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A family of groups with a countable
infinity of full orders

R. N. Buttsworth

We construct a family of groups with precisely No full orders.

1. Introduction

In Fuchs [1], B.H. Neumann is reported as asking if, when a orderable
group has infinitely many full orders, the total number of these is a
power of 2 . We show that there are groups with precisely a countable

infinity of orders.

2. Notation and preliminary results

Group operations are written multiplicatively. Elementary results
about ordered groups are assumed and both these and relevant notation is

found in Fuchs [1]. The following easy results are also assumed.
Let G be a fully ordered group with order denoted by ¥ and

T Yy €G, 1T €2,

2.1. Ir
Sk
Ty =y, ki’ Zt €z, k. # Zi .
then
le| »> y, | s
and
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k.1,

lyil v lyjl if kilj i

-1 .
2.2. I X = Ny
f x Y=y and if Iytl |y$+l| does not hold then

1+1

either

EI RPN S P o RS I o PP

or

lel > oo e Ly Dy duglsr ly g led

3. The family of groups
Qur main result is:

THEOREM 3.1. There are O-groups with precisely a countable
infinity of distinet full orders.

We prove this by producing a family of such groups. First we need a

few definitions.

DEFINITION 3.2. X is that subgroup of the rational numbers under

addition whose elements are Just those with denominators a power of 2 .
DEFINITION 3.3. X; is a subset of X given by
X,={z|xex, 0=z <1}

so that

X ={—”’-|m<2”, m,nEN}U{O},
175

where N denotes the positive integers.
Z is the integers under addition.
DEFINITION 3.4. The groups H and X : 3 €2, x € X are
3% 2, 1

all copies of ¢ , the rational numbers under addition.

DEFINITION 3.5.

and
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K =
2

are (restricted) direct products

H=T_]'Hz-

z€Z

k=TTk,=

2€Z

and
L

Next we define a semidirect

99

TT %, -

N
xeXl

of copies of & .

Z,x
z€Z xEXl
=TT1 Kz
b
z2€Z xexl
=H x K .

product of X and L . To accomplish

this we specify the transformations of the basic components, Hz,x and
Kz,x by each element of X .
DEFINITION 3.6. Let hz, G'Hz,x be a distinguished element for
each Hz,x and similarly
kz,x € Kz,x .
Likewise & € X 1is distinguished and so is T € Z .
Thus arbitrary members of Hz,x and of X can be expressed as hz,x

and 5“ respectively, where

re€g and o€ X .

Our transformations are given by

n
(1) e g =nP
? 2,x+02"-n
where n =<x + a22 <n+l, ne€¢hN , and
n
(2) gy 5=k
? z,x+02"-n
where

2
n<x+02 <n+1l
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and where p, q € N are square-free with

p#q.
LEMMA 3.7. These transformations form a subgroup of the automorphism

group of L <isomorphic to X , so we have an associated semidirect
product, M , of L by X.

Finally we define transformations of M by 2 .

DEFINITION 3.8.

-g,r B _,r
(3) , P e e
-8,r B _ .1
(%) ¢ kz,xg h kz+8,x i
and
o
-B.a_B 26
(s} T e =g

LEMMA 3.9. CThese transformations form a subgroup of the
automorphism group of M isamorphic to Z , so we have an assoctated

semidirect product, G(p, q) of M by 2Z.

LEMMA 3.10. In any full order of M {and hence of Glp, q)) the
order of each group Hz >, and Kz 18 archimedean, and in faet unique up

to duals.

Proof. If =z, x, € X; with (say)

Ty > Xy,
we may put
m
x2—x1=—n, m, n €N , m<2n.
2
Thus we define
a = m
SN2 ?

so that
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n n m
(6) g-GQ hz x gaZ = hi x
™1 ™1
according to (1).
But
~a o _
(1) 13 hz,xlg = hz,x2

again from (1).
(6) and (7) together show that all elements hz © for fixed =z
. E]
belong to the same archimedean class, showing Hz to be archimedean.

Clearly analogous results hold for Kz . Further we deduce from (6)

and (7) that

r r x x
1 h 2 €P = rp 1y r,p 2 =20
2,T, 2,X ik
1 2
!
under the condition # z € P, wvhere p is a real number taken
>
1

positive whenever ambiguity might arise.
This follows since Hz is archimedean so that it is isomorphic to a

subgroup of the real numbers (Fuchs [1], p. 45) whose only automorphisms

are given by multiplication by real numbers (Fuchs [1], p. 46); from (6),
the number in question for transformation by Ea is seen to satisfy

7

(x)2 - pm
80
m
2?1
X = p
Ty
=p

Our result follows by including in the automorphisms the raising to

rational powers »r; and r; . This determines the order of Hz , while
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its dual occurs if we impose

With the similar results for Kz , the lemma is proved.

LEMMA 3.11. In any full order of G(p, q) , either

el sr Al v e s Ry ol oy Th sy ol b 1By s ol 20
or

I L e LW B S LR IS T LWV B O SRS
holds, and either

lel 5 18l or we b Ty ol 20 R ol 22 TR ol

or
LAl L B S LN S LR I T LW
18 true.
Proof. The results follow from the relations
2
2
-1 - 4P
2 hz,o‘E hz,o ?
2
2
=1 _ q
2 kz,OE a kz,O ?
-1 _
¢ hz,OC - hz+l,0 i
and
c'lk =k

2+1,0 °
by applying the preliminary results 2.1 and 2.2.
We are now able to prove the theorenm.

Proof of Theorem 3.1. Since all elements of G(p, q) are uniquely

expressible in the form
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a
?;Ebne
wvhere T and § are as before, and n € H , 6 € K , Lemma 3.1l ensures

that the order of G(p, q) is completely determined by the orders of Z ,
X, H and KX .

From Lemma 3.10, the "signs" of & and kz completely

2,0 ,0

determine the order on the groups Hz and Kz respectively.

From this, the relations

-2 z _
C hO,OC hz,O s, 2 €2
and
-2 z _
[4 k0,0c kz,O , 2 €12
show that the "sign" of & and k determine the orders of each X
0,0 0,0 z

and Kz . Three cases arise:

(1) =2y |yl , z€8, yek;
(2) lyl Y |x| , T €H, ye€ek;
(3) neither of these hold.

In each of (1) and (2) there are only a finite number of orders
possible, 2% in all, determined by the choice of "sign" for the elements
z, &, h and koo .

In case (3) there is an integer m such that either
e }> |h0,0| >> |km’0| >> lhl,0|>> Ikm+l,0|>>
or
v >> Ihool >> lkm,()l}} lh_l’0|}> lkm_l’ol >> ...

depending on the possibilities of Lemma 2.

There are countably many such choices of ordering and since the first

two cases give only 32 orders, the theorem is proved.
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