent definitions of the geometric
invariant that are analogous to the commutative case (see [8]). The following definition
was used in [10].

DermniTion 2.1 [13, Proposition 3.1]. Let D be a division ring and A be a free finitely
generated abelian group. Let M be a finitely generated D * A-module with a finite
generating set X. Then the subset A(M) of A* is defined by

AM) ={0e A" | XAgp > XAg+).
As defined, A(M) seems to depend on the choice of generating set X for M, but it is
actually independent of this choice (see [10, Section 2]).
DermniTion 2.2 [14, Definition 2.1]. Let M be a finitely generated D * A-module. For
a point ¢ € A*, the trailing coefficient module T C4(M) of M at ¢ is defined by
TC¢(M) = XA¢’0/XA¢’+,

where X is a (finite) generating set for M.

Note that TCy4(M) is a finitely generated D * K-module, where K =ker ¢. It is
immediate from Definition 2.1 that ¢ € A(M) if and only if TCys(M) # 0. In general,
TCy(M) need not be independent of X. A dimension for finitely generated D * A-
modules was introduced in [13].

DEeriniTION 2.3 [13, Definition 2.1]. Let M be a D+ A-module. The dimension
dim(M) of M is defined to be the greatest integer r such that M is not D % B-torsion
for some subgroup B in A of rank r. Thus 0 < r < rank(A).

It was shown in [13] that dim(M) coincides with the GK dimension of M. We shall
thus mostly write GK-dim(M) for dim(M). The following useful fact was also shown
in [13].
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ProposiTioN 2.4 [13, Lemma 2.2]. Let
O-M ->M->M,—0
be an exact sequence of D x+ A-modules. Then
dim(M) = max{dim(M), dim(M5)}.

As already remarked, we may identify A* with R"” and thus the subset A(M) of
A* with a subset of R”. A subset S of R" is a polyhedron if S is a finite union of
convex polyhedra. A convex polyhedron is an intersection of finitely many closed half
spaces in R”. A polyhedron is rational when each of the boundaries of the half spaces
that define it is rational, that is, when it is generated by rational linear combinations
of the chosen dual basis. The dimension of a convex polyhedron C is the dimension
of the subspace of R"” spanned by C. The dimension of a polyhedron is the greatest
of the dimensions of its constituent convex polyhedra. In [13, Theorem 4.4], it was
shown that an ‘essential’ subset of A(M) is a polyhedron of dimension equal to the GK
dimension of M. It was shown in [21] that the Brookes—Groves invariant is polyhedral.

TueorREM 2.5 [21, Theorem A]. If D * A is a crossed product of a division ring D by
a free finitely generated abelian group A, then A(M) is a closed rational polyhedral
cone in Homg(A, R) for all finitely generated D « A-modules M.

The next section gives an application of the geometric invariant to tensor products
of F x A-modules.
3. The geometric invariant and tensor products
Given twisted group algebras F = A; and F * A, the tensor product

(F+A)®F (F*Aj)

of F-algebras is a twisted group algebra of A; @ A, over F. Moreover, if M| and M,
are modules over F * Ay and F * A,, then the formula

(my @ my)(ay, ap) =mia; @ moa, Ymy,mp e MVaj,a, €A

gives M| ® M, the structure of an (F * A}) ®F (F * Ap)-module. We now determine
the Brookes—Groves invariant associated with a tensor product of modules.

Tueorem 3.1. Let p;:A; — (A1 ®Az)" be the injection that is induced by the
projection p; : A1 ® A, — A; and M; be a finitely generated module over F x A;, where
i=1,2. Then for the finitely generated F * (A} ® Ay)-module M| @ M,

AMy ®F M) = piA(M1) + p,A(M>) (3.1)

and
GK-dim(M; ®r M,) = GK-dim(M;) + GK-dim(M>). 3.2)
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Proor. Let M := M; ® M,. We first show that
PIAM)) + p5A(M>) € AM). (3.3)

We utilize the A-set of a module as in [13, Section 3, Definition 4]. This is given
as follows: for a finitely generated F = A-module L and a point ¢ € A*, a nontrivial
¢-filtration of L is a family of F-subspaces L, of L, where u € R, that satisfies the
following conditions.

(C1) L, > L, whenever v < pu.

(C2) Uyer Ly = L.

(C3) Lya= Ly foralla € A.

(C4) The subspace L, is a proper subspace of L for each u € R.

Then A(M) is defined to be the set of all ¢ € A* for which there exists a nontrivial
¢-filtration, together with the zero of A*. This is equivalent to Definition 2.1 (see [13,
Proposition 3.1]).

Thus, to show (3.3), it suffices to show that if ¢; € A(M;) and either ¢, or ¢, is
nonzero, then M has a nontrivial ¢-filtration, where ¢ = ¢ p; + ¢ p2. Suppose, for the
moment, that ¢; # 0 and ¢, # 0. Since ¢; € A(M;), there exists a nontrivial ¢;-filtration
{M"'}yer. of M; when i =1, 2. We now define a ¢-filtration on M by setting

My= ). M{erMj VAER,
H,veR
u+v=4
and verifying conditions (C1)—(C4).

If A1, A, €R, A1 <Ay and (12, v2) € R? is such that A, = u» + v», then we can find
(w1, v1) € R? such that ) <o, vi <vs and Ay =y +v;. But then M{" > M'* and
M;' > M}?, whence

M op M > M o M
which shows that M, > M,,. Hence (C1) holds.

The elements of M may be expressed as finite sums of the decomposable elements
X1 ® xp, where x; € M;, so to see that M =|J,cg M,, it is sufficient to show that

X1 ® x, € M, for some A € R. But the filtrations {M’ll } and {M7} guarantee the existence
of real numbers y and v such that x; € M’I‘ and x, € M), and then

X1 ® x3 € Ml]l ®F M; CMy,,.

Thus (C2) holds.
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To show (C3), we note that

M@ @ = (Y, M er )@@

ptv=4

= Y M@ er Mz
H+v=4

— Z Mlll+¢|(al) ®F M;’+¢z(tl2)
pu+v=4

_ W ’

= > MerM
v =9 ((ar.a)

= M+ g(ar.a)-

To show (C4), we suppose to the contrary that M, = M for some A €R. This is
equivalent to asserting that My = M. We shall show that this leads to a contradiction.
By (C4), the F-vector space M; /M? is nonzero for the nontrivial ¢; filtration on M;,
where i=1,2. We fix an F-basis 8 of M, and an F-basis B; of M; such that
B? C 8;. Note that the inclusion B? C B, must be strict since M; /Ml.0 is nonzero. Pick
u; € B; \ B?. Now B, ® B, :={v; ® v» | v; € B;} is an F-basis for M| ® M,. Moreover,
the element (1 ® uy) of B := B ® B, does not lie in the subset

B :=(8)®B,) U (8,08,

where 8@ B, :={wev|we B, veB,} and B; ® B is defined analogously. Since
B is a basis of M, u; ® u; is not contained in

M’ = (M ®F My) + (M ® M3),
which is the F-linear span of B’, and a fortiori, u; ® u, is not in

Mo=) M{@M*=> M{@M;"+ ) MM
HER v>0 v<0

Hence My # M, and (C4) is established.

We have thus exhibited a nontrivial ¢-filtration of M and so ¢ € A(M). It follows
that if ¢ € A(M;) \ {0}, then ¢ = 21‘2:1 ¢;p; is in A(M). The case when either ¢; or ¢, is
zero is handled similarly.

We now show the reverse inclusion of (3.3). Let ¢y € A(M). We define ¢; € A} by
Vi 1= e;, where e; : A; — A @ A, is the injection of the biproduct, when i = 1, 2. We
shall show that ¢; € A(M;). It then follows that

2
Y=y1p1 +yapr € Z A(M))p;.
im1

Suppose that ¥, ¢ A(M;). Let X; be a finite generating set for M,. By [13,
Proposition 3.1(v)], for each y € X, there exists a nonzero «, € anng,4,(y), the
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annihilator of y in F x Ay, such that ¢ attains a unique minimum on the support
supp(ay) of @y in A;. Let X, be a finite I * A-generating set for M,. Then

X:={y®z|lyeX,ze Xy}
generates M as an F * (A; ® Ay)-module. Denote the image of ay € F * Ay in
F (A @A) =(F+*A)®F (F*Ay)

bya/;;then
(V®2a, =y, ®z=0®z=0.

Furthermore, Y = 1 p1 + Y2 p> has a unique minimum on supp(ay). But then ¢ ¢ A(M)
by [13, Proposition 3.1(v)]. This contradiction shows that ¢y € A(M;). Similarly, it
can be shown that ¢, € A(M;). We have thus shown that (3.1) holds. Applying [13,
Theorem 4.4], we obtain (3.2). O

4. Strongly holonomic modules

We now develop a new proof of a result of Brookes and Groves. We first give some
definitions and prove some useful results.

DeriniTioN 4.1 [11, Definition 4.2]. Let M be a finitely generated F * A-module
where F % A has center exactly F. Then M is strongly holonomic if

GK-dim(M) = § rank(A)

and M is torsion-free as an F * C-module for each commutative subalgebra F * C,
where C < A.

DEerNiTION 4.2. A nonzero F = A-module N is critical if the GK dimension of N/L is
strictly smaller than that of N whenever 0 < L < N.

The following proposition was first shown in [13].

ProrosiTion 4.3. Let M be a finitely generated nonzero F x A-module. Then M
contains a critical submodule.

Proor. Amongst the nonzero submodules of M, choose one, N say, of minimal
possible GK dimension. If N is not critical, then it has a nonzero proper submodule
Ny such that GK-dim(N/N;) = GK-dim(N). By the minimality of GK-dim(V),

GK-dim(N;) = GK-dim(N).
Applying the same argument to N; and so on, we obtain a chain of submodules,
NZN()DN]DNQD'-' s

for which GK-dim(¥;/N;;1) = GK-dim(N) for each i. By [18, Lemma 5.6], this chain
must terminate. But this process halts only when it reaches a critical module. O
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Prorosition 4.4. Let M be a strongly holonomic F = A-module, where F * A has center
F. Then M is cyclic and has finite length. Moreover, each nonzero submodule of M is
also strongly holonomic.

Proor. We claim that if an algebra F * A satisfies the conditions of Proposition 4.4,
then
GK-dim(V) > 1 rank(A)

for each nonzero F * A-module V. Indeed, let V' be a nonzero F * A-module for which
GK-dim(V’) < % rank(A). Then by [10, Theorem 3], there is a subgroup C of A such
that rank(C) > % rank(A) and F = C is commutative. By Definition 4.1, M must be
torsion-free over F « C. Hence GK-dim(M) > % rank(A) by Definition 2.3. But this
is contrary to the hypothesis in the proposition. Hence each nonzero subfactor of M
has the same GK dimension as M. It now follows from [18, Lemma 5.6] that a strictly
descending sequence of submodules of M halts after a finite number of steps. Hence M
has finite length. We also note that F x A is simple by Proposition 1.1(vii). It follows
that M is cyclic from [6, Corollary 1.5]. O

We now introduce carrier spaces and carrier space subgroups. We recall that for
a finitely generated D = A-module M, the subset A(M) is a finite union of convex
polyhedra. A D % A-module is called pure when each nonzero submodule of M has
GK dimension equal to that of M. It is not difficult to see that a critical module is
pure, noting Proposition 2.4. It was shown in [22] that if M is pure, then A(M) is a
(finite) union of convex polyhedra, each having dimension equal to the GK dimension
of M. A subspace V of A* is rationally defined if it can be generated by rational linear
combinations of the elements of the chosen dual basis of A*. A rational subspace V
of A* may be uniquely expressed as ann(B) for a subgroup B of A such that A/B is
torsion-free.

DeriniTION 4.5. Let M be a finitely generated critical D * A-module with GK
dimension m. Associated with the rationally defined polyhedron A(M), there is a
finite family of m-dimensional rationally defined subspaces of A* that occur as the
linear spans of the convex polyhedra constituting A(M). These subspaces are called
the carrier spaces of A(M).

DeriniTioN 4.6. A subgroup of A of the form ann(V), where V is a carrier space
of A(M) and M a finitely generated critical D * A-module, is called a carrier space
subgroup of A(M).

We note that for a carrier space subgroup C of A(M),
rank(C) = rank(A) — GK-dim(M).

If C is a carrier space subgroup of A(M), then M cannot be finitely generated as an
F + C-module by [13, Proposition 3.8]. The proof of [10, Theorem A] was based on
the following important property of carrier space subgroups, which was subsequently
highlighted in [11, Proposition 4.1(2)].
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Lemma 4.7 [10, Theorem A]. Let M be a critical finitely generated F + A-module, V
be a carrier space of A(M), and B := ann(V). Then B contains a subgroup By of finite
index such that F = B; is commutative.

We recall that a subgroup B of A is isolated in A if A/B is torsion-free.

DermNTioN 4.8 [14]. Let M be a finitely generated F' = A-module. Let ‘W be a rational
subspace of A* and B be the isolated subgroup of A such that ‘W = ann(B). A point
¢ € W is said to be nongeneric for W and M if TCy(M) is not F = C-torsion for some
infinite cyclic subgroup C of B.

The following fact was first shown in [11, Lemma 4.5]. The proof was based on a
geometric characterization of nongeneric points in A(M).

Lemma 4.9. Let M be a critical strongly holonomic F « A-module, where rank(A) > 2.
For each carrier space subgroup U of A(M), there is a subgroup W of A with the same
rank as U such that F = W is commutative and

0 <rank(U N W) < rank(U).

Proor. By Lemma 4.7, U has a subgroup U’ of finite index such that F'x U’ is
commutative. By Definition 4.1, M is torsion-free over F = U’.

We claim that M is F * U-torsion-free. Indeed, if the F x U-torsion submodule
ty(M) of M were nonzero, we would be able to pick a finitely generated nonzero
F + U-submodule N of ty(M). Assuming this, N is F = U-torsion and F * U’-torsion-
free. Then

GK-dim(N) < rank(U),

in view of [13, Proposition 2.6]. Moreover, GK-dim(N) > rank(U’) since N is torsion-
free as an F' % U’-module, by Definition 2.3. We thus have a contradiction and so M
must be F * U-torsion-free.

By [14, Corollary 3.7], V := ann(U) contains a nonzero point ¢ that is nongeneric
for V and M. By [14, Lemma 3.1], U has an infinite cyclic subgroup C such that
bc € AM ®p.4 (F % A)S™), where ¢¢ is the character of (A/C)* induced by ¢ and
S =F »C\{0}. Note that M¢ := M ®p.a (F *A)S™" is an (F * A)S~'-module and
(F x A)S~! is a crossed product D¢ * A/C, where D¢ denotes the quotient division
ring of F = C. By [14, Lemma 4.5(2)], M is critical.

Now ¢¢ lies in a (rationally defined) carrier space V¢ :=ann(V/C) for some
subgroup V of A. Set K =ker ¢. Then K/C =ker ¢¢ > V/C, and so V< K. It was
shown in [10, Section 2] that D¢ * V/C has a nonzero module that is finite-dimensional
as a D¢-space.

Note that

GK-dim(M¢) = GK-dim(M) — rank(C),

in view of Definition 2.3. Since dim V¢ = GK-dim(M¢),

rank(V/C) = rank(A/C) — GK-dim(M) = rank(A) — GK-dim(M) = m.
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By [1, Corollary 3.3], V contains a subgroup W of rank m such that F x W is
commutative. Moreover, W is constructed in [1] so that W N C = {1}, whence

rank(U N W) < rank(U).

As ¢ is nonzero, rank(K) < 2m — 1 and rank(U N W) > 1 since U, W < K. O
The next lemma is a generalization of [11, Lemma 4.4].

Lemma 4.10. Suppose that F = A has a finitely generated module M and A has a
subgroup C such that A/C is torsion-free, rank(C)= GK-dim(M), and F = C is
commutative. Suppose, moreover, that M is not F = C-torsion. Then C has a virtual

complement E in A such that F = E is commutative. In fact given Z-bases {x1, . . . , x,}
and {x1, ..., Xr, Xp41, - . ., Xa} for C and A respectively, there exist monomials p; in
F «C, where j=r+1,...,n, and a positive integer s such that the monomials ,uj)'cj

commute in F « A.

Proor. Let X;X; = g;;x;X;, where i, j=1,...,nand g;; € F*. We set S =F xC\ {0}
and denote the quotient field (F * C)S ! by Fs. Then (F % A)S ~! is a crossed product

R=Fgs % (Xpe1, ... Xp).

By hypothesis, M is not S-torsion and so the corresponding module of fractions
MS " is nonzero. Further, GK-dim(M) = rank(C) and so MS ! is finite-dimensional
as an Fg-space in view of [13, Lemma 2.3]. In [1, Section 3], we show that,
if R has a module that is one-dimensional over Fg, then there exist monomials
weF [xfl, x;—'l, ..., xX!1] such that the monomials y;x; mutually commute, where
r+1<i<n. Thus we may take E = (U, +1X/+1,...,MnX,) In this case. Let s=
dimp; MS ~1. The s-fold exterior power A*(MS ;;) is a one-dimensional module over
R :=Fg #° (X441, ..., X,) and the 2-cocycle is the sth power of the 2-cocycle of R, as
observed in the remark following [1, Corollary 3.3]. Thus for R’,

, qgi; whenie{l,...,r},jel{l,..., n},
%‘j:{ / 4.1)

qu wheni, je{r+1,..., n}.
By [1, Proposition 3.2], the monomials x;x; commute in R’, that is,

1= (X, uxi) = (e, Xl (% pul (% i Yk, Le{r+1,...,n}.

In view of (4.1), [ux, x;] and [xg, i;] are the same in R and R’, but [x;, X;] = [xx, x/]° in
R’. It easily follows from this that the elements u jxj, where j=r+1,...,n, commute
in R. m]

The final lemma of this section is somewhat technical and is used in the proof of
Theorem 4.12.

LevmMma 4.11. Suppose that F = A has a strongly holonomic module. If rank(A) = 2m,
where m > 1, then A has nontrivial subgroups By, By, B3, and B4 such that each F + B;
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is commutative and

[B1, B,] = B, B3] = [Bs, B4] = {1},
BN By =B3NBy=B{B,NB3B; ={1},
rank(B;) + rank(B,) = rank(B,) + rank(B3) = rank(B3) + rank(By) = m.

Proor. By Proposition 4.4, M contains a simple submodule that is also strongly
holonomic. Hence we may assume that M is simple.

Let U be a carrier space subgroup of A(M). As shown in the first paragraph of the
proof of Lemma 4.9, M is torsion-free as an F = U-module. Moreover, as noted above,
rank(U) = m = GK-dim(M). Let V be a (virtual) complement to U in A, as given by
Lemma 4.10, such that F = V is commutative. By Lemma 4.7, there is a finite index
subgroup Uy of U so that F' « U is commutative. But then Ay := UV has finite index
in A. In particular, M may be regarded as a finitely generated F * Ap-module M,. By
[13, Lemma 2.7], GK-dim(M;) = GK-dim(M), and it follows that Mj is a strongly
holonomic F * Ap-module. For this reason, we will assume that A = UV and that both
F « U and F = V are commutative.

By Lemma 4.9, there is also a subgroup W that intersects nontrivially with U such
that rank(W) = rank(U) = m. Set B, := U N W, and pick a subgroup B; in U that is
maximal with respect to the condition that By N By ={1}. Let py :A=U®V — V be
the projection and py, be its restriction to W. Then ker p{, = B, and so

rank(p},(W)) + rank(B;) = rank(W) = m.

Set B3 := p},(W), and let B4 be a subgroup of V' that is maximal with respect to the
condition that
B; N By ={1}.

As By, B, < U and F = U is commutative, [B;, B,] = {1} and similarly [Bs, B4] = {1}.
We claim that o
[B>, B3] = {1}.

Indeed, take u, € B, = U N W and v3 € B3. Now B3 = p{,(W), hence uv; € W for some
u € U. Since F = W is commutative,

1 = [avs, uz] = [, u2][v3, it2].
Moreover, as F = U is commutative, [i, ii;] = 1 and so [v3, itp] = 1. O
We now give a new proof of a result of Brookes and Groves.

TueorEM 4.12 [11, Theorem 4.2]. Suppose that F = A is an algebra with center F for
which rank(A) = 2m, and that F * A has a strongly holonomic module. Then there is a
finite index subgroup A’ in A such that

F« A" =(F «B))®F - - - Qp (F % By),

where each B; = Z ® Z and m = % rank(A).
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Proor. We use the notation

vir

FxA=(F*A)®r  ®r (F*Ay)
to indicate that A has a subgroup A’ of finite index such that
FxA =(FxA)®F---®F (F % Ap).

We shall prove the theorem by induction. If rank(A) = 2, then there is nothing to
be proved, so we assume that rank(A) = 2m where m > 1. We also assume that the
theorem holds for all smaller values of m and for all fields F.

Let By, By, Bz and B, be as in Lemma 4.11 and set B := B; B, B3 B4. By the lemma,
F =« By B3 is commutative and

rank(B; B;) = m = GK-dim(M).
We fix bases in the subgroups By, . . ., B4 as follows:

By = (ugs1, ..., U,
By :={uy, ..., u),
B3y :=(Wiy1, .o, W),
By = (Wi, ..., wp).

By Lemma 4.10 (with C taken to be B;Bs), there are monomials u; € F' * B and
v; € F % B3, where j =1, ...m, such that the monomials in

{iviw] | i= 1,...,k}U{,ujvjit‘;|j=k+ 1,...,m} 4.2)
commute mutually for some positive integer s. Set

Vie{l,..., k},

:Vi N

Y

’
i

4.3)

<

~. >

1

RS

< I
e o~ 1,
<

-

m

=

+

—_

2

As noted in (4.2),
1 = [uviwi’, pjviu;’]
= (i, pyv i 1viwi”, v’
= i, v i, ;" \viwy”, v jug’].

But [u;, ujv;] = 1 since F * B, B3 is commutative and [y;, u;"] = 1 since [Bi, Ba] = {1}
by Lemma 4.11. Thus

1 = [vw:, ujviu;’l
= [viwi’, wju; 1viwi’, v

= [vwi', wju; 1vi, vilw:®, v;l.
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By Lemma 4.11, F = B3 is commutative and [Bs, B4] = {1}. It follows that

vi, vjl1=[wi", vj1 = 1.
Hence in view of (4.3), o

[w, u}] =1.
Set B} :={u;,,-..,uy,)and Bj :=(w}, ..., W)); then
[B}. B;] = (1),
which, in view of Lemma 4.11, gives
[B| B3, B,B,] =(1). (4.4)

Hence
F % B=(F * B,B3) ® (F * ByB,). (4.5)

By the hypothesis in the theorem, F * A has center exactly F, so in view of (4.4),
F x B] BB has center exactly F' x By. Moreover, C := F * B} By is commutative and
thus M is torsion-free over C. Consequently, there is a finitely generated critical
F + B| B, B3-submodule N of M such that GK-dim(N) = m. Localizing F * B| B, B3 at
F x B, \ {0}, we obtain F” * B| B3, where F” is the quotient field of the integral domain
F = Bz.

We claim that M’ := M(F % B,)™! is a strongly holonomic F’ * B B3-module.
Indeed, in view of [14, Lemma 4.5(2)],

GK-dim(M’) = GK-dim(M) — k = m — k = 1 rank(B} B3),

and M’ is F’ = C-torsion-free if F’ = C is commutative (see [11, Lemma 4.3]). We
note that the 2-cocycle of F’ x B|Bj is the restriction to B} B3 of the 2-cocycle of
F x B| By B3. Then the induction hypothesis yields that

vir

F BBy = (FxC1)®p (FxC2)® - ®(FxCpy) (4.6)

By parallel reasoning applied to F * B> B3 B, which has center F * B3, we deduce that

Fx BB, 2 F+E, ® (F  Ey) ® - - - ® (F % Ey). 4.7)
Combining (4.5), (4.6) and (4.7) proves the theorem. O

5. Nonholonomic simple modules

We now consider the problem of the GK dimensions of simple modules over the
algebras F x A. In particular, we wish to show there can be simple F * A-modules
with distinct GK dimensions. We shall achieve this by embedding F * A in a principal
ideal domain. Given an algebra F * A, let B be a subgroup of A such that A/B is infinite
cyclic. The localization F * A(F % B)~! is a crossed product D * A/B, where D denotes
the quotient division ring F * B(F * B)~'. Moreover, if A/B = (uB), then D + A/Bis a
skew Laurent extension D[i*!, o], where o-(d) = i diw”! for all d € D.
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LeEmMmA 5.1. Suppose that F = A has center exactly F and A has a subgroup B such that
F = B is commutative and A/B is infinite cyclic. If M is a nonzero finitely generated
F « A-module that is finitely generated as an F * B-module, then M is F * B-torsion-
free.

Proor. Suppose to the contrary that the F % B-torsion submodule T of M is nonzero.
Now F = B\ {0} is a right Ore subset in F' %A, so T is an F x A-submodule of M.
Since F = B is noetherian, the hypothesis in the lemma that M is finitely generated as
an F * B-module implies that T is finitely generated as an F * B-module. It follows
by [13, Lemma 2.7] that the GK dimensions of 7" as an F * A-module and as an F * B-
module are equal. But 7" is F * B-torsion by definition, and so

GK-dim(T) <rank(B) =t — 1

by Definition 2.3 and [13, Proposition 2.6], where rank(A) = ¢.

We assume for clarity that GK-dim(7") = ¢ — 2, for our reasoning below is equally
valid for all possible values of GK-dim(7') less than ¢ — 1. By Definition 2.3, there
is a subgroup C of B of rank ¢ —2 such that T is not F * C-torsion, and in view
of [13, Lemma 2.6], C may be chosen such that B/C is infinite cyclic. We pick

a basis {vi,vz,...,v,2} of C. Since B/C =7Z, this can be extended to a basis
{(vi,va, ..., v, i1} of B. Set § := F % C \ {0}. We denote the right Ore localization
(F«A)S Y asRy=F(vi,...,ve2)[vi_1, u], with the localized generators vy, ..., Vi

in parentheses. As noted above, T is not S-torsion and so the localization 75!
is a nonzero Ro-module. Further, 7S ! is finite-dimensional as an F 1-space, where
F;=(F *C)S~!, in view of [13, Lemma 2.3]. By [18, Theorem 3.9],

=2

P @l | s e =1,
i=1

where f; € Z and s = dimpl(TS‘l) > 0. This yields

=2

[mf ]_[v—u] -1,

i=1

which implies that v,_° f;f ;" is central in F * A, contrary to the hypothesis. It now

follows that 7 = O as claimed. O

Derinition 5.2. Let R be a principal ideal domain. An element » € R is irreducible if
in any factorization r = st, where s, t € R, at least one of s and ¢ is a unit.

ProposiTiON 5.3. Suppose that F = A has center exactly F and A has a subgroup B
such that F = B is commutative and A/ B is infinite cyclic. Then F x A has a simple
module S | such that GK-dim(S ) = 1. Furthermore, let A/ B = (uB) and R be the right
Ore localization F « A(F % B)™'. Let r be an irreducible element in the principal ideal
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domain R. If J := F = A N rR contains a nonzero element y such that in the (unique)
expression

Y= Ztlﬁiﬁi, (5.1

where s,t € Z and ; € F = B, the leading elements B, and J3; are units in F = B, then
S, :=FxA/YJ is a simple F = B-torsion-free module and GK-dim(S,) =n — 1.

Proor. First, we show that S, is simple and GK-dim(S,) =7 — 1. As noted above, R
is a principal ideal domain. Thus if 7 is irreducible in R, then rR is a maximal right
ideal in R.
By [7, Lemma 3.3], J = F * A N rR is a maximal right ideal of F = A if and only if
for each 8 € F = B\ {0},
F+«A=BF«A+7. (5.2)

We shall show that S, = F = A/ J is simple by showing that (5.2) holds. Indeed, by
the hypothesis of the theorem, J contains a nonzero element y of the form (5.1),
so by [5, Proposition 2.1], S, = F * A/J is a finitely generated F * B-module. Take
BeF xB\{0}and set Jp :=B(F * A) + J and Mg := F x A/ Jg. Then Mg is a finitely
generated F * B-module. If Mg # 0, then there exists m € Mg \ {0}, namely the coset
1 + g, such that mg = 0 for the nonzero element 5 € F' » B. But this is a contradiction,
in view of Lemma 5.1. Hence Mg = 0, and it follows that (5.2) is satisfied and thus S
is simple. As already noted above, S is finitely generated as an F * B-module and so
is F = B-torsion-free, by Lemma 5.1. Hence by Definition 2.3, GK-dim(S,) >n — 1.
But it is impossible that GK-dim(S,) = n, for this would imply that S, = F * A, by
Definition 2.3, and it is easily seen that F' * A is not a simple F * A-module.

It remains to show that F x A has a simple module S; with GK-dim(S;)=1. By
[10, Section 2], F = A has a finitely generated module 7} with GK-dim(7;) =1. We
claim that if N is a finitely generated F * A-module such that GK-dim(N) = 0, then
N =0. Indeed, if N # 0, then by [10, Theorem 3], A has a subgroup A’ of finite index
such that F « A’ is commutative. It is easily seen, from (1.4), that F' = A has center
larger than F in this case, contrary to the hypothesis in Proposition 5.3.

By reasoning like that in the proof of Proposition 4.4, it follows that 7 has finite
length and so contains a simple submodule S ; for which GK-dim(S ;) = 1. ]

Here is our third main result, which follows from the previous proposition.

THEOREM 5.4. Suppose that F = A has center exactly F and A has a subgroup B such
that A/B is infinite cyclic and F = B is commutative. Then F * A has a simple F * B-
torsion-free module S for which GK-dim(S) =n — 1.

ExampLE 5.5. Let t be a positive integer and K be the ordinary Laurent polynomial
ring Q[uf', ..., uf'] over Q in the 7 variables uy, . . ., u,. Let py, pa, . . ., p; be distinct
primes in Z, and define the automorphism o of K by o(u;) = p;u;. The skew Laurent
extension 7 = K[u*!, o] is a quantum Laurent polynomial algebra that satisfies the
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hypothesis of Proposition 5.3. Furthermore, let K* := K \ {0} and R be the right Ore
localization of T" at K*. Let r be an irreducible element of R of the form

r=uf + il o+ fiou+ g,

where k € Z*, fi, ..., fic1, g € K, and g is a monomial. Clearly, r satisfies (5.1). By
Proposition 5.3, the T-module 7/T N 7R is simple and torsion-free over K.
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