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1. Introduction

In [3] the author introduced a notion of ‘b-stability’. This is a variant of more standard
notions of stability, designed to get around certain difficulties in the proof of the well-
known conjectures relating stability to the existence of Kähler–Einstein metrics (in the
case of Fano manifolds). The purpose of this paper is to make progress towards a proof
that a manifold which admits a Kähler–Einstein metric is b-stable. The method is a
variant of the one introduced by Stoppa in [6,7].

Let X be a compact complex manifold and let L → X be a positive line bundle.
The definition of b-stability begins by considering a power s such that sections of Ls

give a projective embedding X ⊂ P and degenerations π : X → ∆, with X ⊂ P × ∆
such that π−1(t) ∼= X for t �= 0, but with W = π−1(0) not isomorphic to X. One
then goes on to consider the powers sp and certain birational modifications of X . The
main restriction we make in the present paper is to confine our attention throughout to
equivariant degenerations or ‘test configurations’. Thus, we have the maps gt : X → X for
t �= 0 with π(gt(x)) = tπ(x). For our purposes we can also fix s = 1. So we now consider
a family X ⊂ P × C, invariant under a C∗-action defined by the standard action on C,
and a linear action on P . We make the following assumptions.
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(1) H0(X, L) generates the ring
⊕

kH0(X, Lk).

(2) π : X → C is a flat family, π−1(1) ∼= X and X ⊂ P is the embedding defined by
the complete linear system |L|.

(3) π−1(0) = W is reduced and contains a preferred component B. We write W =
B ∪ R, where R is a union of one or more other components, and set D = B ∩ R.

(4) B does not lie in any proper linear subspace in P .

(5) For each k the power Ik
B of the ideal sheaf of B in X coincides with the sheaf of

functions that vanish to order k on B, in the sense of the valuation defined by B.

Here the conditions (1) and (2) are rather standard. Condition (4) will always hold
in applications such as those described in [3]. The assumption in condition (3) that
W is reduced can probably be relaxed. The last condition, (5), is of a more technical
nature. It is used to give a simple proof of Lemma 2.4, but requires clarification (see the
discussion in § 3). Note that this condition (5) holds if B is a Cartier divisor in X , but
that assumption would rule out many cases of interest (see the examples in § 3).

We now recall the basic construction of [3] in this situation. Following a suggestion of
Richard Thomas, we can present this construction in a slightly different (and probably
more familiar) way than in [3]. Let L → X be the pullback of O(1) and for µ > 0 let
Λ(µ) be the sheaf of meromorphic functions with, at worst, poles of order µ on R. So if
R is a Cartier divisor, Λ(µ) is just the sheaf of sections of the line bundle defined by R,
raised to the power µ. For each positive integer p, we consider the inclusions

ip,µ : H0(X ; Lp ⊗ Λ(µ−1)) → H0(X ; Lp ⊗ Λ(µ)),

and define m(p) to be the largest value of µ such that ip,µ is not an isomorphism. Now
consider the sheaf L′

p = Lp ⊗ Λ(m(p)) over X . The sections of this define a rational map
from X to Pp ×C for a projective space Pp = P (Up), and the image of this gives another
flat family X ′

p. This is essentially a restatement of the construction described in [3], as
we explain in § 2. The upshot is that we get a new degeneration π(p) : X ′

p → C embedded
in Pp × C, which is equivariant with respect to a C∗-action defined by a generator
A′

p ∈ End(Up). In particular, this gives a C∗-action on the central fibre W ′
p ⊂ X ′

p. (Note
that, strictly, we should allow X ′

p and W ′
p to be schemes, but this aspect will not really

enter the discussion.)
We now come to another central topic in this paper: the Chow invariant of a projective

variety with C∗-action. In general, suppose that we have an n-dimensional variety V ⊂
P (CN ) preserved by a C∗-action with generator α. Let αk be the generator of the
induced action on H0(V ; O(k)). Then, for large k, the trace Tr(αk) is given by a Hilbert
polynomial of degree n + 1, and we define I(V ) to be the leading term

I(V ) = lim
k→∞

k−(n+1) Tr(αk). (1.1)

Write Vol for the degree (or volume) of V . We define the Chow invariant of V to be

Ch(V ) =
Tr(α)

N
− I(V )

Vol
. (1.2)
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(Of course this depends on the given action, although we omit it from the notation.) We
recall that a variety Z ⊂ P N−1 is defined to be Chow stable if for all non-trivial flat
equivariant degenerations of Z contained in C ×P N−1 the Chow invariant of the central
fibre is strictly positive.

We introduce some new definitions. Let q be a point in X and let X̂q be the blow-up
of X at q with exceptional divisor E ⊂ X̂q and corresponding line bundle LE . Let γ, r be
positive integers. We say that (X, L) is (γ, r)-stable if for all points q ∈ X the line bundle
Lrγ ⊗ L−r

E on the blow-up is very ample, and if the corresponding projective embedding
of X̂q is Chow stable. We say that (X, L) is bi-asymptotically stable if there exists a γ0,
and for each γ � γ0 an r0(γ), such that (X, L) is (γ, r)-stable for r � r0(γ). (In [3] we
discussed a very similar notion of ‘K̄-stability’, but, on reflection, the definition above
seems to be the more relevant one.)

The point of this definition is that we have the following.

Theorem 1.1. If the automorphism group of (X, L) is finite and if X admits a constant
scalar curvature Kähler metric in the class c1(L), then (X, L) is bi-asymptotically stable.

This is a standard result now, but we review the proof.

• According to Arrezo and Pacard [1], if γ is sufficiently large, then for all r > 0 there
exists a constant scalar curvature metric on the blow-up in the class c1(Lrγ ⊗L−r

E ).

• Fix γ and make r large enough that Lrγ ⊗ L−r
E is very ample. By the main result

of [2], once r is large enough, the image in projective space is ‘balanced’ with
respect to a suitable metric on the underlying vector space.

• By the standard Kemp–Ness theory and the elucidation by Phong and Sturm [5]
(see also the related results of Luo [4] and Zhang [8]) of the constructions of [2],
the balanced condition implies Chow stability.

We have all the background in place to state the main result of this paper. Let X
and X ′

p be degenerations of X, as considered above, with a C∗-action on the central
fibre W ′

p ⊂ X ′
p generated by A′

p. Let N(A′
p) be the difference between the maximum and

minimum eigenvalues of A′
p.

Theorem 1.2. If (X, L) is bi-asymptotically stable and X satisfies the hypotheses
above, then there exists a constant K > 0 such that, for infinitely many p, we have that

Ch(W ′
p) � Kp−1N(A′

p).

The point of this result is that the b-stability of (X, L) requires that an inequality of this
kind holds, and in fact the definition of b-stability is precisely that similar inequalities
hold for a more general class of degenerations of X. Thus, the theorem can be seen
as a step towards the proof that the existence of a constant scalar curvature metric
implies b-stability. Put another way, the theorem can be seen as a new obstruction to
the existence of constant scalar curvature metrics. Suppose, say, that we have an X as
above such that p Ch(W ′

p)/N(A′
p) → 0 as p → ∞. Then, if the automorphism group of
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(X, L) is finite, we deduce that X does not have a constant scalar curvature metric in
the class c1(L).

We close this section by repeating the algebro–geometric question raised in [3], regard-
ing the relevance of the notion of b-stability. It might happen that for some p the com-
ponent R is contracted by the birational map and W ′

p is irreducible. In that case, taking
the higher power of the line bundle and replacing W by W ′

p, one can avoid discussing the
birational modifications further, and there should be implications for the understanding
of Gromov–Hausdorff limits of Kähler–Einstein metrics. So we ask the following question.

Question 1.3. Is there an example of an equivariant degeneration X as above, with
X Fano and L = K−m

X , such that R is not contracted in any X ′
p? Conversely, are there

some hypotheses on X that imply that R will always be contracted for some p?

See the further discussion in § 3.

2. The set-up

Consider an equivariant flat family (L,X , π), with C∗-action, as in the previous section,
and the inclusion maps ip,µ.

Lemma 2.1. If ip,µ is not surjective, then µ � Cp, where C = degree(D)/degree(R).

By assumption, there exists a meromorphic section s′ of Lp with a pole of order exactly
µ along R. Thus, s = tµs′ is holomorphic, the restriction of s to R is not 0 and s vanishes
to order µ on B. So the restriction of s to R is a non-zero section of O(p) vanishing to
order at least µ on D, and the assertion follows from basic facts about the degree.

(Note that here, and in what follows, we use the standard convention that t is the
function on X that is, logically speaking, the same as π.)

This lemma means that m(p) is well defined and, in fact, m(p) � Cp. Now fix m = m(p)
and consider the sheaves π∗(Lp), π∗(Lp ⊗Λ(m)) over C. They are torsion free and, hence,
locally free.

Lemma 2.2. There exist sections σa (a = 1, . . . , N) that form a basis for π∗(Lp), and
positive integers µa � m such that σ̄a = t−µaσa form a basis for π∗(Lp) ⊗ Λ(m).

This follows from basic facts about maps between modules over a principal ideal domain
(PID), applied to the inclusion map π∗(Lp) → π∗(Lp ⊗ Λ(m)). The statement is also
the subject of [3, Lemma 4]. It follows from the definitions that σa vanishes to order
exactly µa along B and that σ̄a has a pole of order exactly µa on R.

Lemma 2.3. We can choose σa to be eigenvectors for the induced C∗-action on π∗(Lp).

Following the development in [3], we start with a flag in H0(W ; Lp|W ) defined by the
maximal order of vanishing on B of extensions over X . This flag is clearly C∗-invariant,
so we can choose a compatible basis of eigenvectors in H0(W ; Lp|W ). Any extension of
one of these, vanishing to maximal order on B, then gives a choice of σa. By a standard
argument, averaging over the action of S1 ⊂ C∗, we can choose the extensions to be
eigenvectors.
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Now write λa for the weight of the C∗-action on σa, so g∗
t (σa) = tλaσa. The projective

embedding of X defined by the sections of the line bundle Lp can be written down as
follows. Let Ap be the diagonal matrix with diagonal entries λa and let Xt = tApX,
where X is embedded using the restrictions of the σa to π−1(1). Then, X is embedded
in P N−1 × C as the closure of ⋃

t�=0

(t, Xt).

This just expresses the definition, in terms of our basis σa. (It corresponds to the compos-
ite of the original embedding, defined by sections of O(1), and the Veronese embedding
of degree p.) In just the same way, the image of the rational map defined by the sections
of Lp ⊗ Λm is given by replacing Xt with X ′

t = tA
′
pX, where A′

p is the diagonal matrix
with diagonal entries λa −µa. This just expresses the definition, in terms of our basis σ̄a.
On the other hand, it clearly reproduces the definition in [3].

Note that throughout the construction we can allow the special case when m(p) = 0.
In that case we just take X ′

p to be X , embedded by Lp.
To clarify notation, let ea be the standard basis of CN and let e∗

a be the dual basis.
Thus, the e∗

a are sections of O(p), and the e∗
a with µa > 0 form a basis for the sections

that vanish on B.
Let P∞ ⊂ P N be the projectivization of the vector subspace spanned by the vectors ea

with µa > 0.
Recall that W ′

p is the central fibre of X ′
p, so there exists a rational map jp : W → W ′

p.
By definition this is regular on the subset Ω = B \ D of W and defines a C∗-equivariant
open embedding of Ω in Ω′

p = W ′
p∩(P N \P∞). Let B′

p be the closure in W ′
p of the image,

so B′
p is an irreducible component of W ′

p. Let R′
p be the union of all other irreducible

components of W ′
p.

We can study W ′
p using ‘arcs’ in X . Let Γ : ∆ → X be a holomorphic map from a

disc with πΓ (s) = 0 if and only if s = 0. Then, Γ induces a map Γ̃ from ∆ to X ′
p, and

we can define an equivalence relation by Γ1∼pΓ2 if Γ̃1(0) = Γ̃2(0), so points of W ′
p are

equivalence classes of arcs. Fix a point x ∈ W and a local trivialization of L around x.
Consider an arc Γ with Γ (0) = x. With respect to this trivialization, the composites σ̄a◦Γ

are meromorphic functions on the disc. Then, Γ defines a point in Ω′
p = W ′

p ∩ (P N \P∞)
if, for each a, the function σ̄a ◦ Γ is bounded, and two such paths Γ1, Γ2 define the same
point in Ω′

p if σ̄a ◦ Γ1(0) = σ̄a ◦ Γ2(0) for all a.

Lemma 2.4. Suppose that the sections of O(p) over X generate IB(p), where IB is
the ideal sheaf of B in X , and that x is a point in B. Let Γ1, Γ2 be arcs through x defining
the same point of Ω′

p. For any holomorphic function τ defined on a neighbourhood of x

and vanishing to order ν on B, the composites t−ντ ◦ Γ1, t−ντ ◦ Γ2 are then bounded
and have the same limit at s = 0.

First suppose that ν = 1. The hypothesis that O(p) generates the ideal sheaf means
that we can write τ =

∑
µa>0faσa, where fa are holomorphic. Thus,

t−1τ =
∑

µa>0

fa(tµa−1σ̄a)
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and

t−1τ ◦ Γi =
∑

µa>0

fa(tµa−1σ̄a ◦ Γi),

from which the statement is clear. Now suppose that ν > 1. The global hypothesis (6)
on B (from § 1) asserts that τ is in Iν

B and so can be written as a sum of terms that are
products of the form τ1τ2 · · · τν , where τj vanishes on B. Then, t−ντ is a sum of products

(t−1τ1)(t−1τ2) · · · (t−1τν),

and the statement follows from the first case, applied to the t−1τi.

Proposition 2.5.

(1) If the sections of O(p) over X generate IB(p), then R′
p is contained in P∞.

(2) If the sections of O(p) over X generate IB(p) for p = p1 and p = p2, then there
exists a C∗-equivariant isomorphism from Ω′

p1
to Ω′

p2
, compatible with the open

embeddings jpi : Ω → Ω′
pi

.

(1) Suppose that Γ is an arc defining a point in W ′
p and x = Γ (0). If x does not lie in B,

there exists (by the global generation hypothesis) a section σa with λa > 0 such that
σa does not vanish at x. Then, σ̄a ◦ Γ is unbounded and Γ defines a point in P∞. So
suppose that there exists a component of R′

p that does not lie in P∞. Choose a point z

in R′
p ∩ (P N \ P∞) that does not lie in the closure of B′

p, and an arc Γ with Γ (0) ∈ B

representing z. There exists a polynomial F that vanishes on B′
p, but not at z. Then,

τ = F (σ̄a) is a meromorphic section that vanishes to some order ν > 0 on B. The fact
that F does not vanish at z means that t−ντ ◦ Γ is unbounded, contrary to Lemma 2.4.

(2) Suppose that Γ1 and Γ2 define the same point in Ω′
p1

. By considering only the
holomorphic sections σ̄a (i.e. those with µa = 0), we see that Γ1(0) = Γ2(0). Working in
a local trivialization around this point, the second statement of Lemma 2.4 shows that,
for any local section τ of a line bundle vanishing to order ν on B, the composites t−ντ ◦Γi

are bounded and have the same limit. In particular, this is true for the sections of Lp2 .
So we see that Γ1∼p1Γ2 implies that Γ1∼p2Γ2. Reversing the roles of p1, p2, we see the
converse and we get a bijection between Ω′

p1
and Ω′

p2
. It is clear from the construction

that this is an equivariant isomorphism.
From now on we consider sufficiently large values of p, say p � p0, such that the global

generation hypothesis is satisfied.
We now turn to consider the C∗-actions on X and X ′

p. There is no loss in supposing
that the weights of the action on sections of O(1) over W run from 0 to −M , say, where
M > 0. The weights λa of the action on sections of O(p) over W then run from 0 to −Mp.
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Lemma 2.6. We can choose a basis σa as above and an equivariant lift ι : C → X
of π with image Σ ⊂ X such that

• x0 = ι(0) is in B,

• λ0 = 0,

• σ0 does not vanish anywhere on Σ, but, for a > 0, all σa vanish on Σ.

To see this, consider the restriction of the C∗-action to B. By § 1 (5), B does not lie in
a linear subspace, and this means that there must be points of B represented by vectors
of highest and lowest weight. The point relevant to us is a point of highest weight. We
can obviously choose the basis such that this is x0 = [e∗

0]. In dynamical language, this is
a repulsive fixed point for the C∗-action on the central fibre, and there exists a unique
point x1 in X = π−1(1) that flows to x in the limit as t → 0, i.e. limt→0 gt(x1) = x0. The
C∗-orbit of x1 defines the lift ι.

Since σ0 does not vanish at s(0) ∈ B, we must have that µ0 = 0. For any p > 0 the lift ι

induces a lift ι′ : C → X ′
p with image Σp, and ι′(0) is again a highest weight vector for

the action on X ′
p. Since all the sections σa with µa > 0 vanish on Σ, this ι′(0) certainly

does not lie in P∞. Thus (at least when p is sufficiently large), the point ι′(0) lies in
Ωp ⊂ B′

p. It is clear that, if we have two values p1, p2, the isomorphism from Ω′
p1

to Ω′
p2

is compatible with these points and extends to an isomorphism between neighbourhoods
Upi of the Σpi in X ′

pi
.

3. Examples and discussion

Work in the affine space C3 and consider the C∗-action

(x, y, z) �→ (t−αx, t−βy, t−γz).

If α, β, γ > 0, then the origin is a repulsive fixed point of the kind we are considering.
Let Z be the affine variety given by the equation xy = z. The transform Zt under the
action is then given by the equation xy = tγ−α−βz. If γ > α + β, the limiting variety Z0

is the union of two planes. Suppose, for definiteness, that γ − α − β = 1. Let B be the
plane y = 0, say. The total space Z ⊂ C4 is the quadric cone with equation xy = tz.
The lift Σ is just given by x = y = z = 0. The plane B ⊂ Z defined by y = t = 0 is not
a Cartier divisor, but one can check that it does satisfy our technical condition (6). This
example does not quite fit our framework because B does lie in a proper linear subspace.
But, if we take α = 2, β = 3, γ = 10 and start instead with the smooth surface Z in C3

given by the equation (x3 − y2)y = z, the total space Z has equation (x3 − y2)y = tz,
the central fibre W is the union of B, defined by x2 − y3 = 0, and R, defined by y = 0.
Again, one can check that B satisfies our technical condition (6). Take p = 3: the space
of cubics vanishing on B is spanned by x2 − y3. To construct Z ′

3 we can embed Z in C5

with coordinates (x, y, z, u, t) defined by the equations u = x3 − y2, uy = tz. We now
replace u by ut to get the equations ut = x3 − y2, uy = z defining Z ′

3 ⊂ C5. Then,
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B′
3 ⊂ C4 is defined by the equations x3 − y2 = 0, uy = z. The line x = y = z = 0 lies

in B′
3 and is contracted under the birational equivalence with B.

We can now raise a question that can be viewed as a local version of Question 1.3. As
discussed briefly in [3], Question 1.3 is related to the following. Let Λ∗ denote the sheaf
of functions on X with arbitrary poles on R. The sections of Lp ⊗ Λ∗, for all p � 0, then
define a graded algebra over the ring of holomorphic functions over C, and the issue is
whether or not this is finitely generated. A local version of this is to ask whether the
sheaf Λ∗ is finitely generated as a sheaf of algebras over OX . Let I(µ)

B denote the sheaf of
holomorphic functions on X that vanish to order µ on B (the ‘symbolic power’ of IB).
We can then form

I∗
B =

⊕
µ

I(µ)
B .

This is a sheaf of algebras and there exists a surjective sheaf homomorphism

T : I∗
B → Λ∗

defined by T (f) = t−µf for f ∈ I(µ)
B . Examining the proof of Lemma 2.4 above, we now

see that the essential thing we need is that Λ∗ is finitely generated, as a sheaf of algebras
over OX . Since T is surjective this is true if I∗

B is finitely generated, and, in turn, is
certainly true if I(µ)

B coincides with the power Iµ
B , which we assume in our situation.

Examining the proofs further, we see that we only need this finite generation property
at a special point of B. So, in summary, we arrive at the following.

Question 3.1. Let Z ⊂ CN be a smooth affine variety containing 0, and let
gt : CN → CN be a linear C∗-action such that 0 is a repulsive fixed point. For t �= 0
let Zt = gt(Z) and let Z ⊂ CN ×C be defined as the closure of the family. Suppose that
B is a reduced component of Z0 = Z ∩(CN ×{0}) and R is the union of all other compo-
nents. Let Λ∗

0 be the germs of meromorphic functions on Z around (0, 0) ∈ CN ×C with
poles along R. Is Λ∗

0 then finitely generated as an algebra over the germs of holomorphic
functions?

If the answer to this question is positive, it would be possible to omit our technical
hypothesis (5) in proving Theorem 1.2. On the other hand, if the answer is negative, it
seems there could be an essential difficulty in extending this approach.

4. Blowing up

We follow the approach of Stoppa [6,7]. We begin by reducing to a simpler situation.
Starting with X and p we define X ′

p and a divisor R′
p ⊂ X ′

p. Given q we can now make
the same construction to define a rational map from X ′

p to the product of a projective
space with ∆ using meromorphic sections of O(q) over X ′

p with poles along R′
p. Denote

the result by (X ′
p)

′
q. We then have a canonical isomorphism

(X ′
p)

′
q = X ′

pq.

This was stated, with outline proof, in [3]. We can give a proof more in line with our
current point of view as follows. A meromorphic section of O(q) with poles along R′

p
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can be written as t−ντ , where τ is a holomorphic section of O(q) vanishing to order ν

on B′
p. The hypothesis that H0(X, L) generates

⊕
H0(X, Lk) means that we can write

τ = P̄ (σ̄a), where P̄ is a homogeneous polynomial of degree q with coefficients meromor-
phic in t. Thus, with a slight stretch of the notation we can also write τ = P (σa), where
P is another polynomial with meromorphic coefficients. That is to say, we simply sub-
stitute σ̄a = t−µaσa. Thus, τ can be regarded as a meromorphic section of O(pq) over X
vanishing to order ν on B. Thus, t−ντ is also one of the sections we use in defining X ′

pq.
Conversely, if we start from a section τ of O(pq) over X vanishing to order ν on B, the
fact that the sections of Lp over X generate those of Lpq implies that we can write τ as
a polynomial in the σa with meromorphic coefficients. This gives rise to the equivalence
of X ′

pq and (X ′
p)

′
q.

Recall that we can fix p0 such that, for all p � p0, the sections Σp ⊂ X ′
p have isomorphic

neighbourhoods. If we restrict our attention to the multiples p = qp0, we can think of X ′
p

as being obtained from X ′
p0

by meromorphic sections of O(q), as above. The section Σ′
p0

does not then meet R′
p0

. With this said, there is no real loss of generality in supposing
that in fact Σ ⊂ X does not meet R, i.e. that ι(0) is in Ω. In this case there exist, for
all p, neighbourhoods Up of the Σp in X ′

p that are isomorphic to a neighbourhood U

of Σ in X . We make this assumption from now on to simplify the notation, but it is no
restriction because we can always replace X by X ′

p0
in what follows.

We blow up Σ in X to get a variety X̂ , which yields another equivariant flat family
π̂ : X̂ → C. The ideal sheaf IΣ corresponds to a line bundle E → X̂ , and for suitable
values of r, γ the line bundle Lrγ ⊗Er defines a projective embedding of X̂ . The non-zero
fibres of π̂ are just given by blowing up gt(X) at the point ι(t), but, as Stoppa explains,
the fibre π̂−1(0) is not necessarily the blow-up of W at x0. In general, it may contain
another component, or union of components P .

To illustrate this phenomenon, consider the first example in § 3: we want to blow up
the quadric cone {xy = tz} along the line x = y = z = 0. The blow-up Ẑ is a subvariety
of C4 × P 2. Let Ẑt be the blow-up of Zt ⊂ C3 at the origin x = y = z = 0. Then,
Ẑ is the closure of the union over non-zero t of (t, Ẑt). Let (r1, r2, r3) be a vector, with
r1r2 �= 0. The line in C3 generated by this vector meets Zt at the point

tr3

r1r2
(r1, r2, r3).

As t tends to 0 this point tends to the origin. It follows that Ẑ contains the whole of
(0,P 2) ⊂ C4 × P 2. Thus, P is a copy of CP 2.

In any case, we write Ŵ ′ for the central fibre of X̂ .
Now consider X ′

p and the section Σp ⊂ X ′
p. We can blow up Σp to obtain X̂ ′

p. Since
blowing up is a local operation, there exist neighbourhoods Ûp ⊂ X̂ ′

p of the exceptional
set that are isomorphic for all p.

We want to consider projective embeddings of X̂ ′
p. Recall that we write π(p) : X ′

p → C.

Proposition 4.1. Suppose that p, r are chosen such that the restriction map

π∗Lp → π∗(Lp ⊗ OrΣ)
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is surjective and the sections of Lp ⊗Ir
Σ define a projective embedding of X̂ . The restric-

tion map
π

(p)
∗ (Lp ⊗ Λ(m(p))) → π

(p)
∗ (Lp ⊗ Λ(m(p)) ⊗ OrΣp)

is then surjective and the sections of Lp ⊗ Λ(m(p)) ⊗ Ir
Σp

define a projective embedding
of X̂ ′

p.

(Here, of course, we write OrΣ = O/Ir
Σ .)

The surjectivity of the restriction map follows simply from the fact that the sheaf Λ(m)

contains the holomorphic functions. Starting with the family X̂ , we can now apply the
same construction using the functions with poles along the copy of R in the central fibre
of X̂ . This gives a projective family (X̂ )′

p, say. But it is clear that this is canonically
isomorphic to X̂ ′

p. In terms of X , we are in both cases considering the image of the
rational map defined by sections of Lp ⊗ Ir

Σ ⊗ Λ(m).
All this can be summarized by saying that, under the assumption that x0 is not in R,

the two constructions (passing from X to X ′
p and blowing up) do not interact.

5. Chow invariant calculations

Suppose that p and r are chosen as in Proposition 4.1. We have two projective varieties
with C∗-action: the central fibre W ′ of X ′

p and the central fibre Ŵ ′ of X̂ ′
p. We want to

compare the Chow invariants of the two. The main task is to compare the terms from
the traces of the actions. This is essentially contained in Stoppa’s work, but we take a
slightly different approach, which admits extensions to more general (non-equivariant)
degenerations. Let E → X̂ ′

p be the line bundle defined by the blow-up, and let Y ⊂ X̂ ′
p

be the exceptional divisor. For any r, k we have a line bundle O(k)⊗Er over X̂ ′
p and the

direct image is an equivariant vector bundle over C. This is the same as taking the direct
image of the sheaf π

(p)
∗ (O(k) ⊗ Ir

Σ′
p
), working over X ′

p. We write T̂r(p, k, r) for the trace
of the action on the central fibre of this bundle. Similarly, we write Tr(p, k) for the
corresponding trace formed from the sections of O(k) over X ′

p.

Proposition 5.1. There exists a function F (r) such that if π
(p)
∗ (X ′

p; O(k)) maps onto
π

(p)
∗ (X ′

p; O(k)⊗OrΣp), then T̂r(p, k, r) = Tr(p, k)+F (r). Furthermore, for large enough r

the function F (r) is a polynomial of degree n + 1 in r.

Suppose, in general, that E is a C∗-equivariant vector bundle over C. The C∗-action
defines a trivialization of E away from 0, and so the first Chern class of E is defined
relative to this trivialization. This integer coincides with the trace of the action on the
central fibre. From this point of view we have to compare the Chern classes of the bundles
π

(p)
∗ (O(k)) and π

(p)
∗ (O(k) ⊗ Ir

Σp
). The surjectivity hypothesis of the proposition means

that there exists an exact sequence of bundles

0 → π
(p)
∗ (O(k) ⊗ Ir

Σp
) → π

(p)
∗ (O(k)) → π

(p)
∗ (X ′

p; O(k) ⊗ OrΣp) → 0,

so the difference of the Chern classes is the Chern class of π
(p)
∗ (O(k) ⊗ OrΣp). The fact

that λ0 = µ0 = 0 means that the line bundle O(1) is trivialized, as an equivariant bun-
dle, over Σp, so we can omit the factor O(k), and we see that T̂r(p, k, r) − Tr(p, k) =
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c1(π
(p)
∗ (OrΣp

)); this is plainly independent of p, since the Σp have isomorphic neighbour-
hoods. So we have that T̂r(p, k, r) − Tr(p, k) = F (r).

The fact that F is a polynomial of degree n + 1 for large r follows from the Riemann–
Roch theorem for families. When r is large enough, there exists an exact sequence

0 → π
(p)
∗ (O/Ir−1

Σp
) → π

(p)
∗ (O/Ir

Σp
) → �∗(E|rY ) → 0,

where � : Y → C is the projection map from the exceptional divisor. Thus, F (r)−F (r−1)
is the first Chern class of �∗(E|rY ). Use the trivialization defined by gt of X over C \ {0}
to compactify X to a family over CP 1. This defines a compactification of the exceptional
divisor that is a compact variety of dimension n. When r is large enough for the higher
cohomology to vanish, the first Chern class is given by the Grothendieck–Riemann–Roch
formula as a polynomial of degree n in r. Summing over r, we now see that F is a
polynomial of degree n + 1 for large r.

We can now compare I(W ′
p) and I(Ŵ ′

p). Write

F (r) = frn+1 + ε1(r),

where ε1(r) = O(rn). Fix p, r and consider the projective embedding of X̂ ′
p defined by

O(k) ⊗ Ikr
Σp

. We see that

I(Ŵ ′
p) = lim

k→∞
k−n−1T̂r(p, k, kr),

while

I(W ′
p) = lim

k→∞
k−n−1 Tr(p, k),

so

I(Ŵ ′
p) − I(W ′

p) = lim
k→∞

k−n−1F (kr) = frn+1. (5.1)

Now fix p, r such that sections of O(p) over X generate OrΣ . Write Tr = Tr(p, 1) and
T̂r = T̂r(p, 1, r). These are the trace terms corresponding to the actions on W ′

p and Ŵ ′
p,

respectively. Similarly, write Dim, D̂im for the dimensions of the underlying spaces in
the projective embeddings of W ′

p, Ŵ ′
p, respectively. By considering the restriction to a

general fibre we see that Dim − D̂im is the dimension of the space of polynomials of
degree at most r in n variables, i.e.

Dim − D̂im =
(r + 1)(r + 2) · · · (r + n)

n!
.

Thus,
D̂im = Dim − (d0r

n + d1r
n−1 + ε2(r)),

where d0, d1 > 0 and ε2(r) = O(rn−2).
Let Vol, V̂ol be the degrees (or volumes) of W ′

p, Ŵ ′
p, respectively, and let I = I(W ′

p),
Î = I(Ŵ ′

p). Then, Vol, V̂ol are given by the degrees of X and of the blow-up of X at a
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point, so we get that Vol = V pn for some V > 0 and V̂ol = Vol−d0r
n. Finally, we know

that Dim is the dimension of H0(X, Lp), so

Dim = V pn + O(pn−1).

Putting everything together gives the following.

Proposition 5.2. We have that

Ch(W ′
p) =

Tr
Dim

− I

V pn
, (5.2)

Ch(Ŵ ′
p) =

Tr −frn + ε1(r)
Dim − (d0rn + d1rn−1 + ε2(r))

− I − frn+1

V pn − d0rn
, (5.3)

where ε1(r) is O(r), ε2(r) is O(rn−2), Dim = V pn + η(p), with η(p) = O(pn−1), and
d1 > 0.

Now, let p = rγ for an integer γ.

Corollary 5.3. We can write

Ch(Ŵ ′
rγ) = (1 − d0V

−1γ−n)−1 Ch(W ′) +
Tr

Dim
(d1r

−1γ−n + α(r, γ)) + β(r, γ),

where |α(r, γ)| � c(r−2γ−n + r−1γ−n−1) and |β(r, γ)| � c(r−1γ1−n + γ−n).

This just uses the information contained in the preceding proposition. We first observe
that the term ε1 in (5) can be absorbed in β. Similarly, the term ε2 can be absorbed in α,
using the fact that Dim ∼ V (rγ)n. Next, one sees that the two terms involving f in (5)
cancel, modulo terms that can be absorbed in β. Thus, we are reduced to considering
the simpler expression

Q =
Tr

Dim − (d0rn + d1rn−1)
− I

V rnγn − d0rn
.

Write this as

Q =
(

Tr
Dim

− I

V rnγn

)
(1 − d0V

−1γ−n)−1

+
Tr

Dim

(
1

1 − (d0rn + d1rn−1)/Dim
− 1

1 − d0rn/(V rnγn)

)
.

Some elementary manipulation and estimation then gives the result.
We can now prove Theorem 1.2. Suppose that X is (γ, r)-stable. This means that the

Chow invariant of Ŵ ′ is positive, so we get that

Ch(W ′) � (1 − d0V
−1γ−n)

(
− Tr
Dim

(d1r
−1γ−n + α) − β

)
.

Now recall that Tr is the trace of the action corresponding to X ′
rγ , and this is less than

the corresponding trace for the action on H0(W, L|rγ
W ), since we modify the action by
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subtracting the positive terms µa. For the fixed variety W we know, by the standard
asymptotics, that the trace is given by a Hilbert polynomial of degree n + 1. So we see
that

Tr
dim

� −w(rγ)

for some w > 0. Choose γ0, r0 such that, if γ � γ0 and r � r0, we have that

• (1 − d0V
−1γ−n) � 1/2,

• α(r, γ) � −r−1γ−nd1/2,

• β(r, γ) � γ1−nwd1/8.

We then get that
Ch(W ′) � 1

4 (wd1γ
1−n − 2β) � 3

16wd1γ
1−n.

Next recall that we defined N(A′
rγ) to be the difference between the maximum and

minimum eigenvalues of the generator A′
rγ of the action. This is

N(A′
rγ) = max

a
(−λa + µa),

and by Lemma 2.1 we see that N(A′
rγ) � (C + M)rγ. So we have that

Ch(W ′
rγ) � K(rγ)−1N(A′

rγ)γ1−n,

where K = 3
16 (C + M)wd1. To sum up, suppose that (X, L) is bi-asymptotically stable.

We first fix a large γ as above and such that (X, L) is (γ, r)-stable for sufficiently large r.
As p runs over sufficiently large multiples of γ, we have then obtained the inequality
stated in Theorem 1.2.
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